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Chapter 1

Introduction

The lecture on quantum mechanics1 provided the groundwork. It described the funda-

mental laws of quantum mechanics, and developed the necessary techniques to describe

bound states, and some very simple physical systems, like the hydrogen atom. It also

presented many of the conceptual aspects, like the different pictures, symmetries, and

the path integral formulation. Finally, it covered various perturbative approaches for

single-particle systems, one of the mainstays of even modern applications.

But, in the end, it covered only physics up to the mid 1950ies at most, and mostly

only until the 1920ies. It also did not endeavor to describe interactions between multiple

particles. Finally, almost all modern experiments in quantum physics utilize scattering,

either as a probe or to entice interesting phenomena in the quantum system. It are these

central aspects, which will be covered here.

As interactions always involve multiple particles, a first necessary step will be in

chapter 2 to introduce the basics of treating more than one particle in a systematic

way. Each particle may carry their own angular momentum. Thus, understanding con-

sequences is an important step. This is aggravated by the existence of spin, which in

non-relativistic quantum mechanics basically acts like a, little bit odd, angular momen-

tum. This will be addressed in chapter 3. Likewise, many real-world system will be

affected by electromagnetism. While a full treatment of electromagnetism will only be

possible in the relativistic setting of the lecture “Quantum Field Theory”, an extension

beyond the hydrogen atom is possible and necessary, and will be conducted in chapter

4. This finally provides all the necessary elements to describe scattering, which will be

1Note that, throughout, the contents of my own lecture on “Quantum mechanics” will be considered

known. If need be, the lecture notes are available from my homepage.
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done in chapter 5.

The idea of particles, as they are described in quantum mechanics, is not tenable in

a relativistic quantum theory, and needs to be replaced by fields. This is not surprising,

as already issues like self-energy in classical electrodynamics suggests that the notion of

point particles should be abandoned in favor of fields. While there are enough problems

in non-relativistic quantum physics which do not need such a treatment, there are even

in this case many which profit from the introduction of fields. This leads to quantum

field theory, which, in their non-relativistic form, will be introduced in chapter 6. This

will provide a new approach to the quantum many body theory, to be discussed din

chapter 7.

In a final chapter ?? the always challenging issue of the measurement problem in

quantum physics will be investigated anew.

There is a vast selection of textbooks on the topics. Those which were used in the

preparation of these notes are

• Das “Lectures on Quantum Mechanics”, Hindustan

• Kopietz et al., “Introduction to the functional renormalization group”, Springer

• Nolting “Grundkurs der theoretischen Physik”, Volumes 5 and 7, Vieweg

• Orland, Negele, “Quantum many partcile systems”, Perseus

• Sakurai “Modern Quantum Mechanics”, Addison Wesley

• Walecka, “Advanced modern physics”, World Scientific

which are all old (but so are the topics of this lecture), and more modern (and more

pedagogical) treatments are available.



Chapter 2

Many particle quantum mechanics I

Except for a very few items the first lecture on quantum mechanics was not concerned

with multiple particle systems. Especially, interacting multiparticle systems were at

most cursory touched upon, like the common example of helium to discuss variational

techniques. This does not, however, reflect the actual situation. Most relevant systems

involve multiple particles, which do interact. This will be introduced here using the

operator formalism.

2.1 Hilbert space

2.1.1 General construction

The starting point is that the postulates of quantum mechanics retain their validity and

form, no matter how many particles are involved. Indeed, a notion of particle is not

even necessary. As the first postulate of quantum mechanics states, all information is

contained in a vector (ket) in a Hilbert space |k〉. Measurements are still represented

by the Born rule, i. e. a measurement needs to be described by a Hermitiean operator

A with eigensystem |a〉, and the probability to measure the eigenvalue a is given by

| 〈a| k〉 |2.

Time can be introduced into the Hilbert space by a Hamilton operator H, and the

time evolution operator constructed from it. Here, already, implicitly an assumption is

made about multi-particle systems: All particles experience the same, absolute time.

Also, there is no inherent mechanism which yields the progression of time. Time is just

a parameter of the system. It would require relativity to lift these restrictions, but this

3



4 2.1. Hilbert space

will not be done here.

A system described in this way is considered to be a multi-particle system if it is

a tensor product of subsystems, which individually are already representing quantum

mechanical systems. For this to be the case, assume that there are n quantum-mechanical

systems, i. e. n Hilbert spaces. Each system is describe by a Hamilton operator Hi=1,...n,

which has an eigensystem |mi〉 with eigenvalues Emi enumerated by the quantum number

vectors mi, and which can be discrete or continous. In many cases n identical copies

will be used, but in principle each of these n systems can be different.

A non-interacting n-particle Hilbert space is then obtained by a tensor product

|η〉 = |m1〉 ⊗ ...⊗ |mn〉 . (2.1)

Operators can be build likewise from each of the individual Hilbert spaces as

A =
∑
i

⊗i−1
j=11j ⊗ Ai ⊗nk=i+1 1k (2.2)

where all Ai can be, in principle, different. Thus, operators act as

A |η〉 =
∑
i

⊗i−1
j=1 |mj〉 ⊗ Ai |mi〉 ⊗nk=i+1 |mk〉 .

In particular, the time evolution operator is given by

U(t) =
∑
i

⊗i−1
j=11j ⊗ U(t)i ⊗nk=i+1 1k, (2.3)

where the above-mentioned assumption is made explicit that time proceeds for each

particle in the same way.

So far, these particles do ignore each other. In particular, a wave function will have

the form

〈x|η〉 = Πiη(xi)

and thus the states are not entangled. It is, of course, possible to write down already

wave-functions which are entangled by choosing a state |ψ〉 which cannot be written like

(2.1), but this is actually not the aim here. The more interesting question will be to

replace (2.3). The time-evolution operator is so far given by a tensor sum of Hamilton

operators Hi using (2.2). Thus, the time evolution of all particles ignores the existence

of all other particles. For a genuine multi-particle system, this need to change.
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Thus, the one-particle Hamilton-operators will now be extended by a set of interac-

tions

H =
∑
i

Hi +
∑
i 6=j

Hij +
∑
ijk

Hijk + ...

in which two-body interactions, three-body interactions, etc. are included. However, the

full Hilbert space is still a product Hilbert space, the product of the one-particle Hilbert

spaces can still be used as a basis. Thus, an arbitrary base vector can still be |{mi}〉,
but it will no longer be aproduct state. It may not even be a useful basis anymore, but

this depends on the system in question.

2.1.2 A concrete example

Most continous multiparticle systems are non-trivial, if they cannot be rewritten in terms

of new non-interacting systems. The latter is, e. g., the case for chains of oscillators,

just like in classical mechanics. Thus, consider a discrete example.

The simplest one is a static, two-state system

Hi =

(
ai bi

b∗i ai

)
(2.4)

with eigenvalues ai ± |bi| and eigenvectors (1,±1)†. Thus, the product eigenstates are

|i1, i2〉, where the ij run from 1 to 2. The combinations form all four basis vectors for

the now 4× 4 Hamilton operator, which has a 2× 2-block-diagonal structure. A simple

entangled state would be

|1, 1〉+ |2, 2〉

as this state cannot be written as a simple product state, but only as a superposition of

two product states.

A genuine two-body interaction can be introduced, e. g., by setting

H14 = H∗41 = c.

Select ai = a and bi = b for simplicity, while keeping the particles still distinguishable.

What happens now is that the eigenstates themselves become entangled, though they can

still be expressed in terms of the non-interacting eigenstates. Likewise, the eigenenergies,

which before were doubly-degenerate, are now

Ei = a± 1√
2

√
2|b|2 + |c|2 ± |c|

√
4|b|2 + |c|2



6 2.2. Bosons and fermions

with all possible combinations of the signs. As is visible, the original situation is obtained

in the limit c→ 0, when the systems decouple.

That can be continued by adding more and more ’elementary’ systems. It then

depends on the choice of the non-block-diagonal elements of the Hamilton operator, how

many particles interact. If only single matrix elements away from the block-diagonal are

non-zero, these will add two-particle interactions. If, however, multiple will be non-zero,

this becomes many-particle interactions. E. g., in the three-particle case setting

H14 = H∗41 = H16 = H∗61 = c

will create such a multi-particle system.

2.2 Bosons and fermions

One of the most intriguing features of fundamental physics are features of particles.

The first feature is that particles come in certain types, and all particles of a given

type are perfectly identical. This is very different from classical mechanics, where each

particle can, in principle, be arbitrarily different from each other. Every type of particle

is characterized by a set of quantum numbers, e. g. the electric charge.

While ominous at first, this can be understood once realizing that the concept of

particles is actually an emerging one. The fundamental entities, to the best of our

current knowledge, are quantum fields. They will be introduced in chapter 6. Individual

particles of a given type then become excitations of a single field, thereby explaining

that they are identical. How this happens will be discussed in more detail then.

Another feature is that all types belong to two categories, bosons and fermions.

Fermions are particles which obey the Pauli principle, i. e. two fermions of the same

type can never be at the same place. A product wave-function of both would always

vanish at this point. Bosons do not obey this rule. Note that the Pauli principle only

takes effect because particles are appear only as incarnation of certain types: Otherwise

they all would be different, and the Pauli principle would have no consequence.

The implementation of the Pauli principle is at first not quite obvious. After all,

ψ(x)2 = 0 seems not to be useful, as this would require ψ(x) = 0. A simple example

is to consider anti-commuting creation operator b† and annihilation operator b, i. e.
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satisfying

{b, b†} = bb† + b†b = 1

{b, b} = {b†, b†} = 0.

Thus, (b†)2 = 0, and thus no state can contain more than one fermionic quanta.

How this works out can be seen for the Hamilton operator

H = ~ωb†b,

which can be considered to describe a fermionic harmonic oscillator. This induces a

number operator N = b†b with the properties[
b†b, b

]
= b†bb− bb†b = −(1− b†b)b = −b (2.5)[

b†b, b†
]

= b† (2.6)

For any eigenstate |E〉 follows

Hb |E〉 = ([H, b]− bH) |E〉 = (E − ~ω)b |E〉 .

Thus, b indeed acts as its counterpart a by lowering the energy by one quanta ~ω. Thus,

a is called in this context also bosonic annihilation operator, and a† bosonic creation

operator. Likewise, it can be shown that b† raises the energy by one quanta. But

b†b† |E〉 = 0

bb |E〉 = 0

hold because of (2.6). Thus, there can be only two states with energy 0 and ~ω, corre-

sponding to zero and one quanta. This exemplifies how the Pauli principle can operate

in quantum mechanics.

In terms of wave functions, it is a bit more involved. A systematic way will be

discussed in chapter 6. For the moment, one possibility is requiring wave-functions to

carry an additional internal representation, at least a two-dimensional vector space, with

a non-Euclidean metric. A useful one is a symplectic metric, such that for two vectors

~v and ~w holds

~vT

(
0 1

−1 0

)
~w = v1w2 − v2w1.
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In such a metric, the norm of every vector automatically vanishes, ||~v|| = 0. A fermionic

wave-function would then be given as ~ψ(x). But what is the meaning of the second

degree of freedom in the internal space?

This is linked to an interesting additional feature for both bosons and fermions. Both

of them carry a new quantum number, which is called spin. At a very coarse level, a spin

can be considered to be an intrinsic angular momentum of a point-like object. However,

in contrast to the orbital angular momentum known, e. g., from atomic physics, it cannot

be expressed in terms of the position operator and the momentum operator. Rather,

it will have genuine own operators, the spin operators, ~S. In particular, these spin

operators obey the same algebra as orbital angular momentum operators,

[Si, Sj] = i~εijkSk

and thus states with spin are characterized by two quantum numbers

~S2 |s,m〉 = ~2s(s+ 1) |s,m〉
Sz |s,m〉 = ~m |s,m〉 ,

where the commuting set of observables has been chosen like usual for angular mo-

mentum. It can now be shown that any fermion carries a half-integer spin, and every

boson an integer spin. This is a consequence of having a (more than 1+1-dimensional)

Minkowski space-time, and will be derived in the lecture quantum field theory I. Here, in

non-relativistic physics, this spin-statistics theorem can only be considered an empirical

fact. As will be seen in chapter 3, it is indeed possible to treat spin like an angular

momentum in many respects. The reason for this stems also from special relativity, but

there exists an even deeper, non-trivial relation stemming from (quantum) general rela-

tivity, which will be treated in the lecture on advanced general relativity and quantum

gravity.

Now it becomes visible that any fermionic object, which thus has at least spin 1/2,

will have at least two degrees of freedom, corresponding to m = ±1/2. Just like with

orbital angular momentum, any wave-function can then be decomposed as

ψ 1
2
(x) |1/2, 1/2〉+ ψ− 1

2
(x) |1/2,−1/2〉 .

However, this would apparently require to introduce a non-trivial metric in spin space.

This unnecessarily complicates the connection to angular momentum in chapter 3, and

there exist a better solution.
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2.3 Fock space

As noted, the Pauli principle is only relevant for identical particles. In addition, all parti-

cles having the same quantum numbers are identical - a set of quantum number uniquely

characterizes a particle. The only quantity differing can be position, or momentum in

Fourier space.

So consider two identical particles in position states |x〉 and |y〉. Because the particles

are identical, it cannot be distinguished if the first particle occupies the first position

state, or the second. Thus, the corresponding total state must satisfy

|x, y〉 = eiφ |y, x〉 ,

i. e. can at most differ by a phase. For fermions, the Pauli principle furthermore dictates

|x, x〉 = 0. It can then be shown, again a relativistic effect in four dimensions, that

bosons have φ = 0, i. e. their wave function is symmetric under the exchange of identical

particles, while for fermions it is necessarily φ = π. This actually implies the Pauli

principle, as at the same point exchange of fermions implies

|x, x〉 = − |x, x〉 = 0,

as only a vanishing wave-function can fulfill this condition. The Pauli principle is thus

a consequence of the antisymmetry of fermion wave functions under exchange, and not

an independent principle.

One should note that the separation into fermions and bosons is true at a funda-

mental level. Effective theories may also offer situations in which the effective particles

do not behave as either bosons or fermions. An particular example are wires, which

are effectively one-dimensional. Thus, in non-relativistic quantum mechanics identical

particles may be considered, which have no definite behavior under the exchange of two

of them. As this is also true for classical particles, which can always be considered to

be identifiable, such particles will be called classical in the following.

Considering again the elementary building blocks, this implies that for multi-particle

states made from identical bosons or fermions not every state is admissible. E. g. a state

made from two identical non-interacting boson states needs to be

1√
2

(|x〉 ⊗ |y〉+ |y〉 ⊗ |x〉) (2.7)

while for fermion states only

1√
2

(|x〉 ⊗ |y〉 − |y〉 ⊗ |x〉) (2.8)
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is admissible. Any other product state would not have the correct properties under

particle exchange. Thus, not every possible state in the product Hilbert is an admissible

state in such cases. Only a subspace will contain physical states. All other states are

mathematically valid, but unphysical. This physical subspace is called Fock space.

The necessity of introducing the Fock space, rather than having it automatically, is an

artifact of the imposition of the concept of fermions and bosons. Just like time evolution,

they represent an additional structure which is added to fundamental axioms of quantum

mechanics. At the level of quantum mechanics, this is an empirical fact. If everything

is treated consistently in a relativistic framework, this would come about automatically,

and it would not be necessary to impose an additional structure. In that case, space

time properties reduce the admissible vector spaces from an arbitrary complex vector

space to a vector space carrying already the Fock space structure. Conversely, in a fully

relativistic setup something like a classical particle could not be described.

A suitable basis for the Fock space as a subspace of the product Hilbert space can

be constructed using the non-entangled states. In the bosonic case a totally symmetric

state is constructed as

|b1...bn〉 =
1√
n!

∑
P
b1...bn
a1...an

|a1〉 ⊗ ...⊗ |an〉

where the bi signify the quantum numbers of the individual particle, and P creates all

possible permutations. For the fermions, this is build as

|b1...bn〉 =
1√
n!

∑
ai

εa1...an |a1〉 ⊗ ...⊗ |an〉 ,

with ε the n-dimensional Levi-Civita tensor. Note that this will be zero if two quantum

numbers bi coincide, as expected from the Pauli principle. As this has the same structure

as when building a determinant from its column, or row, vectors, this is called a Slater

determinant. These bases consists out of pure states only, and entangled states will be

linear combinations of them. Note that a linear combination retains its permutations

properties, e. g.

|γ1, γ2〉 = a |α1, α2〉+ b |β1, β2〉 = ±a |α2, α1〉 ± b |β2, β1〉 = ± |γ2, γ1〉 ,

and thus any superposition of Fock states remains in the Fock space. This allows for

solving quantum mechanical problems basically as before, except that it is necessary to

ensure that only states are admitted expressible in the Fock basis.
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Consider the two-dimensional example from before. The product Hilbert space is

four-dimensional. In the bosonic case, the Fock space is three-dimensional, with the

admissible states

|1〉 = |11〉
|2〉 = |22〉

|3〉 =
1√
2

(|12〉+ |21〉) .

Thus, these represent the situations where both particles are in the same state, or

a superposition where the two particles are occupying the same states, but it is not

distinguishable which particle is in which state. In particular, the minimum energy of

the system is twice the ground state energy. This is known as a Bose-Einstein condensate,

in particular in the case of many particles.

For fermions, there is only a single state

|1〉 =
1√
2

(|12〉 − |21〉) .

The only possibility is that both particles occupy different states, and do this in an

antisymmetric fashion. All states with both particles in the same state, particular the

ground state, are forbidden. Thus, if there are no degenerate energy levels, the ground

state energy of a fermionic system is always larger than the sum of the ground state

energies. This can be different in case of degeneracies. An important example is the

hydrogen atom.

In the case of non-identical particles, even if each would be bosonic or fermionic, the

full Hilbert space is accessible, and any basis is working equally well.



Chapter 3

Angular momentum

3.1 Combined quantum numbers

In multiparticle systems, quantum numbers can be of two types. Either they only appear

for one particle, or for more, or even all, of the particles. An example of the former is

deuterium and electric charge. It is a two-particle system, but electric charge, a quantum

number, is only carried by the proton. Thus, the total electric charge of deuterium is

entirely given by the electric charge of the proton.

If multiple particles carry the same quantum number, the question arises what is

the total value of it. To some extent, the answer is already given by (2.2). Given a

Hermitiean operator Ai, for the individual particles, the total result is obtained from

A =
∑
i

⊗i−1
j=11j ⊗ Ai ⊗nk=i+1 1k. (3.1)

This appears at first straight forward.

Consider two-particle systems, and consider electric charge. Then

Q |q1, q2〉 = (Q1 ⊗ 12 + 11 ⊗Q2) |q1, q2〉 = (q1 + q2) |q1, q2〉 = q |q〉 = Q |q〉

where in the last step the state a quantum number q was introduced. However, this

number is not unique, as any set of charges satisfying q1 + q2 = q would have the same

number. While it is often unnecessary to know the details of the individual qi and only q

is relevant, it should be kept in mind that only the full vector (q1, q2) uniquely identifies

a state.

This is in particular interesting for superpositions. E. g.

a |q, q + 1〉+ b |q − 1, q + 2〉

12
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is an eigenstate of Q, while it is not an eigenstate of the individual charge operators

Q1⊗12 and 11⊗Q2. In this case, the composite state can be thought of as a superposition

of different possibilities how to realize the composite state. In particular, the subspace

of fixed quantum number q can be described by different basis, and only one of them

has the feature that it is simultaneously also an eigenbasis to the elementary operators

Qi. In practice, this may very well be not a convenient one. As the total charge is a

sum of the individual charges, this is called an additive quantum number.

An alternative is given, e. g., by parity. If a state has a definite parity, it can

only be 1 or −1. However, it was proven that for any state with definite parity, the

eigenvalues can be only of this type. The issue is now that parity is a global space-time

transformation. There is no notion of simply mirroring one particle. Thus, there exists

no unit operator for parity. Parity acts on all subspace simultaneously, and the tensor

operator is therefore necessarily given by

P = P1 ⊕ P2

As a consequence, the parity of the tensorized state is the product of the individual

parities, and the quantum number is multiplicative.

It may look at first surprising, as it is usually not as well associated as a quantum

number, but the same is also true for momentum. In that case the product momentum

operator ~P describes the center-of-mass momentum of the multi-particle state. Likewise,

the position product operator ~X describes the center-of-mass of the particle ensemble.

While translation appears at first to be a global space-time translation, this is indeed

not necessary. After all, a single particle can be move relatively to another particle.

Thus, momentum is an additive quantum number.

Note that as in single-particle quantum mechanics a state does not need to be an

eigenstate of the position operator. What is still well-defined is the expectation value of

the center-of-mass. Also, when performing a measurement, the probability to find the

particles located at various positions is given by

|〈x1, ..., xn|α〉|2 .

