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Abstract

In non-Abelian gauge theories it is necessary to fix a gauge in order to calculate
gauge dependant quantities. Beyond perturbation theory this is however no
longer possible since gauge conditions do not possess unique solutions. From
this stems the Gribov-Singer ambiguity. A possible way to resolve this, is to
restrict to field configuration lying within the first Gribov region where the
Faddeev-Popov operator is positive semi-definite. In principle it should also be
possible to average over all independent solutions, however this leads to signif-
icant cancellations. One therefore hopes to shed more light on the behaviour
of the Faddeev-Popov operator beyond the first Gribov region. This thesis at-
tempts to solve this problem by using Supersymmetry. After introducing the
necessary mathematical tools of Supersymmetry, the supersymmetric partner
potentials to the Faddeev-Popov operator in an instanton field configuration
is calculated. From there certain approximations in conjunction with a power
series Ansatz are used to find a possible solution. A closed form to each of the
potential terms is found and some considerations are given as to how a further
approach would look like.
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1 Introduction

The aim of this thesis will be to use Supersymmetry on the Zero mode solutions
of the Faddeev-Popov operator in an instanton field configuration. This is done
to find a way for resolving the Gribov-Singer ambiguity. If the behaviour of the
supersymmetric operator is simple enough, one could determine its spectrum
and expand this knowledge to a method for handling negative Eigenvalues of the
initial Faddeev-Popov operator. First an introduction to the necessary tools of
Supersymmetry will be given. Then we find a general approach to gauge theories
which will connect us to the Gribov problem and the aforementioned Faddeev-
Popov operator. Sections 2 and 3 then deal with the concrete calculations.
1

1.1 Supersymmetry

Supersymmetry is in some sense a generalization of the physical notion of sym-
metry. Since symmetry is omnipresent not only in our physical theories but
also in the phenomenological description of the world around us, it is no won-
der a more complex mathematical construct such as Supersymmetry has huge
potential in shedding light on current and also future questions physics and
mathematics might have to offer. The following introduction is aimed at under-
standing the core concepts of Supersymmetry in context to this thesis.

As mentioned before, symmetric principles usually allow us a more clear
mathematical description of a physical system. In general this is achieved
through the correlation between

Symmetry - Conservation law - Degeneracy.

Supersymmetry works similar and thus predicts new kind of particles called
SUSY particles. [5] The first approach to Supersymmetry came through Quan-
tum field theory in order to better understand the relation between fermions
and bosons as will be shown below. Later this was expanded to Quantum and
also Classical mechanics. [5]

Since Supersymmetry as a model must contain fermions and bosons, the
most simple application is the product space spanned by

[ngnp) = Ing)|nF); where ng =0,1,...,00 and np = 0,1

where npg is the number of bosons and ng the number of fermions. It is now
necessary to introduce Operators which change between these states. [1]

Q4+ Inpnp) < |ng —1,np +1)

Q- |npnp) < |ng+1,np —1)

(1)

Where the normalisation factor is left out. For a theory to be supersymmetric
its Hamilton Operator H must be invariant under transformation with these

n this thesis we work with natural units A =c=1



Operators
[H,Q+] =0 (2)

Thus in accordance with (1) @+ can be defined as
Q4 = ab’

T 3)

Q_=a'db

Where a is the bosonic and b the fermionic creation operator. The fermionic
operators possess nilpotency

bt =bb =0

From (3) it follows directly that @+ inherit this nilpotency which is a very
important aspect of Supersymmetry and the key to calculate the supersymmet-
ric Hamilton Operator as will be shown below.[5]

To obtain a non trivial theory we have to generalize (3)

Q4 = Abf

0. — AT (4)

Where the operators A and A" are arbitrary bosonic functions of the original
operators a and af[1]
It can be shown that the Ansatz H = {Q4,Q_} fulfills our necessary condition
in (2). Now with our more general definition in (4) it no longer holds, that
[H, Np] = 0, while it is still true that [H, Np] = 0. Thus we must characterize
our state solely by the quantum number ny and it follows that
H|E,r)=FE|E,r)
N |Enr) =np |Enr)

