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Abstract

The existence of dark matter is one of the gravest and most challenging enigmas
in modern physics, which is otherwise well described by the Standard Model of
particle physics. Despite strong evidence for this invisible matter, which accounts
for five times more mass than all the particles of the Standard Model, we have not
yet been able to observe it directly. This has led to the postulation of numerous
theories that seek to describe its very nature. Often, these deal not only with the
puzzle of dark matter, but also with other inconsistencies in the Standard Model.
In light of the small-scale structure problems that pose a challenge to standard
cosmology, scenarios involving self-interacting dark matter gained popularity. One
particular dark matter model that concurrently explains how today’s relic abun-
dance emerged is strongly-interacting massive particles. This scenario is based on
ultraviolet completions making use of non-Abelian gauge theories and therefore
relies on the application of non-perturbative methods. To this end, we utilize lat-
tice gauge theory, which offers the methodological mainstay for the determination
of non-perturbative signatures. We consider two specific realizations of strongly-
interacting massive particles in which fundamental quarks are charged under local
gauge symmetries described by the groups G5 and Sp(4). In the first case, we in-
vestigate their influence on neutron stars and confirm that stable mixed stars can
form with significantly different macroscopic parameters such as mass, radius, and
tidal deformability. In the second case, we supplement the existing spectroscopy
data with scattering calculations using the Liischer formalism and obtain sound
descriptions of resonance parameters and the cross section at low energies. This
work provides necessary validation of these theories through non-perturbative cal-

culations.



Kurzfassung

Die Existenz dunkler Materie ist eines der schwerwiegendsten und anspruchsvoll-
sten Rétsel der modernen Physik, die ansonsten auflerordentlich gut durch das
Standardmodell der Teilchenphysik beschrieben wird. Trotz starker Hinweise auf
diese unsichtbare Materie, die fiinfmal mehr Masse ausmacht als alle Teilchen
des Standardmodells, konnten wir sie bisher noch nicht direkt beobachten. Dies
hat zur Postulierung zahlreicher Theorien gefiihrt, die versuchen, ihre Natur zu
beschreiben. Oft befassen sich diese nicht nur mit dem Rétsel der dunklen Materie,
sondern auch mit anderen Unstimmigkeiten im Standardmodell. Angesichts der
Probleme auf kleinen Skalen, die eine Herausforderung fiir die Standardkosmolo-
gie darstellen, gewannen Szenarien mit selbstwechselwirkender dunkler Materie an
Popularitédt. Ein spezifisches Modell der dunklen Materie, das gleichzeitig erk-
lart, wie die heutige Reliktabundanz entstanden ist, sind stark wechselwirkende
massive Teilchen. Dieses Szenario basiert auf ultravioletten Vervollstandigungen
unter Verwendung nicht-abelscher Eichtheorien und stiitzt sich daher auf die Ver-
wendung nicht-perturbativer Methoden. Daher verwenden wir Gitter-Eichtheorie,
die den methodischen Grundpfeiler fiir die Bestimmung nicht-perturbativer Sig-
naturen bietet. Wir betrachten zwei spezifische Realisierungen stark wechselwirk-
ender massiver Teilchen, in denen fundamentale Quarks unter lokalen Eichsymme-
trien geladen sind, die durch die Gruppen G5 und Sp(4) beschrieben werden. Im
ersten Fall untersuchen wir ihren den Einfluss auf Neutronensterne und stellen fest,
dass auch diese Art von dunkler Materie in stabilen gemischten Sternen unterge-
bracht werden kann und einen erheblichen Einfluss auf makroskopische Parame-
ter wie Masse, Radius und Gezeitenverformbarkeit haben kann. Im zweiten Fall
erganzen wir die bestehenden Spektroskopiedaten durch Streuungsberechnungen
unter Verwendung des Liischer-Formalismus und erhalten fundierte Beschreibun-
gen der Reonanzparameter und des Wirkungsquerschnitt bei niedrigen Energien.
Diese Arbeit bietet die zwingend notwendige Validierung dieser Theorien durch

nicht-perturbative Berechnungen.
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Chapter 1

Introduction

For centuries, humanity has been asking the question that particle physicists at-
tempt to answer every day. What are the most fundamental building blocks of the
universe? Throughout history, our understanding of what those are has changed
several times, from atoms to protons and neutrons, all the way to quarks and
leptons. Modern particle physics describes the world in elementary particles that
are considered to be point-like and indivisible. They form the Standard Model
of particle physics, which describes all known matter and its interactions. It con-
tains twelve fermions arranged into three families, each consisting of two quarks, a
lepton, and a neutrino. Their different charges determine how they interact with
exchange bosons that mediate the fundamental forces. There are photons that
mediate electromagnetism, the W- and Z-bosons that mediate the weak nuclear
force, and the gluons that mediate the strong nuclear force. In addition, there is
the Higgs boson, which provides mass to the other particles of the Standard Model
via the Brout-Englert-Higgs effect.

The Standard Model is tremendously successful in the description of the world
on the smallest scales, but it is not a complete theory of nature. Crucially, the
standard model does not accommodate the fourth known force, gravity, which is
best described by general relativity. This and other inconsistencies are commonly
summarized by the term beyond the Standard Model (BSM) physics. Perchance,
the greatest of these is the existence of dark matter.

1.1 Dark Matter

There are a series of observations that cannot be explained within the framework
of the Standard Model and point to an unknown type of matter. This is summa-



CHAPTER 1. INTRODUCTION

rized in the term dark matter first coined by Fritz Zwicky in 1935 [1] to describe
additional gravitationally acting non-illuminated mass. Throughout the twentieth
century, evidence for dark matter solidified, the most prominent being rotation
curves [2, 3]. If the mass distribution of an astronomical object is known, the laws
of gravity determine the velocity at which satellites orbit these objects. Observa-
tion, however, shows that throughout the universe satellites orbit massive objects
like galaxies much faster than expected. The enclosed mass in a gravitationally
bound system can also be inferred from the virial theorem and evidence solidified
on scales ranging from the smallest galaxies to galaxy clusters through improved
measurements using, for example, stellar number counts, X-ray emission of hot
interstellar gas and gravitational lensing [4, 5]. A straightforward explanation for
these observations is the existence of additional matter that cannot be directly
observed with telescopes. We will not present a full list of evidence and refer to
reviews for details [4, 6-8]

In addition to this evidence, dark matter also plays an important role in the
formation of the structures that we observe today [7] and of the cosmic microwave
background (CMB) [9-11]. Modern cosmological models describe the evolution of
the universe with three ingredients, the cosmological constant A (dark energy),
collisionless cold dark matter (CDM) and the particles of the Standard Model.
This is the ACDM model which is very successful in describing the evolution of the
universe and dynamics on large scales corresponding to distances > 1 Mpc. Recent
results of the Dark Energy Spectroscopic Instrument [12-14] using baryon acoustic
oscillation measurements to investigate the expansion history and the large-scale
structure of the universe are consistent with the ACDM model. However, the
parameters for dark energy are in 2.30 tension with those determined from the
CMB [9, 11]. This tension is alleviated by allowing for a dynamical time-evolving
equation of state for dark energy, but nevertheless it presents a challenge for the
ACDM model.

An alternative to the particle dark matter picture is a modification of the laws
of gravity like f(R) gravity or modified Newtonian dynamics [15, 16]. The particle
nature of dark matter was strongly reinforced by the observation of the Bullet
Cluster, a colliding galaxy cluster system [17]. The distribution of illuminated
matter was inferred from X-ray observation, and the gravitational acting matter
was inferred using gravitational lensing. It was found that most gravitational
mass traversed the cluster more or less unhindered, whereas the illuminated mass
formed a hot gas. This is difficult to explain by a modification of gravity, which
underpins the dark matter hypothesis. Additionally, the observation of merging
clusters provides constraints on the self-interaction of dark matter [17, 18]. The

2



CHAPTER 1. INTRODUCTION

solution to the dark matter puzzle, however, might very well a combination of
different approaches.

A dark matter particle must fulfill a set of properties. It has to be massive,
stable [19], non-relativistic, and may interact only to a minor extent, if at all,
with particles of the Standard Model [4]. These constraints are incompatible with
any of the particles in the Standard Model, and as a result, dark matter mod-
els beyond the Standard Model were postulated the most famous being weakly
interacting massive particles (WIMPs), axions, sterile neutrinos, and primordial
black holes [20]. Many models not only address the dark matter problem but are
connected to a wider range of BSM theories.

1.1.1 Observation Efforts

Despite the overwhelming evidence for its existence, the fundamental nature of
dark matter remains unknown, necessitating a broad and complementary program
of experimental searches across different detection strategies. While the mass of a
dark matter particle can be constrained fairly well within a particular model, the
model-independent bounds range from 1072? eV to 5 solar masses [4].!

The search for dark matter can be divided into different efforts. Direct detection
experiments [8, 21-25] aim to observe elastic or inelastic scattering of galactic
dark matter with atomic nuclei or electrons in some detector material. Depending
on the detector material, the constraints on the cross section are strongest for
a specific dark matter mass. This is on the one hand because the local density
of dark matter is fixed, and assuming a heavy dark matter particle, the rate of
dark matter particles hitting the experiment is lower. If dark matter, on the other
hand, were light, the recoil on the detector material would be smaller, and the
experiment might not be able to detect the event. For certain dark matter masses,
direct detection experiments are able to constrain the dark matter-nucleon cross
section to be lower than 10~*7cm? [4, 26-28)].

Dark matter can also be searched for in particle accelerators [4, 29-33]. Events
are scanned for large amounts of missing energy, which could indicate a potential
dark matter particle escaping the detector unhindered. These searches are usually
based on an interaction of the dark matter candidate with the Standard Model
Higgs or Z-boson or mediators that are introduced in BSM theories. So far, no
signal for dark matter has been observed in any collider experiment.

A third kind of effort is indirect detections which refers to the search for Stan-

!The solar mass is the mass of the sun denoted as M.
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dard Model annihilation or decay products from astrophysical scattering of dark
matter, especially gamma rays, neutrinos, and antimatter particles. While there
are notable gamma-ray excesses, they usually have an astrophysical explanation
consistent with the Standard Model [4, 34-36].

Lastly, we mention the endeavor of identifying dark matter through the ob-
servation of astronomical probes such as neutron stars. It is inevitable that dark
matter accumulates in neutron stars or other compact objects to some extent.
Conclusions can be drawn if the additional dark matter has a measurable influ-
ence on the macroscopic properties of the star that cannot be explained within the
scope of the Standard Model. We investigate this possibility for one specific dark
matter model in Chapter 2.

1.1.2 Self-Interacting Dark Matter

To date, all observations are still compatible with dark matter being completely
non-interacting and the CDM hypothesis is very successful at describing large-scale
structures. But in recent years the possibility of dark matter being self-interacting
gained more attention [37]. A major reason for that are the so-called small-scale
structure problems [38, 39].

Cusp vs. core problem: Simulations of collisionless CDM predict that the
dark matter density distribution at low radii rises steeply, which is referred to as a
cuspy shape. However, observation of rotation curves of these objects indicates a
cored shape where the dark matter density is constant at small distances from the
center. The consideration of baryonic feedback in galaxy formation can provide a
solution to the cusp-vs-core problem [4]. Alternatively simulations of halo shapes
including a self-interaction among dark matter particles also result in the observed
halo shape.

Diversity problem: Given only collisionless dark matter, halos should be
specified by a single parameter, as all other halo parameters are strongly correlated.
Yet the parameters of the observed rotation curves, given by the peak circular
velocity and the circular velocity at a set distance from the center, show a large
diversity. This indicates the existence of additional parameters that specify the
halo shape which could be introduced by self-interacting dark matter [40, 41].

Too big to fail problem: This problem describes the lack of stellar objects
in massive galaxy subhalos with large central masses of roughly 10'° M. The
number of massive subhalos in CDM simulations matches the observed number
but they fail to form stellar objects, and with that dwarf galaxies. On the other
hand, classical dwarf galaxies exist in much smaller subhalos of the Milky Way.

4
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This mismatch is called the too big too fail problem, as the massive subhalos in
the Milky Way should be too big to fail in forming galaxies.

Missing satallites problem: Cosmological simulations of Milky Way-sized
dark matter halos predict hundreds or thousands of subhalos with masses large
enough for galaxy formation. Yet, less than about 100 satellite galaxies at masses
down to about 300 M, have been found in the Milky Way and similar galaxies.
One possibility is that galaxy formation becomes less efficient for low halo masses.
With recent progress in both observation and theoretical modeling, there is very
limited evidence for a missing satellite problem [4, 37, 40].

All of these problems are addressed by self-interacting dark matter [42]. The
strongest limits for the self-interaction cross section are o/m < 0.13cm?/g [18,
43-45], albeit with potentially large systematic errors. Additionally, recent work
on simulations of dark matter on small scales also granted access to the velocity-
weighted cross section [46-48], which we will introduce in Section 3.1.3.

1.1.3 Relic Density

It is often assumed that dark matter was created in large quantities and was in
thermal and chemical equilibrium with the Standard Model in the early hot and
dense universe. This equilibrium is usually reached by a coupling via a mediator.
But if dark matter is subject to any kind of interaction, it is possible and expected
that its amount? has varied over the history of the universe. This is described by
relic density mechanisms which are of major importance for dark matter physics.
Certain relic-density mechanisms allow for much larger amounts of dark matter in
the early universe that can, for example, be used to describe galaxy formation.
Later, in cosmological time, the universe has expanded and two factors came
into play. Firstly, the density decreases and it becomes less likely for particles
to interact. Secondly, as the temperature decreases as well, it becomes less likely
that heavy particles are created from lighter ones. This is called freeze-out [49]
and occurs when the interaction rate drops below the Hubble rate H which pa-
rameterizes the expansion of the universe. In most scenarios, it is assumed that
nowadays dark matter is frozen out, which means that its abundance will remain
at its current value, called the relic abundance. The point in time at which the
relic abundance of dark matter is reached is known as the freeze-out time.
Mathematically, relic density mechanisms are described by the Boltzmann

equations. The WIMP scenario is the most popular relic density mechanism. It

2More specifically the abundance of a certain species which is which is defined to be Y = n /T3
where n is the number density and T is the temperature.

5
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considers a depletion process involving two dark matter particles and two Standard
Model particles. In this case, the Boltzmann equation reads
dn 9

%+3HTL: —<0'2DM_>25M?J>(’I’L2 —neq), (11)

where n is the number density of dark matter and neq is its value at equilibrium.
(0opr—sasm V) is the thermal average of the velocity-weighted depletion cross sec-
tion. This model yields the relic abundance for TeV dark matter that interacts on
the weak scale. In light of the increasing popularity of strongly-interacting dark
matter, an alternative freeze-out mechanism was proposed making use of a number
lowering cannibalization process in the dark sector. For example, for a three-to-two
process, the Boltzmann equation is

dn
£+3Hn: —<03DM_>2DMU2>(TL2—7’qu), (12)

This is called the strongly interacting massive particle (SIMP) mechanism [50-57],
and it proposes dark matter masses below 1 GeV where experimental constraints
are relatively loose. These models by construction inherit a sizeable two-to-two
process which addresses the small-scale structure problems. In order to reach
thermal equilibrium, a mediator to the Standard Model is included which would
enable a direct detection in collider experiments. The strong interaction scale
required in SIMP models makes strongly-interacting confining QCD3-like theories
with asymptotic freedom and chiral symmetry breaking an attractive realization.
This thesis aims to shed some light on dark matter by investigating its potential

non-perturbative signatures.

1.2 Non-Abelian Gauge Theories and QCD

In this section, we will introduce the basics of non-Abelian gauge field theory, which
is the underlying theory of the strong and electroweak sectors in the Standard
Model. We will introduce the concepts on a more fundamental level in order
to include more general theories that may describe BSM physics. The general

Lagrangian of gauge field theories in Euclidean metric reads*

£ = 300 [Fun @) Fula)] + 32 0y (D + ) by, (1.3
!

3 Quantum chromodynamics
4An overview of the conventions used is provided in Appendix A.

6
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where vy is a set of quark fields with masses my, Y = 9!y, their adjoint quark
fields, D, = 0, + igA,(z) is the covariant derivative with the gluon coupling
strength ¢ and the gauge fields A, (x), 7, are the gamma matrices and F),, () is
the gluon field strength tensor.

Fu(x) = 00 A (1) = 0, Au(x) +ig[Au(z), Ay ()] (1.4)

Color indices are suppressed. The gauge fields can be expressed as components of
the adjoint generators A, () = Af,(z)T¢. In non-Abelian theories, the commutator
[Au(z), A (2)] = 1A% ()AL () f**°T* does not vanish, resulting in self-interactions
of the gluon fields.> This is the case for QCD which is described by the non-
Abelian gauge group SU (3)C.E In general, 1; can be a set of quark fields charged in
different representations of the gauge group. For QCD, the quark fields are charged
in the fundamental representation of SU(3).. The covariant derivative makes the
Lagrangian invariant under local (spacetime dependent) transformations of the
gauge group. These are carried out by group elements U(x) that transform the
fields in the Lagrangian like

The partition function and the action in Euclidean metric read

/D ;uw 1/} Auﬂl”/J (1.8)
S [Au b, ¢] = /E(m)dw. (1.9)

The path integral over the measure D [A;u Y, ﬂ provides the quantization of the
theory by integrating over all possible configurations of the quark and gluon fields.
In principle, all correlation functions, and thus the entire dynamics of the theory

can be derived from the partition function.

SHere we introduced the structure constants i f**¢T¢ = [T% T?].

SIn this thesis we will deal with SU(N), Sp(2N) and SO(N) groups corresponding to either
local gauge symmetries or global flavor symmetries. We will indicate the gauge groups by the
subscript . with the exception of Go, which is always a gauge group in this work.
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1.2.1 Asymptotic Freedom and Confinement

For a sufficiently small number of fermions, the fundamental degrees of freedom,
quarks and gluons, are asymptotically free. This can be seen in the [ function,
which encodes the dependence of the running coupling on the renormalization
scale p as 3(g) = 0g/0(In ). For the Lagrangian in Equation (1.3) with massless
fermions and no scalar particles, the one-loop g function is given by [58-60]

b0) = - (3.C(6) - /€)1 + 06 (110
=— (11 - ;]\Q) 127?2 + O(g°) for G = SU(3)., (1.11)

where the quadratic Casimir operator in the adjoint is defined via Cy(G)dy =
facd fed and C(R)dq = tr[T*(R)T*(R)] is a constant for each representation R.
For QCD and the theories considered in this work, the 5 function is negative for
sufficiently small numbers of flavors, implying that the coupling becomes arbitrar-
ily small at large p or equivalently large momentum transfers. As a result, at
large energies, the theory can be treated using perturbation theory, where the La-
grangian is expanded in orders of the coupling g, which is only meaningful at small
couplings. There are effects that arise exclusively in non-perturbative treatments,
but are subordinate at large energies.

At small energies, the coupling remains strong, meaning that non-perturbative
methods are indispensable. An emergent phenomenon backed by lattice calcu-
lations is confinement which disallows the observation of color charged states in
isolation. The illustrative picture is that if you tried to pull apart color-charged ob-
jects, their potential energy becomes large enough to create pairs of particles that
maintain confinement [61]. As a result, physical states have to be singlets of the
color group. Quarks and gluons, by definition, transform nontrivially under trans-
formations of the gauge group, and hence physical states have to be bound states
of these objects called hadrons. In QCD, these are realized as quark-antiquark
states called mesons, three-quark states called baryons, but also more exotic color
singlet states like tetraquarks, pentaquarks, glueballs, or hybrids [4, 62—64].

1.2.2 Global Symmetries

Various phenomenologies, such as the particle spectrum of a theory, are connected
to global symmetries. The global symmetries of QCD and its breaking patterns are
well known. The approximate SU(2) flavor symmetry resulting from the almost
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degenerate up and down quarks is often called strong isospin. Knowledge about
the flavor symmetries of the theory is crucial to understanding its physics, also be-
cause according to Noether’s theorem, continuous symmetries result in conserved
quantities [65]. Less commonly known is that the flavor symmetry of QCD is the
result of the complex nature of the fundamental representation of SU(3). and that
the symmetries and their breaking patterns change significantly when other rep-
resentations are chosen. For a fixed number of flavors Ny, three different global
symmetries can be realized by choosing fermions charged under complex, real, or
pseudo-real representations.” In this thesis, we will only consider fundamental rep-
resentations, but the global symmetries for non-fundamental representations are
identical. Exemplary gauge groups with complex, real or pseudo-real fundamental
representations are SU(N). (N > 2), SO(N)., and Sp(2N).® respectively.

Let us first consider the case realized in QCD, where the left- and right-handed
components of the quark fields each form a multiplet of dimension Ny. The kinetic
term of the fermionic part of the Lagrangian reads

Lyxin = Y7, Duth = 147, D0, (1.12)

where ¢ and 1) are 2N 7 vectors.

P = <¢L> Ci=1,..,N; (1.13)
Vg

The projection operator projects out different parts of the «,-matrices. In the
chiral representation of the v matrices, we can express the left- and right-handed
parts of Equation (1.12) in terms of the Pauli matrices o; like

W Py, Db = P 1. Dyutr, (1.14)
U Pryay, Dyt = Y57, Dytr, (1.15)

where we have defined 7, = (—io;,1) and 7, = (i0;,1) and 11 /g are two-index
Weyl spinors. We can write

T
U1 TuDy 0 (G

L ¢yin = , 1.16

e () (7 50) () o

"There are also theories that work with multiple fermions charged in different representa-
tions [66-81].

88U (2) = Sp(2) is the limiting case for small N both SU(N) and Sp(2N) and therefore plays
a special role. However, the fundamental representation of SU(2).. is pseudo-real and therefore
it will have the same global symmetries as Sp(2N ). gauge theories.