Note that if the particles are indistinguishable, then the probability is the statement

that either of the two particles is found at a given position. In particular, also the test
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state needs to be from the Fock space

|〈α| β〉|2 =
1

4
|(〈y1, y2| ± 〈y2, y1|) (|x1, x2〉 ± |x2, x1〉)|2

=
1

4
|〈y1, y2|x1, x2〉+ 〈y2, y1|x2, x1〉 ± (〈y1, y2|x2, x1〉+ 〈y2, y1|x2, x1〉)|2

It is immediately visible that this expression vanishes when either y1 = y2 or x1 = x2 for

fermions, implementing the Pauli principle. Moreover, for bosons this is immediately

the average over the probability for any combination of possible positions of the two

particles, as would be expected. In case of distinguishable particles, the second term

would be absent, there would be no such exchange term. For fermions, this is different,

and while the result is antisymmetric. The result can be somewhat straight-forwardly be

interpreted, if it assumed that the two-particle wave-function will become continuously

smaller if the two points approach each other. Then, the second term reduces the

probability to find both fermions close by the closer the positions get, until it vanishes

upon coincidence. Of course, in practice, this picture needs a calculation.

Consider, for example, two fermions affected by a harmonic potential of the same

parameters. Their wave-functions are then given by

1

2
(|n1, n2〉 − |n2, n1〉)

Unsurprisingly, the wave-function always vanishes when n1 = n2, owing to the Pauli

principle. Now, consider n1 = 0 and n2 = 1. This yields for the position space wave-

function

ψ(x1, x2) =
α

4
(〈x1, x2| − 〈x2, x1|) (|0, 1〉 − |1, 0〉)

=
α

4
e−a(x2

1+x2
2) (x2 − x1 − x1 + x2) =

α

2
(x1 − x2)e−a(x2

1+x2
2)

which very directly shows the Pauli principle, as well as the aforementioned suppres-

sion of the wave-function when approaching coincidence. It may look strange that this

happens now even if the two fermions appear to are in different states. However, the

position basis is also an equivalent basis of the Fock space. Any basis needs to respect

the Pauli principle. After all, as has been seen in quantum mechanics, asking for an

exact position will change the momentum, and the state will be no longer in a definite

energy eigenstate after measuring the position. Thus, this is just the statement that if

a measurement tries to force both fermions to be at the same place, this will not work,

if there are no degeneracies of the position eigenstates.
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This is also seen when considering, e. g., the hydrogen atom. Consider two spinless

electrons, one in the state |111〉 and the other one in |11− 1〉. The antisymmetric wave

function is
1√
2

(|111; 11− 1〉 − |11− 1; 111〉) .

This yields the position space behavior

ψ(x1, x2) = − i

16
√

2a5π
r1r2 sin θ1 sin θ2 sin(φ1 − φ2). (3.2)

This shows the same behavior. This does not vanish, except for the usual nodes of the

individual wave functions, except for an additional node if the position of both fermions

coincide. This stems from the Fock space quality of the position eigenstates.

However, an odd thing about (3.2) is that there appears to be a regularity in terms

of the angular dependency, but no obvious way how to add the quantum numbers for

the angular momentum. It is this which needs to be addressed next.

3.2 Angular momentum addition

As noted before, angular momentum seems to be strange when it comes to creating total

quantum numbers. The reason is that, in contrast to the other ones encountered so far, it

is associated with a non-commutative structure. E. g., charge or parity are commutative,

and the quantum numbers add, or multiply. In fact, the main difference is that these

operations are associated with an Abelian symmetry group, while angular momentum

is associated with the non-Abelian rotation group SO(3). Building a tensorized state

requires to ensure that the group structure is preserved.

On the other hand, objects like atoms have well-defined angular momentum. So,

there must be a way to create their angular momentum from the individual components

which composite it. This process is known as angular momentum addition, where ad-

dition is really misleading, or only true in a very generalized sense. There is a general

theory of doing so for any non-Abelian group of the same type as the rotation group.

This will be discussed in the optional lecture on advanced mathematical methods. How-

ever, the gist of the construction can be accessed without such additional information.

This construction is known as the Clebsh-Gordan construction.

The starting point is the observation that states build from multiple particles behave

like they have a common angular momentum. Consider the simplest case of two states

building a composite state, Each having a definite angular momentum ji. This will give
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in total (2j1 + 1)(2j2 + 1) possible states, due to the magnetic quantum numbers. If the

composite state has any angular momentum j ≥ 0, it will have a range up to 2j + 1

magnetic quantum numbers, each state being linearly independent. Since

(2j1 + 1)(2j2 + 1) =

j1+j2∑
n=|j1−j2|

(2n+ 1)

the number of states fit exactly if |j1 − j2| ≤ j ≤ j1 + j2 would hold, and all values in

this range would be realized for the composite state. Lets see, whether this numerology

can be substantiated.

To this end, angular momenta are Hermitiean operators. Thus (3.1) still holds. Thus

j(j + 1) |j,m〉 = J2 |j,m〉 = (J1 ⊗ 12 + 2⊗ J2)2
∑
ij

cjmj1m1j2mi
|j1mi〉 ⊗ |j2mj〉(3.3)

m |j,m〉 = J3 |j,m〉 = (J1
3 ⊗ 12 + 2⊗ J2

3 )
∑
ij

cjmj1m1j2mi
|j1mi〉 ⊗ |j2mj〉 (3.4)

must be a valid eigenvalue equation for some values of the coefficients cjmj1m1j2mi
, called

the Clebsh-Gordan coefficients. The problem hence reduces to finding them. This can

be achieved by starting from the maximal values of j and m = j. Note that to actually

calculate (3.3), it is necessary to consider the decomposition

J2 = J∓J± + J2
3 ± ~J3,

and decompose each of the two operators into their well-defined action on the individual

subspaces. Thus, the expression in (3.3) in terms of the individual operator needs to be

taken rather as shorthand than actual definition.

In particular, select j = j1 + j2 and m = j. The only possibility how (3.3-3.4) can

satisfy this if, if

|j, j〉 = |j1m1〉 ⊗ |j2,m2〉 = 〈j1j1; j2j2〉

holds. But it is simultaneously always possible to construct such a state, which is

uniquely characterized by its quantum numbers. To show the existence of further states,

build the operators

J± =
(
J1
± ⊗ 12 + 11 ⊗ J2

±
)
.

It can be shown by explicit calculation that the ladder operators J± fulfill the commu-

tation relations of angular momentum. This yields

J− |j, j〉 = (|j1j1 − 1; j2j2〉+ |j1j1; j2j2 − 1〉) = |jj − 1〉 .
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Application of (3.4) shows that the identification in the last step is justified. Further

application of J− will then yield further states, until the state

|j − j〉 = |j1 − j1; j2 − j2〉

is reached, after which any further application of J− will yield zero. The states need

then to be normalized.

This only exhausts 2(j1 + j2) + 1 of all states. To create a ladder for j1 + j2 − 1

requires to build a state with m = j1 + j2 − 1 and then start again from there. This

state needs, of course, to be orthogonal to the state with the same m, but j = j1 + j2,

and also needs to be an eigenstate of J2 to the corresponding eigenvalue. Because J3 is

linear in the individual J i3, this implies that the state must be of the form

|j1 + j2 − 1j1 + j2 − 1〉
∑

m1+m2=m

∑
am1m2 |j1m1; j2m2〉

and it is sufficient to fix the am1m2 subject to the conditions

〈j1 + j2j1 + j2 − 1| j1 + j2 − 1j1 + j2 − 1〉 = 0

〈j1 + j2 − 1j1 + j2 − 1| j1 + j2 − 1j1 + j2 − 1〉 = 1,

sufficient to provide a unique answer. This is repeated for all possible combinations of

the ji, yielding the desired number of linearly independent states. That they are in this

fashion linearly independent follows from the fact that applying

〈j1 + j2j1 + j2 − 2| j1 + j2 − 1j1 + j2 − 2〉
∼ (〈j1 + j2j1 + j2 − 1| J−) (J− |j1 + j2 − 1j1 + j2 − 1〉)
= (〈j1 + j2j1 + j2 − 1|) (J+J− |j1 + j2 − 1j1 + j2 − 1〉)
∼ (〈j1 + j2j1 + j2 − 1)( |j1 + j2 − 1j1 + j2 − 1〉) = 0.

This process is repeated for all possible values of the total angular momentum. The

Clebsh-Gordan coefficients can then be read off the results, and have been tabulated1.

Indeed, what has happened is really just a change of basis, and the Clebsh-Gordan

coefficients are nothing but the elements of the corresponding transformation matrix.

1If they are, why care about the construction at all? Because the same construction can be general-

ized to other symmetries or theories with different (effective) space-time structure, where they are not

readily available.
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It is useful to study some examples. Before doing so, a very important insight is

that nothing but the algebra in the corresponding subspaces has been used. Thus,

as spin obeys the same algebra, this construction allows to freely mix orbital angular

momentum and spin, and treat the resulting state as just an object obeying an algebra

of the same type. This is again rooted in the fact that both spin and angular orbital

momentum are rooted in the space-time structure of special relativity, and only appear

in the non-relativistic setting to be separate entities.

As a first example, consider a trivial combination of j1 = 1 and j2 = 0. There are

3× 1 = 3 states only, and the only possible value is j = 1. This yields

|1, 1〉 = |11; 00〉

for the highest-weight state. As the lowering operators act only non-trivially on the

j1 = 1 states, yielding

|1, 0〉 = |10; 00〉
|1,−1〉 = |1− 1; 00〉 .

The Clebsh-Gordan coefficients are thus

c1m=m1
1m100 = 1

and the transformation is diagonal.

The situation becomes more interesting with j1 = j2 = 1/2, with 2 × 2 = 4 states.

The possible values for j = 1 and j = 0. Note that this implies (again) that two fermions

can combine to make up a boson. The reverse is never true, as can be seen from the

combination rule. Starting with the maximum state yields

|11〉 = |1/21/2; 1/21/2〉 .

Applying the lowering operator yields

|10〉 = J− |11〉 =
(
J1
− ⊗ 12 + 11 ⊗ J2

−
)
|1/21/2; 1/21/2〉

=
1√
2

(|1/2− 1/2; 1/21/2〉+ |1/21/2; 1/2− 1/2〉)

|1− 1〉 = |1/2− 1/2; 1/2− 1/2〉 .

where it was used in the last line that the lowering operators annihilate the lowest state.

This gives the three states necessary for j = 1. The fourth state must be the j = 0
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state, and be orthogonal to the j = 1, m = 0 state. In this case, the necessary state can

be directly read off

|00〉 =
1√
2

(|1/2− 1/2; 1/21/2〉+ |1/21/2; 1/2− 1/2〉) ,

rather than using the systematic construction. This yields the Clebsh-Gordan coefficients

c11
1
2

1
2

1
2

1
2

= 1

c10
1
2
− 1

2
1
2

1
2

=
1√
2

c10
1
2

1
2

1
2
− 1

2
=

1√
2

c1−1
1
2
− 1

2
1
2
− 1

2

= 1

c00
1
2
− 1

2
1
2

1
2

=
1√
2

c00
1
2

1
2

1
2
− 1

2
= − 1√

2
.

It is useful to visualize that as an actual transformation matrix
|11〉
|10〉
|1− 1〉
|00〉

 =


1 0 0 0

0 1√
2

1√
2

0

0 0 0 1

0 1√
2
− 1√

2
0

 =


|1/21/2; 1/21/2〉
|1/21/2; 1/2− 1/2〉
|1/2− 1/2; 1/21/2〉
|1/2− 1/2; 1/2− 1/2〉

 .

The matrix is explicitly unitary, as is necessary for a transformation matrix.

There are two more interesting features. One is that the j = 1 state is symmetric.

On the other hand, the state j = 0 appears to be differently treating both constituents.

However, both arise from the fact that the constituents are identical. Which has the

minus sign for j = 0 does not matter, as both are indistinguishable. In fact, the state

could be multiplied by minus 1, yielding an equally good state. The other comes from the

fact that both constituents can have only a single highest state. There is no possibility

thus than to be symmetric. However, the exchange operator does commute for identical

particles with all operators, and thus this feature is inherited for all states obtained by

J−. Both features are thus generic. In particular, the largest j state build from two

identical constituents is always symmetric, and bosonic.

To see what happens with more than two possibilities for j, consider the case with

j1 = j2 = 1. This allows for j = 2, j = 1, and j = 0. Again, start with the largest j,
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yielding in the same way

|22〉 = |11; 11〉

|21〉 =
1√
2

(|10; 11〉+ |11; 10〉)

|20〉 =
1√
6

(|1− 1; 11〉+ 2 |10; 10〉+ |11; 1− 1〉)

|2− 1〉 =
1√
2

(|1− 1; 10〉+ |10; 1− 1〉)

|2− 2〉 = |1− 1; 1− 1〉 .

The j = 1 sequence starts by orthogonalized to |21〉,

|11〉 =
1√
2

(|10; 11〉 − |11; 10〉)

|10〉 =
1√
2

(|1− 1; 11〉 − |11; 1− 1〉)

|1− 1〉 =
1√
2

(|1− 1; 10〉 − |10; 1− 1〉) ,

and finally by orthogonalization

|00〉 =
1√
3

(|1− 1; 11〉 − |10; 10〉+ |11; 1− 1〉) .

The same procedure can be continued as desired. Note that in this case the j = 2 state

and j = 0 state are symmetric, while the j = 1 state is antisymmetric.

It is instructive to also see how the total spin comes about. Take the j = case again.

Then

J2 |22〉 = (J−J+ + J2
3 + ~J3) |22〉 = (0 + 4 + 2)~2 |22〉 = 2(2 + 1)~2 |22〉

(J−J+J
2
3 + J3) |11; 11〉 = (0 + (1 + 1)(1 + 1) + (1 + 1))~2 |11; 11〉

= 2(2 + 1)~2 |11; 11〉 .

This shows nicely how the total result is build up from the individual ones.

While this appears to be a bookkeeping device, it is more than that. It shows

how constituents can build up states with properties that abstract from the individual

constituents, and thus appear to be a single entity. The state |jm〉 does not refer back

to its constituents, and the operators J2 and J3 act in a meaningful way on it, without

referring back to the constituents. In this way, much more complicated objects can be



Chapter 3. Angular momentum 21

build up, only whose coarse properties are relevant. At the same time, it shows how

complexity emerges. From simple, identical constituents, many states can be build.

E. g., add in a third j = 1/2 objects. There are now 8 different states (2 × 2 × 2),

with values j = 3/2 (4), and j = 1/2 (2), but in the latter case there are two copies.

These states are build as

|3/23/2〉 = |1/21/2; 1/21/2; 1/21/2〉

|3/21/2〉 =
1√
3

(|1/21/2; 1/21/2; 1/2− 1/2〉+ |1/21/2; 1/2− 1/2; 1/21/2〉

+ |1/2− 1/2; 1/21/2; 1/21/2〉)

|3/2− 1/2〉 =
1√
3

(|1/21/2; 1/2− 1/2; 1/2− 1/2〉+ |1/2− 1/2; 1/2− 1/2; 1/21/2〉

+ |1/2− 1/2; 1/2− 1/2; 1/21/2〉)
|3/2− 3/2〉 = |1/2− 1/2; 1/2− 1/2; 1/2− 1/2〉 ,

very similar as before. But there are now two orthogonal possibilites for j = 1/2,

|1/21/2〉1 =
1√
2

(|1/21/2; 1/21/2; 1/2− 1/2〉 − |1/21/2; 1/2− 1/2; 1/21/2〉)

|1/2− 1/2〉1 =
1√
2

(|1/21/2;−1/21/2; 1/2− 1/2〉 − |1/2− 1/2; 1/2− 1/2; 1/21/2〉)

|1/21/2〉2 =
1√
6

(|1/21/2; 1/2− 1/2; 1/2− 1/2〉+ |1/2− 1/2; 1/2− 1/2; 1/21/2〉

−2 |1/2− 1/2; 1/2− 1/2; 1/21/2〉)

|1/2− 1/2〉2 =
1√
6

(|1/21/2; 1/2− 1/2; 1/2− 1/2〉+ |1/2− 1/2; 1/2− 1/2; 1/21/2〉

−2 |1/2− 1/2; 1/2− 1/2; 1/21/2〉) ,

though there is some freedom in their choice.

It is noteworthy that the number of states is different than if constituents j1 = 1 and

j2 = 1/2, despite the total angular momentum having the same possibilities. Two of

the compound states have different inner structure. But they can only be distinguished

when using measurements probing the internal structure. Just measuring the global

quantum numbers j and m would not allow to distinguish them. Thus, while utilizing

the compound could often be done only knowing its properties, a true understanding

requires to analyze its structure.
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3.3 Tensor operators

So far, states have been considered for angular momenta. However, operators are also

related to angular momenta, most notably angular momentum itself, but also, e. g.,

the position operator and the momentum operator. This can be formalized, and will

actually lead to a very powerful insight in section 3.4.

To this end, a tensor operator T sm of angular momentum s is defined to be a set of

2k + 1 operators, which satisfy the commutation relations

[J3, T
s
m] = ~mT sm (3.5)

[J±, T
s
m] = ~

√
(s∓m)(s±m+ 1)T sm±1. (3.6)

Explicit calculation show that the orbital angular momentum operator, the position

operator, and the momentum operator satisfy this algebra with s = 1, i. e. they are all

called vector operators. The Hamilton operator of rotational invariant system, e. g. the

free particle, is a tensor operator with s = 0, as it commutes with all Ji. An operator

with s = 2 would be the symmetric inertial momentum density operator,

Iij = f(R2)

(
RiRj −

RkRk

3
δij

)
. (3.7)

It has five different components. These are given as

I2
±2 = R±R±f(R2)

I2
±1 =

√
2R±R3f(R2)

I2
0 =

√
2

3
(R+R− +R3R3) f(R2)

R± = R1 + iR2,

where it was used that the Ri commute with each other.

In particular, the Clebsh-Gordan construction also applies to tensor operators,

T sm =
∑
m1,m2

csms1m1s2m2
U s1
m1
Ss2m2

(3.8)

constructing a new one T from the individual ones U and V . If U and V do not commute,

a choice has to be made. This can be shown by inserting the construction (3.8) into

(3.5)top2, which is a lengthy exercise.

E. g., the result (3.7) can be seen to be the construction of twice the operator R

using (3.8), where for convenience in the result the R± had been introduced.
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It should be noted that the concept of tensor operators can be extended to any

symmetry. Operators, just as states, can be classified, by the way how they transform

under symmetry transformations. E. g., an operator can be a vector (like R and P )

or a pseudovector (like J), depending on their transformation properties under parity.

However, only for non-Abelian groups a construction like the one shown here is necessary,

and this case will not appear further in this lecture. It is ubiquitous in many applications,

and will turn up in most specialized courses in one way or another.

3.4 Wigner-Eckart theorem

Combining the concept of tensor operators with angular momentum eigenstates leads

to a very powerful theorem, the Wigner-Eckart theorem. It will also clarify the role of

symmetries in physics, and can be considered to be one of the most central theorems.

It is also the one which is least conscienceless applied in every day research in quantum

physics.

Its is a statement about tensor operators in eigenstates of angular momentum, and

reads 〈
αjm

∣∣T sq ∣∣α′j′m′〉 = cjmsqj′m′f
jj′q
αα′T , (3.9)

where fαα′T no longer depends on m, m′, or q. It is not a constructive theorem, i. e., it

doe snot provide a way to calculate f . However, it states that it is sufficient to calculate

f once to know it for any combinations of the angular momentum quantum numbers.

It furthermore encodes selection rules: The matrix element is only non-vanishing if

the corresponding Clebsh-Gordan coefficient is non-vanishing. Finally, it splits the full

matrix element into one, which is purely geometrically and depends on the rotational

properties of the system, the Clebsh-Gordan coefficient, and one, which is invariant

under rotations, the function f . In particular, this implies that symmetry and dynamics

are split. The symmetry part does not contain any non-trivial information. The non-

trivial information is contained completely contained in the information invariant under

the symmetry.

This statement can be generalized, though this will not be done in this lecture: If a

physical system has a symmetry, any expectation value can be split into a product of a

quantity containing all the physical information, which is invariant under the symmetry,

and a part which depends only the mathematical properties of the symmetry group.

Thus, symmetries in physics only redundant, geometrical information. Again, this is
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not constructive, and in practice this knowledge may not be too helpful. But it is

defining for the role of symmetries in physics.

Now it is about time to prove the special case (3.9) of the Wigner-Eckart theorem.