Since there are only two states for np (0 and 1) we can rewrite these states as
two dimensional vectors [5]

| |Eo) Boson
|Enr) = [ |E1) | Fermion
As a consequence any supersymmetric Hamilton operator has to be diagonal in
this basis and takes the form [1]

- (5 5) = (5 8)

Which can also be written as

H = Z{A, 'Yy — 5[4, Allos (©



where

(10 (10
=19 1) 9=\ o -1

We now define A and A" more specifically in accordance to a and a which read
as
_ . m P
a=4/5 (g+ zm)

where we define W(q) as the superpotential

A=\ |5 (W(g)+iP)
Al =[5 W) —i)

Note that W (q) is not strictly speaking a potential in the sense that its dimension
is not that of energy. [1]
Using (6) it can be shown that H now reads as

1 p? 2 1 dW(q)
H = —(— W _—— .

(o W@ — 5 P
We are interested in how H acts on the ground state wave function vy where the
Energy F = 0 for H;. Through some calculation a formula for the superpotential
W (q) can be derived with the before defined framework. It is given by

(7)

W(a) = ~—== (o) (¥

Using equations (7) and (8) will be the main focus of this thesis.



1.2 Gauge Theories

To describe elementary particle physics the most important quantum field the-
ories are gauge theories. The classical example being the theory of electro-
magnetism. So to start we remind the reader of the Maxwell equations of
electrodynamics in four-vector notation. [6]

oF oG
Oa” o =" ®)

Where F is the field strength tensor defined by
FHY = grAY — 9 A

1
Gaﬁ = 5604[3’)’5}7‘76

Here €¢*87% is the Levi-Civita tensor in four dimensions and A the four vector
potential. A gauge transformation is then given by

AP = AT =AM — iy

where x is an arbitrary function. It now follows directly that under this trans-
formation the field strength tensor remains unchanged.

F'm = or A — v Al = prv

Fr7 ig called gauge invariant.[2]

In this sense one can define the term gauge invariance as the property of a
class of vector potentials {A®) k € N}, related by these gauge transformations
which describe the same electric and magnetic fields.[7] Applying this principle
in a general sense, it turns out that, when a given global invariance is generalized
to a local one (here, the electromagnetic gauge invariance) a resulting field is
a necessity. This insight gave rise to Gauge Theories, with one of the most
prevalent ones being Yang Mills theory which will be briefly discussed below.
2

Electrodynamics is an example of an abelian gauge theory. Yang-Mills the-
ory, also known as non-abelian gauge theory is primarily used to describe the
electroweak as well as the strong nuclear force. [6] In fact the entire standard
model of particle physics is described using Yang-Mills theory. The Lagrangian
of Yang-Mills theory reads as

1 a v
,C = _ZFV‘VF;L (].0)
F, = 0,A7 — 0, A7, + gf“bCAZA,C, (11)

Where Aj, are the gauge fields, and the parameters of the Lagrangian are the
coupling constant g and the structure constants fo¢ of the associated gauge
algebra. [4] Since we will be working in SU(2) Yang Mills theory the structure



constants will take the form of the Levi-Civita tensor e®b¢.
The Lagrangian (10) is invariant under local gauge transformations, which take
the infinitesimal form

a a ab
A,u — A,u + D# bp
Dzb _ 5abaﬂ +gfabCAz

where ¢, are arbitrary functions. [4]

1.3 Gribov Problem

This section follows closely [4]

To calculate gauge dependant quantities it is necessary to fix a gauge. How-
ever this is not possible beyond perturbation theory since gauge conditions like
the Landau gauge

0,47, =0 (12)

do no longer possess a unique solution for a given configuration. The resulting
independent solutions are called Gribov copies while the associated ambiguity of
the gauge condition is named Gribov-Singer ambiguity. To obtain a well-defined
gauge non-perturbatively, it is now necessary to apply further constraints in
addition to (12). Thus there will be a remaining set of Gribov copies called the
residual gauge orbit. A way to resolve the Gribov ambiguity is to restrict the
residual gauge orbit to the first Gribov region, which is defined by the region
the Faddeev-Popov operator

M® =—-9,Dsb (13)

is strictly positive semi-definite. This region is convex-bounded and has zero
eigenvalues only on its boundary the so called Gribov horizon.