9



CHAPTER 1. INTRODUCTION

where we see that the left- and right-handed components transform differently
and therefore the Lagrangian is invariant under U(Ny) x U(Ny) transformations
that act separately on the two chiral components. This symmetry, however, is not
realized in nature, as the physical symmetries are those that leave the partition
function invariant. Quantum effects break the U(1) axial symmetry, leaving an
SU(Ny) x SU(Ny) x U(1) [58, 82]. This is the physical symmetry of the kinetic
part of the fermionic Lagrangian, sometimes referred to as chiral symmetry as it
does not mix the two chiral components. Equation (1.3), also contains a fermionic

mass term.

Lfmass = M) (1.17)

Due to the absence of a v, that distinguishes between the two chial components,
they are no longer independent. As a result, in the presence of quark masses, the
symmetry is reduced to SU(Ny) x U(1). The limit in which the quark masses
vanish is often called the chiral limit because the chiral symmetry is restored.
In nature the up and down quarks are very light and would naively allow for a
description with an approximate chiral symmetry. As a consequence, states that
differ only by their parity quantum number should be almost degenerate. However,
the masses of the scalar and pseudo-scalar mesons differ drastically, pointing to
another source for the breaking of the chiral symmetry. This is the chiral conden-
sate (0|¥(0)¥(0)|0) that has the same quantum numbers as the mass term in the
Lagrangian and is therefore not invariant under chiral rotations. If it takes a finite
value, it will break the chiral symmetry. At large temperatures, the chiral con-
densate vanishes. Going to low temperatures, the theory undergoes a crossover,
giving the chiral condensate a finite value, which spontaneously breaks the chi-
ral symmetry. According to Goldstone’s theorem, spontaneous breaking of global
symmetries results in massless particles called Nambu-Goldstone bosons? that live
on the coset between the flavor symmetry groups before and after breaking. In
QCD, this coset spans an SU(Ny) and hence there are N]% — 1 pNGBs. They are
realized as the pion triplet in Ny = 2 or the meson octet in Ny = 3.

1.2.3 Real and Pseudo-real Representations

As already mentioned, the global symmetries and their breaking patterns, and with
that the dynamics of the theory, will change when different fermion representation
are chosen. We will now consider the two remaining cases of real and preudo-real

9If they obtain a mass via some other mechanism, like explicit fermion masses, they are
referred to as pseudo-Nambu-Goldstone bosons (pNGBs).
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CHAPTER 1. INTRODUCTION

representations closely following [83].1° In these cases, the kinetic term of the
fermionic part will mix left- and right-handed components before any symmetry
breaking, and the global symmetry will be enlarged, leading to different particle
spectra. We will carry out the calculations for the pseudo-real case for Ny > li
and give the final expressions for the real case. Written as Equation (1.16), it seems
that the Lagrangian is not invariant when the left- and right- handed components
are transformed into one another. In the pseudo-real case, however, it turns out
that the conjugate field ¢ = (09X)13, will transform similarly (in the same color
representation) as 1. Here, ¥ is an antisymmetric matrix acting in color spacef
and oy is the charge conjugation matrix acting on two-index Weyl vectors that can
be identified as the second Pauli matrix. We can make use of this by rewriting the

right-handed part of Equation (1.16) as

Lyxinr = ViTaDutor (1.18)
= _@bLU?TuT@EDEEZDRa (1.19)
where we have used 7, = 0,7, 0y and D, = =XD['¥. The latter relies on the

pseudo-reality condition for the generators of the gauge group T, = —XT7Y. We
also drop total derivatives. By transposing the entire term, which we are free to do
since it does not carry any open indices, taking into account the anticommutativity
of the Grassmann fields, we can write Equation (1.19) in terms of the conjugate
field 5.

»Cf,kin,R = ¢£UQZTMDMUQZ¢E (1-20)

10This paper investigates the special cases called adjoint and two-color QCD as all adjoint rep-
resentations are real and the fundamental representation of SU(2). is pseudo-real. The nomen-
clature using (pseudo-) real is more general, but the derivation presented here is identical.

" The flavor symmetries for N = 1 in the pseudo-real and real case are different and will not
be discussed in this work.

2For this thesis, we consider multiple antisymmetric matrices. For Ny = 2, these matrices are
numerically identical and we refer to the color matrix as ¥ and to the flavor matrix as E. For
general Ny, we refer to the matrix as F.
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CHAPTER 1. INTRODUCTION

Combining this again with the left-handed part gives

T
(e TuD)y 0 U,
E in — ~ ~ .
Fk (ZZJ}E) ( 0 TMDM> <wR> (1.22)

D
N A (1.23)
0 T.D,,

where we have introduced the 2Ny component flavor vector

T (1.24)
0221%
[ Py
B (OZPLIZT> ' (1:29)

The second line is written in terms of Dirac spinors, explicitly writing the pro-
jection operators. In the real case, we will obtain a similar expression which will

result in the same structure but with the four spinor replaced by

VL
U = 1.26
(02¢*R> ’ ( )

only differing by the absence of the color matrix ¥ and the fact that the fermions
are charged in a real representation. In both cases, for Ny > 1, this showcases the
manifestation of the global U(2Ny) symmetry which, up to discrete symmetries,
is broken to SU(2Ny) by the axial anomaly [83]. Next, like in the complex case,

we want to investigate the symmetries of the mass term.

Ui = lr + Vs (1.27)
NANWERETAY (128)
¢E 1Nf 0 ¢R .
T
N 0 1y YL
= (0221#}%) Y <_1Nf Of> <022¢R> + h.c. (1.29)

= % [V 0B FU — U Fo,n0] = % (V70,2 FV + hc. (1.30)

Here, F' is the antisymmetric matrix acting in flavor space. In the case of massive
fermions, the symmetry of the theory is given by the group elements U of SU(2Ny)
that leave the equation above invariant. This is exactly the defining property of
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CHAPTER 1. INTRODUCTION

the Sp(2Ny) groups, UTFU = F. This shows that in the presence of a mass term,
the symmetry is reduced from SU(2Ny) to Sp(2Ny). A similar argument holds for

the real case, where the mass term can be written as

D = % (UT0,G0 + hec.) | (1.31)
The matrix G is a symmetric matrix. The group elements that leave the mass
term invariant in the real case fulfill U"GU = @, which is the defining property of
SO(2Ny) groups. This means that in the presence of a mass term, gauge theories
with Ny fermions in a real representations inherit an SO(2N;) flavor symmetry.
In summary, there are three distinct flavor symmetry breaking patterns resulting

from chiral symmetry breaking for different fermion representations.

complex: SU(Ny) x SU(Ny) x U(1) = SU(Ny) x U(1) (1.32)
pseudo-real: SU(2Ny) — Sp(2Ny) (1.33)
real: SU(2N}) — SO(2Ny) (1.34)

The number of resulting pNGBs is given by the number of broken generators,
which is N7 — 1 in the complex case, Ny(2Ny — 1) — 1 in the pseudo-real case
and Ny(2N; + 1) — 1 in the real case. The U(1) in the complex case is related
to baryon number conservation. Note how it is absent in the real and pseudo-
real cases. This means that these theories do not have an equivalent of the baryon
number quantum number and therefore no baryons, which could be protected from
decays by its conservation.

1.2.4 Low Energy Description with Chiral Perturbation
Theory

A powerful tool in working with non-Abelian gauge theories is chiral perturbation
theory (ChPT). ChPT describes the theory in terms of the lightest mesons, the
pNGBs of the theory, and is expanded in orders of O(m,/f) where m, is the
mass of the pNGB and f, its decay constant. Every higher order of m,/f, in-
troduces low-energy constants (LECs) that need to be fixed, for example, using
lattice field theory. The chiral description is valid for low values of m,/ f,, which
correspond to light pNGBs compared to any other scale of the theory. Further-
more, pure ChPT does not contain other particles and is therefore only valid in
the regime where the pNGBs are the dominant degrees of freedom, but it is also
possible to include additional states [84]. Once the ChPT Lagrangian is known
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CHAPTER 1. INTRODUCTION

to the desired order, dynamics can be calculated perturbatively. This makes it a
powerful tool, especially at low energies, which are common for dark matter, for
example for calculations on the relic density, as it allows for analytic calculations in
contrast to the lattice, which requires significant computational resources. In the
following, we will introduce the basic concepts of ChPT applied to Sp(4). gauge
theory with Ny = 2 fundamental flavors relevant for our work by writing down
the Lagrangian to first order and adding the Wess-Zumino-Witten (WZW) term
which will describe the number-lowering cannibalization process and a term for
the vector mesons. ChPT can be written as fluctuations in the orientation of the

chiral condensate X
S = e yein (1.35)

which for Ny = 2 transforms under the action U € SU(4) flavor as
¥ = USUT. (1.36)

There are five pPNGBs 715 that correspond to the broken SU(4) generators that
define the coset SU(4)/Sp(4). The generators are defined in Appendix A and
we use the basis defined in Equation (A.27). The Goldstone matrix 7 in Equa-
tion (1.35) takes the form

T3 T — 17y 0 T — 1Ty
T = iﬂ X" = L i I —Ms i 0 . (1.37)
— " 22 0 — T — 1Ty T3 T + 179
5 + 1Ty 0 T — 17y —T3

By demanding reality, Lorentz invariance, chiral symmetry invariance, parity, and
charge conjugation symmetry, we can write down the chiral Lagrangian in terms
of the chiral condensate.

3
L. = %tr [(‘3“26“27} — % (tr [MX] + tr [ETMTD + higher orders (1.38)

Here, 1 has the dimension of mass and is related to the chiral condensate as
(i + dd) = 1i*%g. This Lagrangian can be expanded by adding terms of higher
order. Identifying the vacuum alignment as ¥y = E [85], we can express the

Lagrangian in terms of a kinetic and a mass term which gives rise to interactions
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of even numbers of pNGBs.

5 5
1 1 76
Lo xin = 5 ; 0, mn O, — Iz kgzjl(mmauwné?"ﬂn — 10,00 y,) + O (f_#)
(1.39)

2 5 2 5 2
_ mﬂ' 2 mw 2 ™
‘Cﬂ',mass = - 9 7_?1 m, + _48f2 (ng ﬂ—n) +0O (_4) (140)

A five-point interaction can be added that will describe the number-lowering can-
nibalization process by the WZW action [86, 87]. The corresponding Lagrangian
is

2N,

L =——° ¢
WZW 10\/§7r2f,?

mvpo (7T18H7T28V7T38P7T4807T5 — Wga'u’ﬂ'l@l,ﬂ'gap’ﬂllagﬂ'g,

730,710, 20,4055 — T40,,m10,m90, 30,75 (1.41)

+7T58H7T18V7T23p71'38071'4> s

where N, is the number of colors. Note that up to this point, the Lagrangian
does not involve any LECs and the only parameters to fix are the mass and decay
constant of the pions. Finally, we may introduce vector particles, for example,
through the concept of hidden local symmetry [85, 88, 89]. This introduces a ki-
netic term and a mass term for both vector mesons and axial-vector mesons, as
well as an interaction with the pNGBs via L, that includes g,.. which is the
phenomenological coupling of a three-point vertex involving two pNGBs and a vec-
tor meson. The framework of hidden local symmetry ensures that the axial-vector
mesons are heavier than the vector mesons. In this work, we will neglect the heav-
ier axialvectors given their higher mass. The value of g, is sometimes estimated
by the Kawarabayashi-Suzuki-Riazuddin-Fayyazuddin (KSRF) relation [90, 91] to
29pne = M2/ f2, but we will see that this is not a good description for our data
in Sp(4). We will obtain the value of g,.~ non-perturbatively in Section 3.4.2.
The WZW term also receives contributions from vector mesons, which we will not
consider in this work [85]. The final first-order chiral Lagrangian relevant for our
theory is then

»CChPT - Ew,mass + Ew,kin + »Cp,mass + £p,kin + ‘Cp7r7r + £WZW7 (]-42)

and depends on my, fr, m,, and g,rr, which we will determine using lattice field
theory and N, given by the gauge group.
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1.2.5 Minimal SIMP Theories

As explained in Section 1.2.3, the use of fundamental fermions in real or pseudo-
real representations of the gauge group enlarges the flavor symmetry compared to
the complex case. As a result, the larger meson multiplets enable new processes.
SIMP theories rely on a number-lowering cannibalization process that, disregarding
a two-to-one process or three-to-one process which would involve a sizable 4-point
vertex, is minimally realized by a three-to-two process. Theories with a WZW term
always inherit such a process among pNGBs [51], also referred to dark pions in this
context. We will refer to theories with two fundamental pseudo-real fermions as a
minimal ralization of SIMPs, as they contain exactly five dark pions, all of which
participate in the cannibalization process. In addition, the theory has also gained
significant interest in other BSM models such as composite Higgs or partial top
compositeness [81, 92-97], and other dark matter dark matter models [98-104].
Theories with two real fermions contain 9 dark pions, making the theory more
intricate. In the complex case, the WZW term is only realized at Ny > 3.

The relic-density mechanism of SIMP [50-52] theories has been investigated
in effective descriptions before by solving the Boltzmann equations. It was shown
that they can provide the dark matter relic density, as well as the self-interaction
cross section necessary to address the small-scale structure problems. However,
as SIMP theories are motivated by wltraviolet (UV) complete confining gauge the-
ories, which require a complete non-perturbative treatment, in order to capture
all dynamics, it is important to employ non-perturbative methods like lattice field
theory that will scrutinize the LECs needed in effective descriptions. In this work
we will investigate non-perturbative signatures of SIMP dark matter candidate
theories in the real and pseudo-real case.

In Chapter 2, a neutron star admixed with dark matter described by the G,
gauge theory with Ny = 1 fundamental fermions is investigated. Although this
theory itself does not inherit the necessary cannibalization process, it does so at
Ny = 2 and is used as a proxy to investigate SIMP-like theories. The lattice
calculations have been performed in previous work and are only utilized here.
Therefore, we refrain from a detailed description of the flavor symmetry and the
techniques used and refer to [105, 106].

In Section 3.4, we investigate a second candidate theory, which is Sp(4). gauge
theory with two fundamental fermions, the minimal realization of SIMP. SU(2).
generates the same flavor symmetry, but firstly, it has already been studied in
great detail [102, 107-118], and secondly, doubling the number of colors might

change the dynamics of the theory drastically. The aim of this work is to calculate
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quantities to compare with astrophysical data in order to falsify whether Sp(4).
is a viable dark matter candidate and to provide estimates of LECs for effective
descriptions. Numerous lattice spectroscopy calculations have been performed be-
fore. Here, we perform non-perturbative scattering analyses on the lattice using
the Liischer quantization condition in two scattering channels which are both in-
teresting for dark matter phenomenology. The maximal scattering channel is most
likely dominant at low energies, which is particularly important for dark matter
phenomenology. The other contains the vector mesons and the three-to-two pro-

cess which motivates this model.

1.3 Lattice Field Theory

Lattice field theory is a numerical tool to calculate non-perturbative phenomena
of strongly-interacting theories by sampling gauge configurations. Here, we only
introduce the most basic concepts and refer to textbooks for a detailed introduc-
tion [119-121]. In a first step, spacetime is Wick rotated so that we work with
imaginary time ¢ — ¢ and with the Euclidean metric g,, = ¢,,. Consequently,
observables calculated from lattice field theory are a priori not valid in Minkowski
space. In order to obtain physical quantities, one has to ensure that the observ-
ables can be translated into Minkowski space. Fortunately, this is the case for
observables such as particle spectra considered in this work. In a second step,
spacetime is discretized on a four-dimensional hypercubic lattice of size N} x Nr,
where Ny, is the number of sites in the spatial direction and N7 is the number of
sites in the temporal direction. The physical volume L? x T' = a*N; Ny can be
calculated from the lattice constant which is the distance between two lattice sites
n. The gauge fields are described by the link variables U,(n) which are defined
between neighboring lattice sites. The subscript , denotes the direction of the link
n+p = (ny+ 98,1, n2 + 042, N3+ 6,3, na + 9,4). The link variables are related to the
gauge fields by

Uu(n) = exp(iaA,(n)). (1.43)

By construction, this introduces two cutoffs. The lattice constant introduces an
UV cutoff, and the volume of the lattice introduces an infrared cutoff, which means
that we are bound to smallest and largest scales that we can resolve.
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1.3.1 Importance Sampling

Without any fermions, the expectation value of operators in Euclidean spacetime
may be calculated using the path integral

(0) = % / DA,e 5 UO[U,]. (1.44)

In contrast to perturbation theory, where the action is expanded in orders of the
gauge coupling g, on the lattice the integral over the gauge fields is approximated

-Sa [Au}

by interpreting the exponential e as a probability. We can then generate

gauge configurations according to the distribution [122]

_ en(=Salt)
ID[UM] exp(—S(;[UM])'

p(U,) (1.45)

The sum )

)=+ Yo, (1.46)

{Uu}

over N configurations approximates the path integral if the set of gauge configu-
rations {U,} follows the distribution p(U,). In practice, sampling the whole space
of possible gauge configurations is unfeasible, and one has to rely on statistical
analyses. The probability interpretation is valid as long as p is real and positive
definite, which is an issue in QCD and other gauge theories if you want to calcu-
late, for example, observables at finite baryonic densities. This is the root cause
of the infamous sign problem. In Chapter 2 we will make use of the absence of the
sign problem in (G5 gauge theory by using finite density calculations to describe
dark matter in neutron stars. In the current form, we do not account for any
fermionic degrees of freedom. We can include dynamical fermions by adding an
effective fermion action S$T to the gauge action.

S/[Uu] = SG[UM] + S%H[Uu] (1‘47)

The effective fermion action can be realized by different fermion discretizations.
Various formulations exist, designed to balance large computational costs with
drawbacks like lattice artifacts or lost symmetries. We refer to textbooks for a de-
tailed introduction [119-121]. The results of lattice field theory include systematic
uncertainties, which must be carefully estimated and controlled. The use of a fi-
nite hypercubic lattice introduces finite-volume effects and discretization artifacts.
The physics of the continuum theory is recovered in the limit of an infinite lattice
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with infinitely small lattice spacing.

L— o (1.48)
T (1.49)
a0 (1.50)

There are methods to extrapolate to both the infinite volume and continuous
spacetime. The physical volume of the lattice is not known before a lattice calcu-
lation. Only after the scale has been set, for example by identifying a state with a
physical particle and its mass, is the lattice constant, and thus the volume defined
in physical units. This is not always possible for BSM theories, as the masses of
the particles in the spectrum are at most constraint. On the other hand, it means
that a whole system of theories at different scales is explored. In this case. It is
usually most practical to work with dimensionless ratios of quantities.

The input parameters of lattice the calculations performed in this work are

the number of spatial and temporal lattice sites, as well as the unphysical inverse
2;\216
the continuum theory is recovered in the limit 3 — oo. Different discretizations

bare gauge coupling g = and fermion masses m¢. Due to asymptotic freedom,
can be examined by keeping the number of lattice sites fixed and simultaneously
increasing the value of 8. The mass of the bare fermions can then be adjusted to
obtain a theory with similar dynamics. These combinations of input parameters
are referred to as line of constant physics, which can be defined, for example, by the
mass ratio of two particles in the theory. In this way, the behavior of the theory
for finer lattices can be examined, and an extrapolation to the continuum can
be performed. Once a is smaller than the relevant hadronic scales, discretization
artifacts should become negligible.

For theories with chiral symmetry breaking, the leading finite-volume effects
can be estimated. For example, the mass of the pNGB mS° can be extrapolated
by fitting the finite-volume energies E, (L) [95, 123].

Er(L)=m (1+ Am>L) 3 exp(-m L)) (1.51)

This form is motivated by chiral lattice perturbation theory in which A is not
a free parameter. Following [95], we treat it as free and fit the energy levels
to A and mg°. Similar expressions can be derived for the decay constants and
other mesons. The quantity m, L is often used to estimate the relevance of finite-
volume effects. In Chapter 3, we will employ the so-called Lischer formalism

which relates finite-volume effects to infinite-volume scattering parameters, but

19



CHAPTER 1. INTRODUCTION

even in this framework, exponential finite-volume effects have to be negligible.

In this work, we discretize the Euclidean action using the standard Wilson pla-
quette action and two mass-degenerate unimproved Wilson fermions [124]. The
gauge configurations are generated using the Hybrid Monte Carlo algorithm [125].
The generation of gauge ensembles and the measurements of observables were per-
formed using the HiRep code [110, 126], which was extended to symplectic gauge
groups. We will introduce lattice techniques specific to this work in Section 3.3.
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Chapter 2

SIMP Dark Matter in Neutron
Stars

Given the lack of a direct detection of dark matter, it is more necessary than ever
to exploit all thinkable avenues to learn about the true nature of dark matter.
We have found no evidence that dark matter is subject to any interactions besides
gravity at all, but the small-scale structure problems motivate the investigation
of self-interacting dark matter models. While dark matter self-interactions might
be elusive at ordinary scales, they might become very relevant under extreme
conditions. One of the most extreme conditions in the universe can be found in
neutron stars which are the most compact objects in the universe apart from black
holes. Given the large amount of dark matter, it will necessarily accumulate in
neutron stars. There has been work on estimating the possible amount of dark
matter neutron stars, and it might not exceed ~ 1% [127-129] but nonetheless it
is worthwhile to investigate whether dark matter can have a measurable impact
on the macroscopic parameters of neutron stars. There has been an exhaustive
list of works covering the topic of dark matter in neutron stars forming mized
stars [128-163], however, none of them considers strongly-interacting dark matter
calculated non-perturbatively [164]. In the introduction, we have motivated the
class of SIMP models and the need for non-perturbative methods. In this chapter,
we examine the effects of one specific SIMP candidate as a proxy theory.

The main reason why there are no lattice calculations on neutron star properties
is the sign problem which is present in QCD and does not allow for the calculations
of correlation functions at finite baryonic chemical potentials. But this is not
present in all gauge theories, like Gy or Sp(4)., for example. Sp(4). does not
naively inherit any fermionic bound states without which there is no Fermi pressure
counteracting the gravitational pull, which is a great advantage for constructing
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stable compact objects. Gy gauge theory forms fermionic bound states already at
one fermionic flavor. Although the single-flavor theory does not include a three-
to-two cannibalization process, it does so for two flavors. In this work, we will use
lattice calculations at finite densities in G5 gauge theory to estimate the potential
signatures of SIMP models on neutron stars.