Using (3.6) yields〈
αjm

∣∣[J±, T sq ]∣∣α′j′m′〉 = ~
√

(s∓ q)(s± q + 1)
〈
αjm

∣∣T sq±1

∣∣α′j′m′〉 .
But, of course, the J± can also be applied to the states, yielding√

(s∓ q)(s± q + 1)
〈
αjm

∣∣T sq±1

∣∣α′j′m′〉
=

√
(j ±m)(j ∓m+ 1)

〈
αjm∓ 1

∣∣T sq ∣∣α′j′m′〉
−
√

(j ∓m)(j ±m+ 1)
〈
αjm

∣∣T sq ∣∣α′j′m′ ± 1
〉
.

Doing this for all possible values of m, m′, and q implies that the matrix elements

satisfy a homogeneous system of linear equations, with coefficients given by the square-

root expressions, which depend only on the angular quantum numbers, but not on α(′),

nor on the choice of T . In particular, up to a common constant, the system of equations

has a unique solution, provided the coefficient matrix is non-singular.

It can be shown that the solution is, up to the common proportionality factors, are

just the Clebsh-Gordan coefficients. To do so, consider

J± |jm〉 = (J1
± ⊗ 11 + 11J

2
±)
∑
m1,m2

cjmj1m1j2m2
|j1m1; j2m2〉

Multiplying with 〈j1m1; j2m2| this after application yields the recursion relation√
(s∓ q)(s± q + 1)cjm±1∗

j1m1j2m2

=
√

(j ±m)(j ∓m+ 1)cjmj1m1∓1;j2m2
−
√

(j ∓m)(j ±m+ 1)cjmj1m1;j2m2±1.

Thus, also the Clebsh-Gordan coefficients obey such a linear system of equations. In ad-

dition, this is a recursion relation allowing to calculate them. Finally, because the overall

normalization is not fixed, it can be chosen such that all Clebsh-Gordan coefficients are

real.

Returning to the original objective, this implies that, up to a proportionality con-

stant, all matrix elements
〈
αjm

∣∣T sq ∣∣α′j′m′〉 are given by the Clebsh-Gordan coefficients.

But then the proportionality factor is just what is needed to fulfill (3.9), completing the

proof.
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Probably one of the most direct consequences of the Wigner-Eckart theorem are

selection rules. Only if the corresponding Clebsh-Gordan coefficient is non-vanishing,

a matrix element of tensor operators in angular-momentum eigenstates can be non-

vanishing. E. g.,

〈αjm|00 |α
′j′m′〉 = δjj′δmm′f

jj0
αα′T ,

and thus expectation values of scalar operators will always vanish if not taken between

the same angular momentum eigenstates, no matter any other quantum numbers. It is

probably the latter which is striking: It is not even necessary to know the Hamilton oper-

ator to make this statement. It is sufficient to know that it is rotational invariant. Thus,

this statement applies to the free particle, the isotropic harmonic oscillator, and the

hydrogen atom simultaneously. In addition, if the state is not pure, but a superposition,

it will project out a sum of expectation values between pure states.

Likewise, for the equally common case of a a vector operator

〈αjm|T 1
q |α′j′m′〉 = δjj′δm,m′±qf

jj1
αα′T + δj,j′±1δm,m′±qf

j,j±1,1
αα′T

holds. Thus, here different f can appear. In such a case multiple matrix elements will

have to be evaluated explicitly, but still much less than the 3(2j + 1)(2j′ + 1), which

would be needed without the Wigner-Eckart theorem.

These are not very rare occurrences. Especially the fact that atomic or molecu-

lar transitions, mediated by electromagnetism, or nuclear transitions, mediated by all

three fundamental forces, can all be described in terms of tensor operators implies that

the existence, and especially absence, of a given transition can be traced back to the

Wigner-Eckart theorem and the values of the Clebsh-Gordan coefficients. A large host of

qualitative statements can thus be made without knowing any particular dynamics. In

this context, transitions for which the Clebsh-Gordan coefficient vanish are often called

forbidden transitions. Likewise, the relative strengths of non-forbidden transitions are

given by the values of Clebsh-Gordan coefficients.

Of course, once reaching high precision, this will usually not suffice. E. g., when

considering an atomic transition effects beyond the Coulomb potential get relevant, even

things like recoil of the atom with respect to the emitted photon. But in many cases

even these effects are described in term of tensor operators. Just that their independent

matrix element may be much smaller, and thus the effect is small. So, many forbidden

transition still occur - but due to an additional effect, which is described in terms of a

different tensor operator. Hence, it is central to understand these concepts.
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The reason why these are so important is again special relativity. Because all fun-

damental, non-gravitational forces, obey special relativity, everything is formulated in

terms of quantities with a definite transformation property with respect to rotational

symmetries. And thus are affected by the above. So, it is really special relativity which

elevates the previous discussion.



Chapter 4

Electromagnetism

In quantum mechanics, electromagnetic phenomena where basically restricted to the

Coulomb potential as an electrostatic phenomenon, and to external magnetic fields.

From the practical point of view, neither of these were distinguishable from any other

potential, which popped up as an empiric input into the Hamilton operator.

To a significant extent, this will not change in the following. The reason is that

electromagnetism is already classically a relativistic theory. A real quantization must

respect this. But to quantize a relativistic theory requires quantum fields. And while

quantum fields will be, to some extent, this discussed in chapter 6, this will be non-

relativistic quantum field theory only. Combining both is a very non-trivial step, and

is relegated to the lecture Quantum Field Theory I. Here, thus, electromagnetism will

remain classical, and thus no real feedback will be possible. But it will still substantially

enlarge the number of phenomena treatable.

4.1 Classical electrodynamics as a gauge theory

For the sake of completeness, the following will briefly repeat the most pertinent points

of classical electrodynamics. This will also fix notations.

27
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Classical electrodynamics is governed by Maxwell’s equations,

~∂ · ~B = 0 (4.1)

~∂ × ~E + ∂t ~B = 0 (4.2)

~∂ · ~E =
1

ε0
ρ (4.3)

~∂ × ~B − 1

c2
∂t ~E = µ0

~j, (4.4)

with the electric field ~E, the magnetic field ~B, the electric current ~j and the electric

charge density ρ, which satisfy the continuity equation

∂tρ+ ~∂~j = 0.

The somewhat arbitrary placement of the constants ε0, µ0, and c is an artifact of the SI

system. For a full theory, dynamical equations on the matter, like Newton’s equation or

the wave equation later, are needed to be supplemented. Here, however, the fields will

remain classical, as noted before.

Maxwell’s equation can be fulfilled, if the electric field and the magnetic field are

given by

~B = ~∂ × ~A (4.5)

~E = −~∂A0 − ∂t ~A. (4.6)

The second equation shows that in the static case A0 is, up to a factor of c, the electric

potential. The notation hints at the fact that A0 and ~A combine into a four vector

once moving to an explicitly relativistic notation. However, this will not be needed here

explicitly.

That this is indeed a solution to Maxwell’s equation can be seen from the fact that

(4.1) is trivially fulfilled by (4.5), as any curl of a vector is automatically divergence-free.

Likewise with the same argument

~∂ × ~E = −~∂ × ∂t ~A = −∂t ~B,

and thus (4.2), follows. Thus the homogeneous Maxwell equations are satisfied by con-

struction.

The inhomogeneous ones reduce to

~∂2A0 + ∂t~∂ · ~A = − ρ
ε0

(4.7)(
~∂2 ~A− 1

c2
∂2
t
~A

)
− ~∂ ·

(
~∂ · ~A+

1

c2
∂tA0

)
= −µ0

~j. (4.8)
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These are now four equations for four unknowns. Thus, the surplus constraint equations

of the original Maxwell equations, after all 8 equations for 6 functions, have been resolved

in this way.

However, this is a gauge theory. This means that for any value of the electric field

and magnetic field there is an infinite number of possibilities for both ~A and A0. This

can be seen in the following way. Changing

~A→ ~A′ = ~A+ ~∂ · ω (4.9)

A0 → A′0 = A0 + ∂tω, (4.10)

where Λ is an arbitrary function, will not change either the electric field nor the magnetic

one. This follows for the magnetic field because the divergence of a curl is zero, and for

the electric field because in (4.6) after exchange of both derivatives the contributions

from both terms cancel. As (4.7-4.8) are just Maxwell’s equations (4.3-4.4) with (4.5-4.6)

inserted, neither will they. Thus, for any set of electric field and magnetic field there is

an infinite number of possibilities for ~A and A0.

This has two consequences. One is that this freedom can be used to introduce

additional constraints on ~A and A0, usually such as to simplify calculations. Such

constraints are called gauge conditions. These may fix this freedom completely, or only

partly. One choice is, e. g., Coulomb gauge, which imposes

~∂ · ~A = 0,

which reduces (4.7) to an equation which makes explicit the connection of A0 and the

electric potential. Another one is the Lorentz condition, which imposes

~∂ · ~A+
1

c2
∂tA0 = 0,

and which thus simplifies (4.8) to an inhomogeneous wave equation with the electric

current as a source. Thus, both simplify the solution of Maxwell’s equation considerable.

In practice, it will depend on the specific form of ρ and ~j which is more advantegous.

Once the solution is obtained, (4.5-4.6) can be used to obtain the electric field and the

magnetic field.

4.2 States and redefinitions

Electromagnetism is a gauge theory. Furtheremore, already in classical mechanics matter

was coupled to electromagnetism in the Hamiltonian formulation or Lagrangian formu-
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lation in terms of a canonical momentum

~p− e

c
~A

in which the gauge-dependent vector potential appeared. Of course, the gauge depen-

dence eventually canceled in the trajectories. In quantum mechanics, of course, for all

observables, like measurements, any gauge dependence need to cancel as well. But, in

quantum mechanics also central quantities appear, which are not directly measurable,

of foremost importance the wave function. There is no a-priori reason, why the wave

function should not be gauge dependent. And, indeed, in the end it is.

This is a conceptually important insight: Because the wave function is not observable,

it may be altered at will. In quantum mechanics this was already visible in terms of

an arbitrary overall phase. However, here, the changes will be inherited from the gauge

symmetry. It is worthwhile to understand this first for a simpler example.

In quantum mechanics, it is possible to redefine a potential by a constant as V (x)→
V (x) + ω, where ω is constant. This can be used, e. g., to shift the lowest energy level

of the hydrogen atom to zero, and the ionisation threshold to +13.6 eV, or to −3 eV

and +10.6 eV, respectively. While a bit uncommon, there is nothing wrong with this,

as only energy differences are measured.

As the shift is constant, this can be absorbed in the wave equation by introducing a

time-dependent phase

|α〉 → |β〉 = e−
iωt
~ |α〉

since

i~∂t |β〉 = e−
iωt
~ (ω + i~∂t) |α〉 = (H + ω) |β〉 = e−

iωt
~ (ω +H) |α〉 .

Thus, this precisely compensates the effect. Also, even though the phase is not constant

but time-dependent, this does not alter any probability densities nor any expectation

values which do not involve a time derivative. In the latter case, this is necessary, as

the time evolution involves the Hamilton operator, which also involves the shift. Thus,

to compensate any effects in the time-dependence probed by a time derivative, this

is necessary. Of course, the same can be absorbed in time-dependent phase in the

Heisenberg picture.
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4.3 Coupling to the vector potential

It turns out experimentally that canonical quantization delivers the correct quantum

mechanical system in a classical electromagnetic field. Thus, the Hamilton operator is

H =
1

2m

(
~P − e ~A( ~X)

c

)2

+ eA0( ~X) =
1

2m

(
~P 2 − e

c

(
~P ~A+ ~A~P

)
+
(e
c
~A
)2
)

+
e

c
A0( ~X).

(4.11)

Note that the dependence on the position operator effectively promotes the gauge field to

an operator. What is classical is how the gauge field depends on the position operator.

To emphasize this, just as for potentials, also a capital letter is used for the gauge

field. This similarity implies already that the Ehrenfest relations will reestablish classical

electromagnetic phenomena.

Note that this implies that the gauge field does not commute with the momentum

operator. As a consequence the components of the canonical momentum operator ~P i =
~P − e ~A/c do not commute,

[Πi,Πj] =
i~e
c
εkijεklm∂l ~Am =

i~e
c
εijkBk =

i~e
c
Fij,

except for vanishing magnetic fields. Note that the latter does not imply that ~A needs

to vanish. This is different from the canonical momentum operator, whose components

commute, and thus care is needed.

As this explicitly demonstrates, the Hamilton operator involves the gauge-dependent

gauge fields, rather than the gauge-invariant electric field and magnetic field. It would

be possible to eliminate them , but at the expense of having non-local operators in the

hamilton operators, i. e. quantities expressed as integrals. While conceptually possible,

this is practically almost impossible to deal with in most cases. Thus, this route will

not be pursued.

The next step is to establish the relation of the wave function to electric currents.

Since the wave-function is the probability density for finding a particle, which in this

case is charged, it is expected that this also yields the charge density. This is indeed the

case. To show this, assume that ρ = e|ψ|2 in position space is the charge density. Then

the wave equation yields

∂tρ+ Π~j = 0

~j = e

(
~
m
= (ψ∗Πψ)− e

mc
~Aρ

)
=

ρ

m

(
~∂φ− e

c
~A
)

ψ =
√
ρe

iφ
~ (4.12)



32 4.4. Gauge (in)variance

This has indeed the same form as the electromagnetic continuity equation for electric

charge and electric current, with the given definition of the current. Also, when setting
~A = 0, this reduces to the continuity equation for probability.

4.4 Gauge (in)variance

As noted, the vector potential can be changed by a gauge transformation, without chang-

ing electromagnetic phenomena. The question is whether this holds true in quantum

physics. If one requires that physics is independent of the observer, this leaves only two

possibilities. Either the gauge freedom is lost, and a unique gauge condition needs to

be implemented in quantum physics or gauge symmetry may also not affect quantum

observables, in particular expectation values. It is an experimental question which of

both applies, and experiment clearly favors the latter, and such that the gauge trans-

formations of the vector potential remain as in classical electrodynamics.

Thus, it requires to understand how gauge transformations are implemented in quan-

tum physics. The electric current (4.12) provides a very good first step. If a gauge-

transformation (4.9) is applied to the vector potential then

ρ

m

(
~∂φ− e

c
~A
)
→ ρ

m

(
~∂φ− e

c
~A− e

c
~∂ω
)
.

For this to remain invariant requires that the phase of the wave function also needs to

change under a gauge transformation,

φ→ φ+
e

c
ω (4.13)

and thus the whole wave-function is multiplied by a phase

ψ → e
ie
~cωψ.

I. e. the phase of the wave-function is changed at every point of space and time under the

transformation. Thus, in contrast to the previous discussion in section 4.2 the phase is

now locally changed. This is necessary to keep the electric current gauge invariant. Note

that this does not imply that it is possible to arbitrarily just change the phase. Most

importantly, it cannot be done without simultaneously changing also the vector potential

by (4.9). Only changing both is a valid transformation. Note that also this implies

that the probability density ρ is automatically invariant. Furthermore, replacing the

canonical momentum operator with the covariant momentum operator will necessarily

create invariant quantities.
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It is a bit more awkward to discuss this in terms of arbitrary states. In this case,

the gauge transformation is formally also operator-valued, to ensure that derivatives,

mediated by the momentum operator, act correctly on it. While this is, in principle,

clean, it is much simpler to stick with position space for now.

But then there is also the change to A0 (4.10). This will affect the Hamilton operator,

which will change under a gauge transformation. However, when analyzing the wave

equation, this looks very different. The reason is the right-hand side, which changes

according to

i~∂te
ie
~cωψ = i~e

ie
~cω∂tψ − e

ie
~cωψ

e

c
∂tω

But this is exactly the term generated by the last term (4.11) by (4.10). Thus, this

additional term cancels as well.

Finally,

Π′e
ie
~cωψ =

(
−i~~p− e

c
~A− e

c
~∂ω
)
e
ie
~cωψ = e

ie
~cωΠψ.

Thus, the phase can be moved through. Hence, for the full wave equation

i~ψ′ =

(
2m

Π

′2
+
e

c
A0

)
ψ′

e
ie
~cω
(
i~ +

e

c
∂tω
)
ψ = e

ie
~cω

(
2m

Π

′2
+
e

c
A0 +

e

c
∂tω

)
ψ

holds, and the gauge transformation drops out. Thus, the wave-equation itself is gauge-

invariant, even though neither the Hamilton operator, nor the wave function are indi-

vidually.

Note that this make sit a bit awkward to define what a static problem is, as a gauge

transformation can make a static potential time-dependent. However, if there exists at

least one gauge, in which the gauge fields ~A and A0 become time-independent, then

the problem can be solved in that gauge as a static problem. In particular, the energy

spectrum is gauge-invariant, and independent of the choice of gauge. But it depends

on the gauge, if the time-dependence of the eigenstates are then trivially exp(iEt/~), or

some arbitrary time-dependent phase exp(i(Et+ eω/c)/~).

4.5 The Aharanov-Bohm effect

A very interesting example of how electromagnetism can create novel effects in quantum

physics is the Aharanov-Bohm effect. However, care needs to be taken in the implica-



34 4.5. The Aharanov-Bohm effect

tions of the results, due to the non-locality of quantum physics. It is often erroneously

interpreted as that the gauge field is a real object. This is not the case.

The setup for this effect is a localized, constant magnetic field along the z-direction,

e. g. ~B = B~ezθ(ρ− ρ0) in cylindrical coordinates. The particle cannot enter this region.

This can be created by an infinite, impenetrable coil of radius ρ aligned with the z-

axis would create such a field. A possible gauge-fixed choice for the vector potential is

A0 = 0 and ~A = Bρ0~eφ/ρ
2δ(ρ−ρ0) + ~∂ω, where ω is an arbitrary function, which can be

non-zero everywhere. The question is what the transition probability is for a particle to

move from a point a to a point b with and without magnetic field. In classical physics

it would not matter if the magnetic field is zero or non-zero. In quantum mechanics it

does.

Consider for this the transition amplitude between two points a and b, which is given

by the transition amplitude

〈a, ta| b, tb〉 = 〈a, 0 |U(ta, tb)| b, 0〉 .

It is not entirely trivial, but eventually it can be shown that

|〈a, ta| b, tb〉|2 = |〈a, ta| b, tb〉 ~B=~0|
2 1

2

1 + cos
e

~c

∫
C

~A~dx


= |〈a, ta| b, tb〉 ~B=~0|

2 1

2

(
1 + cos

e

~c
FB

)
(4.14)

where C is any closed path which includes the points a and b, and FB is the total

magnetic flux in the coil. Thus, the probability is changed, deepening on the amount of

magnetic flux, despite the fact that the particles does not appear to be able to notice

the magnetic field, and at most the vector potential could be non-zero in its path. As

noted, the effect is genuine quantum. This has been experimentally confirmed.

There are a few remarks. The first is that only the gauge-invariant magnetic flux

contributes. This is also known as holonomy in this case. This quantity can be de-

termined entirely without relying on the vector potential at all. Thus, apparently it

is not the vector potential which plays a role, just the electromagnetic field. But then

the effect appears to be entirely non-local. Also, this is not correct, and stems from too

much thinking of a particle as a point-like object. However, particle-wave duality already

teaches that this is different in quantum physics. What actually happens here is that the

wave function needs to be really considered to be something everywhere, in particular

also on the surface of the coil. Thus, there is a boundary. That one is also there if
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the magnetic field is absent, so this alone cannot be the reason. However, the magnetic

field changes discontinuously across the boundary. If, rather than just determining the

phase difference (4.14), the whole wave function is determined, the boundary conditions

with and without magnetic field yield the difference. Thus, because the wave-function is

present throughout all of space, the existence of the discontinuous magnetic field on the

boundary needs to be taken into account, and yields the effect. This is basically what

happens when relating to the line integral in (4.14) to the area integral giving the flux.

The information in the interior is stored on boundaries, as always in classical electro-

magnetism. And because the magnetic field is vanishing beyond the coil, the boundary

can be arbitrarily deformed, also giving rise to the path-independence of (4.14). So, the

Aharanov-Bohm effect is another example of the genuine non-local structure of quantum

physics, like the violation of Bell’s inequalities.

Note that the effects discussed in section 4.2 are working on the same structures.

4.6 The hydrogen atom beyond the Coulomb poten-

tial

Once one moves beyond the static case, also the hydrogen atom becomes more involved.