1.4 Faddeev-Popov Operator

Stated here again in Euclidean space the Faddeev-Popov operator reads as
M = —0,,(0,6° + [ A7) (14)

The Faddeev-Popov operator has been studied mostly in its behaviour around
the first Gribov region where its eigenvalues remain positive up to its boundary.
Beyond the first Gribov region the remainder of the residual gauge orbit is
a set of additional Gribov regions, seperated by concentric Gribov horizons,
having successively more negative eigenvalues. The number of these negative
eigenvalues increases by one for each horizon. To resolve the Gribov-Singer
ambiguity it should in principle also be possible to average over all Gribov
copies, however because of the aforementioned behavior of (14) it comes to
significant cancellation during this process. Therefore one hopes to shed light on
the behaviour of (14) beyond the first Gribov horizon and its negative eigenvalue
solutions. [4]



2 The Supersymmetric Approach

The topological field configuration of an instanton is given by the algebra ele-
ments

2
A# = m’rﬂlﬂ‘u
1, _ _
Ty = Q(THT,} — TuTu) (15)

TH = (iTa 1)
Ty = (—t71,1)

With 7¢ the Pauli matrices and where A characterizes the size of the instanton.
The corresponding gauge fields are given by

a 1 2 a
A,u. = ;mTUCV# (16)
With ¢ being the t"Hooft tensors. [3]
With that the eigenvalue equation can be written as
2
72 4 A2

a2¢a + fabc rﬂé—ﬁyayd)c _ _w2¢a (17)
The zero modes to (17) apart from the trivial ones are taken from [3] and will
be stated below. ) ) )

5z +(1+ =) In(1+ 5z)

Bra(r) = X (18)
A3
4 2 2 2
242 214 ) In(1+ 5
¢18(T) — A4 A2 ( = )\2) ( )\2) (19)
P

Note that ¢ 1 4(r) has multiplicity two while ¢15(r) has multiplicity one, leav-
ing three trivial solutions of constant nature which will not be discussed further.

With these solutions given we now find the corresponding superpotential
which is given by equation (8). To achieve this we first make the following
substitution.

L
x=7
_OfG) _ 0f() 07 _ 195(7)
or or or A OF
Thus W is now given by
1 d

W= *m% In(¢(7))

The supersymmetric Operator H is then given by equation (7).
We seperate our calculations for each of the zero modes.



2.1 Results for q§%4

For W,(7) we find:

1 (3+7)In(1 + #2) — 372

Wia(?) = JmA (7 + ) In(1 + 72) — 73 (20)
For simplification we define W% 4(7) as
A 22 In(1 + 72) — 372
Woo(7) = (3~+ rN) n( +r~) 3~r
2 (F+ ) In(l +72) — 73
. 1 .
= Wiy(r) = mwéz;(r)
Thus the equations for H; and Hs become
c oy dW(F)
— 242 2 _
= o (PN + W2 - Do) (1)
sy dW(F)
— 242 2
Hy = 2m/\z(p A+ W(F)* + I ) (22)
With (21) and (22) we find
21+ & — e mey)
_ 242 T —72+4(1472) In(1+72)
el G 1+ 72 ) (23)
274 (3 + 572)
H, — 242 _
27 2maz (p AN AT = (r+ ) (1 £ ) 24

2(1 +7%) In(1 4 7) (7 (6 + 7) + (=3 4+ 7*) In(1 + f2)))
(1+72) (7 — (F 4 73) In(1 4 72))?