The main characteristics of neutron stars can be captured in their macroscopic
parameters such as mass and radius. Recent developments in gravitational wave
detection grant access to another parameter, the tidal deformability, which can
be extracted from neutron star merger events. The first detection of a merger of
neutron stars with gravitational waves was GW170817 in 2017 which was detected
by LIGO [165]. In 2019, they have observed the event GW19081/ [166], which
most likely also originated from the merger of two neutron stars as well, but no
electromagnetic counterpart was found. Additionally, two events of neutron star-
black hole mergers were detected in 2020 [167]. The number of observations of
neutron star mergers is expected to increase when next generation gravitational
wave detectors like the Laser Interferometer Space Antenna [168] or the Einstein
telescope [169] start operating.

The most common tool in neutron star physics is the Tolmann-Oppenheimer-
Volkoft (TOV) equations. Their integration yields the macroscopic observables of
neutron stars given an equation of state which is obtained from the microphysical
dynamics. The tidal deformability can be calculated simultaneously in the same
framework. The TOV equations can be extended to accommodate two fluids,
assuming that the non-gravitational interaction between the two is negligible. The
gravitational interactions are then conveyed by a common metric function.

The ingredient for these calculations are the equations of state of ordinary QCD
matter and dark matter, which capture all microscopic dynamics required. In this
work, we will use an equation of state from finite-density lattice calculations in G5
gauge theory to describe dark matter. We complement this by the use of equations
of states for ordinary matter in a model-agnostic way that is able to meet the
observational constraints. In Section 2.1, we will introduce the equations of state
used, in Section 2.2, we will introduce the theoretical framework used to calculate
the mass, radius, and tidal deformability, and show results and comparisons with
observation in Section 2.3.
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2.1 Equations of State

The TOV equations require the equation of state in the form e(p) where ¢ is
the energy density and p is the pressure. Together with the number density n
and the chemical potential p they must satisfy nu = p + ¢ for thermodynamic
consistency. In this section, we describe the main characteristics of the equations

of state employed and present our interpolation method.

2.1.1 G, QCD

G5 QCD is a QCD-like theory in which the fermions are charged under the non-
Abelian group G, [170, 171]. Like QCD, it is a confining and asymptotically free
theory. A special feature of Gy QCD is that chiral symmetry breaking already
occurs in the one-flavor theory and dark baryons can be built with any number of
dark quarks. This is because the fundamental representation of G is 7-dimensional
and occurs in the tensor product 7® 7,! and hence the addition of a fundamental
fermion to any state built from fundamental fermions can in turn form a color
singlet [83, 106, 170]. Further, the sign problem at finite baryon chemical potential
is absent in this theory. We consider Gy QCD with Ny = 1 fundamental flavor [105,
106] that has already been shown to support a compact object similar to a neutron
star [172]. A detailed discussion of the spectrum and vacuum properties can be
found in [105, 106, 171].

Our fermionic dark matter candidate is the three dark-quark state and we set
the scale by fixing its mass to the mass of the dark matter particle. The equation of
state has been obtained for two sets of lattice parameters which result in different
spectra. The lightest particle in the theory is the pseudo-scalar dark pion, which
is unstable to decays to the Standard Model via messengers. The dark matter
candidate is the lightest fermionic particle which has a mass of four times the
mass of the dark pion in the light ensemble and three times the mass of the dark
pion in the heavy ensemble. This is not an input to the lattice calculations, but
a result thereof. We can investigate various physical scenarios by identifying the
mass of the dark matter candidate with different values compared to the mass of

the neutron.
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Figure 1: The equations of state (left) and the resulting speed of sound (right) [106,
173] used in this work. Here, the dark matter candidate mass is chosen to be the
mass of the neutron for comparison. The end of the lines indicate the maximum
value for the pressure for the respective equation of state used in this work. The
black line indicates ¢ = p and ¢® = 1 respectively. For the ordinary matter
equation of state, the stars denote the results from NChPT while the dots show
the endpoints of the piecewise polytropes. For the dark matter equation of state,
points denote lattice data.

2.1.2 Ordinary Matter

For ordinary matter, we work with the equations of state of [173]. This work
uses piecewise polytropes, to interpolate between a low-density regime described
by nuclear chiral perturbation theory (NChPT) [174] and a high-density regime
described by perturbative QCD (pQCD) [175]. pQCD is valid at densities much
higher than those found in neutron stars, but nevertheless, the equation of state
describing neutron stars should ultimately also describe the pQCD regime.

For this study, we used 3 limiting equations of state labeled EoS I, II, and III
from [173]. Equations of state are often labeled as soft or stiff. In stiff equations
of state, the pressure increases rapidly with increasing density, resulting in a high
speed of sound. The resulting neutron stars are more resistant to compression,
leading to larger masses, radii, and tidal deformabilities, whereas the opposite is
true for soft equations of state. EoS I is the softest of the three, barely reaching
the two solar mass limits. EoS II yields a maximal mass. EoS III is the stiffest and
while it might be too stiff to describe an ordinary neutron star, we still include

it in our analysis as the addition of dark matter to a neutron star can result in

'We will denote irreducible representations in this work by boldface numbers indicating their
dimensionality.
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Tivicivn, Ko ’

n

Figure 2: An illustration of the interpolating method used for all equations of state
in this work. The ith polytrop is valid from n,_; to n;. The parameters of the
next polytrope are obtained interatively from low to high pressures.

smaller masses and radii. Therefore, it might be possible to meet observational
constraints when considering mixed neutron stars. We will employ central pres-
sures larger than the ones stated in [173] as the addition of dark matter can allow
for stable solutions at larger central pressures [176, 177]. Figure 1 shows the differ-
ent equations of state and the speed of sound for ordinary and dark matter along
with the equation of state. The speed of sound is allowed to be discontinuous.
We extend the equations of state below the NChPT data points in [173] by
interpolating from zero using a polytrope with adiabatic index I' = 5/3. This
corresponds to a free Fermi gas and coincides with the equation of state n
(u?
applies to the equation of state of dark matter with the mass replaced with the

— m2)%?2 for low densities where m,, is the mass of the neutron. The same

mass of the dark matter candidate. We do not include an equation of state for
the crust, which should not affect the results for the mass but could influence the

radius.

2.1.3 Interpolation using Polytropes

In order to use the lattice results in the TOV equations we have to convert them
to pressure p and energy density €. In order to ensure thermodynamic consistency
np = p + ¢, we use the framework of piecewise polytropes to interpolate between

data points. The polytropic equation of state is defined as [173, 178]

p=Kn", (2.1)
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where n is the number density and I' is called the adiabatic index. The energy

d (%) — pd (%) , (2.2)

nt, (2.3)

density is fixed by

where in the second line an integration has been performed, introducing an inte-

gration constant c¢. From nu = p + ¢ follows for the chemical potential.

Uw=c+ &Knr_l. (2.4)
This formalism is used to interpolate between data points, see Figure 2 for an
illustration. The ith polytrope, valid from n; ; to n;, depends on the parameters
¢i, K; and T';. In the following, we will denote the functions depending on the
number density and the ith parameters as p;(n), €;(n) and p;(n), and the values
of these functions at n; as p;, €;, ;.
We set ¢g = m¢ for the first polytrope, as u = me holds at low density.
The other assumption is that 'y = 5/3, which describes a free Fermi gas. This

3/2 at low densities. Demanding

parameterization coincides with n = c¢(u? — m#)
continuity, one can use the following formulas to find the parameters of the next

piece of the polytrope,

fivr — phi = Mip1(ip1) — pa(ng) (2.5)
i1 -1 Fivi ri—1
= C; Kz — —C; —KZ — 2.6
Cit1 T+ +1Pi+1 —q i+ Cit1 +1Fi+1 — lnz (2.6)
I'; o L
L 27
[ —1

T . o

= gt L) 29
Fi—|—1 -1

where in the last line we have eliminated the yet unknown K;.; by demanding
continuity in the pressure p;(n;) = pi1(n;). The following expression can be
solved by a zero search algorithm to find I';;4

r;,—TI; Mit1 — M
Fi+1Kini = ﬁ(l—‘lﬂ - 1) (29)
i+1 T 'Y

K11 and ¢;;1 are then obtained from continuity in pressure and chemical potential,
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respectively. We will also need the pressure at the start of the next polytrope for
the next iteration, which is given by the polytropic equation.

K1 =n;, P, (2.10)
Ki nfi“_lf‘i
Cit1 = Mit1 — +}, tl 1 = (2-11)
+1 =
Piy1 = King [ (2.12)

For the first polytrope, Ky has to be calculated once from the first data point of

i and n via
FO - 1 1_1'\0

Ko = (po — o) . o (2.13)
0
Finally, the speed of sound is given by
dp dp (de - Iip
d=—m—==|=] =— 2.14
“i T4 " dn (dn) p+e (2:14)

2.2 TOV Equations and Tidal Deformability

In this section, we describe the framework used to build a mixed state from the
two-fluid TOV equations given an equation of state and how stable solutions can
be identified. Afterwards, we will describe how the tidal deformability can be

determined in the same framework.

2.2.1 Two-fluid TOV Equations

The TOV equations are a system of coupled differential equations that describe
the pressure gradient dp/dr and the mass gradient dm/dr derived from the con-
servation of the energy stress tensor accounting for the effects of general relativity,
assuming a static, spherically symmetric object in hydrostatic equilibrium. The
set of two-fluid TOV equations can be obtained by linking the two fluids with a
common metric function. This construction neglects direct interactions between

the two fluids. The following set of equations are the two-fluid TOV equations
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written in dimensionless form,” [137, 179, 180]

po dv

o —(po + 50)%, (2.15)
d;’;io = dmreo, (2.16)
B0 o+ en) %, (217)
dZD = dmrlep, (2.18)

where the subscript O refers to the fluid of ordinary matter® while D stands for
dark matter. ¢ is the energy density. We rescale all dimensionful quantities in
units of the mass of the dark matter candidate m¢. In the following, lowercase m
and r will refer to the mass and radius during the integration while capital letters
M and R refer to neutron star properties. Finally, the metric function dv/dr is
defined for both fluids as

dv _ (mo +mp) + 4mr*(po + pp)
dr r(r—2(mo+mp))

(2.19)

The coupled two-fluid TOV equations can be solved using the equations of state
of the two fluids. By iterating over the potentially non-identical central pressures,
the properties of the neutron star are obtained for each combination of central
pressures (ppo and py p) by integrating the equations until the pressure vanishes.
The radius at which the pressure of ordinary (dark) matter drops to zero within
numerical precision is labeled Ry (Rp). We define the maximum radius as Ryax =
max(Ro, Rp). Mo/Mp are the integrated masses of the two fluids, respectively,
and M., = Mo + Mp. The solutions can result in a neutron star with a dark
core (Ro > Rp) or a dark halo (Ro < Rp), which potentially also affects the
gravitational wave signal of a merger of two neutron stars [145].

Dimensional analysis shows that the mass and radius scale with the constituent

2

Zonst- Given an equation of state that can be trivially scaled by

Mass Meonst aS 1/m
the mass of its constituents m.,,s, as is the case with our dark matter equation
of state, halving the mass of the constituents would result in a star with four
times the mass and four times the radius. To some extent, this scaling argument
is still present in the two-fluid case. A lighter dark matter candidate mass will

result in a stronger impact of dark matter on the star. In the limiting cases

2We generally use natural units in which h =c¢ =G = 1.
3Sometimes this is also called baryonic matter. We decide to use ordinary (O) as our dark
matter is also baryonic.
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where m¢e > m,, or m¢ < m,,, where m,, is the mass of the neutron, this scaling
argument is perfectly recovered and heavy dark matter candidate will not alter
the properties of neutron stars at all whereas light dark matter candidates will
result in a compact object dominated by dark matter that can eventually not be

interpreted as a neutron star anymore.

2.2.2 Stability

Not every solution of the TOV equations yields a stable neutron star. Small per-
turbations in the metric field must settle back to the original solution. By solving
a Sturm-Liouville problem one can identify the stable solutions by demanding the
following criterion [134, 156, 158|

(SN() . 8NO/0507O 8No/a<€c,[) 550,0 —0 (2 20)

SNp )  \ONp/de.o ONp/deep) \dcen) '
where No/p is the total number of ordinary and dark particles and e.0,p is the
energy density of ordinary and dark matter in the center of the star. This prob-
lem can be translated into demanding that both eigenvalues of the equation in

Equation (2.20) must be positive. The number of particles can be calculated si-

multaneously to the TOV equations via

2m\ /2
dN = 4r (1 - —) nredr. (2.21)
r

For polytropes, the number density n is given by

n= (%)UF. (2.22)

We denote the central pressure at which the star becomes unstable for ordinary

and dark matter by peit,0/p, respectively.

2.2.3 Tidal Deformability

When two compact objects orbit each other, they get deformed by the gravitational
tidal field of one another. The tidal deformability A is a quantity that describes the
proportionality between the external tidal field E;; and the induced quadrupole
deformation @;; [181].

Qij = —A\Ey; (2.23)
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We will work with the dimensionless version of the tidal deformability that is
connected to the dimensional tidal deformability A and the dimensionless second

Love number &y via

XN 2k
Mp, 305

Here, we have introduced the compactness C' = M/ Rmax calculated with the

A (2.24)

total mass M, and the maximum radius R,,... Calculating the tidal deformability
from Equation (2.23) requires the second Love number, which can be calculated

from the neutron star compactness as [181, 182]

ks :8?05(1 — 202+ 2C(y —1) —y] x
{20 [6 - Sy + 30(5y - 8)] + (225)

AC% [13 — 11y + O (3y — 2) +2C*(1 + y)] +
1

3(1-2C)*2—y+2C(y—1)]n(1-2C)} .

The auxiliary parameter y can be integrated simultaneously with the TOV equa-
tions by [183]

dy(r
Py 4 o) P +7Q() =0, (2.26)
where 4 3(( ) —( ))
r—A4nr’((eo + €p) — (PB + PD
F(r) = r—2m ’ (2:27)
and
477 (520 + £p) + 9(po + pp) + B0 4 LD 6, )
Q(r) = - -
r N 2m (2.28)
m + 471 (po + pp)
—4 2(1 _ 2m ’
r3(1—=7)

with m = mo + mp and cio/D = dpo/p/deo/p is the speed of sound [156]. The
starting condition for y in the center of the star is y(r = 0) = 2. In contrast to
black holes, neutron stars have a non-vanishing tidal deformability. As a result,
the gravitational wave signal of a neutron star binary differs from the one produced
by a black hole merger by a potentially time-dependent phase in the late stages of

the merger. In leading order in the tidal deformabilities of the two neutron stars,
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this phase can be determined by the parameter A as [184]

K _ 16 (M +12My) MIAy + (M + 12M1) My A, (2.29)
© 13 (M + My)> , |

where A; and As are the tidal deformabilities and M; and My are the total masses
of the two neutron stars. Thus, deviations of this quantity compared to a neutron
star made of ordinary matter provide information about the influence of a dark
matter component on the gravitational wave signal of two compact stellar objects.
The applicability of gravitational wave analysis beyond black-hole mergers to more
complex and exotic systems such as the mergers of mixed stars studied here is not
yet thoroughly understood [185-188]. An indication of dark matter in neutron stars
would be the occurrence of a secondary peak in the gravitational wave signal.

2.3 Results

The results of this chapter have been published in [164] and we will discuss the
findings for a slightly different set of parameters. We have investigated three differ-
ent ordinary matter equations of state that represent limiting cases together with
the dark matter equation of state of one flavor G5 QCD at different quark masses
labeled light and heavy. They correspond to the candidate for dark matter having
a mass of four times and three times the mass of the dark pion, respectively. We
employ different masses of the dark matter candidate of m¢g = {0.5, 1, 2, 4} GeV.
In general, the effect of the addition of dark matter is similar to previous work
on mixed neutron stars. We expect maximal mixing effects when the scales of the
two systems are comparable, which is the case when mgs = 1GeV =~ m,. The
effects of the light and heavy dark matter equations of state are very similar, while
the different masses of dark matter have a major impact, which can be traced
back to the overall scaling argument. In Figure 3, we show the range of central
pressures of ordinary and dark matter employed. We showcase our results using
the dark matter equation of state from the light ensemble and use EoS II for or-
dinary matter. The results for the remaining equations of state can be found in
Appendix C. Only solutions that meet the stability criterion of Equation (2.20)
are shown. Gray points have a dark matter mass fraction of Mp/My > 10%,
which we do not consider to be neutron stars at all. The color indicates the mass
fraction, and the orange points specifically show solutions with Mp/Mo < 1%.
By that choice, we want to ensure that these objects can actually be identified as

neutron stars. These solutions do not spread widely and largely follow the result
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Figure 3: The investigated set of central pressures of ordinary matter py o and dark
matter po p. We showcase our results using the dark matter equation of state from
the light ensemble and use EoS II for ordinary matter. The gray area indicates
stable solutions with Mp/Mg > 10%. The color scale indicates the mass fraction
Mp /Mo of the resulting star limited to 10% and orange points specifically show
stars with < 1%. We use the same color-scheme for all following plots of this
chapter. The four panels show results for four different masses of the dark matter
candidate me = {0.5, 1, 2, 4} GeV. We see that the addition of dark matter can
result in stable solutions at central pressures larger than peit,0/p-

of a pure neutron star.

The addition of dark matter to neutron stars leads to additional pressure,
resulting in a larger pressure gradient for both fluids. One consequence is that the
equation of state is traversed more quickly, shifting the critical central pressure to
larger values. The critical pressure in the case of pure ordinary matter coincides
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Figure 4: The mass-radius relations between and the total observable mass Mo +
Mp in Mg and the observable ordinary matter radius Rp in km for the same
equations of state and masses m¢c. We use the same color-coding as in Figure 3.
The ellipses show results for the mass and radius of various neutron stars, which
were determined using different techniques [184, 189-191].

with the right edge at low dark matter pressures in Figure 3 best seen in the case
of mg = 0.5GeV. Going to mgc = 4 GeV shows additional stable solutions at
pressures greater than pe.; 0. Equivalently, the upper edge at low ordinary-matter
central pressures at mg = 4 GeV shows the critical pressure of the pure dark star.
Note that this pressure scales as ~ m¢,. Again, we see that central pressures larger
than pei,p, especially in the case of me = 0.5 GeV, yield stable solutions. These
cases are basically dark stars with admixed Standard Model matter. We can see
that this occurs even if the dark matter fraction is restricted to < 1%, which is
particularly interesting because it grants access to new regimes of equations of
state that could potentially have interesting phenomenology.

In Figure 4, we show a set of mass-radius relations from the two-fluid TOV
equation in the same color-coding and for the same equations of state as before.

For comparison, we include representative results [192] on the mass and radius
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of the strangely light neutron star HESS J1731-347 [189], the heavy pulsar PSR
J07404+-6620 [190], the pulsar PSR J0437-4715 [191] and the first neutron star
merger detected with gravitational waves GW170817 [184] as ellipses. We plot
here the total mass against the radius of ordinary matter. This is because ordinary
radius measurements rely on electromagnetic radiation and a potential dark matter
halo is invisible to telescopes.

For low dark matter candidate masses, dark matter forms a halo. At low
central pressures, this halo is large, but its mass contributes little to the total
mass. However, the additional pressure still leads to a greater pressure gradient,
which in turn results in a smaller neutron star core. Since the core is the densest
part of the neutron star, this results in a lower total mass, which we can see
in the mass-radius relation for me = 0.5 and 1GeV, where the additional dark
matter consistently lowers the mass and radius at large central pressures. For the
restriction to 1% dark matter, the effect is on the percentage level, but for larger
dark matter fractions, the radius may decrease by up to 1km and the mass by
up to 0.2 M. Even though the two fluids do not interact directly, the radius of
ordinary matter is sensitive to the addition of dark matter. For large dark matter
candidate masses, the dark matter forms a dark core. In this case, an increase
in the central pressure of the dark matter leads to a larger total mass up to a
critical point, beyond which the additional pressure reduces the size of both cores
and thus reduces the total mass. We can see this in the mass-radius relation for
me = 2 and 4 GeV, where the addition of dark matter increases the total mass
at first, but decreases it after a critical point. For mc = 4 Gev, the mixed stars
closely mimic the pure ordinary matter solution.

Not shown here is that the two-fluid TOV equations for light dark matter
masses can also result in massive dark matter-dominated objects. Although these
do not resemble neutron stars, they could provide an explanation for non-standard
objects. An astrophysical observation of exotic compact objects also in gravita-
tional wave experiments would motivate a more comprehensive analysis of these
objects. Whether or not the results are consistent with the data depends mainly
on the ordinary matter equation of state employed (see Appendix C), and the cur-
rent data are not sensitive enough to distinguish between neutron stars and mixed
stars.

Gravitational wave detection is more promising for the identification of mixed
stars, especially because dark cores and halos can provide a supplementary peak in
the data. This has been shown in simulations of binary neutron star events [129].
Our data cannot provide the dynamical information required for this investigation,
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Figure 5: The second Love number ks plotted against the compactness obtained
with the outermost radius C' = M/ Rmax for the same equations of state and
masses m¢. We use the same color-coding as in Figure 3.

but we can investigate the effect of dark matter on the tidal deformability, which
is shown in Figure 5. We show the second Love number ks, which is related to the
tidal deformability by Equation (2.24) against the compactness C' = Mot/ Rimax,
which depends on the outermost radius of the mixed star. For this reason, a
direct comparison with the results for pure neutron stars is only valid if the two
radii are similar. We see that the addition of dark matter lowers both ks and the
compactness. The effect is strongest in the case of mgc = 1 GeV. For up to 10%
dark matter ko can decrease by up to 0.05. Employing larger dark matter fractions
shown in the gray points can result in objects with compactnesses ~ 0.2 at values
of ks ~ 0.03, which is much smaller than ordinary neutron stars. However, these
objects had to be classified as exotic objects that do not resemble neutron stars.
In summary, the addition of dark matter even when kept at 1% can have sizable
effects on the macroscopic parameters of the neutron star, such as mass, radius,
and tidal deformability. Of particular interest is the possibility of using higher
central pressures in the ordinary matter equation of state. The effects described
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above are fairly standard for various dark matter equations of state and we do not
see any effects that can be traced back to the non-perturbative nature of the dark
matter equation employed. Nevertheless, this study confirms that SIMP-like dark
matter can also lead to mixed stars. Similarly to different works, we find a variety
of solutions when the dark matter mass fraction is allowed to take large values.
These objects do not resemble neutron stars but could explain a hypothetical exotic
star.
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Chapter 3

Scattering of Dark Pions in Sp(4)
Gauge Theory

SIMP models are attractive alternative dark matter candidates, but given their
UV-completeness, a proper description of their dynamics relies on non-perturbative
methods. Lattice field theory is an excellent tool for investigating non-perturbative
effects and in the best case to also support perturbative calculations by providing
the necessary LECs. In addition to the particle spectrum, scattering properties
are important for the phenomenology of SIMP models. This chapter discusses
how to obtain scattering properties from the lattice. We investigated two different
scattering channels that both have strong phenomenological motivation. We start
with an introduction to general scattering theory in Section 3.1 followed by an
introduction to the flavor symmetry in Section 3.2. Afterwards, in Section 3.3 we
discuss the techniques used to arrive at the results presented in Section 3.4. Finally,
we give an overview of the necessary steps to investigate the model-motivating

three-to-two scattering in Section 3.5.