There are three important effects:

1. Spin-orbit coupling: The movement of the electron induces a magnetic effect cou-

pling to its spin

2. Hyperfinestructure: The magnetic moment of the nucleus also creates magnetic

effects

3. Relativistic effects: The Coulomb potential is only the first terms in an expansion

in the ’speed’ of the electron

All of this originates as low-energy effects from the actual underlying quantum electro-

dynamics, which is a fully relativistic theory. Consider for the moment the case with

a single electron only. Otherwise the interaction effects between electrons, which also

include effects due to their spins, will be often of similar size, and unnecessarily com-

plicate things conceptually. Though, of course, in actual multielectron systems these

effects need to be kept.
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An electric charge itself does not have a magnetic dipole moment, and thus in a

suitable frame will not experience effects from a magnetic field. However, the electron

has an intrinsic magnetic moment, due to its spin, of ~µ = e~s/(mec). Classically, an

object with a magnetic dipole moment moving in a static electric field experiences an

additional potential. Canonically quantizing it, yields1

H = H0 −
1

2m2
ec

2

γ

r3
~L~S (4.15)

where the spin operator ~S satisfies the angular momentum algebra, and the electron is

a s = ~/2 eigenstate, and H0 is the spinless case. This term implies that the alignment

between orbital angular momentum and the spin is relevant, thus the name spin-orbit

coupling.

To understand the consequences, it is useful to switch to work with the total angular

momentum ~J , which is obtained from the orbital angular momentum and the spin by

the Clebsh-Gordan construction. States are then described in terms of the eigenvalues

j, l, s, and j3. Note that j = l ± 1/2, corresponding to whether the spin is aligned

or anti-aligned with the orbital angular momentum. Furthermore, since [Li, Sj] = 0, it

follows that
1

2
~L~S = ~J2 − ~L2 − ~S2.

Hence, total angular momentum states remain a suitable basis for this system, as they

remain eigenstates. This is not true for the radial states, and a full solution is non-

trivial. But it already shows a qualitative features, known as Lande’s interval rule. For

H0, the states with j = l± 1/2 are degenerate, as ~S does not appear in H0. Thus, every

state appears twice, once for electrons with spin up and once for electrons with spin

down. The spin-orbit coupling changes this, raising the energy levels with j = l + 1/2

and lowering those with j = l − 1/2. This is known as fine-structure (splitting).

This structure is further disrupted, if the nucleus of the atom has a non-vanishing

magnetic moment, due to a non-zero spin. This is, e. g., the case already for the

hydrogen atom. Neglecting still the movement of the nucleus beyond what is captured

by the reduced mass, this leads to three non-trivial effects.

The first is a spin-orbit coupling between the electrons movement and the nucleus

spin. This yields the same effect as (4.15), but with ~S replaced by ~SN , the nucleus’ spin

1There is an additional factor of 2, which stems from quantum field theory. A relativistic particle of

spin 1/2 has twice the classically expected magnetic moment.
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operator. Also, the prefactors now differ, as the nucleus’ magnetic moment appears,

giving in total the contribution

HH
1 = − 2a

2m2
ec

2r3
~L~SN ,

where a summarizes the nucleus-specific constants. This also implies that the states are

now more complicated, and need to be characterized by another angular momentum

quantum number, which can be combined again into a total spin using the Clebsh-

Gordan construction. However, this is often not the most useful basis. Since now

both the electron and the nucleus have a magnetic moment, their relative alignment

contributes. Taking this again from classical physics yields a second contribution

HH
2 =

a

2m2
ec

2

(
3(~SN ~R)(~S ~R)− ~SN ~S

)
,

with again the nucleus-specific constant a. The third term, called Fermi contact term,

describes direct interaction between both kinds of spin, and reads

HH
3 =

2a

6m2
ec

2
δ3(~R)~SN ~S.

This is only a model of the actual microinteraction of spins, when the wave function of

the electron appreciably overlaps with the nucleus itself. Similar to the ordinary contact

term, this cannot be further motivated without a model of the nucleus itself.

All of these effects have been related to the spin of the electron. Since spin is really

a relativistic effect, they already capture a substantial amount of relativistic effects.

However, there are also corrections which would affect electrically charged particles with

spin zero. These additional effects take the general form (in position space)

Vc(r) = −a
r

+ bδ(~r)− a

2

(
~∂2 1

r
+

1

r
~∂2

)
,

where the derivatives act on everything to the right in the wave equation, and a and

b are again nucleus-specific constants. Thus, this can be understood as to modify the

electric charge by an effective electric charge in the first term, provide an effect at the

location of the nucleus, and finally have a momentum-dependent change of the potential.

This will slightly change the energy levels. In particular, the last term introduces also

the Lamb shift.

While all of these effects yields measurable consequence, a complete solution of all

of them simultaneously is usually not possible beyond either numerical solutions or

perturbative means. The latter is usually a good approximation, as the changes are

small, at least for nuclei with small charge.
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Scattering theory

The main stay of modern experiments, and thus their theoretical description, are scat-

tering experiments. I. e., there is one or more incident particles, which either interact

with each other or a target, and then one or more outgoing particles. Measuring the

parameters of the outgoing particles as a function of the incoming ones, especially kind,

momentum, and directions, allow to probe the interactions happening. Either reverse

engineering from the experimental observations or making predictions from a conjectured

theory are the primary methods to identify dynamics. Thus, understanding quantum

physical scattering is essential for modern physics.

5.1 General formulation

In reality, scattering experiments will be done by incident particles. These would be

described by time-dependent wave-packets. Doing so is, unsurprisingly, non-trivial. It

is worthwhile to first start with a static situation, which can be thought of as a steady

stream of incident particles. Time-dependent processes can then be build from such

time-independent ones. Also, decomposing wave-packets in terms of plain waves will be

a very useful step.

Since a scattering experiment involves a particle which is, at least effectively, send

on a target from infinity, and then detected again at infinity, implies that the Hamilton

operator needs to have a non-bound spectrum. E. g., it makes no sense to talk of

scattering on a harmonic oscillator, but it does make sense to speak of scattering off a

hydrogen atom. For simplicity, in the following it will be assumed that the continous

part of the spectrum of the Hamilton operator starts at E = 0. Of course, this could be

38
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shifted.

Also, in general, scattering experiments are supposed to probe something. This

implies that the initial state and the final state of the experiment are not affected by the

object to be probed. This will only work, if the Hamilton operator is such that the states

at infinity, 〈φ〉 are those of the free Hamiltonian H0. It is not an entirely trivial exercise

to make this statement mathematically precise. In the end, what is needed is that the

potential operator in position space decays quickly enough towards zero towards infinity.

In quantum mechanics, this is true for all potentials treated in the quantum mechanics

lecture, which do have a continous spectrum. This will also be the case here exclusively.

However, especially in the relativistic case, this is an issue which has not been entirely

resolved in a satisfactory way to date, and is known as the infraproblem.

There had been already a scattering problem in quantum mechanics: The trans-

mission over a potential step. While a very special case, it had already exactly the

features, which have been described above. This also gives an idea how to do a time-

independent scattering experiment. Rather than sending a single particle on target, a

continous stream of particles, described by a probability current, is used, which is time-

independent. Of course, this makes the assumption that the target is not changed by

this stream. This idealization is often surprisingly good. But not always, up to the point

that already the first scattering of a particle annihilates the target. Thus, eventually a

time-dependent description will be needed.

But start with the time-independent one. The full wave equation reads

H |ψ〉 = (H0 + V ) |ψ〉 = E |ψ〉 .

with the subsidiary condition of elastic scattering

H0 |φ〉 = E |φ〉 .

as if the energy eigenvalues would differ, the scattering would not be elastic, but inelastic.

This is also an idealization, and will be needed to be relaxed later.

Remembering that Heisenberg mechanics considers all of these as matrices, and tak-

ing into account that

lim
V→0
|ψ〉 = |φ〉

should hold, a first attempt at a solution could be done in terms of the resolvent, which

was already used in perturbation theory in quantum mechanics,

|ψ〉 =
1

E −H0

V |ψ〉+ |φ〉 .
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Applying E −H0 on this expression shows that this is formally indeed a solution to the

wave equation, where it was used that |φ〉 is a zero mode of this operator. However, a

hermitiean operator is not necessarily invertible, and when considering that an inverted

differential operator is an integration, questions on the validity of this expression arise,

and justifiable so. In perturbation theory, this was not an issue, as only discrete states

were considered. This is not necessarily valid anymore here with a continous spectrum.

There is a resolution to the problem by modifying the resolvent such that it has no

poles. This is done by introducing a slight shift into the complex plane of the energies,∣∣ψ±〉 = |φ〉+
1

E ± iε−H0

V
∣∣ψ±〉 , (5.1)

which is known as the Lippmann-Schwinger equation. Here, ε is infinitesimal, such that

order ε2 is usually negligible. Eventually, the results should be either independent of ε

or well-behaved in the limit of ε → 0. This is indeed so, and can be mathematically

justified. However, a full justification would require results of distribution theory for

complex functions, and is beyond the current scope. However, it will be seen how this

actually works in the following.

While (5.1) is a well-defined equation as it stand, it is not particularly practicals.

Thus, for the following it is useful to switch to fixed basis. Start with the position

eigenbasis, which yields

ψ±(~x) = φ(~x) +

∫
d3~y

〈
~x

∣∣∣∣ 1

E ± iε−H0

∣∣∣∣ ~y〉 〈~y |V |ψ±〉 .
This is what is known as a (linear) integral equation, because the function, for which to

solve for, appears both outside and inside the integral1. The expectation value of the

complexified resolvent acts as the bilocal, i. e. depending on two position arguments,

kernel of the integral equation.

As a side-remark, the same equation in momentum space, assuming that H0 is the

free-particle Hamilton operator, is not an integral equation. It reads

ψ±(~p) = φ(~p) +
1

E − ~p2

2m
± iε
〈~p |V |ψ±〉 .

While it at first seems that this should be a much easier problem, this is not necessarily

so in practice. It is thus worthwhile to further explore the position space form as well.

1The matrix element of the potential operator depends on ψ±1(y), in the simplest case just as

a multiplication, V (y)ψ±1(y), if the potential only involves the position operator. This is the most

frequent case.
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While the expectation value involving the potential is problem-dependent, the one

involving the Hamilton operator H0 is less so. In fact, with hindsight to experiment,

H0 can be taken to be the free-particle Hamilton operator. In that case, indeed take a

detour over momentum space by inserting two unities as

~2

2m

〈
~x

∣∣∣∣ 1

E ± iε−H0

∣∣∣∣ ~y〉 =
~2

2m

∫
d3~pd3 〈~x| ~q〉

〈
~q

∣∣∣∣ 1

E ± iε−H0

∣∣∣∣ ~p〉 〈~p| ~y〉
=

~
8π2m

∫
d3~pd3~qei

~q~x−~p~y
~

δ3(~p− ~q)
E − ~p2

2m
± iε

=
~

8π2m

∫
d3~p

ei
~q(~x−~y)

~

E − ~p2

2m
± iε

= − ~
8πm

e±ik|~x−~y|

|~x− ~y|
≡ G±(~x, ~y, k)

k = +

√
2mE

~
were the pre-factor is chosen for latter convenience, and where the residue theorem from

complex analysis has been employed, without further details. This result fulfills the

important property

(∂2 + k2)G±(~x, ~y, k) = δ3(~x− ~y)

and is known as Green’s function of this equation, which in turn is a wave equation with

a point source. In fact, it is particularly this feature, together with Huygens’s principle

for wave functions, which makes this position-space result so valuable.

This result allows to rewrite the Lippmann-Schwinger equation as

ψ±(~x) = φ(~x)− 2m

~2

∫
d3~y

e±ik|~x−~y|

4π|~x− ~y|
〈~y |V |ψ±〉 .

It is nicely visible how the disturbance by the potential is propagated by Huygens’s

principle in a self-consistent way. In case of a local potential depending only on the

position operator, the most common case, this yields

ψ±(~x) = φ(~x)− 2m

~2

∫
d3~y

e±ik|~x−~y|

4π|~x− ~y|
V (~y)ψ±(~y). (5.2)

To understand the physics of this, it is helpful to consider the actual intention, rather

than to first try to solve this expression exactly.

Remember, this is a scattering experiment. Thus, to make sense, it is required that

V becomes negligibly small for ~y being either at the point of preparation or the point of

measurement. Thus, the integral kernel, which is anyhow suppressed already for large

distances, will be even further suppressed if |~x − ~y| � lV , where lV is the extent over
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which the potential is appreciably different from zero in comparison to the energy of the

incoming particle. Thus, the integral will not receive any relevant contribution in this

case. It is therefore permissible to approximate

|~x− ~y| ≈ |~y| − ~x~y

|~y|
(5.3)

This allows to approximate

e±ik|~x−~y|

|~x− ~y|
≈ e±ik|~y|∓ik

~x~y
|~y|

|~y|
Because ~x~y/|~y| < |~y| as |~x| � |~y|, the second contribution in (5.3) can be neglected: No

singularities can arise. In the exponential, this is not true, as this contribution yields an

oscillatory factor when integrating over the angle, and thus can allow for cancellations.

It therefore needs to be kept, at least to first order.

This yields the asymptotic expression

ψ±(~x) = φ(~x)− 2m

4π~2

e±ik|~x|

|~x|

∫
d3~yeik

~x~y
|~y|V (~y)ψ±(~y)

=
1

(2π)
3
2

(
e±i

~k~x +
e±ik|~x|

|~x|
f(~k,~k~x)

)
, (5.4)

where an incoming plane wave was assumed. Thus, the result is a superposition of a

plane wave and spherical wave, where the later is modulated by the Fourier transform

of the scattering amplitude

f±(~k,~k~x) = −4π2m

~2

∫
d3~yeik

~x~y
|~y|V (~y)ψ±(~y)

= −4π2m

~2

〈
~l |V |ψ±

〉
, (5.5)

where
∣∣∣~l〉 is a momentum eigenstate for the would-be momentum k~x. Note that, despite

appearances, this is still a self-consistency equation. It was only possible to give a more

obvious structure, a plane wave interfering with a modulated spherical wave.

It is now useful to recognize that the different signs correspond to incoming or out-

going spherical waves. Experimental, incoming spherical waves would correspond to

preparing the final state of the scattering process, to recover the initial state. While

theoretically well-defined, this is usually practically impossible, especially for unknown

systems. So, only the other version with the outgoing wave is in practice relevant, and

will be used in the following exclusively.
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Because of this, it is now finally possible to express the (differential) cross section

searched for in terms of the scattering amplitude. The second term in (5.4) is the

relevant count of scattered particles into the direction ~x. Thus, after normalization to

the number of incoming particles, which is given by the first term, this yields

dσ

dΩ
= |f(~k,~k~x)|2 = |f(~k,~l)|2 (5.6)

and thus entirely determined by the scattering amplitude. This can also be calculated

in terms of the ratio of the probability currents, which is skipped here. Here, also the

more common form is given, in which the would-be momentum ~l = k~r is used, rather

than the scattering angle between ~k and ~x. This can, of course, also be derived from the

probability currents. Note, however, that this is not yet a solution. The wave-function

ψ+ is still unknown. However, once it is known, the scattering amplitude, and thus the

cross section, can be calculated.

In a realistic setting, the incident particle needs to be described as a localized wave-

packet, which is more realistically describing the situation in a real experiment. But as

a wave packet can be decomposed into plane waves, as discussed in quantum mechanics,

also the scattering process can be reconstructed from the plane-wave case. However, it

is in practice quiet demanding technically, and does not provide substantial insight. In

case the extension of the wave-packet is substantially larger than lV , it turns out that

the plane-wave approximation is even very good quantitatively.

5.2 Perturbative approximation

5.2.1 Born series

While conceptual nice, (5.4) is not yet practically useful, as V is not defined. Moreover,

as an integral equation, it is only in a limited number of cases possibly to solve it exactly,

or even numerically. Thus, in general approximation methods are needed. The simplest

of those is the Born approximation, which is basically to consider only the first step in

an iterative solution approach. A full iterative solution would start with some initial

condition ψ0
+ for ψ+, enter this into (5.4), obtain a new wave function ψ1

+, and reinsert

this again into (5.4). Thereby a sequence ψi+ is obtained. Under certain conditions, it

can be shown that this process is convergent, and will ultimately lead to the correct

solution. However, this requires to completely calculate ψi+ from ψi−1
+ at every position

~x, and indeed this requires to solve not the asymptotic form (5.4), but rather (5.2), which
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is both analytically or numerically harder. While this kind of self-consistent solution is

possible2, it is very often very challenging but also not necessary.

In many practical cases, a single such iteration step, the Born approximation, gives

already a result with an accuracy which is comparable or better to experiment. Thus,

this approximation will be studied first, and the more general case later.

As noted, this requires an initial condition. Given that the incoming state is a plane

wave, and it is assumed that the scattering process is weak, this naturally suggests to

take also a plane wave as initial condition. The scattering amplitude then becomes

f(~k,~l) = − 2m

4π~2

∫
d3~yeik(~k−~l)~yV (~y). (5.7)

Thus, the scattering amplitude yields the Fourier transform of the potential with respect

to ~q = ~k −~l. Since |~l| = |~k|, this is an elastic process, and the energy is conserved.

A particular interesting case is a central-force potential, V (~y) = V (y). In this case,

only a dependence on the scattering angle, defined as

q = |~k −~l| = 2k sin
θ

2

remains, and the system is symmetric under rotation around the axis defined by the

incoming momentum ~k in the polar angle. Note that q has the same units as k, and can

therefore also be considered to be a momentum transfer, in units of ~. The expression

for the scattering amplitude then becomes

f(k, q) = f(k, θ) = −2m

~2

1

q

∞∫
0

drrV (r) sin(qr), (5.8)

where a transformation to spherical coordinates has been performed, and the angular

integrals have been completed. It should be noted that θ is not the angle to be integrated

over, but the angle between the direction of the incoming momentum and the position

of the measurement.

An example of a spherical symmetric, short-range potential is the Yukawa potential

V (r) = V0
e−µr

µr
, (5.9)

2In some cases such iterative procedures do not converge, but other, more powerful but also more

complex methods, exist.
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where µ−1 = lV plays the role of the characteristic scale of the potential, expressed as a

momentum, or equivalently energy, scale. This is a typical screened potential. Inserting

(5.9) into (5.8) and performing the remaining integral yields the scattering amplitude

f(k, θ) = −2mV0

µ~2

1

q2 + µ2
=

2mV0

µ~2

1

4k2 sin2 θ
2

+ µ2
.

Thus, the differential cross section (5.6),

dσ

dΩ
=

4m2V 2
0

µ2~4

1

(4k2 sin2 θ
2

+ µ2)2
(5.10)

being the absolute square of this expression, is strongly peaked in forward direction,

with a characteristic width determined by µ. Note that, to this order, the result is

independent of the sign of V0, i. e. whether the potential is attractive or repulsive, as

long as the energy is above the binding energy in the attractive case. In particular, the

limit µ→ 0, expanding the potential in (5.9), this becomes Rutherford scattering: The

scattering of an incident particle on an atomic nucleus. However, it is important to note

that this is the Born-level expression. That becomes even more explicit when recovering

that |~p| = ~k. In classical physics, the Rutherford expression is exact. Here, higher

orders in the calculation will actually yield genuine quantum-mechanical corrections to

the Rutherford expression, which can, and have, been measured.

Going through the calculation, a few general features emerge for any spherically

symmetric potential. First, because of (5.8), the scattering cross section does not depend

individually on the energy parametrized by k and the scattering angle θ, but only by

the (momentum) transfer q. Second, because V is necessarily real in position space, the

transition amplitude f is also real to this order, due to (5.8). Third, the same argument

as was made for V0 above is actually true for the whole expression of V , as the sign

factorizes off in (5.8), and drops out when squaring f . If the energy is small, implying

also that q is small, the amplitude becomes a volume integral,

f(k, q) ≈ −2m

~2

1

q

∞∫
0

drr2V (r),

since it is assumed that V (r) is localized. Thus, no directional information is picked up

at small energy, and the scattering becomes isotropic. This can also be seen explicitly

in (5.10), as then the second factor becomes just 1/µ2. Conversely, if q is large, the

integrand in (5.8) oscillates very quickly. As long as V (r) cannot compensate for this, as
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it is independent of q, and thus the integral will likely be very small, due to oscillations.

As the Born approximation is usually a decent description in many cases, these features

turn out to be quite general. Conversely, if these features are observed, this indicates that

the scattering potential is likely weak, and well describable in the Born approximation.

Are there general rules when this can be expected to be a good approximation?

Not necessarily so, due to the self-consistency condition. However, in many cases high

energies tend to make the Born approximation better, while at low energies the existence

of bound states can make it worse.

To go beyond the Born approximation, it is useful to transform the Lippmann-

Schwinger equation. This is done by introducing the transition operator (or matrix) T

as

V
∣∣ψ+

〉
= T |φ〉 , (5.11)

i. e., the transition operator transforms the incoming state to the outgoing state under

the influence of the potential. While this appears an odd definition at first, it is useful.

To this end, apply the potential operator to the Lippmann-Schwinger equation (5.1).

This yields

T |φ〉 = V |φ〉+ V
1

E −H0 + iε
T |φ〉 . (5.12)

Thus, the scattered state has been eliminated from (5.1) in favor of the transition matrix.