For better illustration the potential terms in (23) and (24) are visualized below.
Note that the graph around zero is not accurate due to the occurring singularity.
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2.2 Results for ¢3
For ng(’l:) we find:

1 872 — 4(2 + 72) In(1 + 72)
Wis(F) = 25
80 = R B ) — 26+ ) m(+ ) (25)
Similar to before we define ng as
e — 872 — 4(2+ %) In(1 + 72)
BT B2+ R2) —2(F + ) In(l + 72)
and thus 1
Wis = —W
18 = s
Now we can again use equations (21) and (22) to find
1 72 472) —4(1+7)(1 72) In(1 + 72
H1: (2)\2 8T~(5+ z,.) (~+T)(~0—~:37’)n( —’:T)> (26)
2mA? 1+ 72)(2+72) — 2(F + 73)2 In(1 4 72)
874 (6 + 372 — 471)
H, = 2)\2
> T omaz <p T AERT P 26 r AL )2 2

A(1+72) In(1 4 72) (372 (7* — 8) + 2(6 + 372 + 7*) In(1 + 72)) )
(L4 72)(73(2 4 72) — 2(F + ) In(1 + 72))?

Below the potential terms of (26) and (27) are again shown.

11
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2.3 Finding approximate solutions

We can express the solutions we found in the following form.

H= N4V 28
(PN V) (28)
Where V is the potential of the Hamilton Operator. To understand these results
better we now develop this Potential V' in a Maclaurin series. The first terms
are given below up to order 7.

@ 14(7)

Vi = -2+ 8—;2 - %4%4 + %f‘*...
Ve = % - ; + %f4 - zfgé?ﬁ-"
P18(7)

Vi = % —5+ %:2 - %f‘* + %f‘l

The leading term in these solutions is either 7 or %2 If we make an approxi-
mation for small 7 and discard terms of higher order the following observations
can be made. The Hamilton Operator is now one of two forms.

1 N

H= 52 (p*A\? + ai?) (29)
o

- e Y (30

Where « is an arbitrary constant.
Equation (29) just describes the system of an harmonic oscillator. This will be
discussed afterwards. The case of (30) will be discussed below.

13



We can rewrite (30) as
2
P c @
H=—+—= =
om 720 T 2ma
Thus writing out the time independent Schrédinger equation we get
Hy = Ev

p2

& GlF) + 2 (F) = Bu(P)

& o) + (5 — Bp() =0

This equation has the following general solution.

W(F) = Clx/?J(%\/l —8mc, —iV2EmF) + Cz\fFY(%\/l —8mc, —iV2Emf)

Where J and Y are the Bessel functions of first and second kind and C7,Cs
are arbitrary constants. Note that the argument inside of either Bessel function

becomes real if we assume 2E < 0

We now look at the Schrédinger Equation for H in (29). Similarly to above

this becomes 1
L " - ~2 _ - _
0 () + (e = B (7) = 0

Which, as mentioned is the Schrédinger Equation for the harmonic oscillator.

The general solution at ground state energy is of the form
O(F) = At

with
AkeR

14



To determine a possible Ansatz for ¢)(7) we now also want to understand our
solutions for large 7. We therefore first make the substitution 7 = % and again
develop the solution in a Maclaurin Series. The results for ¢1 4(7) are shown
below.

2(1 + 61'2 ) : 1 )
—1+(1+22) In(1+ L)
- _ P 32
H1() 1+ % 2
222
Vi = 548
H2 () (1+x2)(f1+(1+12)ln(1+;12)( e (33)

1 1
In(1+ ) (1= 72% = 621 + 2%(=1+ 22° + 32" In(1 + —)))
x x
Developing this in a Maclaurin series we get

2—4+1In(L)) , 2(5—4ln(L)+5In(%)?) ,

Vi1 = x =4+ ...
B 1 () (—1+ In(%))?
2(—=5+In(Z 2(7+5In(L) +3In(%)? +In(%)*)

) o
2$ - (_1+1n(?12))3 r — ...