3.1 Scattering Theory

Experimental results related to scattering are often given as cross sections, which
describe processes from ingoing states |i) to outgoing states (f|. We will consider
a process like P; + P, — X — P| + Pj, where X could be any intermediate state
that will be fully described by the so-called S-matriz. The cross section is often
interpreted as a probability, but it has units of area which can be understood as
an effective two-dimensional size of the states, where if the two areas overlap, the

scattering process will occur. We can infer this by considering the probability of
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a scattering process.

b P 5

(F11)Gle)
We get the rate P by dividing by the time in which the process happens AT. If
we consider a flux of ingoing particles ® = nv in z-direction, we can define the
cross section as .

P P
T T T
where n = 1/(AAz) and v = Az/AT are the number density and velocity of the
incoming particles. A is the area in the x- and y- direction that gives rise to the

(3.2)

units of the cross section.

3.1.1 Partial-wave Cross Section

In particle physics, due to the angular dependence of the processes, we are usually
interested in the differential cross section which is related to the total cross section

do
Otot :/mdQ, (33)

where df) = sin 6 df d¢ is the solid angle element. One powerful tool in scattering

via

is the expansion in partial waves. The underlying scattering functions are decom-
posed into partial waves, in which all angular dependence is captured in different
moments of the angular momentum [. Once this is done, the formalism, for ex-
ample, to obtain the cross section simplifies dramatically. The differential cross
section is related to the scattering matrix M by

do 1 9
R 3.4
s 647T28|M| ’ (34)
which in turn is related to the scattering amplitude f; via
M = 327 Z(Zl + 1) fi(s)Pi(cos ), (3.5)
!

where P are the Legendre polynomials and s = 4(p* + m?) is the center-of-mass
energy of two scattering particles with equal mass and back-to-back momentum
p. At this point, we also introduce the S-matrix, as well as the transition matrix

38



CHAPTER 3. SCATTERING OF DARK PIONS IN SP(4) GAUGE THEORY

t; and the phase shift ¢;.

Sy = e =14 2it (3.6)
t = e sind, = (cot(8;) — i)~
Vs
= —t 3.8

fi=ot 39
The S-matrix describes all properties of the intermediate state X. The transition
matrix and phase shift are directly related to this quantity, and a description
with either of these quantities is equally valid. Because Legendre polynomials of
different orders are orthogonal, different partial waves do not mix, and we can

define the total cross section in terms of the phase shift as
4 2
Tior =~ |(20 + 1) fi(s) P(cos 6)]°dS2,
1
- / (21 + 1)tu(s) Py(cos ) 242, (3.9)

1 o ! 10; ,—10; o3 :
:E/O d¢/_1;lzl(21+1)(2l’+1)e e~ sin(8,) sin(60) P () P () d,

A )
= (20 + 1) sin?(&;),
l
where in the second step we have used orthogonality relation of the Legendre
polynomials,

1
2
/_1 Pi@)Pu(a)de = b, (3.10)

which prevents the mixing of different partial waves via the Kronecker delta. Now
we may define the partial-wave cross section ;.

o= 20+ 1) i (8) (3.11)
p

Tiot = Y 01 (3.12)
l

3.1.2 Scattering Parameterizations

The intermediate state X may be a scattering state, a resonance, or a bound
state. In order to understand the effect of these objects, we have to understand
the analytic structure of the partial-wave amplitude. The partial-wave amplitude
f; is a function that may have cuts and poles. For s > 4m?, two-particle states
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can be produced, and unitarity requires an imaginary part. Due to the hermitian
analyticity of the partial-wave amplitude fi(s*) = f;"(s), this induces a cut along
the real axis. As a consequence, the function becomes multivalued on different
Riemann sheets which are connected by the real axis below threshold. Bound
states are poles of the function with real values of s < 4m? that lie on the first sheet
called physical. Resonances lie above the elastic threshold in the complex plane on
the second unphysical sheet. Their location in the complex plane determines their
physical properties. The real part can be identified with the resonance position
while the imaginary part can be related to the resonance width.

The different natures of the intermediate state X can be described by differ-
ent parameterizations for the phase shift. By fitting the data to a corresponding
function, additional observables such as the scattering length or resonance param-
eters can be extracted. Universally, effective range expansion (ERE) describes the
behavior of the phase shift close to the elastic threshold. The phase shift in the
vicinity of a resonance can be described by a Breit- Wigner shape. Depending on
the physics of the ensembles employed, we fit the phase shift data with the respec-
tive function. For an arbitrary partial wave [, ERE is an expansion in order of p?
given by

P?

1
ng‘l COt((SZ) = Y -+ S o—1 + O(p4), (313)
a; 2r;

where a; is the scattering length and 7; is the effective range. We may use

sin(arctan(z)) = z (2% + 1)_1/ ® to convert these two parameters to a cross sec-

tion that holds for small momenta.

4 (20 + 1)pt

1,9.1-20  —21—1\2 4142
(2p r @ ) +p

(3.14)

OERE,l =

We will use this ERE for scattering in s- and p-wave (I = 0,1). In these two cases
and up to order O(p?) the cross section will simplify to

g = —— 2 P2 4raq (3.15)
(% - a) +p?

12mp* p—0

(2 2 = 0. (3.16)
p 6
5—(73) TP

In the limit of p — 0 and with a finite scattering length, the cross section in any

g1 =

partial wave with [ > 1 will vanish. ChPT also predicts scattering properties based

on flavor symmetry. Although in general these predictions will involve LECs, some
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are independent of those which includes the scattering length in the maximal two-
pion scattering channel. In [193] you can find these predictions as a function of the
value of m, / f,, which can be used to estimate how far away from the chiral limit
you are. In general, ChPT will work better the closer you are to the chiral limit
and considers pion scattering only which is well motivated close to the chiral limit.
Farther away from the chiral limit, one also has to consider the other mesons in
the theory like the vector meson. Lattice calculations are generally numerically
cheaper farther away from the chiral limit. In our simulations, we work in a regime
where the vector meson is relevant.

In [193], the ERE is not performed on the phase shift but instead on the
scattering amplitude. Both quantities can be expanded in orders of p?, but the
expansions must be adequately related to each other. We are only interested in
the scattering length for which this relation is straightforward, but the definitions
above do not coincide with [193]. We will work with the convention in which the
s-wave cross section at threshold will be ¢ = 47ra2. For the 14-dimensional channel,
the ChPT prediction reads

aio L (me)’ (3.17)
0 167 \ fx ) ’

In the ten-dimensional channel, we expect a resonance. For that reason, we de-
scribe the phase shift data using a Breit-Wigner form [194]. The phase shift can
be expressed in terms of the resonance position mg and the resonance width T'(s)

as 9

cot(d;) = J50(s)’ (3.18)

I'(s) can further be related to the coupling g,, introduced in Section 1.2.4

2 3
prn D

The Breit-Wigner form can be modified with Blatt- Weisskopf barrier factors which
introduce the radius of the centrifugal barrier ry as a third fitting parameter.

F(S) _ gimrp_?)l + (pRTO)Q
6m s 1+ (pro)?

(3.20)

Here, pr = \/m% — 4m2 /2 is the scattering momentum at the resonance position.
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3.1.3 Velocity-weighted Cross Section

In dark matter phenomenology, the low-energy cross section which is dominated by
the scattering length is of particular interest. Recently, the velocity-weighted cross
section has been investigated by fitting dark matter halo shapes [46]. This quantity
is not measurements directly, but is based on the results of simulations that rely
on assumptions about the dynamics of matter on galactic scales. Nevertheless,
it is interesting to examine this quantity in our theory, especially since it can
be calculated directly from the lattice data. This illustrates a direct comparison
between fully non-perturbative lattice results and astronomical observations. The
velocity-weighted cross section is defined as

(o) = /0 " ) f(o, () do. (3.21)
flv) = ng exp (— v ) : (3.22)

™ (v)’

Here, v = /(s — 4m2)/(s — 3m2) is the relative velocity in units of ¢ between two
dark matter particles which we describe by a Maxwell-Boltzmann distribution f(v)
with mean relative velocity (v). The distribution of the relative velocity follows
directly from the assumption that the dark matter velocity follows a Maxwell-
Boltzmann distribution. wv.s. is the escape velocity that we assume to be much
larger than (v). (ov) is Boltzmann-suppressed at larger relative velocities. There-
fore, it is dominated by the low-energy behavior of the cross section. o(v) is the
total cross section, which includes all partial waves but higher partial waves are
suppressed at low energies.

3.2 Sp(4) Flavor Symmetry

The defining feature of this work is the pseudo-real nature of the fundamental
representation of Sp(4).. In Section 1.2.3, we saw that after chiral symmetry
breaking, the theory is described by an Sp(2Ny) flavor symmetry. In this section,
we deepen our understanding of flavor symmetry in the case Ny = 2 using a
familiar picture in which we obtain the equivalent of the meson octet in QCD. We
will work with states in different flavor multiplets which are defined by irreducible
representations (irreps). Group transformations act on a vector space through a
representation. A representation is said to be irreducible if the vector space it
acts on does not contain any proper subspaces left invariant under the action of
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all group elements through the representation. Combinations of flavor multiplets
in general project into different irreps given by the decomposition of the tensor
products of the respective irreps. Therefore we will consider all tensor products
of the irreps of Sp(4) relevant to this work, from which we obtain the possible
combinations of quarks that constitute the particle and scattering states. We will
work with flavor quantum numbers which are strictly speaking given by the label
of the irrep and the weights of the states therein. However, we will also mention

emergent quantities such as strangeness or charge.

3.2.1 Flavor Quantum Numbers and the Tenfold Way

Similar to isospin in SU(2) or strangeness and charge in SU(3), Sp(4) has its
own flavor quantum numbers. Equivalently to SU(3), Sp(4) is a rank two group
and the states within an irrep can therefore be described by a combination of
two quantum numbers. In reality SU(3) is only an approximate symmetry, which
is the reason why you can assign its quantum numbers a physical meaning.! In
this work we work with mass-degenerate fermions and the Sp(4) flavor symmetry
remains intact. Consequently, it is unnecessary to assign any physical meaning
to these quantum numbers, and we will refrain from doing so. Nevertheless, it is
helpful to review the flavor states that arise in the theory and how they sometimes
resemble and sometimes differ from SU(3).

In the following, we will construct the equivalence of the eightfold way in our
theory. The eightfold way orders the eight pNGBs from a hypothetical intact
SU(3) symmetry. The underlying question is which states can be built in the
theory from the perspective of the global flavor symmetry. We will only consider
the mesonic part of QCD, as we do not have a counterpart of the baryon decu-
plet in our theory. The starting point is the flavor multiplet of the fundamental
fermions. In SU(3) flavor symmetry, the fundamental representation is complex
and 3-dimensional, which means that there are two conjugate charge assignments
3 and 3.2 To construct a meson state, a fermion and an antifermion must be

combined, which translates into the following tensor product.
33=108 (3.23)

The decomposition into an eight- and a one-dimensional irrep on the right-hand

LA real SU(3) symmetry would be realized if the masses of the three light quarks would be
identical m,, = mg = ms.

2We will name the irreps by their dimensionality, which will be unambiguous for the irreps
presented here.
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Table 1: The fundamental fermions of SU(3) with their weights, strangeness,
charge, and the values of ); and ()2 used in Figure 6. Antiquarks carry the
negatives of these values.

’ Quark \ wq \ Wo \ Charge \ Strangeness \ 1 \ Q2 ‘

u 110 1/3 0 1/3 0
d | —-1] 1] -2/3 0 -2/31 0
s 0 |—-1| —2/3 ~1 —1/6 | -/3/2

Table 2: The fundamental fermions of Sp(4) with their weights and the values of
(21 and )2 used in Figure 6. ¥, is neighboring Wy and W, while being opposite of
W3, Antiquark would carry negative values but this results in the same quadruplet.

’ Quark ‘ wy ‘ Wo ‘ 1 ‘ Q2 ‘
vy 1 0 1/2 | 1/2
2 -1 1] 1/2|-1/2
Vs 1] -1]-1/2] 1/2
Wy -1 0f-1/2]-1/2

side shows us that a quark and an antiquark can form a flavor singlet and a flavor
octet. The singlet can be identified as the 7/, while the meson octet consists of
the 7, the three pions, and the four kaons. In Table 1, we provide the weights,
strangeness, and charge of the SU(3) triplet. We further assign alternative quanti-
ties 1 and ()2, which will result in the well-known hexagonal shape of the meson
octet. We can perform the tensor product of Equation (3.23) graphically by dis-
placing the weights of the second factor onto each of the weights of the first factor.
This is shown in Figure 6. Here, we can identify horizontal lines as lines with
constant strangeness. Additionally, the line spanned by the K~ and 7~ as well as
lines parallel to that indicate constant charge. We can also identify three triplets
that span SU(2) subgroups and correspond to the case in which one of the quarks
is not degenerate. One of them is the pion triplet which approximates physics well,
as the masses of the light quarks are almost degenerate while the strange quark is
quite a bit heavier.

In the case of Sp(4), there is no physical meaning in the different weights
within an irrep, since the quarks in our theory are degenerate in mass, leaving the
symmetry intact. You may introduce a breaking of the symmetry, in which case
it would be sensible to assign them a physical meaning, but we will not discuss
this possibility in this thesis. Instead, we assign the fundamental quadruplet the
two quantities (); and ()2 — see Table 2. This assignment will result in the most

intuitive graphical representation. In Table 2, we can also see that the quadruplet
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Figure 6: The eightfold way from QCD obtained by assigning the fundamental
fermions of SU(3) the quantities @1 and @), from Table 1. Brown (yellow) points
are the fundamental (anti-)fermions. The orange point is the flavor singlet and
the blue points are the meson octet.

is recovered when you take the negative values. This is in contrast to SU(3) where
the negatives are the charges of the antiparticles. This means that the fundamental
quadruplet contains its own antiparticles and that Sp(4) does not have conjugate
charge assignments like SU(3). From here on, we may investigate which meson
states can be built from the quark quadruplet. States made of two quarks may
live in one of the irreps given by the tensor product

494=1®5a 10 (3.24)

The first difference from QCD is that there are three irreps occurring in this de-
composition. As a result, mesonic multiplets in Sp(4) can live in one of these three
irreps, and we will see that the pseudoscalar pions form a quintuplet, while the
vector mesons form a decuplet. We can display this tensor product diagrammat-
ically in a similar way to SU(3) to obtain the tenfold way. This is shown on the
left side of Figure 7. The 1, the 5, and the 10 form four copies of the quadru-
plet around each of its points. Notice how the resulting shapes of the multiplets
is the only symmetric way of assembling a singlet, a quintuplet, and a decuplet.
Another important difference between Sp(4) and SU(3) is that each of the states
in the fundamental multiplet has an opposite state. For Wy this is W3 and for W,
this is W4. The other states are neighboring states. In building the quintuplet, the
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Figure 7: The tenfold way in Sp(4) obtained by assigning the fundamental fermions
the quantities ¢); and () from Table 2. Left panel: The decomposition of the
tensor product from Equation (3.24). Brown points are the fundamental fermions
where you can see that there are neighboring and opposing states. Pink points are
the quintuplet and blue points the decuplet. Right panel: The decomposition of
the tensor product from Equation (3.25). Yellow points are the 14-plet.

four outer states are obtained by combining neighboring states, whereas the center
point is built by combining the states opposite to each other. In the construction
of the decuplet, the outermost points are obtained by combining the indices with
themselves, the points on the axes are again obtained by combining neighboring
points, and the two center points are combinations of opposing states.

3.2.2 Scattering States

In the same way that we have decomposed the tensor products of two fundamental
representations to find the meson states, we can investigate the decomposition of
the tensor products of meson multiplets to find which irreps contain composite
states of mesons. Depending on the underlying dynamics, the resulting multiplets
might manifest as bound states, resonances, or scattering states. In this theory,
just as in QCD, the flavor quantum numbers remain unchanged during scattering
processes. For this reason processes can only happen between states states that
share the same multiplet. In this work, we are interested in pion scattering and
the relevant tensor product is

505=10100 14. (3.25)
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We find a 14-plet and again a decuplet and a singlet, which are depicted in the right
panel of Figure 7. The outermost points are the maximum weight configurations
which are attractive for the construction of operators as they are unique to their
irrep, the 14 in this case. Although a one-to-one mapping between the pion
scattering channels in Sp(4) and SU(2) is not possible, it can be helpful to make
a connection to the pion scattering channels of QCD. Like in QCD, there is a
singlet scattering channel, and pions can scatter with the flavor singlet meson in
this channel. The largest scattering channel is the 14-dimensional which contains
the maximum weight configurations of two pions like 7474 in QCD. By naive
counting, most of the pion scattering will occur in this channel, which makes it
interesting for dark matter phenomenology. The lattice results for the scattering
properties of this channel will be discussed in Section 3.4.1. Last but not least,
there is the ten-dimensional channel, which shares the multiplet with the vector
mesons. For this reason, the process p — 7 takes place in this channel, making
it the equivalent of the isospin-1 channel in QCD. We present results for Sp(4).
in Section 3.4.2. All channels have been investigated in two-color QCD [107, 114~
117]. The ten-dimensional channel also contains the model-motivating three-to-two

process. This can be seen by considering the tensor product of three quintuplets.

50505=(1010014)® 5 (3.26)
=50 (5610 ® 30) ® (5@ 30 & 35) (3.27)
~3.-5010®2-30® 35 (3.28)

The second line shows the individual tensor products of 5 ® 5 with the third
quintuplet. The ten-dimensional channel is the only one shared by two-pion and
three-pion scattering. Significantly, a three-pion state in the ten-dimensional chan-
nel can only be constructed by combining a two-pion state in the 10 with a third
pion. Although the three-to-two process is likely to have a larger contribution at
energies closer to the three-pion threshold, it will be interesting to check whether
there is any effect related to this process. A proper analysis of the three-to-two pro-
cess requires the use of the three-particle quantization condition [195-198] which
we will introduce in Section 3.5. Lastly, you can also build a scattering channel
in the 10 from a pm state, as can be seen by decomposing the following tensor
product.

5®10=5®10 35 (3.29)
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3.2.3 Operator Construction

In order to perform calculations on the lattice, we will need the specific form of
the operators. A peculiarity of this theory is that the flavor eigenstates are not
eigenstates of ordinary parity P. More precisely, the additional pNGBs that arise
from the larger flavor symmetry have positive parity, in contrast to the Standard
Model pions. We may circumvent this issue by redefining parity transformations
P with an additional phase factor [85, 199].

D p(Z,t) = £iPyY(Z, 1) P! = Fi(—7,t) (3.30)

The extra phase cancels in all Standard Model-like operators and is also a symme-
try of the Lagrangian. All particles in a flavor multiplet share the same D-parity.
Therefore, the operators are specified by JP and their flavor quantum number
which is defined by the irrep. In order to construct operators of certain flavor
quantum numbers, we start from the fundamental quadruplet, which for Ny = 2

and written as Dirac spinors, where the charge conjugation matrix is C', takes the

form
T
PLU PRET
Prd - Prd”
U = o v= R : (3.31)
CEPLU CEPR’LL
CxP.d" CXPrd

where we have introduced two flavors, u and d, analogous to QCD. Let us first
consider the case of building hadrons from two quarks. In general, the construction
of operators works by connecting the color, Dirac, and flavor indices in a specific
way. Physical states have to be color singlets that can be built using the color
matrix X. The connection of flavor indices is done with matrices acting in flavor
space which entail the projection into the desired irrep dictated by the Sp(4) flavor
symmetry. Finally, J” is given by the gamma structure I' that connects the Dirac
indices. For example, I' = 1 gives a scalar with JP? = 0%, ' = 75 gives us a
pseudo-scalar with J” = 0=, and I' = ~; gives us a vector with J? = 1=. Whether
a multiplet with certain JP is realized in the theory depends on whether you
can build an operator with the respective gamma structure given the contraction
of flavor indices that result in this multiplet. The construction of states that
transform under a specific J” is not as straightforward as in QCD, because we
need to construct bilinears from the more sophisticated flavor quadruplet ¥. In
order to build a scalar operator, for example, we have to obtain the bilinear 1.