As the Lippmann-Schwinger equation is valid for any initial state |φ〉, this implies an

operator equation

T = V + V
1

E −H0 + iε
T, (5.13)

which needs to be satisfied by the yet unknown transition operator. At the same time

choosing φ to be a plane-wave state and (5.5) implies

f(~k,~l) = −4π2m

~2

〈
~l |T |~k

〉
. (5.14)

Thus, in this case the scattering can be understood as a transition from the incoming

plane wave state ~k, mediated by the transition operator T , to the final state, which is

characterized by a would-be momentum~l = k~x. Thus, in this case the transition operator

encodes the scattering process. Moreover, (5.7) implies that in the Born approximation

T = V holds.

To go beyond the Born approximation the expression (5.13) can be used. What

can be done is, in the sense of the Dyson equation for the time evolution operator in
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time-dependent perturbation theory, to solve (5.13) in an iterative way,

T =
∑
i

T i

T 0 = V

T 1 = V
1

E −H0 + iε
V

T 2 = V
1

E −H0 + iε
V

1

E −H0 + iε
V

T n =

(
V

1

E −H0 + iε

)n
V.

Just as with the Dyson equation, this is formal expression, and a guarantee for this

to converge, and if it converges to converge to the correct solution, cannot be given in

general. However, in practice this works often surprisingly well.

Combining this with (5.14) make the comparison to the Dyson series even more

apparent,

f(~k,~l) =
∑
i

f i(~k,~l)

f 0(~k,~l) = (5.7)

f 1(~k,~l) = − 2m

4π~2

〈
~l

∣∣∣∣V 1

E −H0 + iε
V

∣∣∣∣~k〉
= − 1

4π

(
2m

~2

)2 ∫
d3x1

∫
d3x2e

i(~k~x1−~l~x2)V (x1)G+(x1, x2, k)V (x2)

fn(~k,~l) = − 1

4π

(
2m

~2

)n+1 ∫
d3x1...d

3xn+1e
i(~k~x1−~l~xn+1) ×

×V (x1)G+(x1, x2, k)V (x2)G+(x2, x3, k)...V (xn).

This can be interpreted as a sequence of elastic scatterings, thus k remaining the same, at

different points in the scatter center. Note that ~L is not really a momentum, but rather a

direction in this elastic case. The total transition matrix is then the superposition of all

possibilities how often scattering took place. And each of the terms in turn can be viewed

as moving to a place, there interacting with the scattering potential, and then move again

freely to the next interaction, or outside. This is averaged over all possible locations

of these interactions, in a genuinely quantum fashion. Thus, effectively, the potential

looses its extended characteristic. It also visualizes how this approach to scattering is

very much related to the path integral, which has also such a sum of histories structure.
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However, the path integral is exact. But this neatly also shows the limitation of the

iterative approach. If the situation is such that interactions appear so rapidly that they

can no longer be considered quasi independently, but start to affect each other. This

will happen when the suppression factor (2m/~)n is overcompensated by the potential.

E. g., if the potential can be written as some overall strength parameter Λ, V = λv,

and λ > ~/(2m), this will increase each term, provided the spatial structure does not

create a integral dropping off quickly enough. Also, the spatial structure could yield

that the iterated integral grows. There is no simple condition on the potential to when

this happens. Thus, it is best to calculate not only the leading order, if possible, to

study the behavior of consecutive terms. G+ has at least the structure of decaying like

1/x, and thus with the distance between scattering centers. Thus, if V also decays with

distance sufficiently fast, this is often the case.

5.2.2 Eikonal approximation

The Born approximation is only one possibility to find an approximate solution, similar

to the case of perturbation theory in quantum mechanics. Just like perturbation theory,

it will only work well if the scattering potential is weak, in a suitable definition of

weakness. The variational principle of the WKB approximation are two other examples

for approximation methods in quantum mechanics, which do not rely on the weakness

of the potential. Likewise, it is helpful to have another approach, which does not rely

on the weakness of the potential.

Here, the eikonal approximation will be used, which is applicable to strong scattering

potentials. However, it requires that the energy of the scattered particle is large com-

pared to the potential, and the potential is quasi-classically, i. e. it changes only distance

scales larger than the Compton wave length of the incident particle appreciably. This is

the case, e. g., when scattering high energetic particles, with thus subatomic Compton

wave-lengths, on solids. Thus, it is to some extent a semi-classical approximation.

It is thus not surprising that its starting point is similar to the WKB approximation,

which is also a semiclassical approach. It starts by rewriting in position space

ψ+ ∼ ei
S
~ (5.15)

with some yet to determine, potentially complex, function S. As has been discussed in

quantum mechanics, the function S satisfy

(∂iS)2

2m
+ V = E =

~2k2

2m
(5.16)
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as this is still the time-independent case. As the energy is large, the assumption is made

that the particle will move essentially along a straight-line, and be not overly disturbed.

Furthermore, it will be allowed for an impact parameter b, like in classical scattering, i.

e. the particle passes a distance b away from the scattering center. Then (5.16) is solved

by

S = ~
z∫

−∞

dz′
√
k2 − 2

~2
V (b2 + z′2) + S0, (5.17)

where the constant S0 is chosen such that at vanishing potential a plane wave in z

direction is recovered, i. e. S = ~kz, to have a smooth limit.

Expanding the square root in (5.17) using that k2 ∼ E � V and inserting the result

into (5.15) yields with a plane-wave normalization for V = 0

ψ+ =
1

(2π)
3
2

eikze
−i m~2k

∫ z
−∞ dz′V

(√
b2+z′2

)
.

This can be inserted into the expression for the transition amplitude (5.5), yielding

f(~k,~l) = − 1

4π

2m

~2

∫
d3~yei(

~k−~l)~yV

(√
b2 + y2

3

)
e
−i m~2k

∫ z
−∞ dz′V

(√
b2+z′2

)
(5.18)

It is visible how the last factor makes this a different expression than the leading-order

Born amplitude (5.7), emphasizing how both approximations are not the same.

With this particular choice of coordinates, it is best to switch to cylinder coordinates

and choosing b to be the radial distance. As the deviation from the incoming direction is

small, the scattering angle θ can be safely assumed to be small. This has the advantage

that the integration in z direction then becomes trivial, as with respect to z a total

derivative occurs in the structure V expV . On the other hand, the integration over φ

is exact, as in this approximation the potential does not depend on φ. Both aspects

together allow to write (5.18) as

f(~k,~l) = −ik
∞∫

0

dbbJ0(kbθ)

(
e
−i m~2k

∫ z
−∞ dz′V

(√
b2+z′2

)
− 1

)
.

The Bessel function J0 appears from the analytic φ integral, and contains the only,

trivial, dependence on θ. Trivial, as it is independent of the potential, and thus a purely

geometric factor. The extension of the integration in the exponential stems from the

aforementioned identification of a total derivative. Interpretational, the result can be
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understood in the form that the scattering is a modulated sum over all different impact

parameters. Only the impact parameters will contribute for which the potential is non-

vanishing. Thus, basically this creates an effect as if the potential is just a disc, which is

the second factor. The Bessel function then modulates the self-interference of the plane

wave.

5.2.3 Optical theorem

The hermiticity of V and H0 yield a further remarkable result. Consider the total cross

section

σt =

∫
dΩ

dσ

dΩ
.

There exists an exact relation of this quantity to the forward scattering amplitude at

angle θ = 0, which makes ~l point in the same direction as ~k, converting it into ~k, and

thus f(~k,~k). In fact, more precisely to its imaginary part

=f(~k,~k) =
|~k|σt
4π

.

This is known as the optical theorem.

To see that this is the case, note that

f(~k,~k) = − 1

4π
2m~2

〈
~k|T~k

〉
.

Now

=f(~k,~k) = =
(
〈ψ+ |V |ψ+〉 −

〈
ψ+

∣∣∣∣V 1

E −H0 − iε

∣∣∣∣ψ+

〉)
,

by definition. Because V is hermitiean, the first term does not have an imaginary part.

This is most directly seen in position space, where it will evaluate to the real function

V (x). For the second part, a theorem from functional analysis on principle parts, which

will not be detailed here, allows to reduce the expression to

=f(~k,~k) = −π
〈
~k
∣∣T †δ(E −H0)T

∣∣~k〉 ,
where (5.11) was used for incident plane waves. The operator-valued δ function can be

evaluated by using any definition of the δ function using limiting procedures. Inserting

a unity, this allows to apply H0 to its eigenstates ~k, yielding

=f(~k,~k) = −π
∫
d3~q
〈
~k |T | ~q

〉〈
~q |T |~k

〉
δ

(
E − ~2~q

2m

)
= −π

∫
dΩ~q

mk

~2

∣∣∣〈~q |T |~k〉∣∣∣2 ,
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where the δ-function could be resolved using spherical coordinates. But, up to prefactors

which need to be collected, is just the total cross-section, as comparison to (5.6) and

(5.14) shows, completing the optical theorem. Note that the optical theorem is exact. I.

e., given an approximation, it should satisfy the optical theorem. Otherwise it violates

some basic principles which follow from the hermiticity of the potential. Both the Born

approximation, order by order, and the eikonal approximation satisfy it.

5.3 Phase shifts and the Argand circle

In practice, many potentials are spherical symmetric. This allows to utilize an angular

momentum representation. For this, it is useful to recall from quantum mechanics

that plane waves, i. e. free-particle states, can be decomposed into angular momentum

eigenstates |E, l,m〉. In position space and momentum space they read, respectively,

φ(~x) =
il

~

√
2mk

π
Jl(kr)Y

m
l (Ω~x)

φ(~k) =
~√
mk

Y m
l

(
Ω~k

)
(5.19)

E =
~2k2

2m
,

where jl are the Bessel functions of order l, Y are the spherical harmonics and Ω is the

corresponding solid angle.

The rotational invariance of the potential and the free Hamilton operator allow to

use the Wigner-Eckart theorem of section 3.4 to the transition operator. This yields

〈E ′l′m′ |T |Elm〉 = Tl(E,E
′)δll′δmm′ . (5.20)

Thus, scattering off a rotational symmetric potential cannot change the angular mo-

mentum (or spin) of an incident particle. Since spherical waves are a complete basis,

expanding the in states and out states in them yields for the transition amplitude in

this case

f(~k,~l) = −4mπ2

~2

〈
~k |T |~l

〉
= −4mπ2

~2
= −4π

k

∑
l

Tl

(
E =

~2k2

m

)∑
m

Y m
l

(
Ω~k

)
Y m
l (Ω~x) .

This utilized the expression (5.19), and is again the case of elastic scattering. Then
~l = k~x the direction of the scattered particle.
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Choosing ~k along the z-direction yields Y m
l

(
Ω~k

)
∼ δm0. Then Y 0

l (Ω~x) ∼ Pl(cos θ), i.

e. it becomes the Legendre polynomials depending on the scattering angle. This finally

yields

f(~k,~l) = f(k, θ) =
∑
l

(2l + 1)fl(k)Pl(cos θ) (5.21)

fl(k) = −π
k
Tl(k)

where the fl are the partial wave amplitudes. They contain all of the non-trivial infor-

mation. In fact, the transition amplitude has now been decomposed into a sum over

angular momenta, so-called partial waves. The total transition amplitude is the coherent

superposition of all partial waves. Of course, to determine the partial wave amplitudes

still requires to calculate Tl, which in turn depends on the initial state’s energy. Thus,

the interference pattern will be modulated. In addition, if the initial state is not a plane

wave, it needs to be decomposed accordingly, which can give rise to additional weights

of the different partial waves. In the extreme case of the initial state is itself a spherical

wave, only the partial wave with the same angular momentum will contribute. This is

often the case in practice.

While this application of the Wigner-Eckart theorem resulted in a substantial tech-

nical simplification, it also provides a path towards a different conceptualization, which

indeed is also important for inelastic scattering. At large distances, the scattered wave

function will behave as

ψ+(~x) =
1

(2π)
3
2

(
eikz + f(θ)

eikr

r

)
as a superposition of the incident plane wave and a spherical outgoing wave. Inserting

(5.21) and noting that the incident plane wave is really just the case of fl = 1, derived

from T = 1 being unity, yields

ψ+(~x) =
1

(2π)
3
2

∑
l

(2l + 1)

ik
Pl(cos θ)

(
(1 + 2ikfl(k))

eikr

r
− e−i(kr−iπ)

r

)
(5.22)

where z was expressed in terms of spherical coordinates. Thus, 2ikfl(k) is just the change

of the phase of the outgoing wave away from unity, which interferes with the incoming

phase with a fixed phase, rewritten here for latter convenience as − exp(iπ) = 1.

It is possible to make a statement about the size of the partial wave amplitudes.

Since the situation is static and elastic, the incoming and outgoing probability fluxes
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must balance each other. But that can only happen if the amplitudes of the incoming

wave and the outgoing waves match, or that∫
=(ψ†∂iψ)d2 ~A = 0

holds for any closed surface at sufficient distance from the scattering center. But since

the radial dependencies are the same in (5.22), this can only hold if

|1 + 2ikfl(k)| = 1

and thus it is possible to rewrite

1 + 2ikfl(k) = e2iδl

with δl the phase shift. Thus, the scattering only affects the phases of the partial waves.

This allows to reexpress the scattering amplitude as

f(k, θ) =
1

k

∑
l

(2l + 1)eiδl sin δlP( cos θ). (5.23)

The total cross section then takes the form

σ =
4π

k2

∑
l

(2l + 1) sin2 δl.

This can be visualized by the Argand circle in the complex plane of f as

kfl(k) =
i

2
+

1

2
e−

iπ
2

+2iδl .

Elastic scattering takes place only on the Argand circle. If the incoming flux would be

partially absorbed, e. g. because energy is added or removed, the probability current for

fixed energy is reduced. Then

|1 + 2ikfl(k)| < 1

This implies that inelastic scattering will yield a phase shift inside the Argand circle, and

δ receives an imaginary part. Of course, inelastic scattering off a non-central potential

will be more involved.

A determination of the phase shifts requires still to calculate (5.20), which can be

done, e. g., using (5.12). In general, this is not simple. An example, where this is still

possible in terms of a closed expression is scattering fo an impenetrable sphere of size

R, which yields

tan δl =
Jl(kR)

Nl(kR)
, (5.24)
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whereNk are the Bessel functions of the second kind. This has an interesting observation.

Consider the special case of only an incident s-wave, yielding

dσ

dΩ
=

sin2 δ0

k2
= R2.

Thus, the total cross section is 4πR2, four-times larger than the classically expected one.

Likewise, if partial waves are included up to l ≈ kR, the cross section still remains larger

than the classical one, 2πR2. Thus, as long as the relative wave-length can resolve the

sphere, interference effects will enhance the cross section compare to the classical one.

5.4 Resonances

A common situation is that the incident particles do have a small energy compared to

the extension of the potential, i. e. kR � 1. Under this condition, the structure of the

potential can be resolved. In particular, if the potential can sustain bound states, this

can imprint itself on the scattering process. Moreover, this can allow the existence of

resonances, i. e. that the incident particle gets localized at the position of the potential

for some time, before it is again emitted. It is thus worthwhile to study this case.

To do so, it is useful to note that (5.22) can be rewritten as

ψ+(~x) =
1

(2π)
3
2

∑
l

il(2l + 1)Al(r)Pl(cos θ) (5.25)

Al = eiδl (jl(kr) cos δl − nl(kr) sin(δl)) ,

with again the Bessel function, at least in the long-distance limit. The expression (5.5)

then also implies for distances large compared to the effective range of the potential

fl(k) =
eiδl sin δl

k
= −2m

~2

∞∫
0

jl(kr)Al(k, r)V (r)r2dr, (5.26)

which is, of course, again an integral equation for the phase shifts δl.

This equation allows to model various idealized cases. In particular, it allows to

discuss the formation of almost bound states. As was visible previously in section 5.2.2,

scattering at very high energies will not alter the incoming wave too much. Quite the

opposite happens at low energies. Low can be quantized here by the fact that the

Compton wave-length is large compared to the effective range of the potential, i. e. the
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range for which the potential is appreciably different from the energy. For a central

potential, which is less singular than the angular momentum potential,

Vl =
~2l(l + 1)

2mr2
,

the latter dominates the scattering process. This is actually only true if the potential

does not sustain bound states close to zero energy with l > 0. E. g., the Coulomb

potential does so, and will require more discussion later.

However, if all of this is is the case, Al is well approximated by jl, in which case

(5.26) can be performed, yielding

δl ∼ k2l+1. (5.27)

Thus, at low energies s-wave scattering dominates. Such a behavior is known as threshold

behavior, as it occurs at the threshold to the bound state spectrum of the potential. Even

though this is also true for purely repulsive potentials. Again, this is only true if the

bound state does not support bound states with a given l with energies close to the

threshold.

A suitable example is the (attractive) finite-well potential, especially as it can be

solved exactly. In the l = 0 case, the wave function is radially symmetric, and the

system becomes effectively one-dimensional. The ave function needs to be continous

across the boundary of the hard well. According to (5.25) at long distances and low

energies the wave function behaves like

u(r) =
eiδ0 sin

(√
2mE
~ r + δ0

)
√

2mE
~ r

,

with E = ~2k2/(2m), and the inside wave function as

sin

(√
2m(E − V0)

~
r

)
. (5.28)

Since teh wave function needs to be continous at the boundary, this implies that the

phase shift needs to compensate at the boundary the difference between
√
E and

√
E − V0,

in units of 2π. Thus, depending on the energy difference, δ0 will move from zero to π as

a function of the potential strength.

As an interesting aside, there are pairs of critical values E > 0 and V0 6= 0 at which

δ0 is again zero. As l > 0 is almost irrelevant, this implies σt ≈ σ0 = 0, and a beam of
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particles penetrates unhindered the potential, it is at this wave length invisible. This is

known as the Ramsauer-Townsend effect.

When approaching k → 0, an interesting development happens. To make it explicit,

it is useful to consider

lim
k→0

du
dr

u
= lim

k→0

(
k cot

(
k

(
r +

δ0

k

)))
= k cot(δ0) +O(k2) = −1

a
+O(k) (5.29)

The last equality stems from the fact that a zero-energy wave function is at most linear

in r, owing to sin kr ≈ kr+O((kr)2). Thus, the normalized derivative can be at most a

constant, denoted by convention here as −1/a, where a is called the scattering length.

Thus, provided a is finite, the phase shift needs to diverge like 1/k at zero energy. In

this limit, σ0 = 4πa2, as before the featureless scattering center. This makes sense, as

the wave-length is then too large to resolve any features of the scattering center, except

its existence. This allows give the reason for this name. Note that a can also be zero or

infinite.

The sign of the scattering length is significant. Compare the situation at the bound-

ary with the inside wave-function (5.28). A value a > 0 stems from a repulsive potential,

i. e. V0 > 0, matching the sinusoidal behavior outside. However, for an attractive poten-

tial, an interesting consequence appears. In that case, if there would be a bound state

close to zero energy, but below, (5.28) would behave like sinh, rather than sin. In that

case

lim
ik=κ→0

du
dr

u
= −κe

−κr

e−κr

for the inside wave function. Since the extension of the potential is no longer resolved,

it can be set to zero. Then, assume the limits for energy from above and below to

be continous. This relates wave functions inside and outside to the usual bound state

energy and a as

−E =
~2κ2

2m
≈ ~2

2ma2
.

Thus, a larger a is indicative of a close-to-threshold bound state. While this has been

a very hand-waving argument, the general gist of this is actually accurate. A large

negative scattering length indicates a bound state close to threshold.

While not unheard of, e. g. deuterium is a bound state of this kind, such states are

rather rare.

There is an interesting insight to be gained from this. Because of (5.29) and (5.23)
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it follows that the s-wave scattering amplitude f0 at low energies can be rewritten as

f0 =
1

k cot δ0 − ik
= − 1

1
a

+ ik
,

with a < 0. Thus, the existence of the resonance implies that the scattering amplitude

as a function of energy has a pole at ik = −1/a. Thus, the existence of bound states is

encoded in the poles of the scattering amplitude. Even though, of course, these are not

measurable. But their existence will affect also the scattering at real k, and thus the

existence of bound states makes itself felt even when scattering with positive energies,

though the effect will diminish when the bound state energy becomes more negative.

This should not come as a surprise. After all, the scattering amplitude is built from a

resolvent structure, whose poles have already been seen in quantum mechanics to encode

the very same information.

In addition to such genuine bound states, scattering states can be also affected by

a phenomenon called resonances. Resonances occur if the potential sustains tunneling

phenomena, in particular the existence of a tunneling barrier. The simplest example are

sufficiently strong, radially symmetric, attractive potentials, due to the repulsion of the

angular barrier. I. e., the expression

Vt(r) = V (r) +
~2l(l + 1)

mr2

has one (or more minima) for E > 0. This is already the case for a sufficiently strong

Yuakaw potential (5.9). As is known from tunneling, a static state with a suitable energy

can be mostly localized inside the barrier, but has a probability to be outside. In the

dynamic case of scattering, this implies that an incident particle can be captured by

the potential, but not forever. Such a phenomenon is called a resonance. As has been

seen that resonance close to threshold create poles in the scattering amplitude, it can

be expected that such resonances enhance cross sections.