Vo = —
B i+ ()
We now resubstitute 7 = % and cancel after the first term in our series. Thus
we arrive at
- 4(—2+1n(r))

Vin = r———7 7

72(—1 4+ 21n(7))
2(=5+ 21n(7))
7)

o~ (
V2 = = e o)

If we repeat the same calculations for ¢;5 we find

8(—4 + 31n(F))

Vi = - =
8(—4 + 3In(r
Vg o B4 31000)

Note that for large 7 these results all tend towards 0.

15



3 Further Calculations

In the following calculations the before made substitution 7 = £ still holds but
for readability 7 now means 7.

3.1 Determining the correct Ansatz

With our results from section 2 we now try to find a possible approximate
solution to (28) which is split into four different equations depending on V. It
is now convenient to look at the before found solutions for very large r as well
as very small r.

For VH1(¢% 4) we in both cases have a solution of the form e**. We combine
this observation with the general power series Ansatz

u(r) = ijrj (34)

And obtain the following Ansatz for ¢ (r)

b(r) = e ulr) (35)
Combining this Ansatz with the Schrédinger-Equation yields.
1 1

Lo,
(2mp + 2m\2

V(r)y(r) = E¢(r) (36)

Since in our case V(r) is always a fraction it is convenient to write it in the form

-t
Thus (36) becomes
00 + (55 20~ 2mE)s(r) =0 (37)

Now all that remains is following the Ansatz (35) in the above equation (37)
which yields

g(r)e " (r) — g(r)e " dkrul (r)
4ok (g(r)(4/€27“2 — 2k — 2mE) + %f(r))u(r) =0

Let Q := 2k 4+ 2mFE. Thus after some simplification the above equation
becomes

g(r) (u(r) — dkrd (r) + (4k*r® — Q)u(r)) + %f(r)u(r) =0 (38)

16



3.2 Results for Hi(¢1,)
We find for Vi 2
F) = 202 +12) (14 7)1+ 72) = 72) - 67
g(r) = 2 (1472 (1 +72) =) (14 12)
For u(r) it is true that
W (r) =D (G +2)G + Dbjaar? s ' (r) = (5 + Dbjar? (40)
J J

Thus using (39) and (40) with (38) yields
r2((1+r3) (1 +r2) —r?) (1 +7%) (Z(j +2)(j + 1)bysord

— k> + Dby + (k%2 - Zb )
J
1 .
e ((27'2 +12)(1 +r*) In(1 +7%) —r?) — 6T4) ijrj —0
J
If we assume 7 < 1 we can replace the natural logarithm with its power

series

> ( 1)n+1

In(1+r?) = Z

n=0

Z anr? (41)

Inserting this into the above equation and doing some simple calculation yields

2(1 472 Za r2n Z( +2)(j + 1)bjor? — dkjbjrd + 4k?b;_ord — ijrj)
—-T (1 +r ) Z((] + 2)(] + 1)bj+2Tj — 4kjbjrj + 4k2bj,27°j — ij?"j)

J
1 ,
Fya (D D ) 6t S =0
J

To make further calculations simpler we introduce some abbreviations. We get

CZ anr®" Z I — dz Ir7 +
n J J
% (e(fZanr2" —r?) - 6r4> > byl =0
n J

17



where

c=r*1+r%)%  d=r'1+r%); e=(2"+12);  f=(1+71?)
I = (j+2)(j + 1)bjro — 4kjb; + 4k?b;_o — Qb;

We expand the second part of this equation.
c Z anr®® Z erj — dz erjJr
n J J

1 ) 1 )
Fef Z Z bjanr7+2” - F(B’IQ + 6r1) Z b’ =0
j n j

J

To make further calculations simpler we split this into three separate sums such
that
g1 =+ g9 + 03 = O

where

o1 = CZZHjaTLerFQ”
J n
o9 = %efzz bjanrj+2"
7 n
o3 = —dZerj — %(67‘2 + 671) ijrj
J J

To continue we first show that

Z Z ajbnTjH" = Z Z ak—annrk (42)
n kK n

J
Proof: For a given k we look for all coefficients a;b,, such that:
j+2n==k = j=k—2n
Assuming n € Nja, =0 Ve <0