For this, we have to include the charge conjugation matrix C', as well as the
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antisymmetric flavor matrix E. The following shows how to construct a scalar and
a pseudo-scalar bilinear [200].

scalar (0T) Os = ¢ = = (VTCTEV + h.c.) (3.32)

DO | —

- 1
pseudoscalar (07) Op =Yy = ~5 (V'CTEV —h.c.) (3.33)

This equation encodes the connection of flavor indices that results in a flavor
singlet, which is just given by tracing the flavor indices of the quadruplets with
the antisymmetric matrix E. Note how the first expression coincides with Equa-
tion (1.30) for Ny = 2. We can express the scalar and pseudo-scalar singlet
operators as [85, 115]

o — % [aw + dd] (3.34)
1 _
Oy = 7 [aysu + dysd] - (3.35)

From Equation (3.24) we know that two fundamental fermions can further result
in a quintuplet and a decuplet. The decuplet is constructed by symmetrizing the
indices. There are 1 + 2 + 3 +4 = 10 ways to connect the indices symmetrically
and we can use the generators of Sp(4) in the fundamental representation to write
a meson decuplet as

V; =208, 'V, (3.36)

Here, S, are the ten generators of Sp(4). In this section, we work with the basis
defined Equation (A.35). For I' = 75, the term vanishes as we get the expression
Pr P, = 0. Therefore, there is no pseudo-scalar quintuplet in the theory. Identify-
ing I' = v, we obtain the operators for the vector decuplet. We use the basis given
in Equation (A.35), which results in bilinears that resemble the charge eigenstates
in QCD. A possible vector operator is

0,° = dy,u. (3.37)

In addition, a decuplet is also realized for a tensor state (JP = 17) by I' = 4
or a azial-tensor by I' = ~5747y; [95]. The quintuplet is built by the remaining
contractions of the indices which is obtained by antisymmetrizing but subtracting
the trace that was used for the singlet operators [201]. We can write this in terms
of the broken SU(4) generators X; that parameterize the coset SU(4)/Sp(4) from
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chiral symmetry breaking.

1
i =5 [V'CETX;EV + hc. (3.38)

The pseudo-scalar pions with J” = 0~ are the pNGBs of chiral symmetry breaking
and therefore transform in the five-dimensional irrep. We obtain them by choosing
I' = 75. Asthey are the central objects of this thesis and the dark matter candidate,
we give the expressions explicitly in terms of quark bilinears [115]

7 = tysd, (3.39)

7P = dysu, (3.40)
1 -

70— 7 [tysu — dvsd] (3.41)

™ = aCSvsd”, (3.42)

™ = uF Cvsd. (3.43)

We see that the first three bilinears are equivalent to the 7+ and 7° bilinears of
QCD but we have two additional diquark operators that form color singlets in this
theory. A scalar, tensor and axialtensor operator can also be built in the five-
dimensional irrep [95]. For the construction of pion scattering operators, we can
make use of the isomorphism between Sp(4) and SO(5) [202]. We can treat the
pion quintuplet as the fundamental multiplet of SO(5) and build the scattering
operators from the tensor products of SO(5) which are identical to Sp(4). Since
we are now dealing with SO(5), we no longer need to use the antisymmetric
matrix £ [201]. In the tensor product 5 ® 5 = 1 & 10 @ 14, the singlet is again
obtained by tracing the indices of the pion quintuplet, the decuplet is given by
the antisymmetric and the 14-plet by the symmetric combination. We provide
a representative operator for each irrep here, which is sufficient since the Sp(4)
flavor symmetry is intact [115, 203]

1
Oy, = —= [r'7? + 7Pnd — 7% + 7P + 7Pxl] (3.44)
e
1
O = — [rAnB — B4 3.45
-2 | (3.85
O = gz (3.46)

We provide additional operators relevant for the ten-dimensional channel in Ap-
pendix B.
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3.3 Lattice Techniques

In this chapter, we introduce the lattice techniques that are specific to our analysis.
We obtain energy levels on the lattice by fitting exponential decays of correlation
functions which we will introduce in Section 3.3.1 where we also introduce the
variational analysis. We will introduce the analystic expressions of the correlation
functions that are obtained by Wick contractions in Section 3.3.2 and show how
to invert them using sources in Section 3.3.3. We discuss the discrete symmetries
on the lattice in Section 3.3.4. The Liischer formalism and the equations for the
phase shift used in this work are introduced in Section 3.3.5. Lastly, we will
discuss the statistical error analysis driven by the underlying gauge configurations

and systematic errors in Section 3.3.6.

3.3.1 Spectroscopy

The determination of energy levels on the lattice is referred to as spectroscopy. We
refer to [119-121] for a textbook introduction. It is the main technique employed
in this work as it is the input for the determination of the mass spectrum as
well as the scattering properties. The first step for a spectroscopy calculation is to
define the quantum number channel of interest. In our theory this is fully specified
by the quantum numbers J? as well as flavor quantum numbers. As mentioned
before, the Sp(4) symmetry is intact in our theory and therefore the irrep label
is sufficient to quantify the flavor quantum number channel. In the elastic region
and in the continuum, the energy levels are infinitely close. On the lattice these
energy levels are realized in a discrete spectrum. The energy levels of an operator
O are extracted from correlation functions, which are the expectation values of a
state created at a time t and annihilated at a time ¢'.

C(t'—t) = (O()O(t)) (3.47)
= (0|0k)(k|OF|0)e " —11Px (3.48)
= Ae” "B (14 0711 (3.49)

Here, we have inserted a complete set of states in the first step. As a result, at large
Euclidean time separations, only the leading exponential decay corresponding to
the energy of the ground state E, dominates the correlation function. Excited-
state contamination is exponentially suppressed with |t —¢{|AE. In the following,

we will refer to |t/ — t| as t. Finite momenta are added to the correlation function
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by Fourier transforming the operator.

= 1 —i(E=DB/ ) (7 +\O (7
C(t,B) = 73 ) IOz, 1)0(7,0)) (3.50)
z,j
= Ae PP 1 (1 + O(e7'2F)) (3.51)

On the lattice, the momentum can only take discretized values given by p =

2%3, d € Z3. In the continuum, the rest mass is obtained by the dispersion relation.

E(p) = vm® + || (3.52)

There is a dispersion relation that accounts for the periodicity, which reads

cosh(aE(p)) = cosh(am) + Z(l — cos(apy)), (3.53)
k=1

and approaches the continuum dispersion relation for vanishing lattice spacing
a — 0. In practice, this can be ensured by only considering values for energy
levels that are below a certain value £ < E,,,., where E,,,, could be chosen as 1
or /2. Due to the periodicity of the lattice, the mesons propagate forward and
backward in time, which means that the correlation function in the limit of large
Euclidean times is the sum of two exponentials with different signs in n;.

A’ cosh(
A’ sinh(

—1)Ep)

C(t) = Ae "Fo & AeTDFo =
— 1) Ep)

(3.54)

ISILEIFCTES

The relative sign and with that the form of a cosh or a sinh function depend on the
parity of the operator employed. In the second equality, we have moved common
prefactors into the definition of A’. In practice, correlation functions are often
noisy and the exponential decay is not easily identifiable. Therefore, we need to
specify the fit limits carefully by choosing the region where the exponential decay of
the ground state dominates. In a log-plot, the correlation function will be straight

in this region. The more practical quantity to look at is the effective mass.

C(t)

Chra (3.55)

Me(t) = In
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This quantity forms a plateau once the lowest exponential decay dominates at
meg = Fg. In the case of a cosh form, the effective mass can also be defined as

meg(t) = — 2 arcosh ei)

YT o (3.56)

This version of the effective mass relies on small errors at 7'/2. In practice, there
is a constant error contribution to the correlator, which makes the data points
around 7'/2 very noisy. The fitting region should be chosen such that it only
captures the ground state exponential decay and does not pick up too much noise
from the center region. There is also the possibility to use a sum of exponentials as
a fit function. In this work, we use the corrfitter package [204] to reliably extract
the energy levels. It uses a Bayesian approach to fit multiple exponential decays.

Depending on the correlation function, there are several phenomena, such as
the around the world propagation in two hadron correlators [205], that can result in
a constant in the correlation function. This constant can be removed by redefining
the correlation function as

Q
—~
~
~—
I
Q
—~
~
-
—_
~—
I
Q
—~
~
~—
=)
=

(3.57)
C"(t) = C(t + 1) — Ot — 1). (3.58)

Note that this is equivalent to a numerical derivative which changes the form
from a cosh to a sinh and vice versa. We generally employ this technique. The
above framework can be used to determine energies from correlation functions. To
compare our results with the ChPT predictions, we further determine the pion
decay constant from a 7,475 operator. The unrenormalized decay constant fO is
defined by the corresponding matrix element

. 1 —m e (T—
lim Co,,, (1) = 52| (0107, [P) (¢ 4+ T0) (359
0\2
— (fW)Q mey (e—mwt + e—mW(T—t)) ] (360)

We obtain the renormalized pion decay constant via f, = Z4f° by estimating the
renormalization constant Z4 using leading-order lattice perturbation theory [85,
92, 206]. This will only affect the ChPT comparison and has no impact on our
lattice results.

The simple fitting of a single correlation function is a standard procedure for
extracting the lowest energy level. In practice, however, it is often necessary to
also calculate higher-lying energy levels. A vital tool for the extraction of excited
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states is the variational analysis. Each correlation function contains contributions
from all states that share the same quantum numbers. Variational analysis dis-
entangles the overlaps of the operators and produces a cleaner signal. Instead of
just calculating individual correlation functions, we can build the cross-correlation

matrix.

Cij(t) = (0:(1)0;(0)) (3.61)

The eigenvalues of this matrix encode the energy levels and behave like
A (1) oc e Bt (1 4 O (e 2FY)). (3.62)

In the literature, the generalized eigenvalue problem (GEVP) is often used to
extract the eigenvalues. In this work, however, it turned out that solving the
ordinary eigenvalue problem is sufficient. The resulting eigenvectors encode the
overlap of the different operators with the extracted state. This can in principle
be used to construct operators with better overlap. In the work presented here,
the largest operator basis we work with consists of three operators, hence this

information is not of great importance.

3.3.2 Wick Contractions

So far, we have only looked at the functional form of the final correlation function.
In this chapter, we will derive the analytic expressions that follow from Wick
contractions in terms of quark propagators, which can be evaluated on the gauge
ensembles. In general, the meson operators in our theory consist of quark fields.
In Equation (3.47), we calculate the expectation value of the annihilation operator
and the creation operator of a state. For the operators used in this work, these
terms contain quark sources ¢ and sinks ¢ which can be used to define the quark

propagator as the inverse of the Dirac matrix® of a species ¢ is defined as

Sq(ly)2 = q()2q5(y). (3.63)

It is instructive to perform the Wick contraction in a simple example like the pion

correlator. The 72 operator with suppressed color and Dirac indices is defined as

78 = d(x)ys5u(y). (3.64)

3In the equations, we will denote the quark propagator as S = D1,
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This operator carries J” = 0~ as the quark fields are contracted with a 5. = and
y are discretized spacetime indices. The quark fields further carry spin-, and color
indices. Because of confinement, this operator has to be local such that 7 = 7.
The correlation function is

—(d(2)5 (1) apu(2)§u(y)3 (15)16d(y)5) 5 (3.65)
— (1) s (5) 6 (d(2) 5 (y)§)a(w(2) 5 (Y)’ ) (3.66)
= tr[Sa(y|2)155u(]y)7s] (3.67)
= tr[S](x]y) Su(x[y)], (3.68)

() is the fermionic expectation value that factorizes with respect to the differ-
ent flavors f = u,d. Keep in mind that quark fields are Grassmann valued and
therefore anticommute. In the second step, we have applied Wick’s theorem to
connect all quark lines. In this simple case, there is only one way to contract the
quark source and sink of the two species. In multi-hadron operators, all quark
sources and sinks of the same species have to be contracted, and the number of
terms that result from the Wick contraction scales factorially with the number
of quarks. In the last step, we have used the ~s-hermiticity 75575 = ST of the
propagator to show that both propagators are the same object. Note that because
we are only considering mass-degenerate quarks, the propagators of the different
quark flavors will be numerically identical. On top of the three pion operators
that can be expressed as Standard Model bilinears, we have two diquark operators
given by Equations (3.42) and (3.43). Performing the Wick contractions for the
diquark bilinear will yield

Crw = tr]S7 (2]y)T(2C) S} (z]y) T (2C)). (3.69)

Due to the Sp(4) flavor symmetry, we know that the expression must be identical
to Equation (3.68). We can use the following relation to eliminate the transposi-
tion [118].

(CE)71S, (y|2)(CF) = Sy(z]y) (3.70)

By inserting this into Equation (3.69), you will obtain the same correlation func-
tion as for the standard P bilinear. All operators in the theory that you can
build entirely from the standard bilinears, without ever introducing the diquark
operators, live on the SU(2) subset and the correlation functions will be identical
to the two flavor QCD expressions. This applies to all operators used in this work.

“You may use non-local operators which will result in smeared operators.
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However, if you want to investigate singlet channel scattering, for example, the
expression above must be used, and the correlation functions will generally be dif-
ferent. The result of the Wick contractions can be represented diagrammatically
by connecting spacetime points with arrows that indicate the quark propagators.

We can express Equation (3.68) as the following diagram.

Co= @ T )

Circles on the left are separated in time from the circles on the right. We also
indicate 5 as 7 in the circle. For other v structures, we may use different symbols,
such as p for «,. We will show one more example for the Wick contractions of the
simplest scattering operator, which is the maximal scattering channel. We indicate

it by the dimensionality of the representation in Sp(4) with the superscript 14.

(rm) (1, 29) =m0 (1) 7" (5) (3.72)
Clt emy (1,415 2, y2) =(m (w17 (22) 7" (1) 77 (12)) 4 (3.73)
=2tr[Sa(z1|y1) s Su(yr|21)v5]tr[Sa(w2]y2) V5 Su (Y2] T2 ) v5]
—2tr[Sa(w1]y1)75u (Y1 |72) 75 Sa (22| y2) 75 Su (Y| 21) 5]
=2D —2C

In this case, there are four spacetime points, which means that there are four
possible time slices. Ultimately, only the temporal separation between the creation
and destruction operators enters the correlation function, and we place two pions
on the same time slice. In the last step, we have given the two contractions the

name D for direct and C' for cross given their diagrams.

WL e e
Capnr = 2 ~2 (3.74)
@ :X:A

We will present results on the 14-dimensional channel in Section 3.4.1. We also
performed a scattering analysis in the ten-dimensional channel where the Wick
contractions result in different diagrams. We will employ a p operator and a
two-pion operator and perform the variational analysis, which means that we also

need the off-diagonal entries of the cross-correlation matrix from Equation (3.61).
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In this case, the two-pion operator vanishes when both momenta are zero. In
the diagrams, we indicate the momenta given to a sink or source by p, ¢, and
Py = P+ ¢. A momentum p is added by performing a Fourier transformation at
spatial lattice sites with the factor e’”*. Note that momenta at the source receive
—ipE

a factor e7*P*. The p correlation function reads

10 ﬁtot PtOt
quqnill'ﬂb, (3.75)

where p may stand for v, or v47,. The two pion diagrams are

CYo —_D,—Dy+ R +Ry— Ry — Ry

T, T

(3.76)
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where R; is for rectangle. Because the cross-correlation matrix has to be Hermitian,
the cross-diagrams are complex conjugated to each other. They read

CY0_ — _C T T, (3.77)

P, TP

where T; is for triangle. Although not used in this work, we also give the Wick
contractions necessary for singlet-channel scattering. They are obtained from the

operator given in Equation (3.44)

=2D +3C — 10R + 5V (3.80)

@@@ e

m

3.3.3 Inverting the Dirac Operator

Cl

T, T

(3.81)

where V is for vacuum.

The Dirac operator is a matrix of size (Ny x N; x 4 x 4)2. Inverting it tradi-
tionally is not feasible. However, there are techniques that allows for the efficient
inversion of the Dirac operator. In the simple example of a single-pion correlator,

the correlation function reads

C(t) = D e[S}, 1]7,0)S,(, 1], 0)] (3.82)
Z,j
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We may now drop the sum over ¢ which is equivalent to inserting 6(%, Zo).

t) =Y tr[SH(F %, 0)S,(%,|Z0, 0)] (3.83)
=) te[SH(Z,1[7,0)5(3, Z0)S(Z, 17, 0)] (3.84)

d(y, Zo) can be used to define the point source.

6(Z, Zo) = (n(@)[n(Zo)) (3.85)
n(Z0)) = MaalZ0)) (3.86)

This reduces the calculation of the correlation function to Ny x N, X 4 inversions
using point sources. Instead of directly inverting the Dirac operator, we can con-
sider its effect on the source |¢) = D7t|n). We can rewrite this as a set of a
system of equations involving the Dirac matrix operator D|¢) = |n) that can be
solved using, for example, a variant of the conjugate gradient method. The point
source only probes a single spacetime point, which is insufficient for an effective
extraction of a signal from more complicated correlation functions. It has been
shown [207] that the use of stochastic sources can greatly improve the quality of
the correlator. The use of stochastic sources approximates the full propagator and
perfectly recovers it in the limit of an infinite number of sources. They obey

6000, y)

Z |m:) (). (3.87)

SI'C

In this work, we employ complex Z, X Zs noise, which means that each element

V22 V20 V2 V2

of the source is chosen by a random value from the set {ﬂ il il il } We
further employ spin-dilution, where the stochastic source is split up into the sum

4
0"y = daslni), (3.88)
a=1

such that the source of all but one spin index vanishes. This provides another
computational advantage. The correlation function is obtained as the average
over multiple stochastic sources. In some cases in our calculation, we only em-
ploy a single stochastic source, but keep in mind that this still includes different
stochastic sources for every configuration. Having decided on a type of source, we

can sequentially invert the Dirac operator by taking the result of one inversion as
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the source for the next. We will illustrate this using a general box diagram with
two arbitrary incoming and outgoing momenta, as often found in 77 scattering
calculations. A general box diagram is given by

g = Z P =T @@ =)ty (G (21 |y ) TS (31|42 ) T'S (32| 22) LS (2] 1)L, (3.89)
21,22
71,72
where we have omitted the color and Dirac indices and I' could be an arbitrary
gamma structure but for the sake of simplicity we use here I' = 5, allowing us
to use the ~s-hermiticity of the propagator. The spacetime coordinates x; and
xo are located at the time slice where the state is generated, while y; and y, are
located at the sink. The subscripts 1 and 2 label the two mesons and indicate
which momentum they are connected to. Here, we only consider the case where
the sink momenta are identical to the source momenta, but the formalism can
be extended to more general cases. We can now insert a set of sources as a unit
matrix as given in Equation (3.87) like

Cig = (t) = Y eIl [S (2 g1 )v5.S (y1|y2) n(y2)) (3.90)
yflzﬁ? (n(2) 755 (2]22)755 (22| 21) V5]
= > PRI T I S (2 1) 5.8 (91 2) I (2) (3.91)
Fuins (n(2)|S"(2|22)755T (2|21)]
= Z P T[S (a4 [y2)y5 Qo (15 51T ) (3.92)
ik Q! (5, 10|0, t5) 55T (2]21)]
—Z TR W (F1, P, 6], L) W (71, 14, 0] 0, )], (3.93)

where tg and ¢, are the source and sink time, respectively, and ¢t = [tg — ts|. We
define the sequential sources as [208]

QT 127, t3) = Y €T S(3, 12 2, 3) |n(Z, 1)) (3.94)
Wn(£7t1|ﬁ7 t2|€7; t3) = Zezgﬁs(fa t1|ga t2)’y5Qn(g7 t2|€7; t3) (395)
]

Note that W is a sequential source that uses the sequential source () as its source

vector. We can express all the box diagrams of the ten-dimensional 77 correlator
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from Equation (3.76) in this way. The direct diagrams are

Dy = 3 e P | Q1(F,110,£)Qy (7, 115, 1) | tr | QL7 10.1)Qe(7. 17 1.)]

(3.96)
Dy = —iBE P g | QF (2, 4]0, 6,)Q0 (7, 8|7, t,) | tr |QL(7,t]0, ) Qe (7, t|7, t
2 € T 77(33’ ’ 5 Us n x, ‘% s) r £ Y, ) s) 3 Yy,tq, s) .
(3.97)
The rectangular diagrams are

Ry =S e e (W (&, 15, 4,10, 1) W (7, 1]d. to] - 4. ts)} , (3.98)
Ry=> e Py _Wn(f,ﬂ — G, t0l0,t)W(Z,t| — G, ts| — P, ts)] : (3.99)
Ry =S e Ftr (W (2,15, 4,10, 1) W] (7, 1]d. to] - 4. ts)} , (3.100)
Ry=S " e e [Wi(Z, 8] — G to] 0, t)W(Z, 1] - Buty| — 4. ts)] . (3.101)

and the triangular diagrams for the cross-correlations are
T =Y e [W;(f,t\ — B t]0. 1) (57:) Qy (7, 1[0, ts)] , (3.102)
T, =3 e [Q;(f,tm, £)(y57:) Wiy (Z, |5, 5|0, ts)} . (3.103)

=

T

Numerically, we find Dy < Dy, Ry = Ry, R3 = R4, and T} = —T5. Furthermore,
all the D and R diagrams are real, while the T diagrams are purely imaginary
within statistics.

3.3.4 Discrete Symmetries on the Lattice

An important symmetry that is broken on the lattice is the rotational symmetry.
In the continuum, we can describe the freedom to express our formulas in a rotated
coordinate system by an O(3) symmetry. On the lattice, only a subset of discrete
rotations describe a symmetry of the Lagrangian. Understanding the discrete
symmetries on the lattice will enable us to achieve the desired results despite this
challenge.

The discrete symmetry that describes a cubic lattice is given by the rotations
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that leave the endpoints of a cube invariant. This symmetry is given by the
octahedral group O. In general, the lattice is also left invariant by inversions
which are included by adding a minus sign to the same rotations. The resulting
symmetry is denoted as Op. For fermionic observables, whose wave functions are
antisymmetric, the symmetry on the lattice is given by the double cover of Oy
denoted by the superscript 2. This is the equivalent of using the double cover of
0(3), i.e.,, SU(2), in the continuum.

As we shall see in the following, there are practical reasons and physical con-
straints that make it interesting to look at subgroups of O, — the so-called little
groups (LGs). Especially for scattering, it is crucial to employ operators at non-
vanishing momentum. In that case, the lattice frame will no longer be equivalent
to the center-of-mass frame. Boosting to the center-of-mass frame will deform the
lattice sites from a cube to a parallelepiped, depending on the total momentum
employed. Let us consider for a moment the scenario in which we employ two
particles of unequal masses. In this case, the inversion is no longer part of the
symmetry of the lattice. A consequence of this is that contributions from even
and odd partial waves will mix, which is not the case for equal masses. Working
with the smaller symmetry group in the case of unequal masses simplifies many
expressions, and we are free to do so since the case of equal masses is merely a
generalization that makes no difference in cases such as the construction of oper-
ators [209].