But, again due to (5.23), a strong enhancement will only happen if the phase shift

moves through π/2. It will necessarily do some from below, as a function of the energy.

at least for the lowest-lying resonance, as the phase shift itself vanishes, as a consequence

of (5.27) for k → 0. However, this statement is often true, but not always, due to the

same motivation. If the pole would be located far away from the real axis, its influence

can diminish so quickly that its existence may no longer be directly visible in the phase

shift.
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It is worthwhile to consider an explicit example. Consider the potential

V (r) =
~γ
2m

δ(r −R),

with γ > 0, and thus a repulsive potential. Thus, there is a barrier at a finite R.

Of course, in general the potential is independent of the scattered particle. It is for

later convenience that its strength has been rescaled by the mass. If the barrier would

be infinitely high, i. e. γ → ∞, this is inside the barrier the infinite-well potential,

sustaining bound states at energies kR = nπ, with n > 0 integer. Outside, this will be

just as scattering on a hard sphere, recovering δ0 = −kR in s wave.

At lowest Born level, this can be solved using (5.8), yielding

f(k, q) = − γ

q~
R sin(qR).

Consider s-wave scattering for simplicity. The result is then

f0(k) = −γπR
2~

(πJ1(2kR)H0(2kR) + J0(2kR)(2− πH1(2kR))),

where Hi are the Struve functions. This function peaks at kR ≈ nπ, and thus close to the

would-be bound state energies. Similar results are found for higher l. For sufficiently

small γ, this Born level result will be relatively accurate. The fact that the result

depends only linearly on γ is, however, an artifact of the Born approximation. In a

better treatment, it turns out that the peaks are modulated by the value of γ, becoming

sharper the larger γ. But this will also be the case where the Born approximation

becomes less reliable.

This is, however, a reasonable generic behavior, if it is possible to tune the interaction

strength. The cross section will peak around would-be bound state energies, and the

peak width is determined by the tunneling barrier. In cases where it is not possible to

tune from bound states to scattering the pattern, however is similar.

It is now useful to analyze the specifics of the scattering peak, provided one exists.

If the phase shift is reasonably smooth around the resonance energy Er, it will obey

cot δl(E) ≈ cot δl(Er)− c(E − Er) +O
(
(E − Er)2

)
. (5.30)

In general, this may be some arbitrary, positive power of the energy. The first terms

vanishes, as cot(π/2) = 0, implying

fl

(
k ∼
√
E
)

=
1

k cot δl − ik
≈ −1

k

1

c(E − Er) + i
+O

(
(E − Er)2

)
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It is useful to introduce

Γ = − 2
d(cot δl)
dE

∣∣∣
E=Er

= −2c

The second equality only holds in the case that (5.30) is a good approximation. The

first is the actual general definition, which is always valid. Thus, Γ is smaller if δl moves

more quickly through π/2. In principle, both the resonance energy Er and Γ carry an

l-index, which are suppressed.

This allows to rewrite the scattering amplitude as

fl(k) = − Γ

2k

1

k
(
E − Er + iΓ

2

) .
Since this scattering amplitude peaks, it is often the case that it dominates the cross

section close to Er. Assuming this to be the case, the cross section close to threshold

becomes

σl =
4π(2l + 1)

k2

(
Γ

2

)2
1

(E − Er)2 + Γ2

4

.

The first factor just stems from overall features, and is independent of the potential,

and thus generic. It is called a phase-space factor. The remainder is specific to the

potential, and its resonance. It peaks at the resonance energy, where the peak’s width

is limited by Γ. It is therefore called the width. In fact, it is called the decay width,

and it will characterize the capture time of the incident particle until it is released. The

total shape is called a Breit-Wigner shape. It should be repeated that this shape is only

appropriate, if (5.30) holds. In addition, when Γ becomes large, the assumption that

only the resonance contributes becomes less and less accurate, and the scattering cross

section can even no longer feature a peak. The existence of a resonance needs then to

be deduced by other, more subtle means, which are beyond the scope of this lecture.

5.5 Scattering of particles

If two particles scatter, the preceding discussions can also be applied by moving into

the center of mass frame. This leads to a modification of (5.4). Apparently, the wave

function now depends on the positions of both particles, ~r1 and ~r2. Moving to the center

of mass frame, this yields a dependence on ~r = ~r1−~r2 only. In the center of mass frame,

both will have the same wave vector. The wave function then becomes

ψ+(~r1, ~r2) ∼ ei
~k~r + e−i

~k~r + f(k, θ)
eikr

r
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where an interference of both incident plane waves is possible. However, the cross section

is still determined by the scattering amplitude.

This takes an interesting twist, if both particles are identical, and either bosonic or

fermionic. Then the wave function must be either symmetric or antisymmetric,

ψ+(~r1, ~r2) ∼ ei
~k~r ± e−i~k~r + (f(k, θ)± f(k, π − θ))e

ikr

r
. (5.31)

This gets another twist from the spin part of the wave function. Because the spin

wave function can be symmetric or antisymmetric itself, and needs to be multiplied to

(5.31), only the total wave function needs to be symmetric (for two bosons scattering)

or antisymmetric (for two fermions scattering).

In the case of two spin zero bosons scattering, only the symmetric version of (5.31)

can contribute. The cross section then becomes

dσ

dΩ
= |f(k, θ) + f(k, π − θ)|2 = |f(k, θ)|2 + |f(k, π − θ)|2 + 2<(f(θ)f ∗(π − θ)).

This is the same expression for two fermions in an antisymmetric spin wave function. In

the symmetric spin case, however, this would be

dσ

dΩ
= |f(k, θ)|2 + |f(k, π − θ)|2 − 2<(f(θ)f ∗(π − θ)).

In both cases, this yields typical interference pattern.

Another interesting case is the practically relevant one in which the beams of two

fermions are not polarized, i. e. it is unknown in which spin states they are. This requires

to average over two possibilities. Since the antisymmetric (spin zero) wave function has

only a third the weight than the symmetric (spin one) one, one state vs. three, this yields

dσ

dΩ
= |f(k, θ)|2 + |f(k, π − θ)|2 −<(f(θ)f ∗(π − θ)).

These various interference patterns can be observed.

5.6 Inelastic scattering

So far, everything has been elastic processes. Many relevant processes are, however,

inelastic. I. e., the energy of the incident particle changes. The probably most pertinent

example is a particle incident on an atom, which deposits some of its energy to excite,

or even ionize, the atom.
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Apparently, this process can no longer be entirely time-independent. Thus, this

requires to move to a time-dependent formulation. This appears to preclude the usage

of plane waves, and necessitates wave packets. However, there exists an approach which

still allows to do so. Rather than to switch on the incident particle by using a wave

packet, the incident particle is still described by a plane wave, but the potential is

switched on. This is done smoothly by so-called adiabatic switching,

V → V eηt,

in which η is infinitesimal. The potential V is still considered to be time independent.

Of course, this appears to imply that the potential increases in strength at t > 0. But

this is not how to handle this. Rather, it is asked about the detection of the particle at

t = 0, and what happens afterwards is of no relevance. Eventually, the limit

V = lim
η→0

V eηt (5.32)

can be taken, to have arbitrarily slow switch on.

Of course, a time-dependent problem needs to be governed by the full time-dependent

wave equation,

(i~∂t −H0) |α, t〉 = V |α, t〉 , (5.33)

where H0 is again a suitable unperturbed Hamilton operator, usually the free one. Then

α subsumes all other quantum numbers.

It turns out that the approach eventually yields again a Lippmann-Schwinger type

equation. For this, again the Green’s function is needed, but now also for the time-

dependence,

(i~∂t −H0)G+(t, t′) = δ(t− t′) (5.34)

G+(t, t′) = for t < t′. (5.35)

If H0 has a spatial dependence, this will yield another Green’s function, but this will be

not relevant in the following. The condition ensures causality: Nothing happens before

t′. It will be seen that this is used to implement that changes to the particle can only

take place after an interaction. The (formal) solution is

G+(t, t′) = − i
~
θ(t− t′)e−i

H0(t−t′)
~ (5.36)

which can be verified by explicit insertion.
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In the same way as before, a formal solution to (5.33) is given by

|α, t〉 = |α0, t〉+

∞∫
−∞

dt′G+(t, t′)V |α, t〉 (5.37)

where |α0, t〉 is the time-dependent solution to H0 and the integral is cutoff at t because

of (5.35). The second term also switches off for t→ −∞, due to the adiabatic switching

(5.32), and thus the initial state at t = −∞ is, by construction |α,−∞〉 = |α0,−∞〉, as

intended.

While the outgoing wave will in general have an energy different from the incoming

wave, it is still possible to require that it is an energy eigenstate. After all, since the

equation is linear, any solution can be decomposed into such eigenstates. In the case of

elastic scattering, the initial state has the same energy.

Inserting in this case the trivial time-dependence of an energy eigenstate yields

|α〉 = |α0〉 −
i

~

0∫
−∞

dt′e
i
~ ((H0−E−iη~)t′V0 |α〉

= |α〉 − 1

H0 − E − i~η
V |α〉 .

Thus, for the elastic case the time-dependent construction merges into the time-independent

one, except for a different origin of the small imaginary part of the poles of the resolvent.

The full equation (5.37) is, of course, as unwieldy to solve as the elastic one, if not

more so. It is, however, instructive to apply the lowest order Born approximation to

it, and see that this yields Fermi’s golden rule. Consider as initial state a plane wave∣∣∣~k, t〉. To lowest order, |α, t〉 is taken to be the same state. Then project (5.37) with a

different eigenstate
∣∣∣~k′, t〉, as the process shall be inelastic. This yields

〈
~k′ |UI(t,−∞)|~k

〉
= − i

~

t∫
−∞

〈
~k′ |VI(t′)|~k

〉
UI(t, t

′) = e−
i
~H0(t−t′)

VI(t
′) = e

i
~H0t′V0e

ηt′e−
i
~H0t′ ,

where the interaction picture time evolution operator UI and potential VI have been

identified. Note that the inhomogeneous term drops out, as explicitly ~k 6= ~k′ has been
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required. The states
∣∣∣~l〉 have no longer a time dependence. The left-hand side is thus

the desired transition matrix element between two states of different energies. As the

action of H0 on
∣∣∣~k〉 is known, the integral becomes an elementary one, yielding∣∣∣〈~k′ |UI(t,−∞)|~k

〉∣∣∣2 =
∣∣∣〈~k′ |V |~k〉∣∣∣2 e2ηt

(E − E ′)2 + ~2η2

E =
~2~k2

2m
.

The transition rate is obtained by deriving with respect to t. The limit η → 0 can then

be taken, as the second on the right-hand side is a definition of the δ-function, yielding

finally
d

dt

∣∣∣〈~k′ |UI(t,−∞)|~k
〉∣∣∣2 =

∣∣∣〈~k′ |V |~k〉∣∣∣2 2π

~
δ(E − E ′)

for the transition rate at lowest order in the Born approximation. But this is indeed just

Fermi’s golden rule. The advantage is now that (5.37) can be systematically improve

by the Born series in very much the same way as in the elastic case. Thus, as with teh

Rutherford scattering, a full treatment identifies the results from quantum mechanics as

the leading order in a systematic, perturbative expansion.

While it is interesting to note the existence of this rate, reformulating it as a cross

section is of equal importance in practice, if not more so. The difference to the preceding

discussion in section 5.1 is that it is now not only the question of where the particle is

scattered to, but also with which energy. Thus, the transition rate has to be normalized

to the incident flux of the particles. Using that〈
~k′ |V |~k

〉
=

∫
d3~x

〈
~k′ |V | ~x

〉〈
~x|~k
〉
∼
∫
d3~xV (~x)ei(

~k−~k)~x

then yields
dσ

dΩ
=

∣∣∣∣ 2m

4π~2

∫
d3~xV (~x)ei(

~k−~k′)~x
∣∣∣∣2 . (5.38)

Thus, the only change to the elastic Born approximation (5.7) is that ~k can now have a

different magnitude than ~k. Deriving with respect to ~E ′ would yield a double-differential

cross section, which describes how many particles are scattered in which direction with

which change of energy. Again, this result can be improved with higher orders in the

Born series.

In this context, it is useful to define the form factor the scattering potential. Identi-

fying the momentum transfer ~q = ~k − ~k′, it defined as∫
d3~x

〈
~k |V |~k′

〉
ei~q~x = cElastic(~q) (−δEE′ + F (~q)) ,
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where cElastic is the behavior in the elastic case. Thus, the form factor F modifies the

result away from elastic scattering. Especially, the inelastic cross section (5.38) will

satisfy
dσ

dσelastic

= |−δEE′ + F (~q)|2 .

Thus the form factor describes the deviation from the elastic case. Especially, its defi-

nition implies F (~0) = 0. While it was here motivated from the Born approximation, it

remains a valid concept, by its definition as the ratio to the elastic scattering, without

approximation. Measuring form factors is therefore an integral approach in physics.



Chapter 6

Nonrelativistic quantum field theory

6.1 Preliminary considerations

Though one tends to think in quantum mechanics of particles, in particular the Hamilton

operator appears to explicitly refer to the mass, momentum, and position of a particle,

this is not fully accurate. After all, these are operators. What they determine is a state

ray, which is a fairly abstract object. Moving into the position basis, this ray becomes

the wave function. However, the wave function is actually a field - it is a function ψ(~x, t),

which has a (complex) value at every point in time and space. In this respect, it is like

the electromagnetic fields.

If we want to talk about a particle, we need to talk about a position eigenstate after

a measurement. However, the wave function is then still a field. The only difference

is that its value is zero almost everywhere. But it is still a field. A wave packet, into

which a position eigenstates devolves over time, shows this even more clearly. The wave

function is then non-zero everywhere. Likewise, the probability density is a field, it has

a value everywhere, always. Perhaps even more to the point, even a wave packet is a

coherent sum of plane waves. It is merely the interference pattern of object, which do

not have a spatial structure, which looks like a particle.

This makes the wave-function very different from a classical trajectory, which is a

function of time. It is not defined everywhere. It is very different from an electromagnetic

field. However, this feature actually yields all kind of problems, e. g. the influence of the

self-field of an electrically charged particle on itself. These are resolved by promoting

also matter to a field. In fact, all fundamental theories treat particles like fields. In fact,

this even explains the identity of (elementary particles). Particles are then no longer
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individual entities, but only localized deformations, like a wave packet, of a single wave

function.

The idea of individual particles becomes even more messier when considering many-

particle systems, especially with identical particles. Eventually, embracing the idea that

the wave function is the central object, it is a field, and thus quantum physics is a

quantum field theory is technically inevitable. The following will give a first glimpse on

such a formalism in teh non-relativistic case. For many problems, this is total sufficient.

A complete formulation is left to the lecture “Quantum Field Theory I”.

There is also a different way of considering the transition to a field theory. This

is similar when moving from a theory of individual particles to continuum mechanics.

Then, the mass density also moves from a set of individual Dirac-δ functions to a con-

tinuum. In fact, even a single particle could be described in mechanics by a the field

theory of continuum mechanics. Just that it becomes quite awkward to deal with the

Dirac-δ-function, and thus distribution, rather than ordinary mechanics.

Both aspects will be seen in the following.

6.2 Quantizing the wave function

There are basically two ways of moving from quantum mechanics to a field theory, both

being eventually equivalent. In most cases, technical considerations will make one or

the other choice more useful. Therefore, both approach will be presented here on equal

footing.

The first is the so-called operator formalism. It will basically reformulate the wave

function in terms of creation and annihilation operators. This will yield that every other

operator can also be expressed in terms of creation and annihilation operators. The

Schwinger representation of angular momentum has been a precursor of this. Histori-

cally, because after making observables operator its now, in a sense to be made specific,

also the wave function is made an operator, this is often called second quantization.

Quantum mechanics was then first quantized. It is often called also first quantized the-

ory and second quantized theory. However, both are actually just reformulations of each

other, and not fundamentally different, as will be seen. The term ’second quantization’

is therefore somewhat misleading, and will not be used here.

To start, consider a single particle denoted by quantum numbers λ. λ may include

information like the position or momentum. Furthermore, the vacuum |0〉 is considered
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to be a state with no particles. In this sense, its Hilbert-space has only this single

ray. The creation operator aλ† is now defined to add to any state a particle with the

quantum numbers λ. In addition, this operator is taken to (anti-)symmetrize the state

as appropriate. Thus

a†λ |0〉 = |λ〉 = |λ〉

a†λ2
|λ1〉 =

1√
2
|λ1λ2〉 ± |λ2λ1〉 = |λ1λ2〉±

a†λ |λ1...λN〉± = |λλ1...λN〉± ,

where the state |λ1..λN〉 is assumed to be a properly (anti-)symmetrized state, which

is indicated by the subscript. Such states can be obtained as in section 2.3. Thus, the

operator adds a particle. In this sense, it is indeed similar to the harmonic oscillator

case, where another oscillator quantum is added. Note that, in principle, λ can also

contain a distinguishable species specification. In that case, if the species are differ-

ent, (anti-)symmetrization will only take place in case of the same species, and thus

indistinguishable particles.

It is important to stress that a†λ is very different from any other operator so far. Even

the most involved ones in chapters 2 and 3 have always operated on a fixed number of

particles Hilbert space. This is no longer the case. Thus, the relevant Hilbert space

now is a direct product space of Hilbert spaces with any number of particles. Also,

the corresponding Fock spaces is a combination of teh Fock spaces with any number of

particles. In general, these are infinite, except for some cases of fermion systems. But

each sub-Fock space of definite particle number is itself an infinite-dimensional Hilbert

space of the kind discussed in chapter 2.

In particular, basis vectors are created by subsequent uses of the a†λ. Even the unity

operator has to respect this structure, and now reads

1 = |0〉 〈0|+
∞∑
i=1

∑
{λi}

|λ1...λNi〉± 〈λ1...λNi |± ,

and thus sums over an infinite number of Hilbert spaces. This looks particularly weird,

as it seems to add matrices of different dimensionalities. However, it needs to become

clear, that, as infinite-dimensional operators, this works very differently.

As noted, the created states are taken to be Fock states. But this implies

aλaµ |0〉 = |λµ〉± = ± |µλ〉± = ±aµaλ |0〉
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and thus [
a†λ, a

†
µ

]
±

= a†λa
†
µ ± a†µa

†
λ = 0. (6.1)

Depending on whether the created Fock states are symmetric or antisymmetric, the

creation operators commute or anticommute. Thus, they behave like the corresponding

operators from the bosonic or fermionic harmonic oscillator, further justifying their

denotation.

The creation operator is not self-adjoint, as

± 〈λ1...λn| a†λ |λ1...λm〉± = (aλ |λ1...λn〉)† |λ1...λm〉± .

This can only be non-zero, if n = m − 1. But this implies that aλ needs to reduce the

number of particles. It is thus termed annihilation operator, as it again serves the same

purpose as for the harmonic oscillator case. Moreover, hermitiean conjugation of (6.1)

implies

[aλ, aµ]± = 0,

again, as for the harmonic oscillator. Finally, it necessarily follows that

aλ |µ〉 = δλµ |0〉
aλ |0〉 = 0.

In particular, the former statement is remarkable, as it emphasize that the annihilation

operator reverses the act of the creation operator. This is different from the analogy

to the simple harmonic oscillator, and shows that this is a system, which is less one-

dimensional.

In addition, for boons multiple particles can have the same set of quantum numbers

λ. That is particularly prevalent if the quantum numbers are discreet, but generally true.

Thus, an annihilation operator will reduce the number of particles of a given quantum

number. It is useful to introduce an occupation number representation,

|nλ1 ...nλn〉± = a
†nλ1
λ1

...a
†nλn
λn
|0〉 ,

where it was used that for bosons creation operators commute. Then

aλi |nλ1 ...nλn〉± = θ(nλi) |nλ1 ...(nλi − 1)...nλn〉± .

For fermions, occupation numbers could be only either zero or 1. Moreover, due to the

anticommuting nature, the ordering is relevant, yielding

aλi |nλ1 ...nλn〉± = (−1)i−1δnλi1 |nλ1 ...(0)...nλn〉± .
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Finally, in the same way as for the harmonic oscillators follows[
aµ, a

†
λ

]
±

= δµλ, (6.2)

which, for continous quantum numbers, becomes a Dirac δ-function.

The occupation number representation can itself be encoded in an operator, the

counting operator. Just like for the harmonic oscillator

Nλ = a†λaλ, (6.3)

will count the number of particles with quantum number λ. Likewise

N =
∑
λ

Nλ

will count the total particle number.