= ap_onby is coefficient for r*

& Vn € N ag_onbyis coefficient for r*

It follows that for a given k:

Z ak—?nbn
n

Is the sum of all coefficients for ¥ And since

Vidkn:j=k—2n

18



It follows that:

j+2 k
S Y st = S aabr
7 n k n

Using (42) o1 and o9 become

o1 = CZ Z 0,_ona,r! = CZ ayrt
l n l
02 = %efzzbl—%lan’rl = %efZﬁlTl
l n l

where

o) = E I _onay
n

= —2n+2)(l —2n+1)bj—_apnt2 — —2n)b; — 2n + I—on—o — b — 2n)a,
l l b 4k(1 b 4k2b Qb

Bl = Z 5l72nan

If we resubstitute the before made abbreviations and use index shifting we find
for these sums respectively

1= Z(al—2 +20p-g +agp)r' = Zﬂﬂ’j
! j

o9 = 2(251—4 + 1489 + 12ﬁz)rl — Zfﬂj
J

l

where we defined p; and &; as the prefactors.
Similarly o3 becomes

j J

where we again defined v; as the prefactor.

Thus our equation finally can be written down as

> &+t =0 (44)

J

19



3.3 Modifying the Ansatz
For Via(d1,), Vai1(d1s) and Vya(p1s) we follow the same logic as before but

1

must modiny our Ansatz in the following way.

Since for small r we found (31) we notice that this approaches a solution of the
form \/rc; where ¢ is an arbitrary constant. For large r the solution is of the

form cye=*". Thus our Ansatz becomes

¥(r) = Ve Fu(r). (45)

Where u(r) =3 j b;jri swallows the constants ¢; and c. Inserting this into
(37) we get

g(r)y” + (%f(r) — 2mg(r)E)(r) =0

W (r) = M%(e_kr(élrzu”(r) + (4r — 8kr?)u + (4> — dkr — 1)u(r))
= i(z) (e_k"'(4r2u” (r) + (4r — 8kr2)u/ + (4K*r? — 4kr — D)u(r))
+ (%f(r) —2mg(r)E)y/re " u(r) = 0

After short calculation this becomes.

o) (V0 () + (= = 2y (1) + (02
+ f(r)(%ﬁu(r)) =0

ko

75 1) T 2mEVIu(r)

Now all that is left to do is insert the specific Potential V(r) = 1) into eq.
(46) as it is done in the following calculations.

4)
fr)y=2r"(3+5r%) = 2(1 4+ 7*)In(1 + r*) (r*(6 + r*) + (r* = 3) In(1 + %))
g(r) =1 +7r*)(r* = (r+r*)In(1 + 7“2))2

Using (41) and (40) and inserting f(r), g(r) into (46) we get

A+ =+ a,r)? (\/?Z(j +2)(j + 1)bjar?

3.4 Results for Hy(¢

1
2

+ (i = 2k/7) Y (G 4 Dbjar? + (P — L i) — 2mE\/T) ijrj>

NG - NG 4r3

J

+ (2r'(3+5r%) —2(1 +17) Z anr®" (r*(6 4+ r?) + (r* — 3) Zanr%)) (%ﬁz bjr?) =0

20



We split this sum into two parts such that
o1 +09=0

where

= (0 = 1) Y aur®) (VDG + 2 + Dbyar?
1 . . k 1 )
- 2%/ Zj:(j + )b ar? + (K2 — ol 2mEN/T) zj:bjrﬂ)

— (24 (34 5r%) — 2(1 +1?) Zan r2(6 + 12) (7“2_3)2%7"2"))(%\/;2%”)

To continue we first determine (3", a,r*")?