Table 3: The subgroups (LGs) of Oy, that describe the symmetry of the deformed
lattice after boosting to the center-of-mass frame [210] with momentum d.

’ d ‘ LG ‘ class ‘ Netements
(0,0,0) | Op cubic 48
(0,0,a) | D4y, | tetragonal 16
(0,a,a) | Dayp, | orthorhombic 8
(a,a,a) | D3q trigonal 12
(0,a,b) | C9, | monoclinic 4
(a,a,b) | Co, | monoclinic 4
(a,be) | C; triclinic 2

Let us now consider the consequences that arise when we employ states with
non-vanishing total momentum. In general, there are equivalent classes of total
momenta that result in the same LG. These are shown in Table 3. In this work,
we only consider the cases shown in the first four rows. Where possible, we define
the z-axis as the axis of the largest symmetry. As mentioned above, we may work
with a smaller group that does not include the element of inversion. The groups O,
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Clyy, Oy and Cf, result in the LG from Table 3 when combined with the element
5

of inversion.

O,=0 ®{-1,1}
Dy, = Cry@{—1,1}
D3q = Co,@{—1,1}
Dy, = C3,0{—1,1}

The LGs also contain irreps which leave a subspace of the deformed lattice invari-
ant. A powerful consequence of applying irreps to scattering on the lattice is that
the different irreps disentangle the mixing of partial waves. While each irrep will
still contain an infinite number of partial waves, there will be partial waves that
are not probed by certain irreps. The irreps employed in this work probe p-wave
scattering to lowest order and f-wave to next order. In the literature, the ap-
proximation that only the lowest partial wave will contribute, is often used. This
approximation is necessary to make the computations feasible as it is not possible
to extract an infinite amount of parameters from the data. In QCD, it was shown
in lattice studies [211] and experimental data [212] that higher partial waves are
highly suppressed. We will neglect contributions from partial waves [ > 2.

Now that we know how rotational symmetry is broken on the lattice, we can
work out its consequences. Spectroscopy measurements on the lattice are per-
formed in a specific quantum number channel. In the continuum, this is specified
by JP and the irrep of the flavor symmetry. The broken rotational symmetry
splits up the spectrum on one more level which is given by the irrep of the LG. It
is possible to project operators onto a specific irrep, such that they only probe a
subset of the possible finite-volume energy levels. By choosing the irrep properly,
one can disentangle contributions to the phase shift from different partial waves.
The variational analysis also has to be performed for each irrep individually. In
that sense, one could consider the irrep of the LG an additional quantum number
that is present in the finite-volume case. It specifies how an operator transforms
under the elements of the LG in the center-of-mass frame. The elements are three-
dimensional rotations and inversions which act on three-vectors like momenta but
also on the intrinsic polarizations of vector particles. We can project a naive
operator in a certain irrep using the projection formula

_ dim(T") .

Oem(P1) =~ > X0 (80) S0 (B, 1). (3.108)

i

5The groups O, Dy, Dy and D3 would also fulfill this property.
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Here, I' labels the irrep of the LG, dim(I") is its dimension, and xr(S;) is the
character of the group element S; with respect to the irrep. The operator projec-
tion works in the center-of-mass frame, and therefore p, here, is the back-to-back
center-of-mass three-momentum. The character tables of the LGs obtained from

finite momenta considered in this work are shown in Tables 4-6.

Table 4: The character table of Cy, [209, 213].

‘ irrep ‘ I ‘ 2C, ‘ 21C5 ‘ 21Cy ‘ Cy ‘
A |1 1 1 1 1
Ay |1 1 -1 -1 1
By | 1] -1 -1 1 1
B, | 1] -1 | 1 11
E 2] 0 0 0 2

Table 5: The character table of Cs, [209, 213].

\irrep‘[‘C’é\[Oﬂ[C’Q‘
Ay 111 1 1
Ay 111 -1 -1
By 1] -1 1 -1
By |1 -1 -1 1

Table 6: The character table of Cs, [209, 213].

|irrep | I | 2C5 | 3ICY |
A, 1] 1 ] 1
A, 1] 1 | -1
E 2] -1 0

There is an additional label * for the irreps of the LGs with inversions that
denote their parity. The operators that we will project onto the irreps are already
of definite parity, and we can use the simpler tables from the groups without
inversions. Using these tables, we can project the vector meson and two pion
operators in the desired irreps. Prior to the projection, these operators are

mr(F) = n(=p)n(p) = Y !PT Dn(Z)n(7), (3.109)
p1(P) .
p(B) = | pa(B) | pi(B) =D _e™a(T)vq(7), (3.110)
p3(P) g
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Table 7: The operators employed in this work for the analysis of the ten-
dimensional channel projected into different irreps I' using Equation (3.108) [209].
We employ 77 operators only in the A; irreps. This case coincides with one pion
carrying all momentum while the other one is at rest.

’ LG ‘ d ‘ r ‘ p ‘ T ‘
On | (0,0,0) | Th | patpy+p- -
A i d)m(0
Ciy | (0,0,1) pxi py m( )_w( )
O | (1,1,0) gi p:v;‘ Py 7T(d)_W(O)
ALl py + oy + 0. d)m(0
C3v (17171) 5 2703: _ppyy _ppz ﬂ-( )_Tr( )

where we omit all but spatial indices and only consider three spatial polarizations
of the p. Although not relevant here, we will mention that m-operators, due to
their pseudo-real nature, will receive a minus sign upon inversion. In the maximal
channel, we only consider zero-momentum operators where the irrep is trivial. For
the study of the p resonance in Section 3.4.2, we employ vector meson and two-
pion operators. In the LG O, we investigate the T} irrep, for Cy,, A; and F, for
Cyy, Ay and By,% and for C3,, again A; and E.” We supplement these operators
with a tensor operator that has a 747; structure. Only in the irreps A; we build
a non-trivial cross-correlation matrix. This is because the two meson operators in
the other irreps require momenta attached to both mesons, which is numerically
more costly. This means that in the T}, E and B, irreps, we only employ vector
meson operators which are specified by the alignment of the momentum vector
with their intrinsic polarization. The projected operators used in this work are
shown in Table 7.

3.3.5 Lischer Formalism

Spectroscopy calculations in lattice field theory result in energy levels in finite-
volume. In a large volume, these can be identified as the masses of the investi-
gated states. In this work, we investigate the scattering properties of two-by-two

processes. This is possible because the finite-volume energy levels obtain a differ-

SNote that in this case, the operators from the A; and B, irrep are equivalent and that there
does not exist a vector meson operator in the Ao irrep. Also note that the specific form of the
operators and the labeling of the irreps depends on the definitions.

"Note that the E irrep in both cases is two-dimensional giving rise to two linearly independent
operators.
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ent interpretation, once two particle states are considered. The wave functions of
two particles in a finite box have an overlap and will therefore interact. Liischer
first described this feature in the context of relativistic quantum mechanics and
derived a relation between the finite-volume energy levels and the infinite-volume
phase shift known as the Liischer quantization condition [214-216]. Initially, the
quantization condition was derived for two scalar particles in the center-of-mass
momentum, where the lattice sites resemble a cubic lattice. Later, it was general-
ized for different lattice symmetries [210], which are realized when finite relative
momenta in the center-of-mass frame are used. This allows for a more detailed
investigation of the energy dependence, as operators in different irreps of the LGs
generally result in different energy levels. It also allows for a better examination
of the partial waves. The formalism has also been extended to the mass non-
degenerate case where the loss of the element of inversion in the symmetry group
causes even and odd partial waves to mix [208, 217, 218]. Finally, the formalism
has been extended to three-particle scattering with the three-particle quantization
condition [195-198].

The two-particle quantization condition is applicable for finite-volume energy
levels between the elastic threshold and the first inelastic threshold given by the
next massive stable state in the theory, usually the four-particle threshold. Fur-
thermore, discretization artifacts and exponential finite-volume corrections have
to be negligible, and the temporal extent is taken to be infinite. Let us first con-
sider the kinematics of a two-particle system in a finite-volume. On the lattice,
momenta can only take discretized values following

~—d, deZ (3.111)

Without any interaction, the two-particle energy in the mass-degenerate is given
by

EL iy = VM2 + [+ v/m? + B2, (3.112)

-

where we have defined the total momentum P = p; + p,. In the presence of
interactions, these energy levels shift. The center-of-mass energy squared is then
given by

P = (Ef’)2 _ P (3.113)
=4 (m®+p*?), (3.114)

where we have defined the scattering momentum p* as the back-to-back momentum
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in the center-of-mass frame in the interacting case. Note that this quantity will,
in general, take continuous values. The lattice dispersion relation may be used
for Equations (3.112)-(3.114). The scattering formulas will use the dimensionless
form of this quantity ¢ = g—ﬁ. The quantization condition results in a determinant
equation which will take a different form for every LG resulting from the total

momentum and irrep.
det [Mi,, jimy — OO cOt 8] = 0 (3.115)

Here, 6, is the phase shift of partial wave [ and I is the irrep of LG. This formula
can usually be written as a function for cot §; depending on

tm ™ 18/2, /9 + Lyg+t’ '
where v = Eﬁ/\/ sP and
Zm(L;¢°) =) ylm—(r) Py = {F|Fi=~""ti}, i € Z?, (3.117)

TEPy (F2 B q2)

is the Liischer Zeta function with YV, (7¥) = 2'Y},,(0,¢) defined with the usual
spherical harmonics. Examples of numerical implementations can be found in [217,
219, 220] .f In the analysis of the 14-dimensional channel where we do not employ
any momenta and are interested in the s-save cross section, the phase shift can be
calculated as .

Z(S)o(h C]2)

cot 8y = weo(q?) =
0 00(q”) T3/2g

(3.118)

For the ten-dimensional channel, we employ momenta and investigate different
lattice irreps. The p-wave phase shift §; is obtained differently in each of the
irreps. The specific phase shift formulas used are given in Table 8.

3.3.6 Statistical and Systematic Errors

When it comes to error estimation, lattice field theory works very much like an
experiment. Therefore, results are only meaningful if they are based on a proper
error analysis. The generation of gauge configurations in Section 1.3.1 is a statis-
tical procedure. The first step is to check whether the gauge configurations are

8We thank Luka Leskovec for providing his code that was used for the numerical evaluation
of the Zeta function in this work.

67



CHAPTER 3. SCATTERING OF DARK PIONS IN SP(4) GAUGE THEORY

Table 8: The [ = 1 phase shift in different irreps of the LGs expressed in terms of
Wy, from Equation (3.116) that result from the quantization condition taking the
symmetries of the lattice and LGs into account [194, 209, 210].

G| d | T | cot 8, |
A1 Woo + 211)20
Cu | (0,0,1
N ( ) E Woo — W20
C (1 1 0) Al Woo — W20 — i\/gwm
2 Y B, wWoo + 2wa
Ay | wog — waeg + iv/ 6wy
Cs, | (1,1,1 )
o | ( ) E Woo + Z\/6w22

statistically uncorrelated. In this work, this is done by calculating the autocorrela-
tion time of the plaquette. We treat the set of gauge configurations as uncorrelated
if the autocorrelation time is < 1. From that point onward every measurement
on a gauge configuration can be treated as one iteration of an experiment, and we
use statistical resampling methods to propagate the error properly through the in
part nonlinear processes like fitting. The most consistent and efficient resampling
technique is delete-1 jackknife resampling. The set of gauge configurations is re-
sampled by taking the mean of the sample, excluding every data point once. This
will result in a new set of equal size. Then we proceed by making any calculation
with every entry in that new set to obtain a sample of results. This could, for
example, be the extraction of energy levels from a fit to the correlation function.
We can investigate the distribution of the values in this set and extract the mean,
median and standard deviation. For all quantities obtained with delete-1 jackknife
in this work, the mean and median coincide within statistics. Obviously, this new
set is highly correlated and the result of the measurement has to be quoted as

0=0+0, (3.119)
N-1g 2

2 __ _

ot =~ gil (en 9) , (3.120)

where the factor of N — 1 accounts for the correlation. 6 is the mean value, o, is
the standard deviation and N is the size of the set. This method is very powerful,
as long as we only have to work with a single set. If we want to perform calcu-
lations that involve multiple lattices like different volumes in the infinite-volume
extrapolation or in the Liischer analysis, we have to resample in a different way.
In this work, we resample a given set according to its distribution. We switch
from jackknife to this method after the determination of the energy levels. First,
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we convince ourselves that the set of energy levels follows a Gaussian distribution.
Afterwards, we resample that set according to the standard deviation of the set.
The advantage is that the error of different ensembles can be propagated straight-
forwardly. In this new set, the mean is equal to the median and the 1o error is
given by the erf(\/ig) ~ 68% of points around that point.

In addition to the statistical analyses, there are also sources of systematic errors
in lattice calculations. We do not quote systematic errors in our results but try
to be transparent in the procedures leading to the results and discuss potential
systematics where necessary. These include finite-volume effects, discretization
artifacts, infinite-volume extrapolations, insufficiently large operator bases, the
use of an unimproved lattice action, a finite number of stochastic sources, and
disregarding higher partial waves. The work that has led to this thesis has been the
first lattice scattering analysis in Sp(4). gauge theory as a dark matter candidate
where experimental data are rare. Given its exploratory nature and the fact that
the target precision is usually of the order of magnitude, we deem this to be
adequate.

3.4 Results

In this section, we present results for scattering properties in two different flavor
channels. Lattice results in SU(2). and SU(3). can, for example, be found in [107,
114, 194]. Some of the ensembles correspond to different lines of constant physics
and can therefore not be compared naively. In a first step, we will look at the
energy levels obtained from fitting the exponential decay of correlation functions
and their dependence on the spatial volume of the lattice. In spectroscopy cal-
culations, the energy levels in the infinite volume can be identified with masses
of particles. For scattering states, energy levels might indicate bound states if
their energy is smaller than the elastic threshold. Energies between the elastic and
inelastic thresholds correspond to scattering states, which in a finite volume, re-
ceive contributions from the phase shift which can be examined using the Liischer
quantization condition. In contrast to spectroscopy calculations, it is useful to in-
vestigate smaller lattices, as they have larger finite-volume effects. In Section 3.4.1,
we consider the 14-dimensional maximal scattering channel. By a naive counting,
most pions are expected to scatter in this channel. We obtain the low-energy s-
wave cross section from ERE and compare it with astrophysical constraints. In
Section 3.4.2, we employ J” = 1~ operators in the ten-dimensional channel to
investigate the properties of the vector meson in the theory. We consider three
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Figure 8: Bottom panel: The extracted pion energy levels plotted against the
inverse lattice extent for the ensemble with 8 = 6.9 and amg = —0.9. The line and
band indicate the mean and estimated error of the infinite-volume extrapolation
using Equation (1.51). The results of the infinite-volume extrapolated pion mass
generally agrees with the energy level on the largest lattice within errors. Top
panel: The results for the two-pion energy levels. Both y-axes are scaled with mS°
extracted from the fit in the bottom panel.

different cases, which showcase the transition of the energy of the naive p-operator
going from below 2m, to the elastic window. We therefore expect a resonance to
emerge. We obtain the low-energy p-wave cross section in the non-resonant case.
In the resonance case, we see a stable bound state but also obtain parameters of
a resonance. In Section 3.1.3, we show results of the cross section.

3.4.1 Maximal Scattering Channel

The results of this section were published in [221, 222] and we will repeat the main
findings here with the ensembles that are more resistant to lattice artifacts. For
these ensembles, N, > 8 m,/m < 1.3, and aF,, < 0.95. They are summarized
in Table 12. The ensembles are chosen to be approximately on a line of constant
physics defined by the value of m,/m, that ranges from 0.70 — 0.87. The two-pion

energy levels are obtained from the operator given in Equation (3.46). Figure 8
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Table 9: The results of the best fits for the infinite-volume pion mass, the pion
decay constant as well as the scattering length and the effective range from first
order ERE with Equation (3.13) up to O(p®). We observe consistently a positive
scattering length which corresponds to a repulsive interaction between the pions.
For some ensembles, the error of the effective range is larger than its value but
this did not affect the estimation of the scattering length significantly.

’ I6] ‘ amg ‘ am x 10* ‘ afr ‘ agMa ‘ oMy ‘
6.9 | -0.92 | 384471 [0.08271(58) | 0.527057 | 6.97,5"
7.05 | -0.835 | 4373%5 | 0.0795(16) | 0.71701% | 1.9714
7.05 | -0.85 | 329712 | 0.0686(12) | 0.56703; | 4.47%7
72 | 078 | 369671 | 0.06669(67) | 0.7379:07 | 22403
7.2 | -0.794 | 2837711 | 0.05792(61) | 0.8870 1% | 1.2707

shows the energy levels for § = 6.9 and amy = —0.92 at different lattice volumes.
In the bottom panel, we show the results of fitting the different spatial lattice
extents to Equation (1.51) in order to obtain the value for m2°. We see that the
single-pion energy level in the largest lattice is usually consistent with the infinite-
volume mass extracted from the fit. We consistently observe a positive energy shift
E . —2m° that is larger for smaller lattices just as expected. This is precisely
the finite-volume effects that are present due to scattering effects and that can be
used to calculate the phase shift with the Liischer formalism.

We do not employ any finite momentum in this channel, and therefore the
energy levels correspond to the center-of-mass energy. The scattering momentum
p is obtained by using E.,, = QW . The final results are consistent with
the use of the lattice dispersion relation from Equation (3.53). We calculate the
phase shift using Equation (3.118). As we do neither expect nor see any hints
of resonances, and are interested in the non-relativistic scattering properties, we
investigate the data in the framework of ERE. Close to threshold, ERE holds
universally and dictates that the phase shift can be expanded in orders of pZ.
Figure 9 shows that phase shift plotted against the center-of-mass energy squared.
The y-axis of the bottom panel is motivated by the left-hand side of Equation (3.13)
and ERE to first order appears as a line.? All energies are scaled with the mass of
the pion. The green line and band show the linear fit to first-order ERE, which was
the best fit for all ensembles. The scattering length is the negative inverse y-axis
intercept and is consistently positive, relating to a repulsive interaction. The slope
of the fit in the bottom panel of Figure 9 is related to the effective range, which is

9Note, that having the center-of-mass energy squared on the x-axis will still result in a line
since s = 4(m2 + p?).
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Figure 9: Result of the Liischer analysis in the 14-dimensional channel for § = 6.9
and amg = —0.92. The left-hand side of s-wave ERE from Equation (3.13) plotted
against the center-of-mass energy squared is shown in the bottom panel. The top
panel shows the s-wave phase shift. The green lines and band show the median
and error estimate. The curved error bars indicate, that the two axes are not
independent and only values on the curved lines are allowed.

subject to large errors. Given the positive value of the effective range, it seems that
the line might intersect the x-axis at larger center-of-mass energies, but since we do
not have any data points in that regime and ERE is only valid at low energies, this
does not infer a potential resonance. We give the best estimates for the scattering
length and effective range together with the extracted infinite-volume pion masses
in Table 9. These results give a good indication for the low-energy s-wave cross
section which is particularly interesting for dark matter phenomenology. We show
the energy levels and phase shift of all ensembles in Table 12.

Finally, we can use the results of the fits to compare our results with the leading-
order prediction on the scattering length from ChPT [193] which we introduced in
Equation (3.17), which is shown in Figure 10. The lattice data consistently result
in a larger scattering length than the prediction from ChPT but are compatible
within 1o, indicating that ChPT can be applied safely in this regime — see also [95,
223]. This statement is not trivial, as the values of m2°/ f are relatively large. The
slight underestimate of the ChPT prediction could be resolved by next-to-leading-

72



CHAPTER 3. SCATTERING OF DARK PIONS IN SP(4) GAUGE THEORY

1.0
----- LO EFT
s 5=6.90
0.87 B="17.05
B=7.20
0.6
8
g
E |
0.4-
0.2
0.0 +—mmmm===nT |
0 1 2 3 4 5 6

Figure 10: The scattering length obtained from the fits to ERE plotted against
the ratio of the mass and the decay constant of the pion. The left side of the plot
represents the chiral limit. Different colors and symbols correspond to different
values of the inverse coupling 5. We observe a consistent positive scattering length
across all ensembles which corresponds to a repulsive interaction. The horizontal
gray line and band indicate a central value and error for the scattering length
estimated using all of our ensembles. The green dashed line shows the leading
order prediction from ChPT [193].

order-ChPT calculation, however, this introduces additional LECs. In [224], the
results of this work were used together with spectroscopy calculations from [85]
to extract the next-to-leading-order LECs of the theory. We can further compare
the cross section at threshold given by 4mag with astrophysical data from [18, 43,
47] which we approximate with o/mpy < 0.2 cm?/g due to the large uncertainties
involved. Choosing a conservative lower bound for the scattering length of agm2° >
0.43 results in a constraint for the dark matter candidate mass of mpy > 135
MeV which fits the estimated range for SIMP dark matter based on perturbative
considerations well [51].
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Table 10: The ensembles used in this work to investigate the ten-dimensional chan-
nel together with the number of gauge configurations and the number of stochastic
sources used.