In practice, the occupation number basis is not always the most useful one. Any

unitary transformation to a different basis will not affect the commutation relations

(6.2). However, it will affect the states created by the operator. A useful transformation

is

Ψ(x) =
∑
λ

〈~x|λ〉 aλ =
∑
λ

ψλ(~x)aλ (6.4)

Ψ†(x) =
∑
λ

〈λ| ~x〉 a†λ =
∑
λ

ψ∗λ(~x)a†λ, (6.5)

where the sum is an integral for continous quantum numbers, and the position space

wave-functions for the state λ are taken to be normalized. Thus, the new operators are

reweighed sums of the original operator operators, where the weight functions are the po-

sition space wave-functions of the states. They thus form a position-space representation

of the creation operators and the annihilation operators. This implies[
Ψ†(~x),Ψ(~y)

]
± = δ3(~x− ~y). (6.6)

In this sense, the wave-function become replaced by an operator. These are called field

operators. At the moment, time has not been expressedly included. In principle, time

can be included into λ, as it is just another label. Then only states at the same time

will have the same λ. Having the time-dependence then in the wave-functions implies

that (6.6) will hold only at the same time, it is an equal-time commutation relation. At
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different times, the quantum number λ differs between both, and both field operators

(or annihilation and commutation operators in (6.2)) will commute.

Acting with a field operator on the vacuum yields

Ψ†(x) |0〉 =
∑
λ

〈λ| ~x〉 aλ |0〉 =
∑
λ

|λ〉 〈λ| ~x〉 = |~x〉 ,

i. e. it creates a particle in a position eigenstate. Thus, this form will create particles

as multi-particle position eigenstates. A wave packet would hence be generated by a

Gaussian smeared version of Ψ, ∫
d3~xNe−

~x2

2d2 Ψ†(~x) |0〉 ,

where N is a suitable normalization constant, creates a wave packet, and thus a localized

particle state. This is very similar to the idea in quantum mechanics, except that now

the operator

W (~x, d) =

∫
d3~xNe−

~x2

2d2 Ψ†(~x)

creates the wave packet as W (~x, d) |0〉, rather than the construction as a superposition of

plane waves. The construction has thus moved from a wave-function centered approach

to an operator-centered approach. Still, it is the same old quantum mechanics.

The important item to realize is that the states created, in the language of particles,

are no longer single-particle states. If the operator a†λ creates a particle, Ψ(x)† does not

create a single particle, but rather a superposition state of a particle in any of its possible

quantum numbers in a particular way, thereby localizing it. It is thus conceptually very

similar to a coherent state.

A last important step is that this construction allows to express all operators in

terms of the creation operator and annihilation operators. Consider first a diagonal

one-particle operator U . As a consequence, it needs to be diagonal with respect to the

states |λ1...λn〉±, as it does not change the number of particles. It will therefore only

be non-vanishing between states of equal number of states. It matrix elements need to

obey

± 〈λ1...λn|U |µ1...µn〉± =
∑

insertions of ρ

± 〈λ1...λn| ρ〉 〈ρ|U |µ1...µn〉±

=

(∑
i

nλiUλi

)
±

〈λ1...λn|µ1...µn〉±

= ± 〈λ1...λn|

(∑
i

NλiUλi

)
|µ1...µn〉± .
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But this implies the operator equivalence

U =
∑
λ

〈λ|U |λ〉Nλ =
∑
λ

uλa
†
λaλ

Thus, any one-particle operator can be described in terms of a superposition of number

operators. In the same vain non-diagonal operators can be described as

U =
∑
λµ

〈λ|U |µ〉 a†λaµ =
∑
λµ

uλµa
†
λaµ.

Thus, such an operator allowing for the transition of a particle from one state to another

is literally describe by a weighted annihilation of a particle in some stand, and its creation

in another state in this way. By a choice of basis, this can also be expressed using the

field operators as

U =

∫
d3~xd3~y

〈
Ψ†(~x)~x

∣∣U |~y〉Ψ(~y)
U local

=

∫
d3~xΨ†(~x) 〈~x|U |~x〉Ψ(~x).

Thus, any one particle operator can be expressed in terms of the field operators as well.

A pertinent example is the kinetic energy operator, taking the form

T = − ~2

2m

∫
d3~x 〈~x|U |~x〉Ψ†(~x)~∂2Ψ(~x),

where the derivative acts on the wave-functions in (6.4). This allows to express the

Hamilton operator in terms of the field operator themselves.

In chapter 2 also operators have been introduced which allow for the interaction

of different particles inside the same Hilbert space of fixed particle number. Consider

for the beginning the simplest case of a two-particle operator. An interaction will only

happen if there are particle in a given state. An operator, which counts the number of

pairs for two fixed particle states λ and µ is

Pλµ = NλNµ − δλµNλ = a†λa
†
µaµaλ = a†µa

†
λaλaµ.

The second term is necessary to compensate for double-counting of pairs if both states

are identical. Since the number operators commute, their ordering is not important.

However, for fermions the creation operators and annihilation operators anticommute.

Thus, their ordering is relevant, and can yield additional minus signs. Of course, the

ordering of the operators in this expression is arbitrary, and any ordering can be achieved

using (6.2). But this ordering, first all creation operators then all annihilation operators,
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is particularly useful in practice, and called normal ordering. the reason is that if a state

is not occupied, this will immediately yield zero.

An arbitrary two-particle operator V is then, as before, described as

V =
1

2

∑
λµνρ

〈λµ|V |νρ〉 a†λa
†
µaνaρ

V diagonal
=

1

2

∑
λµ

〈λµ|V |λµ〉Pλµ.

Thus, quite literally, these operators pluck the particles, if present, from a given state,

and transform them into teh new states. E. g. a scattering of two particles interacting can

be described in this way. In practice, of course, this may be very involved to actually

evaluate the sum. Also such operators can be expressed in the same way using field

operators, and also operators involving even more particles.

Finally, operators which change the number of particles are always decomposable in

operators with differing numbers of creation operators, and annihilation operators. This

finally allows to express all operators in terms of creation operator and annihilation

operators, or field operators. In particular, the difference between different theories

is now entirely encoded in the values in the numbers in front of the operators, and

which values of λ are allowed. It thus better possible to make universal calculations,

parametrized by these numbers.

An example is the so-called Hubbard model, which has the Hamiltonian

H =
∑
ijσ

Tija
†
iσajσ +

U

2

∑
iσ

NiσNi−σ. (6.7)

The indices i label the one-dimensional position of a particle, while σ = ±1 is a Z2-valued

internal state, and teh a are taken to be anticommuting and thus fermionic. An example

is a one-dimensional chain of spine 1/2 particles. This is indeed the simplest model of

electrons in a crystal. The first term describes thus the possibility to go from one site

i to another site j, without changing σ. It therefore describes moving via hopping, and

is hence called a hopping term. The values of Tij describe how far this is possible, and

a usual restriction is Tij ∼ δij±1, allowing to hop only to nearest neighbors. The second

term gives an interaction between particles of different values of σ at the same site.

Passing to the continuum case with nearest neighbor hopping only, the Hubbard

model becomes

H =
∑
σ

∫
dx

(
− ~2

2m
Ψ†σ(x)∂2Ψ(x)σ +

U

2
|Ψ(x)σ|2 |Ψ(x)−σ|2

)
(6.8)

a one-dimensional field theory, where the fields remain operators.
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6.3 Path integral

An alternative approach to describe many particle systems is the path integral. While the

description of many particles is quite similar to the case in quantum mechanics, except

that it is needed to integrate over the paths of all particles, it becomes particularily

interesting for the field-theory case (6.8).

The decisive formulation for a single-particle system was

〈xn, tn|x0, t0〉 = lim
n→∞

( m

2πi~∆t

)n
2

∫
dxn−1

∫
dxn−2...

∫
dx2

∫
dx1Πn

i=0e
iS(i+1,i)

~

=

xx∫
x0

Dx(t)e
i
~
∫ tn
t0

dtL(x(t),dtx(t))

where L was the the Lagrange function describing the system and S the corresponding

action. The functions x(t) appearing were ordinary functions, with fixed values at the

fixed times, determined by the desired transition amplitude.

It is completely analougus, though at the price of a proliferation of indices, to show

that

〈x1, ..., xn, tn|U(X1, ..., Xn) |y0, ..., yn, t0〉 =

Πi

yi∫
xi

Dzi(t)

U(z1, ..., zn)e
i
~
∫ tn
t0

dtL(zi(t),dtzi(t))

with the corresponding limiting procedure, and likewise for more involved operators.

Just as with moving from (6.7) to (6.8), it is only necessary to take the limit of an

infinite-number of particles. Just as in classical mechanics the Lagrange function then

becomes a Lagrange density. The main difference is now that the xi do no longer label

particles. Rather, they label indices for the amplitudes of the mass density fields. The

integral is thus no longer about the arrangement of particles in space. Rather, it labels

all possible combination of the matter density for all points in space.

Consider, e. g.

L =
1

2

(
µ(∂tη)2 − Y (∂xη)2

)
(6.9)

which is the Lagrange density for a linear chain with Young modulus Y and mass density

µ. The interesting, fluctuating quantity, is the density η. This yields then the path

integral

Z = 〈0 |U(η)| 0〉 =

∫
DηU(η)e

i
~
∫
dtd3~xL(η). (6.10)
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It will be shown in section 7.2 that it is sufficient to know all such matrix elements

between the vacuum states to reconstruct all expectation values. Furthermore, it is by

virtue of the choice of Lagrangian density, e. g. (6.9) and the choice of Euclidean metric

that this is a non-relativistic theory.

There is a subtelty for fermions. Using ordinary fields will not work, as they will

not satisfy the Pauli principle, which would require η2(t, ~x) = 0. This can only be

ammeliorated by introducing so-called Grassmann numbers ξ, which satisfy ξ2 = 0, and

make fermionic fields Grassmann-valued. This is beyond the scope of this lecture, and is

deferred to the quantum field theory I. Thus, only bosonic particles will be trated with

this approach here.



Chapter 7

Many particle quantum mechanics

II

In the following, a number of example systems will be used to introduce useful concepts

of treating many-particle systems. In all of these case the field-theory description will

be used.

7.1 Exchange systems

Consider a system, which in the non-interacting case can be described as

H0 =
∑
~kσ

ε0(~k)a†~kσa~kσ.

This Hamilton operator describes a system of identical particles with wave vectors ~k

and spin components σ, and the one-particle energies are given by the dispersion re-

lation ε0(~k), which would be just the usual kinetic energy in the case of free particles.

Depending on whether the operators a fulfill commutation relation or anticommutation

relations, this will be a system of either bosons or fermions, respectively. E. g. a free

electron gas can be described in this way, where the Pauli principle is implemented by the

operators a. Note that by summing (or integrating) over ~k, this is a momentum-space

representation, by construction. This is very often the more useful one in the following.

The energy ε should thus be interpreted rather as an energy density. The system can be

continous by exchanging the sum with an integral over ~k, with either an upper cutoff or

a dispersion relation which takes care of the large values of ~k to make the integral finite.
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To this is added an interaction, which allows for the exchange both of spin and

momentum,

H = H0 +
1

2

~q=~0∑
~k,~q,~p,σ,σ′

v0(~q)a†~k+~qσ
a†~p−~qσ′a~pσ′a~k~σ. (7.1)

This describes the interaction of two particles with fixed spins and initial momenta ~p

and ~k, where the spin remains unchanged, except for identical particle exchange, but a

momentum transfer ~q 6= 0. The strength depends only on the momentum transfer. This

would describe, e. g., particles interacting by a Coulomb potential.

It is useful, also in general, to introduce a density operator. The density operator is

a spatially-weighted average of the number operator (6.3) as

ρ(~r) =
∑

~k,~k′,~σ~σ′

〈
~k, σ

∣∣∣δ(~r − ~R)
∣∣∣~k′σ′〉 a†~kσa~k′σ′

=
1

V

∑
~k~qσ

ei~q~ra†~k+~qσ
a~kσ =

1

V

∑
~q

ei~q~rρ̄(~q)

where in the second step a unit in position space was inserted and using for the states∣∣∣~kσ〉 a plane-wave basis. The volume factor is a convenient normalization for the plane-

wave states, and can be send to infinity at the end of a calculation. This peculiar

structure originates from the exact localization of the particles with the Dirac-δ function,

which therefore requires to have a superposition of all momenta in the momentum space

representation currently used. Having only a wave-packet localization would yield also

to a wave-packet structure in momentum space, as usual. Nonetheless, for practical

reasons, this construction is fairly useful. Note that ρ̄(~0) = N .

This allows an intuitive rewriting of (7.1)

H =
∑
~kσ

ε0(~k)a†~kσa~kσ +
1

2

∑
~q 6=~0

v0(~q) (ρ̄(~q)ρ̄(−~q)±N) .

Thus, the interaction contribution depends on the possibility to occupy states. The sign

depends on whether the particles are bosons (+) or fermions (−). Thus, the presence

of additional particles will either enhance or diminish the interaction, again manifesting

the Pauli principle. Depending on the choice, this can characterize e. g. phonons or

Cooper pairs for bosons or electrons for fermions.

Consider for the moment the situation for fermions, and with v0 = 0 with the free-

particle dispersion relation, the so-called Sommerfeld model. This can be solved exactly,
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yielding states characterized by how many electrons will occupy which momentum ~k,

with at most two electrons per wave vector. The ground-states of fixed particle number

will be thus characterized by the maximum energy attainable, which is called the Fermi

energy εF . In a finite volume, this will be a finite number for a finite number of electrons.

This is, e. g. already a reasonable approximation to a white dwarf, which is dominated

by this Fermi energy, but is also true for many solid state systems. In a bosonic system,

the ground state would be that all particles occupy the zero-energy state, a situation

known as a Bose-Einstein condensate.

It is instructive, as it shows quite general features, to also consider a first-order

correction using perturbation theory. As the state with fermions is, by construction, not

degenerate, non-degenerate perturbation theory yields for the correction to the ground

state

∆
(1)
0 =

1

2n

~q=~0∑
~k,~q,~p,σ,σ′

v0(~q)
〈

0
∣∣∣a†~k+~qσ

a†~p−~qσ′a~pσ′a~k~σ

∣∣∣ 0〉 ,
where |0〉 is the ground state with 2n electrons. Thus, this yields the energy shift, which

is obtained from just considering the shift in energy from the interaction of two electrons,

as befits the lowest order correction. I. e., all other electrons are not affected, and it is

just calculated all possible permutations of which pair is affected. The structure yields

that the two annihilation operators remove two electrons, and the creation operator

places them back. For this, there are two possibilities. Either the electrons are replaced

in the same states. This is called a direct term. But this has ~q = ~0, and thus does not

contribute. The other option is an exchange of the two (identical) particles, which has

~q 6= ~=, and will thus contribute. But then ~p = ~k + ~q, and the operators commute as

they operate on different states. And, trivially, there can only be a contribution if the

states, which are annihilated, have been occupied to begin with, i. e. all momenta are

below the Fermi momentum ~kF , which characterizes the Fermi energy.

This eventually yields

∆
(1)
0 = − 1

2n

~q=~0∑
~k,~q,σ,σ′

v0(~q)
〈

0
∣∣∣N~k+~qσN~kσ

∣∣∣ 0〉

= − 1

2n

~q=~0∑
~k,~q,σ,σ′

v0(~q)θ
(
kF −

∣∣∣~k − ~q∣∣∣) θ (kF − ∣∣∣~k∣∣∣) .
For given v0, this sum can then be performed. Note that the correction is negative,

which arose from the anticommutation when constructing the number operators, and is
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a consequence of fermions. It would be positive for bosons. It is called exchange energy,

as it results from the possibility to exchange particles, but is penalized by the energy

and the need to move fermions across each other. Thus, more energy is needed to excite

electrons from the ground state, as the binding is deeper.

7.2 Diagrammatic description

7.2.1 Wick contractions

As it turns out, it is possible to recast most investigations in a diagrammatic language.

This is best seen when starting with perturbation theory. Given that the interactions

are expressed in terms of creation and annihilation operators, this implies that it will be

necessary to evaluate the expectation value of strings of such operators, such as〈
ζ0

∣∣∣a(†)
i1
...a

(†)
in

∣∣∣ η0

〉
, (7.2)

where the states are some states, and this may be any combination of creation and

annihilation operators. It will also be useful to again use the interaction picture. It

is furthermore useful to introduce an extension of the adiabatic switching behavior of

section 5.6 as

V = lim
η→0

V e−η|t|.

In this way, the potential is idealized to be only relevant at the time of a measurement t,

and both the infinite past and the infinite future is non-interacting. Thus, the system can

be considered to be non-interacting in teh distant past and teh distant future, yielding

the free system as a useful basis. Of course, this will be particularly helpful if the

interaction is itself small, and thus the asymptotic states are only mildly distorted by

the interaction.

First, the interaction picture operators take the form

e
iH0t
~ a~ke

iH0t
~ = e−

iε(~k)t
~ a~k, (7.3)

and likewise for the creation operator. Their time-dependence is thus trivial. Fur-

thermore, as has been seen in section 7.1, it was particularly useful if the annihilation

operators always acted first. After all, the result vanishes, if there is not state available.

This can always be achieved by reordering, using the commutation relations (6.1). It is
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thus useful to introduce the normal-ordering prescription

N(a(†)
µ1
...a(†)

µn) =
n∑
i=0

fia
†
µ1
...a†µki

aµki+1
aµi (7.4)

where the fi are numbers. In case all of the operators (anti-)commute, due to differing

indices µi, only the term i = n will contribute, and fi will be unity for bosons and (−1)P

for fermions, where P is the necessary number of pairwise permutations to obtain this

structure. In particular, any normal-ordered operator acting on the vacuum will yield

zero, if even a single annihilation operator is contained.

In addition, in systems with time-dependence, it will also be relevant which time

ordering happens. E. g.,

ai(t)a
†
i (t
′) 〈0〉

should only be non-zero, if t > t′. Otherwise, it would describe the behavior that a

particle is first removed and then placed into a state. Time ordering T is thus the

operation to bring all time-dependent operators in an order of decreasing time, from left

to right, and thus in order of application to a state. This yields a very similar structure

as for normal-ordering (7.4),

T (aλ1(t1)(†)...aλn(tn)(†)) = fPaλP1
(tP1)(†)...aλPn (tPn)(†)

tP1 ≥ ... ≥ tPn

and operators with the same time argument are not exchanged, thus preventing the

need to evaluate commutators for the exchange. Thus, fP = 1 for purely bosonic chains,

while it is ±1, depending on the number of necessary pairwise exchanges if fermions

are present. Expectation values involving time-ordered operators will thus satisfy our

intuitive idea of causality. They are therefore called causal.

Finally, it is useful to define the Wick contraction of two operators as

W (A(t)B(t′)) = T (A(t)B(t′))−N(A(t)B(t′))

In particular, combining (7.3) and (5.36) implies〈
0
∣∣W (a~k(t)a~k′(t

′)†)
∣∣ 0〉 = i~δ~k~k′G+(t, t′, ~k) (7.5)〈

0
∣∣W (a~k(t)

†a~k′(t
′))
∣∣ 0〉 = −i~δ~k~k′G+(t, t′, ~k). (7.6)

As it turns out, these expressions will become an elementary building block in the

following. In particular, this implies for fermions

n~k =
〈
0
∣∣N~k

∣∣ 0〉 = lim
t→t′

i~ G+(t, t′, ~k). (7.7)
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This is not true for bosons, except for states where ~k is only occupied by a single boson.

This apparently implies

T (AB) = W (AB) +N(AB)

This observation can be expanded to Wick’s theorem, which reads, for fermionic creation

and annihilation operators,

T (A1...An) = N(A1...An) +

N/2∑
i=1

∑
P

NiP ,

where NiP is a normal-ordered product in which i pairs of operators are Wick contracted

and P refers to some choice of these two, such that the sum exhausts all possible pairings.

Note that a single operator fermionic creation or annihilation operator will only yield a

non-zero result in cases with states with unequal particle number. Such situation will not

be needed in the following. The use of this theorem is particularly evident when acting

on a vacuum state. This will only yield a contribution if pairwise annihilation operator

act on a temporarily previous created state. Thus, in this case only the fully contracted

contribution survives. As this also implies that from any inserted unit operator only

the vacuum contribution remains, and thus the expectation value will decompose into a

product of Green’s function.

This sets the stage for the following. This is also important, as the diagrammatic

language to be developed is actually a blueprint, and much of theoretical calculations

can be recast in this form. Being able to understand such diagrams, in this context often

called Feynman diagrams, is important.

7.2.2 Vacuum transition amplitudes

It turns out that a convenient way to develop this language is by starting with the

vacuum-to-vacuum transition amplitude

〈0 |UI(t, t0)| 0〉 , (7.8)

i. e. the question what the transition from the vacuum to the vacuum is after some time

has passed. Of course, in the free case, this is not very interesting, as then UI = 1.

Thus, in the sense of the adiabatic switching on from section 5.6. In this case, in the

infinite past, the system is free, and so is the vacuum. Switching on the interaction, this

will change, and the system will potentially transition away from this case. However,
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this is just one example. But it illustrates the importance of doing so in a way allowing

for an explicitly time-dependent Hamilton operator. The time-dependent time evolution

operator is then given by the Dyson series of quantum mechanics

UI(t, t0) = 1 +
∞∑
n=1

U
(n)
I (7.9)

= 1 +
∞∑
n=1

1

n!

(
− i
~

)n t∫
t0

dt1

t1∫
t0

dt2...

tn−1∫
t0

dtnT (VI(t1)...VI(tn))e−η(
∑n
i |ti|),

where an adiabatic switching factor has been introduced, and time-ordering has been

added for latter convenience.

While this can be done for arbitrary potentials, this becomes combinatorially tedious.

Thus, start with the most simple, non-trivial interaction, of type (6.7) with the time-

dependence given of the individual operators by (7.3). It is convenient to rewrite it

as

VI(t) =
1

2

∑
ijkl

vijkl

∞∫
−∞

dt′δ(t− t′)a†i (t)a
†
j(t
′)ak(t

′)al(t). (7.10)

This artificially separates the interaction into two consecutive ones.

Consider now the lowest, non-trivial order. This requires then to evaluate the matrix

element 〈
0
∣∣∣T (a†i (t)a†j(t′)ak(t′)al(t))∣∣∣ 0〉

=
〈

0
∣∣∣W (al(t)a

†
i (t))W (ak(t

′)a†j(t
′))−W (al(t)a

†
j(t
′))W (ak(t

′)a†i (t))
∣∣∣ 0〉

= ~2 (δilδjkG+(0, i)G+(0, j)− δikδjlG+(t− t′, i)G+(t− t′, j)) (7.11)

which used Wick’s theorem for t > t′, and (7.3) and (7.5-7.6). This yields eventually,

together with (7.7), and after performing the auxiliary integration from (7.10)

〈
0
∣∣∣U (1)

I

∣∣∣ 0〉 = −i~
2

t∫
t0

dt1e
−η|t|

∑
kl

n
(0)
k n

(0)
l (vklkl − vkllk) (7.12)

where the numbers are, of course, from the lowest order. This result can be first under-

stood in great detail. First of all, it scales with ~. This is to be expected, as without

quantum effects, classical time evolution would ensure that the vacuum remains the

vacuum. The correction is now proportional to the lowest-order approximation of the



82 7.2. Diagrammatic description

densities in the states l and k. It should be noted that these, as quantum objects, may

be different from zero. But there will be quite a different purpose for them later as well.

Finally, the interaction term measures once more the strength of the interaction for the

particles being the same or being exchanged.

This result can be formulated in the following way diagrammatically. First, every

object vijkl is identified as a line which connects two three-point vertices, where the two

vertices merging to a line are labelled with the indices i and k and j and l, respectively. It

symbolizes an interaction. Physically, it corresponds to the interaction of an incoming

i and k particle, yielding an outgoing k and l line. It is therefore describing how an

interaction between two particles affects those.

A Green’s function with differing time arguments is then labelled a line, which con-

nects interactions of a particle during time evolution. It is, basically as in section 5.2,

but only in time now. However, the difference is that the present case can, but does

not need to be, a scattering process. Such propagators connect to the end of vertices

for now. Contracting the time arguments then corresponding to contracting the ends of

the line, forming a closed line. A closed loop build in this way yields the density of the

given quantum number.

In this way, the two terms in (7.12) correspond to two shapes. The first is two loops

from the correlation function connected by an interaction line. The second is a single

loop, with the interaction going right across it. Both are two loops, signified by the two

density expressions. These are called vacuum diagrams.

With the same logic, higher orders in such vacuum-to-vacuum transition amplitude

will create more complicated diagrams, increasing the number of loops. The combi-

natorial effects, however, yields an exploding number of diagrams. Already at second

order there are 24 distinct shapes. However, each of them corresponds to a precise

mathematical description. These are the diagrammatic (or often Feynman) rules.

Before formulating these, there are two more items to be remarked. The first is

the linked cluster theorem. As is quickly visible, when doing the next order, several

diagrams appear, which separate into two subdiagrams, which are not connected. The

mathematical description yields for them a product structure. Thus, these contribution

can be recognized to be the product of two lower order diagrams. It turns out that these

can be factored such that

〈0 |UI | 0〉 =
∑
k

(∑j=∞
ij Cij

)k
k!

= e
∑j=∞
ji Cij ,
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where Cij are connected diagrams, enumerated by i, appearing at order j. The discon-

nected diagrams then arise from expanding the exponential in its Taylor series, which

then from the expansion of the expressions (
∑

j Cj)
j yield the product structure. This

significantly reduces the effort, as the number of disconnected diagrams grows very

quickly. Note that a finite-order approximation will not exactly satisfy this statement,

as not the full expression appears, but only teh subset of terms from the exponential

Taylor series, which has at most the same number of vertices as the order, either in a

single diagram or from the product structure. It is, however, possible to do a partial

resummation, i. e. setting 〈
0

∣∣∣∣∣
n∑
i

U
(i)
I

∣∣∣∣∣ 0
〉

= e
∑i=n
ji Cij ,

which not necessarily improves the result, depending on how well perturbation theory

works at the given order.

7.2.3 Diagrammatic rules

Of course, the eventual aim is to calculate arbitrary expectation values (7.2). To do

so, it is useful to find an exact identity, which will relate the vacuum expectation value

just given with the desired expectation value. This will be helpful in any occasion. The

decisive insight is section 6.2: It was seen that any state can be build up through the

application of a string of creation operators, acting on the vacuum state |0〉. Thus, any

state can be written as |a, t〉 = A(t) 〈V 〉, where |V 〉 is the (Schrödinger picture) vacuum

of the system, and A(t) is a suitable string of creation operators. Thus

〈a, t| b, t′〉 = 〈T (A(t)B(t′))〉 = 〈V |T (A(t)B(t′))|V 〉 (7.13)

= lim
η→0

〈0 |T (UI(∞, t)AI(t)UI(t, t′)BI(t
′)UI(t

′,−∞)| 0〉
〈0 |UI(∞,−∞))| 0〉

.

The normalization is necessary, as for finite η this may differ from unity, and this η-

dependence needs to be taken into account in the ratio. This can be generalized to an

arbitrary chain of operators, to discuss e. g. 〈a, t |C(t′)| b, t′′〉. It the time arguments

coincide, this will be just a single operator A.

An expression like (7.13) can be evaluated perturbatively almost in the same way

as before. However, the operators A and B do not have the form (7.10). Thus, the

Green’s function will not be eventually evaluated at the same time. The final result
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then depends, unsurprisingly, on these times. Moreover, the indices a and b of the states

will also not be contracted as in (7.10). Thus, the final result will also depend on it.

However, this is nothing but the set of vacuum diagrams already known. As it will

be seen, this is even advantegous, as it will eventually cancel significant parts of the

expression generically, reducing effort substantially.

As an example, consider A = B† = a~kσ. Basically, the square of the expectation

value is then giving the probability that, within the interacting system, a (fermionic)

particle injected into the system at t′ can still be found with the same momentum and

spin at a later time t. To lowest order, all time evolution operators will be just unity,

and the result is given by (7.5). The δ-function then implements conservation of energy.

Moreover, this can be diagrammatically denoted by an open line, with the ends labelled

by the momenta (or any other quantum numbers), and the times. This already implies

the general behavior, i. e. that explicit times dependencies will become an open line.

This is, as it should be, as these will be parameters of the final result. This lowest

order expression is sometimes called random-phase approximation, as it ignores the

time-evolution operator, which is a unitary operator, and thus like an (operator-valued)

phase, which is not considered.

Continue to the next order. Consider just the denominator of (7.13). There appear

three time-evolution operators. Using the Dyson series (7.9) implies that to lowest order

only one of the three can be different from unity. Given again a potential like (7.10),

there are at most six creation and annihilation operators present. The denominator of

(7.9), at the same order, will have at most four such operators, and is given by the same

expression as before.

For the numerator, there are then two classes of contributions in the set of all possible

Wick contractions (7.11), those which give a product of the lowest order before multiplied

with the expression for the denominator from before, and those different. Denote now

the denominator expression λD, where λ is the usual strength parameter familiar from

quantum mechanical perturbation theory, the genuinely new objects λA, and the lowest

order expression just E. This yields

E + λED + λA

1 + λD
= (E + λED + λA)(1− λD +O(λ2))

= E + λED + λA− λED +O(λ)2 = E + λA+O(λ2)

Thus, the normalization has just the function to eliminate, to this order, the product of

the vacuum contribution times a low-order expression. It can be shown inductively that
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this is always the case. Hence, it is sufficient to consider only the contribution E + λA,

which does not factorize into a contribution containing a vacuum expression.

Working out the remainder, it has the structure

〈A(t)B(t′)〉1 = −i~
2

∞∫
−∞

dt1

∞∫
−∞

dt2e
−η(|t1|+|t2|)δ(t1 − t2)×

×
∑
cdef

(Gac(t, t1)vcdefGef (t2, t2)Gdb(t, t1) +Gac(t, t1)vcdefGde(t1, t2)Gfb(t2, t
′)) .

Diagrammatically, this can be interpreted as following: The first term starts with a

Green’s function at the external parameter insertion at time t, this is propagated to the

interaction with a vacuum bubble at t1, which happens instantaneous, and then this is

propagated by another Green’s function to teh external time t′ with its parameter. As

the correlator will contract to a density, this will be basically nothing but an interaction

with the system. The second one is quite different. At the time t1, the interaction

changes the quantum numbers of the particle, which then propagates for a while, before

it is again, in a second interaction, restored with its original quantum numbers. This is

basically like a energy-uncertainty effect, if the quantum numbers include energy, before

the observed final (and conserved) energy is recovered. Note that if the initial opera-

tor and final operator would have have different quantum numbers, then this vanishes,

basically because the various δ-functions from the propagators would not add up. Or

just by realizing that already the original expectation value between any vacuum states

would have vanished. It is worthwhile to note that both these features has been already

observed in ordinary perturbation theory in quantum mechanics, which also can be in-

terpreted as a product of transition amplitudes with a sum over all possible intermediate

states.

The results can be generalized, basically by induction over the possibilities to build

graphs, including the possibility to have more external points. This yields a set of

diagrammatic (or sometimes Feynman) rules to express all given orders. For a fixed

order n, the contribution will be

• Every operator corresponds to an external point with time and parameters.

• Plot all possible, connected diagrams with n vertex lines, where every end of a

vertex line needs to be connected to two Green’s function lines. There needs to

be also a connecting Green’s function line to the external points. Every diagram

is weighted by the possibility by permuting elements.
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• Associated with every Green’s function line a Green’s function, and with every

vertex line a potential insertion. Every potential insertion introduces an additional

time according to (7.10). Every insertion needs it indices to be summed over

(contracted) with the Green’s function lines connecting to it

• Integrate over all auxiliary times from ∞ to ∞, sum over all internal indices.

• Sum all such contributions.

Of course, the potential could involve more than four creation and annihilation operators,

though always an even number. This will then correspond to interaction involving three

or more pairs simultaneously. In this case, the vertex line will become a vertex star,

with as many arms as pairs are involved. Then the previous construction just needs a

vertex star connecting to Green’s functions rather than a vertex line.

While the above construction is fairly straightforward, it quickly escalates in the

number of diagrams. Especially, the number of diagrams usually rises factorial with

the order n. Thus, while making computational physics support basically indispensable

already at fairly low order, usually the convergence properties are often doubtful. A

rule-of-thumb is that for a strength parameter λ, the perturbation series will be working

best when at most diagrams up to order 1/λ are included. Note that it is often easier

to switch to momentum space if the parameters are indeed momenta.

The first order in such an expansion is known as Hartree-Fock expansion. In particu-

lar, if the operator is the Hamilton operator itself, such that this becomes a perturbative

estimate of the shift in ground state energy due to the self-interaction, the first order

approximation is also known as mean field approximation or molecular field approxima-

tion.

7.3 Functional approach

7.3.1 Basic concept

While perturbation theory is very successful for many questions it is, as already for

scattering and in quantum mechanics, not always working. It is thus important to find

other approaches. One notable one is based on the idea of functional methods.

The starting point is the path integral from section 6.3. The basic idea is that quan-

tum fluctuations tend to probe all length scales. This is especially visible in terms of the
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emergent energy-time uncertainty relation, and was already visible in the diagrammatic

approach. However, most of this will only be quantum fluctuations, which will not affect

the dynamics. After all, quantum dynamics are characterized by ~, the mass of the par-

ticles, and other dimensionful quantities. This is, e. g., seen from teh Ehrenfest relation,

and how classical behavior emerges, or how these quantities characterize coherent states.

Especially coherent states show how particle-like dynamics emerge by probing all scales

with a weight.

The functional renormalization group, a so-called functional approach and one par-

ticularly suited to quantum-mechanical systems, uses this insight. Its basic approach is

to order physics by the scales they act on, and they deal with each scale separately. The

path integral approach of section 6.3 is especially suited to do so, as will be seen.

As a preparatory step, it is useful to make the variable transformation t→ iτ . This is

so-called Wick rotation is an analytical continuation, and justified for physical systems1.

It can be undone in the end. The action is furthermore written in momentum space,

and the split ∫
Dφe−

S(φ,gi)

~ =

∫
Dφ<Dφ>e−

S(φ>+φ<,gi)

~

φ = φ< + φ> = φθ
(

Λ−
∣∣∣~k∣∣∣)+ φθ

(∣∣∣~k∣∣∣− Λ
)

is performed. This separates the fields into fast modes with large momenta and slow

modes with small momenta. So far, this is exact. The constant Λ is an arbitrary

separation scale. It will be removed afterwards. The action is taken to depend on a set

of parameters gi.

The next step is to perform the integral for the fast modes φ>, this will yield a new

action, which will generically be different from the old, but only depend on φ<. However,

in general it will also depend on Λ,∫
Dφ<e−

SΛ(φ<,hi(gi),Λ)

~ .

In a second step, the couplings hi, the (dimensionful) fields φ and the momenta ~k will

be rescaled, with the aim to make the new action as similar to the old one as possible.

1The exact conditions when it is justified is a non-trivial discussion, and relies on the fact that the

path integral is build from a quantum system with a unitary time evolution on a Hilbert space. It

basically uses that the path integral is a matrix element of the unitary time evolution operator. Note

that any approximation made may violate this construction, and care needs to be taken.
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In general, this will introduce a dimensional rescaling b from the momenta, and a wave-

function rescaling
√
Z for the fields. This will also rescale the parameters gi. This

eventually yield a non-linear map gi → hi. This map is called a renormalization group

transformation. In the initial step, this transformation will yield usually an infinite-

dimensional vector from a finite-dimensional vector. However, any further such step

will continue mapping infinite-dimensional vector. This renormalization trajectory is

uniquely given by teh initial theory. Especially, for fixed field content, any set of initial

parameters will characterize a different theory. It is this trajectory, which will provide

important insights in the following.

7.3.2 The Ising model

As an example, consider the Ising model, with the Hamilton operator

H = E0 − J
N∑
i

(SiSi+1 − hsi), (7.14)

where S is the normalized spin operator S3 for the ith spin, and thus its eigenvalues

are integer-valued. which is thus discreet. The sum is periodically wrapped, but since

N is usually large, this is not relevant in the following. Thus, the path integral will

decompose into a sum over all sites, which may be finite or infinite (N → ∞), and

the values of the spin. Still, even for ten spins and two spin orientation, this will be

already a sum with 210 terms, showing this is quickly escalating. The parameter E0 is

a vacuum energy shift, which will be useful later. The parameter J describes how the

spin orientation at two different sites are interacting, preferring aligned interaction for

J > 0. Finally, the parameter h yields an influence which prefers a special arrangement.

This model is a very simple one for a magnetic material, where h can be considered an

external magnetic field. In that case, the spins are usually carried by electrons, and this

will also be used here, yielding (normalized) eigenvalues si = ±1.

It is useful to express the parameters in terms of dimensionless quantities. Introduce

the dimensionful parameter β and rescale

g1 = βJ

g2 = βh

g3 =
βE0

N
.
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The vacuum transition amplitude (6.10) then reads

Z =
∑
i

∑
si=±1

e
∑
j(g1sjsj+1+g2sj)+Ng3 =

∑
i

∑
si=±1

e
∑
j(g1sjsj+1+

g2
2

(sj+sj+1)+g3)

where it was used that the path integral is not over operators, but fields. The structure

shows that always two consecutive spins are involved. However, each of these pairs can

have only a finite number of possibilities. This allows to rewrite the whole expression as

Z =
∑
i

∑
si=±1

ΠjTj,j+1 = trTN0 (7.15)

Tj,j+1 = eg1sjsj+1+
g2
2

(sj+sj+1)+g3

T0(g1, g2, g3) = eg3

(
eg1+g2 e−g1

e−g1 eg1−g2

)
.

The last equality comes from the insight that these are the only possible values that the

transfer matrix T can take, given its components. Thus, the system can be decomposed

into N independent sites. This is a particularity of the Ising model, which makes it

exactly solvable.

Here, however, it will be used to give an example of the previous calculation. Now,

there is no momentum apparent. However, high momentum modes are really just re-

solving small structures. Thus, conceptually, the same idea is to reduce the number of

spins, while keeping the system of the same size. It is convenient to take N as even. Odd

N will eventually not yield any significantly other result, provided N is large enough.

Then such a reduction would be, e. g., to remove every second spin, thereby halving the

number of degrees of freedom. Though no explicit distance is mentioned in the model,

the system can be taken to represent a single-atom nano-wire. Then, this implies that

two atoms of the wire are taken together, to be presented by a single effective spin.

Since the spin orientations are not a-priori related, the interesting part in the following

will be to see how this information loss is compensated thus that the emerging system

contains still all information on any physical observable, except the ability to measure

the spin orientation of a fixed atom individually. However, it will still allow to measure

the probability to find any given atom in the wire in certain spin orientation. And since

the measurement of a single spin anyhow has a random outcome, this is not really a

manifest loss of information.

Since spins only appear in two of the Tj,j+1 factors, the expression (7.15) can be
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rearranged as

Z =
∑
i

∑
s2i+1=±1

Π
N/2
j

 ∑
s2j=±1

T2j−1,2jT2j,2j+1

 = trT
N
2

1

T1(g1, g2, g3) = T 2
0 = e2g3

(
e2g1+2g2 + e−2g1 eg2 + e−g2

eg2 + e−g2 e2g1−2g2 + e2g1

)
.

It is a consequence of the simplicity of the Ising model that the expression has the same

form as the old one. This is mainly due to the fact that the spin operators appear at

most quadratically in the Hamilton operator (7.14). In particular, there exists values hi

such that

T1(g1(h1, h2, h3), g2(h1, h2, h3), g3(h1, h2, h3)) = eh3

(
eh1+h2 e−h1

e−h1 eh1−h2

)
= T0(h1, h2, h3)

h1 =
1

4
ln

(
cosh(2g1 + g2) cosh(2g1 − g2)

cosh2 g2

)
h2 = g2 +

1

2
ln

cosh(2g1 + g2)

cosh(2g1 − g2)

h3 = 2g3 +
1

4
ln
(
16 cosh2 g2 cosh(2g1 + g2) cosh(2g1 − g2)

)
.

Thus, the reduced model is again an Ising model, but with modified parameters. This is

now the unique renormalization trajectory of the Ising model. In contrast to a general

model, it stays in a hypersurface of the infinite-dimensional space of Hamilton operators

with an arbitrary power of spins interacting, again a speciality of the Ising model. Note

how any differing choice of the initial values of the gi will yield a quantitatively different

trajectory in this space.

It is also instructive to study the special case of g2 = 0, i. e. no external magnetic

field. This yields

h1 = atanh
(
tanh2 g1

)
h2 = 0

h3 = 2g3 + ln
(

2
√

cosh(2g1)
)

= 2g2 + ln (2 cosh(g1)) + ln
cosh2 g1

coshh1

The change of g1 to h1 yields how the effective two spin systems couple with each

other, looking effectively like a one-spin system. The external magnetic field cannot

be spontaneously generated. Thus, it remains zero. The ground state energy contains
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three contribution. The first shows that the ground state energy per site doubles, as

it represents effectively two spins. The second is counting the interaction due to the

non-interacting part of the removed spins, and the last term comes from the effect of

the interaction of the eliminated spins.