’ B ‘ amo ‘ Np ‘ Nr ‘ Nconfig ‘ Tsrc ‘
6.9 | -0.92 14 | 24 | 550 32
6.9 | -0.92 16 | 32 | 288 16
6.9 |-0.92 20 | 32 | 360 16
6.9 | -0.92 24 | 32 | 499 8
7.05 | -0.863 | 16 | 36 | 386 12
7.05 | -0.863 | 20 | 36 | 300 8
7.05 | -0.863 | 24 | 36 | 344 8
7.05 | -0.863 | 36 | 36 | 298 1
7.05 | -0.867 | 16 | 36 | 201 1
7.05 | -0.867 | 24 | 36 | 251 4
7.05 | -0.867 | 36 | 36 | 361 2

Table 11: The naming scheme of the different combinations of 5 and amg. The
mass of am?°® corresponds to the energy level from the largest lattice which is
compatible with the infinite-volume extrapolation. We also give the value for
afr [225].

| name [ B | amg | amy® | afr |
non-resonant 6.9 | -0.92 | 0.38634(98) | 0.08271(58)
close-to-resonant | 6.9 | -0.863 | 0.2059(11) | 0.0528(10)
resonant 6.9 | -0.867 | 0.1481(13) | 0.04629(64)

3.4.2 Vector Resonance Scattering

In this section, we present the results for the ten-dimensional channel. We have
ensembles with three combinations for 5 and amg at different spatial volumes at
our disposal, which are summarized in Table 10. In contrast to the last section
where the physics of the different ensembles were comparable, we will see that the
scattering properties differ drastically between these ensembles. This was already
expected from the energy levels of the naive rho operator at rest, which yields
values for m,/m, ~ {1.4; 1.8; 2.4} at values of 3, amg = {6.9, —0.92; 7.05, —0.863;
7.05,—-0.837}, which we will label non-resonant, close-to-resonant and resonant
respectively. They are summarized with the values for the infinite-volume pion
mass and the pion decay constant [225] in Table 11. We will label the infinite
volume pion mass which corresponds to the value at the largest lattice as m, in
the following. The non-resonant case has the same values for 5 and amg as one of

the ensembles in the last section. Here, the energy of the naive p operator at rest
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Figure 11: The energy levels in the ten-dimensional channel plotted against the
inverse lattice extent in the non-resonant case with g = 6.9 and amy = —0.92. We
split up the plot in two different energy ranges to improve visibility. The energy
levels from the different irreps are slightly shifted in their x-position to guide the
eye. Data points within the dotted lines correspond the the same spatial lattice
extent. The energy levels from the irreps T}, E and B; that were obtained by
only employing a single p-operator are shown as circles and slightly shifted to
the left. The energy levels from the A; irrep where we solve a 3 x 3 eigenvalue
problem are shown as upward facing triangles for the excited state and lower facing
triangles that are slightly shifted to the right for the ground state. We indicate
the energy levels from operators with different total momentum by color. The two
pion threshold is shown as a solid horizontal line.

can be identified with the mass of a stable vector meson. In the resonant case,
this is not the case, and a proper Liischer analysis has to be performed.

In order to investigate the properties of the p which carries J? = 1~ quantum
numbers and spans the ten-dimensional irrep, we have to employ operators with
the correct quantum numbers. To this end, we employ p-operators from Equa-
tion (3.37). We build two p operators with the gamma structures v; and 747;. As
discussed in Section 3.2.3, the antisymmetric combination of two pions carries the
flavor quantum numbers of the p. We project the operators in different irreps of
the LGs of Oy, which are determined by the total momentum employed. The two-

pion operator with one pion carrying the entire momentum and the other at rest
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Figure 12: The energy levels in the ten-dimensional channel plotted against the
inverse lattice extent with the same labeling as in Figure 11. Top panel: The
close-to-resonant case with f = 7.05 and amg = —0.683. Bottom panel: The
resonant case with 8 = 7.05 and amy = —0.867. The four pion threshold is shown
as dashed horizontal line.

projects in the Ay irrep. In this case, we build a 3 x 3 cross-correlation matrix and
solve the eigenvalue problem introduced in Equation (3.62). In the other irreps,
we only consider a single correlation function. This constitutes a systematic error
that would be resolved by employing additional operators.

In Figure 11, we show the resulting energy levels plotted against the inverse
lattice extent. We indicate the results from different irreps by different symbols
and further shift them slightly in their x-position to guide the eye. All energy levels
within the dotted lines were obtained from the same spatial lattice extent. In the
non-resonant case, we find good agreement of the energy levels from the p operators
labeled with E” and the ground state of the A; irreps. They lie consistently below
the two-pion threshold as expected from the naive rho mass estimate. We can
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identify these states as a stable p particle. The energy levels of the first excited
state from the solutions of the eigenvalue problem lie slightly above the two-pion
threshold and can be identified with two-pion scattering states. We can perform
the Liischer analysis with those energy levels similar to the 14-dimensional case.

The top panel of Figure 12 shows the result of the close-to-resonant ensemble
with = 7.05 and amg = —0.863. We see that the energy levels of the p operators,
especially at the larger lattices, are slightly below or consistent with the two-pion
threshold. However, the ground state from the A; irrep, drops below the two-pion
threshold. Especially at the largest lattice, the errors are small, and this effect is
statistically significant. One possible interpretation is that there is bound state
present in the channel. In principle, every operator employed here should have an
overlap with every state. Thus, at sufficiently large Euclidean times, we should
be able to extract the ground state energy also from the p correlators. Since we
were unable to do so, even at the largest lattice, the p-operators must have only
small overlap with this ground state. This explanation is highly susceptible to
the systematic error of not solving the eigenvalue problem for these irreps, which
would allow for a proper analysis of the two states. The first excited states yield
energy levels scattered in the elastic window.

This effect is present in the resonant case as well, but in a different form. The
ground state energies extracted from the A; irrep are again significantly below
threshold, albeit with larger errors. Unlike in the close-to-resonant case, the energy
levels of the p-correlators are now above the two-pion threshold. We interpret these
two states as a stable ground state and a resonant state, which will be backed by
the results of the Liischer analysis.

Next, we discuss the result of the Liischer analysis in the ten-dimensional chan-
nel. These are obtained with the formulas for the phase shift in the different irreps
given in Table 8. We analyze the non-resonant case using ERE just as in the
14-dimensional channel. We find the best description for the data points using
a constant fit. In the close-to-resonant case, we have most of the points below
the two-pion threshold where we cannot apply the Liischer formalism. The only
energy levels in the elastic window come from the first excited states and are very
noisy. The results for the phase shift at most give a rough estimate for the cross
section in this regime, which we do not show here explicitly. In the resonant case,
we fit the phase shift resulting from the energy levels of the p-correlators to a
Breit-Wigner shape and find satisfying agreement.

The Liischer analysis is highly sensitive to large errors in the energy levels or

correspondingly ¢ = g—i, where p is the scattering momentum. It can easily happen
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Figure 13: The results of the Liischer analysis in the non-resonant ensembles. The
p-wave phase shift is shown in the top panel. The left-hand side of p-wave ERE
from Equation (3.13) is shown in the bottom panel. In both panels, the x-axis is
the center-of-mass energy squared scaled with the mass of the pion. All data points
are first excited states extracted from the variational analysis of the operators in
the Ay irrep. We indicate different momenta by color. The orange line and band
show the median and error estimate of a constant fit to ERE.

that phase shift data points are compatible with all real numbers. We excluded
data points with large error bars in the fit. We further exclude data points that are
far away from where we expect the description to be valid, like at large energies for
ERE or far away the resonance position in Breit-Wigner. In the following figures,
we only show the data points that we included in the fits. The energy levels, phase
shifts, and whether we include them in the fit are summarized for all ensembles in
Appendix D. The upper panel of Figure 13 shows the phase shifts from the non-
resonant ensembles. We do not see a hint for a resonance and therefore examine
the data points using p-wave ERE given by Equation (3.13) which is shown in
the lower panel. We find best agreement with a constant fit using zeroth-order
ERE where the only parameter is the scattering length. The mean and error of
the fit are shown by the orange line and band. We extract aym, = —(1.7670 %)
at x?/d.o.f. = 0.35. The negative scattering length corresponds to an attractive
interaction which could explain the emergence of a bound state when going to a
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Figure 14: The results of the Liischer analysis in the resonant ensembles. The
p-wave phase shift is shown in the top panel. The y-axis of the bottom panel is
motivated by Equation (3.121), as a Brei-Wigner shape results in a straight line
in this plot. In both panels, the x-axis is the center-of-mass energy squared scaled
with the mass of the pion. All data points are obtained from single p-operators
in different irreps depending on the momentum employed. We indicate different
momenta by color. The blue line and band show the median and error estimate
of a fit to Breit-Wigner.

slightly different line of constant physics in the 8 = 7.05 cases. The higher order
fits yield values for the scattering length that are compatible with the zeroth order
fit, but the errors on the effective range or a potential second-order coefficient are
larger than their value. It is expected that the higher-order fits do not perform well,
as the data do not show any explicit s-dependence. From this we may calculate
the partial-wave cross section via Equation (3.14) which we do in Section 3.1.3.

The upper panel of Figure 14 shows the results of the phase shift in the resonant
ensemble. As we expect a resonance in this channel, we examine the data with a
Breit-Wigner shape. Equation (3.18) can be rewritten as

3
p° cot Oy o6
T (m> —s). (3.121)
cm pTT

In this form, the Breit-Wigner shape takes a linear form, which motivates the y-axis
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of the bottom panel of Figure 14. Shown in the blue line and band is the mean and
error of a linear fit to this equation. We have also tested the fit with the addition
of a Blatt-Weisskopf [194] barrier factor like in Equation (3.20) but do not see
an improvement. The linear fit using Equation (3.121) yields mg/m, = 2.3110-18
and gprr = 10.3775 at x?/d.of. = 1.5. The KSRF relation predicts a value for
Jprr ~ 27.3, which deviates by a factor of 2.6. It should be mentioned that the
fit failed when the two data points with the largest center-of-mass energy were
excluded. Therefore, these results should be treated with caution. An improved
analysis with including the variational analysis in all irreps and with more data
points at lower values for the center-of-mass energy would greatly improve the
credibility of the quoted values. It could also allow for an investigation of the
influences of the three-to-two process, to which our data are not sensitive. In [114]
and [194] the same analysis was performed in SU(2). and SU(3). and they find
values of g, = 7.8 and 5.76, respectively. This suggests that the resonance is
broader in Sp(4).. This statement also has to be taken with a grain of salt, as
the spectra of the investigated theories differ drastically and the bare parameters
employed might result in different physics.

3.4.3 Cross Section

In dark matter phenomenology, the most interesting quantity is the cross section,
especially at low energies, as dark matter is mostly assumed to be relativistic.
In the following, we take a look at the cross section resulting from the scatter-
ing analyses performed in the two channels. The partial-wave cross section is
obtained from the phase shift via Equation (3.12) which we can investigate at dif-
ferent center-of-mass energies given a description of the phase shift. We compare
partial-wave cross sections from three representative cases. In Figure 15, we com-
pare the cross sections from first-order s-wave ERE in the 14-dimensional channel,
from zeroth-order p-wave ERE in the non-resonant case from the ten-dimensional
channel, and from the Breit-Wigner shape in the resonant case, also in the ten-
dimensional channel. We used data from f = 6.9 and amg = —0.92 in the first
two cases and 8 = 7.05 and amy = —0.867 for the resonant case. Keep in mind
that ensembles with different values for 8 and amg cannot be compared directly,
as they correspond to different lines of constant physics. The line and bands show
the median and an estimate of the 1o error. The range on the x-axis is much larger
than what is described by the lattice data. This assumes that the description with,
for example, ERE is valid at all scales displayed here. In order to make the results
more accessible, we have also fixed the scale by fixing the mass of the dark matter
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Figure 15: The cross section obtained from different fits to the phase shift plotted
against the center-of-mass energy. Lines and bands indicate median and error. The
green curve is obtained from a leading order s-wave ERE fit to the f = 6.9 and
amg = —0.92 data in the 14-dimensional channel. The orange curve is obtained
from a constant fit to p-wave ERE to the data of the non-resonant ensemble
corresponding to the same values of 8 and amg. The blue curve is obtained from
a fit to Breit-Wigner to the data of the resonant ensemble with g = 7.05 and
amg = —0.867. Note, that the different curves indicate different partial waves
and lines of constant physics. Further, the fit to the phase shift is extrapolated
to values of F., where we do not have lattice data. The pion mass is fixed to
mpwm = 100 MeV in order to provide units on the axes.

candidate to mpy = 100 MeV which gives rise to the units attached to the axes.
As expected, we see that the cross section at very low energies is dominated by
s-wave. Although this looks like only a small part of the full cross section, it basi-
cally describes all non-relativistic scattering. When we go to larger center-of-mass
energies, which correspond to larger relative velocities of the scattering particles,
the p-wave cross section starts to dominate. We see that the resonance yields the
largest values for the cross section.

The dominance of the s-wave channel for the phenomenology of dark matter
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Figure 16: The velocity-weighted cross section (ov)/mpy plotted against the data
points from [46]. Different symbols and colors that relate to different astronomical
objects (red stars - dwarf galaxies, blue squares - low surface brightness, green
pentagons - galaxy clusters). The y-axis is calculated with Equation (3.21) and
scales like 1/m3,;. Lines of constant cross section are shown in grey, dashed
lines. The yellow band is an error estimate containing all of our ensembles as an
individual line. The purple line shows a fit to the data from [103].

becomes particularly clear when we calculate the velocity-weighted cross section
that was introduced in Equation (3.21). This quantity received a lot of attention in
the context of self-interacting dark matter. The data points in Figure 16, are ob-
tained by fitting the results of halo simulations to astronomical data [46]. Different
colors and markers indicate data from astronomical objects of different sizes. Stars
are dwarf galaxies, squares are low surface brightness galaxies, and pentagons are
galaxy clusters. With increasing size of the objects, the mean relative velocity
increases. In this way, they can be used to probe different mean relative velocities.
The data raised the question whether a hypothetical dark matter self-interaction
could be velocity dependent in the non-relativistic regime.'® [103] extracted the
first-order ERE parameters in s-wave that best describe the data. The results
are ag = 22.2fm, rp = —2.59 x 1073 fm, and mpy = 16.7GeV. This results in a
value of apmpy = 1879, which is roughly three orders of magnitude larger than

10A constant cross section in the plot results in a line parallel to the gray dashed lines.
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our result on the s-wave scattering-length. As a result, our data cannot describe
the bending of the purple curve. The results in the 14-dimensional channel for the
s-wave cross section from ERE are shown for a dark matter mass of 100 MeV as
the yellow band, where each line corresponds to one combination of 5 and amy.
This band can be shifted up and down by considering a different dark matter mass
as the y-axis scales like 1/m3,;. For the non-relativistic velocities considered here,
the s-wave cross section described by our results in the 14-dimensional is basically
constant. As a result, the velocity-weighted cross section (ov)/mpy takes an an-
alytical form proportional to (v). The same holds for the p-wave cross sections,
which are proportional to p* oc v* close to threshold and the resulting velocity-
weighted cross section is proportional to (v)> which does not describe the data
at all. We conclude that the p-wave cross section has no relevant contribution at
these non-relativistic velocities. We do not see effects that can be traced back to

the presence of the three-to-two process in the channel.

3.5 Three-to-Two Scattering

The main motivation for Sp(4). with Ny = 2 fundamental fermions as a dark
matter candidate is its minimal realization of SIMP dark matter, in which the
5-point vertex involving all five dark pions introduced in Equation (1.41) takes on
the task of the cannibalization process. The non-perturbative determination of
the amplitude of such a process would be a novelty and, therefore, an important
cross-check for effective theories working with the WZW term. Furthermore, such a
calculation would also be a major step in solidifying the three-particle quantization
condition. Our dark matter theory showcases the perfect testing ground for this
endeavor, as the scattering channels involved in the WZW term are less complex
compared to QCD. Although no lattice results are available yet, we will summarize
the steps necessary to obtain them and provide an overview of the special features
of this theory. On the lattice, three-particle scattering can be investigated with
the three-particle quantization condition, which reads

Cdet | Kya(EY) + Fy(E, Z3,L)‘1] = 0. (3.122)
kU'm!;klm

We refer to the literature for details [195-198, 226]. Like in the two-particle case,

it is possible to relate finite-volume energy levels to infinite-volume scattering

parameters using this formula. The central object is the three-particle K-matrix,

which contains all possible subprocesses. The great advantage of this theory is
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that the ten-dimensional channel is the only channel shared by the two-pion and
three-pion states. Furthermore, there is only one two-pion subprocess involved,
as can be seen from the tensor product in Equation (3.28). This is in contrast to
Ny = 2 flavor QCD, where only the maximal and singlet three-pion channel can
be built exclusively from a single two-pion subchannel [227]. The subprocess is
described by the results presented in Section 3.4.2. The K-matrix can be written

Koo Ko
JCopa = 3.123

as

where the off-diagonal entries encode three-to-two scattering processes. For the
investigation of three-to-two scattering in this theory, one could proceed as follows.
Koz = K30 can be identified with the WZW amplitude which can be obtained from
Equation (1.41) as

2N,
—CEMW)G v o 14 o + v o
TNGET: (P1uP2vP3pPIo — D1uD2D3pD56 + P1uPovPasDs (3.124)

—P1uP3vPapPso + P2uP3vPapPs0)

KWZW =

The WZW amplitude to leading order does not contain any LECs but instead is
fixed by the value of N.. In order to falsify this prediction, one might treat the
coefficient as a free parameter instead and check whether the fit to the scattering
analysis will yield the coefficient given by ChPT. Koy describes the possible pro-
cesses in the two-particle channel. Depending on the ensemble, this could either
be described by ERE or Breit-Wigner. For simplicity, K33 could be set to zero
or a constant. This would result in three to five parameters that need to be fit-
ted from the lattice data, which in turn requires a large number of energy levels.
In order to be sensitive to three-particle scattering, at least some of the energy
level should be greater than 3m,. This not only requires a good understanding
of the spectrum, but also the inclusion of large operator basis. The larger energy
levels are also more affected by discretization artifacts which require the use of
fine lattices. Furthermore, like in the two-particle case, the quantization condition
requires exponential terms oc e ™7 to be negligible, and the temporal extent to
be infinite. Lastly, the formalism also requires the use of a cutoff function H whose

parametrization might introduce systematic effects.
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3.5.1 Particle Kinematics and Partial-wave Decomposition

In order to deal with the WZW amplitude in the three-particle quantization con-
dition, we have to understand the kinematics of a three-to-two process with three
incoming particles and two outgoing particles that, in our case, all have the same
mass m,. A five-point function is described by five vectors p; = (w;, p;) with 20
parameters. The particles are on-shell and the energy is given by the same mass

w; = \/m2 + 77, (3.125)

which fixes the five energy components leaving only the spatial momentum vectors

m, for all five momenta,

independent. The generators of the Poincaré group further eliminate ten depen-
dencies, which corresponds to ensuring translation and Lorentz invariance. As a
result, the kinematics of a five-point function can be described in terms of five
Lorentz invariants. In this special case, a convenient choice for the five Lorentz
invariants is s12, Sa3, S34, Sa5, S51, where s;; = (p; —p;)?. The center-of-mass energy
squared is given by s = (p; +p2+p3)? = (p4+ps)%. In order to work with the three-
particle quantization condition, we have to work in the frame given by the total
momentum Py The three-particle state is then split into a spectator particle and
a dimer containing the remaining two particles. Because we work with degenerate
pions, all possible dimers are equivalent. The index kin Equation (3.122) refers to
the spectator momentum, which is also discretized on the lattice. It is convenient
to label the momenta of the incoming state in terms of a spectator k and dimer
@ and b and the momenta of the outgoing state ¢ and d. This results in the total
momentum being

Pow=k+d+b=72+d. (3.126)

The incoming and outgoing states have to be expanded in partial waves. For the
outgoing state, we can expand the momenta ¢ and d in the center-of-mass frame
given by Pio. The incoming state is expanded in the center-of-mass frame of the
dimer, which depends on the total momentum ﬁtot and the spectator momentum
k. The WZW amplitude from Equation (3.124) depends on the five momenta p;
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for which

d= Py — ¢, (3.127)
We =1/ & +m2, (3.128)
wa = \/(13 . 6)2 +m2, (3.129)
E = w. + wy, (3.130)

in the outgoing state, and
b= Py — k — @, (3.131)
we =\ k +m2, (3.132)
We = \/ @+ m2, (3.133)
Wy = \/<ﬁ>—/§—a’>2+mg, (3.134)
E = wi + w, + wy, (3.135)

in the incoming state. Now, we can define the four-vector and center-of-mass
energy of the dimer as

Pdimer = (E — Wk, -ﬁtot - E)y (3136)
E§i2mer = (P)dimer)2 = (E - Wk)z - (ﬁ)tot - E)2 (3137)

We denote quantities in the center-of-mass frame of the dimer by *. The boost
to the center-of-mass frame of the dimer is obtained by a Lorentz transformation

with
= Y —70;
At (B) = 5. |, 3.138
) ("Yﬁz‘ dij + (v — 1)%@) ( )
where
3 ﬁtot - ];;
— 1
5 B (3.139)
1
V= — (3.140)
1—
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This yields

a = N(B)a, = (W, @) = |a*|(@,a"), (3.141)

by = |a*|(@;, —a"), (3.142)

wr =@k |a, (3.143)
E —wp)? — (Pioy — k)2

@*| = \/( W) 4( tor = ) —m2, (3.144)

where we have defined a* = (sin 6 cos ¢, sin 6 sin ¢, cosf) as the unit vector of a*
in terms of the angles # and ¢. Note that neither &* nor |@*| depend on these
angles. Equivalently, the momenta ¢ and d are expressed in terms of ¢ and ¢
The partial-wave expansion of the WZW amplitude is then given by

R 1 . ~ .
K]'Slt/o;n/;l’m = E / / dQ,dQ YE’,m’(Qla ¢,)KWZW(PtOt7 ka 07 ¢7 6/’ gb/))/l,m(ev Qb)
(3.145)

Y,m (0, ¢) are the spherical harmonics. This expansion can be used to build the
quantization condition, including the WZW term. Given finite-volume energy
levels from lattice calculation, we can test the ChPT prediction non-perturbatively.
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Chapter 4

Summary

In this thesis, we have investigated non-perturbative signatures of SIMP dark
matter models using lattice field theory. They describe an alternative relic density
mechanism and address the small-scale structure problems. In Chapter 2, we
investigated the effect of dark matter described by Gy QCD on a neutron star. The
sign problem is absent in this theory, allowing for a non-perturbative calculation of
the equation of state at finite densities using lattice field theory. We supplement the
dark matter equation of state with model-agnostic equations of state for ordinary
matter and find that G5 dark matter can be accommodated in neutron stars,
altering the macroscopic parameters like the mass, radius, and tidal deformability
significantly. Although we do not find any signatures that can directly be traced
back to the non-perturbative nature of the equation of state, this verifies that
SIMP dark matter can be considered in the investigation of mixed or exotic stars.

In Chapter 2, we have introduced Sp(4). gauge theory with Ny = 2 fundamen-
tal fermions as the minimal realization of the SIMP mechanism. We supplement
existing lattice spectroscopy data with two-particle scattering analyses using the
Lischer formalism. In the maximal channel, we find a good description of the
low-energy s-wave cross section by first-order ERE across multiple ensembles. We
confirm the validity of ChPT at relatively large pion masses. The other channel
contains a vector meson as well as the three-to-two process that motivates the
model as a SIMP candidate. We have employed three ensembles which showcase
the emergence of a resonance in this channel. In the non-resonant ensemble, we
find a good description of the data using zeroth-order p-wave ERE. Going to the
resonant ensemble, we find a bound state below the two-pion threshold that can
be identified as a stable vector particle. Additionally, we find a decent description
of the resonance in one of the ensembles using a Breit-Wigner form that grants
access to the position and the width of the resonance. Finally, we have investigated

88



CHAPTER 4. SUMMARY

the cross section in both channels and find that the non-relativistic cross section
is dominated by s-wave scattering in the maximal channel. At larger energies,
the p-wave cross section in the ten-dimensional channel becomes relevant, and we
find the maximal value at the resonance position. The straightforward extension
of this work is the investigation of the cannibalization process described by the
WZW term in ChPT using the three-particle scattering formalism. We have dis-
cussed the kinematics of the amplitude and how it can be accommodated in the
three-particle quantization condition.

In summary, SIMP dark matter is an interesting dark matter candidate, ad-
dressing the small-scale structure problems and inheriting an alternative relic den-
sity mechanism. We have investigated SIMP theories in the settings described
above for the first time using non-perturbative methods, which is necessary due to
their UV motivation using non-Abelian gauge theories. The two models consid-
ered are compatible with the constraints and therefore pass this test. This confirms
SIMPs as valid candidates for dark matter.
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Appendix A

Conventions

In this work, we use hermitian, involutory, and Euclidean gamma matrices as
defined in [119].

{7}“71/} = 25,uul (Al)
V5 = V1727374 (A.2)
V=7, =7" (A.3)

72 = 1 and 75 commutes with all other gamma matrices. The Dirac operator
and its inverse are vs-hermitian 75Dv; = DT. We use the chiral representation
in which the gamma matrices can be expressed in terms of the Hermitian and

traceless Pauli matrices.

) ) by
10 v 0 0 -1

In Section 1.2.3, we introduce 7, = (—io;,15) and 7, = (i0;,15) for which 7 =
oyl oy and T = 07!

defined as

0y. We further define o4 = 15. The v matrices are then

0 Tu 12 0
- = A5
Vi (71“ 0) y Vs <O 12> ) ( )
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or
00 0 —i 0 00 0 0 —i 0
oo =i o _0010 00 0 i
=10 0 o " lo 10 0 i 0 0 0]
i 00 0 100 0 0 —i 0 0
0010 10 0 0
oo o1 o1 0 o
““l1o0o00| " loo -1 0]
0100 00 0 -1
(A.6)

written explicitly in four-index notation. We define the charge conjugation matrix
through the relation

Cry,C71 = —fyf.

(A.7)

In the chiral representation the charge conjugation matrix can be identified as

C =iy, (A.8)

and obeys
C=Cl=C'=-C"=-C" (A.9)

The charge conjugation matrix acting on two-index Weyl spinors is the second

Pauli matrix o9. Finally, we define the projection operators as

PL=§<1—%>=<8 f) PR=§<1+%>:<102 8) (A.10)

They obey

Prys =P, = —Pp (A.11)
Prys = v5Pp = Pr (A.12)
Pr/rv, = 7uPr/L, (A.13)
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and project out the left- and right-handed components of Dirac spinors.

(0,¢1) = P (A.14)
(¥R, 0) = Pry (A.15)
(0,9) = 9P, (A.16)
(],0) = 9Py (A.17)

We clarify that ¢r/r and wTL /R Are two-index Weyl spinors that carry two indices.
Next, we would like to introduce the conventions regarding Sp(4). In this work, we
deal with two Sp(4) symmetries which are related to the local gauge symmetry and
the resulting global flavor symmetry. The defining property of the group elements
of Sp(4) is that they leave the antisymmetric matrix invariant

s—p-| 0 12} (A.18)
-1, 0

where we refer to the same matrix as ¥ if it acts in color space and F' or E for
Ny = 2 if it acts in flavor space. It obeys the following properties.

E=-FE=-F'=_E"=F" (A.19)

Most of the time, the color matrix > occurs together with the charge conjugation
matrix. As they act in different spaces, they always commute. Together, they

obey
(OY) = —(CR) = —(C2) ™ = (C2)T = —(O%)*. (A.20)

The same holds for o5. They can also be used to transpose the quark propagator
with the following identity [118].
(C%)715; (y]2)(CD) = Sy(zly) (A.21)

Sp(4) is a subgroup of SU(4) its fundamental generators can be written as a subset
of the fundamental generators of SU(4). We can obtain a basis of Hermitian
matrices by the following definitions [85, 115, 228§]

By = 04, By = i04, By = 03, By = 103, (A.22)
Bs = 01, Bs =10y, Dy = 09, D5 = i03.
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Using the normalization Tr[T*T"] = 16, the SU(4) generators are then given by

‘ ~

X =

2v/2

1

Xt =

2v/2

1

e ——

2v/2

1

e ——

2v/2

or explicitly

0100
1000

X1: 1 X2
2210001
0010
00 0 —i
00 7 0

X4 = _L_ X5
V210 =0 0
i 000
00 0 —i
00 —i 0

92 — _1_ S3
22104 0 0
i0 0 0
0010
o 1 |0000
211000
0000
01 0 0
G 1 100 0
22100 0 —1
00 -1 0

DI 0
o, 0O
0 —of

o
SH
[\

|H

N
N
o P O O O o =.

|H

o
oo oo o |
o~

|
—_

00
0

l
0
1
—-10
0
0

00
00
0 —
¢ 0
01
10
00
00
0 0
0 0
—-10
0 1

X3 =

54

ST =

N
S»—l
¥

[\e}
S}—l
[}

N
S}—l
¥

N

(A.23)
(A.24)
(A.25)

(A.26)

1 000
0-10 0
0 010
0 0 0-1
00— 0
00 0 —
¢ 0 0 O
0z 0 O
00 —0
00 O
¢ 0 0
0 -2 0

0000
0001
0000
0100
0

~.

e}

=}

10 0
01 0 O
00 -1 0
00 0

~1
(A.27)

where X* are exclusive SU(4) generators and define the coset SU(4)/Sp(4). They

obey
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St are the 10 generators of the fundamental representation of Sp(4) for which the

following applies.
S'=-E(SY'E. (A.29)

The totally antisymmetric structure constants of SU(4) are defined by [T%,T°] =
ifeeTe. All nonzero structure constants are

FLBM 2303 _ 246 _ 137 _ % (A.30)
f1’3’8 _ f1’5’9 _ f3’4’11 _ f4’5’15 _ _% (A.31)
FLAI0 _ 2500 _ 2512 1412 % (A.32)
The generators { X!, X2 X3 X4 S7 S%} meet the criteria for SO(4)
~G;GT =4, (A.33)

and may be used as a basis. Occasionally, it is convenient to use other bases. The
basis in Equation (A.27) is Hermitian and using Equation (3.38) results in the
following pion quintuplet [115]

74 — B

) i(m + 78)
I, = —— 21¢ , A.34
| v (A.34)

i(m? + ")

b — 7P

The basis we introduce in the following is equivalent to the basis that results in
the charge eigenstates of the pions 7% and 7% in SU(2). We obtain this basis by
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the following definitions [85]

X4 = LQ (X' —iXx?)
XP = — (X°—iX

D ]‘2 ( 5 4)
54 = % (V251 —i (s° + 5)
SC — % (513 _258)
SE = % (~v2st—i(s*+ )
59 = iQ (~vas©—i(s"-s))
SI _ 514

(A.35)

The generators in this basis are not Hermitian but are more sparse, resulting in

smaller bilinears. Therefore, it is more convenient for operator building and Wick

contraction, as it results in fewer terms. The resulting pion quintuplet was given

in Equations (3.39)—(3.43).
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Additional Operators

In this appendix, we want to provide additional operators that were not employed
in this work, but will be helpful for the analysis of three-to-two scattering. This
will include a pm operator and a w7 operator. To this end, it is useful to ex-
plicitly write the vector decuplet. Using Equation (3.36) with the basis given in
Equation (A.35) yields [85]

pt =u'CEy,Pru p? =u"CSy,d
p¢ = dry,u p? =d"C%v,Prd
pf = E%CZPLHT pl = ﬂ%C'ZJT (B.1)
pG = CE’YMCEPLCZT pH = ﬂ’md
1 - 1 _

Here, we can identify the operators p™, p¢, and p! as the subset that corresponds to
the Standard Model bilinears. The projection of 5®5®5 into the ten-dimensional
representation is given by the totally antisymmetric combination of all three indices
of the pions [201]. This can be realized as

Ox = m4nPnC — ax“7P 4 7% 4nP — 7nPnt 4 P77t — 2Prdx®. (B.2)

There is a trick to obtain a pr-operator from this, for which we just need to realize
that the mrm-operator can be constructed from antisymmetric two-pion states in

the ten-dimensional irrep.

O — (77 — 7% N8B 4 (2Pr® — 797 B)r A — (2Br? — 742 B)nC. (B.3)
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This form encodes the flavor combinations that decompose the 5 ® 10 tensor
product into the 10. Now we just have to identify the two pion states with vector
states from Equation (B.1). From this we obtain a pm operator that transforms in

the 10-dimensional representation.

O = —ptaP + pPrt — pn€ (B.4)
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Additional Results for Mixed
Stars

We report here additional results on the mass-radius relation and the second Love
number for combinations of equations of state that were not presented in the main
text. In Figure 17, we show the additional mass-radius relations. We can see
that whether the data are compatible with the observation depends mostly on
the ordinary matter equation of state employed. EoS I produces smaller masses
and radii than EoS II, and the additional dark matter reduces these even further,
making them incompatible with the observation. EoS III, however, produces larger
masses and radii, and the addition of dark matter shifts the data points closer to the
observation. In general, we see that the effects are very similar to those described in
the main text. We also see that whether the heavy or light dark matter ensemble
is employed essentially makes no difference. In Figure 18, we show the second
Love number versus the compactness. Once again, we see the same characteristics
described in the main text, and the changes are mainly related to the choice of
different equations of state for ordinary matter and different dark matter candidate

masses.
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Figure 17: The mass-radius relations between and the total observable mass Mo +
Mp in Mg and the observable ordinary matter radius R in km for the equations
of state not shown in the main text.
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Figure 18: The second Love number ks plotted against the compactness obtained
with the outermost radius C' = Mo/ Rmax for the equations of state not shown in
the main text.
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Tabulated Lattice Results

We report here the energy levels extracted from the correlator fits and the phase
shifts resulting from the Liischer analysis. Table 12, shows the results in the 14-
dimensional channel. We provide the number of gauge configurations, the number
of stochastic sources, the one- and two-pion energy levels, and the resulting s-wave
phase shift. For the ten-dimensional channel, we provide the energy levels from
different irreps, as well as the center-of-mass energy and the p-wave phase shift,
provided the energy levels are in the elastic window in Tables 13-15. The last
column indicates whether we include the phase shift in the fit to ERE or Breit-
Wigner. The number of gauge configurations and stochastic sources is given in the
main text in Table 10.
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Table 12: The ensembles used in this work to investigate the 14-dimensional chan-
nel. They are defined by the inverse gauge coupling /3, the bare fermion masses
of the degenerate fermions amg and the lattice volume (N} x Np). We give the
number of configurations, the number of stochastic sources, the ratio of the pseu-
doscalar meson mass to the vector meson mass m,/m,, the ground state energy in
lattice units for the one-pion and two-pion channel, and the perturbatively renor-
malized pion decay constant f; for the comparison with the leading-order xyPT

prediction.

’ B ‘ amg ‘ Np ‘ Nr ‘ Nconfig ‘ Ngrc ‘ abr ‘ alrr ‘ do ‘
6.9 -0.92 12 24 63 4 1 0.416(19) 0.885(14) 144(5)
6.9 -0.92 14 24 550 4 1 0.3926(14) 0.7914(40) 172(3)
6.9 -0.92 16 32 176 4 1 0.3894(14) 0.7848(35) 173(4)
6.9 -0.92 24 32 467 16 | 0.38649(51) 0.7734(12) 174(8)
7.05 | -0.835 12 24 313 16 | 0.4616(15) 0.9424(32) 156(1)
7.05 | -0.835 14 24 619 4 1 0.4417(17) 0.9085(30) 164(2)
7.05 | -0.835 | 20| 36| 100 | 16| 0.4380(10) | 0.8792(27) | 175(4)
7051085 | 12| 24| 84| 1]03778(57) | 0.786(22) | 146(6)
7.05 | -0.85 14 24 167 4 1 0.3496(25) 0.7236(67) 158(3)
705|085 | 16| 32| 101 | 4|03375(17) | 0.6892(41) | 168(3)
7.05 | -0.85 24 36 100 16 | 0.33076(97) | 0.6638(23) 176(3)
7.2 -0.78 12 24 150 16 | 0.4382(34) 0.9024(84) 129(3)
72 | -078 | 14| 24| 425| 16 0.3857(14) | 0.7951(35) | 157(2)
7.2 -0.78 16 32 265 16 | 0.3809(11) 0.7703(31) 163(2)
72 | 078 | 24| 36| 508 | 16 0.36963(39) | 0.74360(79) | 172(2)
7.2 -0.794 14 24 234 4 1 0.3234(26) 0.6888(66) 142(2)
7.2 -0.794 16 32 101 4 1 0.3097(17) 0.6463(50) 150(2)
72 |-0794 | 28| 36| 504 | 16| 0.28524(35) | 0.57582(97) | 175(1)
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Table 13: The results of the Liischer analysis in the 10-dimensional channel in the
non-resonant ensembles. We obtain one energy level in the irreps 71, E, and B,
coming from a single p-operator and two energy levels in the A; irrep from the
variational analysis including p-operators with the structures I' = 7, and I' = 747,
labeled by n. We give the energy in the lattice frame and the center-of-mass energy
as well as the p-wave phase-shift, given that the center-of-mass energy was in the
elastic window. In this case, we only include data points from the A; irrep in the

fit.

Ny, P|A |n aE,é\’ P a\/sﬁ’ P 31 Incl.
14 |0 | Ty | 1| 0.558(3) | 0.558(3) - No
14 |1 | Ay | 1]0.693(7) | 0.528(10) — No
14 |1 | Ay | 21]0.97(2) | 0.85(2) 0(9) No
14 |1 | E |1]0.712(5) | 0.553(6) — No
14 |2 | Ap | 1]0.825(5) | 0.527(8) - No
14 |2 | Ay | 2] 1.06(2) | 0.85(2) 18(2) | Yes
14 |2 | By | 1]0.84(2) | 0.55(3) - No
16 |0 | Ty | 1] 0.552(4) | 0.552(4) — No
16 |1 | Ay | 1]0.660(3) | 0.530(4) — No
16 |1 | Ay | 2]0.94(2) | 0.85(2) 0(9) No
16 |1 | E | 1| 0.683(4) | 0.558(5) — No
16 |2 | Ay | 1] 0.758(3) | 0.516(4) — No
16 |2 | By | 1|0.774(9) | 0.54(1) - No
20 |0 | Ty | 1]0.547(2) | 0.547(2) — No
20 |1 | Ay | 1] 0.648(4) | 0.567(5) - No
20 |1 | A1 | 2|0.835(4) | 0.773(4) | 0.0(5) | No
20 |1 | E | 1]0.626(4) | 0.541(4) - No
20 | 2 | Ar | 1] 0.705(7) | 0.548(9) - No
20 |2 | Ay | 2] 0.945(8) | 0.834(9) 18(4) | Yes
20 |2 | By | 1]0.695(7) | 0.535(9) - No
20 |3 | A; | 1] 0.776(5) | 0.553(7) — No
20 |3 | A; | 2| 1.01(1) | 0.86(1) 31(8) | Yes
20 |3 | E | 1]0.78(1) | 0.56(2) — No
24 |0 | Ty | 1]0.545(1) | 0.545(1) - No
24 |1 | Ay | 1]0.601(2) | 0.541(3) - No
24 |1 | Ay | 2| 0.842(5) | 0.801(6) 5(2) Yes
24 |1 | E | 1]0.602(2) | 0.542(3) - No
24 |2 | A | 1]0.642(2) | 0.524(2) — No
24 |2 | A; | 2] 0.90(1) | 0.82(1) 17(7) | Yes
24 |2 | By | 1]0.658(2) | 0.543(3) - No
24 |3 | A; | 1]0.688(2) | 0.517(3) — No
24 |3 | A1 | 2]0.94(2) | 0.82(3) 40(2) | Yes
24 |3 | E | 1]0.700(9) | 0.53(1) - No
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Table 14: Same as Table 13 for the close-to-resonant ensembles. Since the data
was scattered in the elastic window with large error, we do not perform a fit in

this case.

Ny, P|A |n aE,jl\’ P a\/sﬁ’ P 01 Incl
16 |0 | Ty | 1] 0.420(8) | 0.420(8) | 179(3) | No
16 | 1 | Ay | 1]0.488(8) | 0.29(1) - No
16 |1 | A1 |2 |0.78(5) | 0.67(5) 140(2) | No
16 |1 | E |1]0582) |0.42(3) 0(9) | No
20 |0 | Ty | 10.387(5) | 0.387(5) - No
20 |1 | A | 1| 0.423(7) | 0.284(10) - No
20 |1 | A1 | 2] 0.68(3) |0.60(4) |140(1) | No
20 |1 | E | 1]050(1) |0.39(1) - No
20 |2 | Ay | 1]0.533(7) | 0.29(1) - No
20 |2 | Ar | 2 ]0.77(6) | 0.63(8) 140(4) | No
20 |2 | By | 1]0.61(2) |0.42(3) 0(9) No
20 |3 | A1 | 1]0.64(1) |0.34(2) - No
20 |3 | Ap | 2| 0.91(4) | 0.74(6) 130(2) | No
20 |3 | E | 1]0.75(3) | 0.52(4) 90(3) No
24 |0 | Ty | 1]0.387(5) | 0.387(5) - No
24 |1 | Ap | 1] 0.394(3) | 0.294(5) - No
24 |1 | Ay | 2]0.70(2) | 0.65(2) 80(2) | No
24 |1 | E | 1047(1) |0.39(2) - No
24 |2 | Ay | 1] 0471(6) | 0.292(10) | - No
24 12 | A; | 20.80(2) |0.71(2) 60(3) No
24 |2 | By | 1]053(2) |0.38(2) - No
24 |3 | A; | 1] 0.552(6) | 0.32(1) — No
24 |3 | Ay | 2]0833) |070(3) |110(2)| No
24 |3 | E |1]0.593) | 0.38(5) - No
36 |0 |7y | 10.378(6) | 0.378(6) - No
36 |1 | A; | 1] 0.349(5) | 0.302(5) - No
36 |1 | A1 | 2]061(2) |059(2) |120(5) | No
36 |1 | E | 1]0.426(8) | 0.389(9) - No
36 |2 | A; | 1| 0.383(4) | 0.293(6) - No
36 |2 | A; | 2| 0.68(2) | 0.63(2) 50(4) No
36 |2 | By | 1]046(1) |0.39(1) - No
36 |3 | Ap | 1| 0.421(6) | 0.294(8) - No
36 |3 | Ay | 2| 0.68(3) | 0.60(3) 70(3) No
36 |3 | E | 1]051(2) |0.41(2) — No
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Table 15: Same as Table 13 for the resonant ensembles. In this case, we only
include data points from single p-operators in the irreps £ and Bs.

N, P|A |n aETI}’ P a\/sﬁ’ P 01 Incl.
16 |0 |71 | 1]0.43(1) | 0.43(1) 149(4) | Yes
16 | 1 | Ay |1]047(1) |0.27(3) - No
16 |1 | A | 2] 0.84(6) | 0.75(7) - No
16 |1 | E | 1]060(3) |0.46(4) | 143(10) | Yes
24 |0 | Ty | 1]0.36(2) | 0.36(2) 147(8) | Yes
24 |1 | A; | 1]0.33(2) | 0.20(3) - No
24 |1 | Ay | 2| 0.72(5) | 0.67(5) - No
24 |1 | E | 1]046(2) | 0.38(3) 140(1) | Yes
24 |2 | A1 | 1]041(2) | 0.18(5) - No
24 |2 | A1 | 2] 0.69(8) | 0.59(9) 100(7) No
24 |2 | By | 1]046(5) | 0.28(9) - No
24 |3 | A1 | 1]051(2) | 0.23(5) - No
24 |3 | A1 | 2] 0.9(1) 0.8(1) - No
24 |3 | E | 1]0.72(5) | 0.55(7) 170(8) No
36 |0 | Ty | 1| 0.351(7) | 0.351(7) 122(8) | Yes
36 |1 | Ap | 1]0.272(9) | 0.21(1) - No
36 |1 | Ay | 2] 0.56(2) | 0.53(2) 90(4) No
36 |1 | E | 1]0.385(9) | 0.343(10) | 134(10) | Yes
36 |2 | A1 | 1]0.32(1) | 0.20(2) - No
36 |2 | Ay | 2| 0.63(4) | 0.58(4) 30(4) No
36 |2 | By | 1]044(1) | 0.37(1) 120(1) | Yes
36 |3 | Ar | 1] 0.384(9) | 0.24(1) - No
36 |3 | Ar | 2| 0.71(2) | 0.65(2) - No
36 |3 | E | 1]048(3) | 0.37(3) 60(5) Yes
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