= Z anr?" Z apr®t = Z anapr> ™t
n k n,k
letn+k=mn

DI «
where a, = Zan,kak
k
After some calculation and using (47) o1 becomes:

= (U0 =20t +7%) Y anr® + (2 + 200 +10) Y ™)
n

n

(VI 30U +2)+ Dbysar + (S = 243/7) 3G + Dbyerr?
k 1 j
+ (K2 r - - 47%) — 2mEV/T) ;bjr )

Defining some abbreviations we can simplify this in the following way

1+1" abeQnTZ”qLcZan
(\fZ]JrQ (j+1) g+27’j+AZ]+1 y+1TJ+BZbTJ)

where

a=r1% b=2(r* +r%); c=(r? +2r* 4 1)

21



Multiplying this out we get
o1 = (1+7)( af2j+2 (G+1) j+2rj+aAZ j+ 1)bj 11
+aBZb - b\fZZan Ji+2)(G+1) J+27’9+2” — bAZZan G+ 1)bjqritn
beZZa brit2n +cfZZan G4 2)(j + 1)bjyorit?
+eAY Z ay(j + Dby 1By Y anbjrj”ﬂ)
noJ noJ
If we introduce [ = j 4 2n and m = j + 27 and use (42) we can write this as:
= (14r%) (a\/FZ(j +2)(J + Dbjrar? +aAY (5 + Dbjpar? +aB > bjr!
J J J
— bﬁZalrl — bAZBlrl - bB Z’ylrl
1 1 1
+ c\/;z Gmr™ + cA Z Brmr™ + cB Z '?mrm)
where
o = Z an(l —2n+2)(1 —2n 4+ 1)bj_2p 12
Br=">an(l—2n+ 1)b_2n41
= Zanbl72n
G =Y ay(m =20 +2)(m =20+ )by 2512
B = Z an(m — 20+ 1)by—on41

Vm = Z anbm—Qn
n

Thus if we use the same summation index and take the sum out we can also
write this as

= (1472 Y (aVi( +2)( + Dbjpa + adj(j + 1)bj41 + aBb;
J

— b\/’IjOéj — bAﬁj — bB’)/j + C\/?jdj + CABJ‘ + CB’?j)?“j
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If we resubstitute our before defined abbreviations and use index-shifting this
sum becomes after some calculation

=3 ((G-9G -5+ (-1~ i)bj,4 — (2k(j — 5) + k)bj—s + kb,

1
—2(j_at+aj ¢+ B3 —2kBja+ Bis—2kBj6 — 5

12— kryj—3
. i)%% — ks + k*yj—6) + G2 + 264 + dj_6 + Bj—1
— 2kfBj_o +2B;_3 — 4kBj_a + Bj_5 — 2kpBj_¢ — i’% — ki1 + (K — i):yj*
— k-3 + (2k% — i)%—4 — k-5 + kz%‘—ﬁ)\/;(l +r%)r?

If we define the prefactor as &; this sum can be expressed as:

Z@ (1727 = (& +&-2)Vrr!

J

We now try to bring oo into a similar form. Written out oo becomes
oy = 2r* (3 + 5r?) (%\/772 bjrj) —2(1+ T2)(Z (67272 4 2t
J n
+ (r? — 3)(2 anr®™)?) (%WZ br?)
= 2r*(3 + 5r°)( \be 1) —2(1+1?) ZZ@ b (6riT2nt2 4 pitantd)
(r*—3 ZZanb r”?" (using (47))

)\2 (2r 3+5r Zb rj—Q 1+7" ZakGT JrZﬁlr (r *3)27m7ﬂm))

Where we used the index-shift k =j+2n+2; l=j+2n+4; m=j+2n
in conjunction with (42) as well as

ag = g anbg—2n—2
n
= § Anbi_2n—4
n
TYm = § dnbm
n
Summing over the same index this becomes, after some calculation

1
= F\/;Z(6bj—4 + 1Obj—6 - 1804]‘ - 1201]‘—2 - 3Bj — Qﬁj_Q + 9’}/]' + 3’)/]'_2 — 2’7]‘_4)7"]
J
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If we define the prefactor as p; this sum can be expressed as
02 = Z [T r/
J

Combining o7 and oy we thus arrive at the equation

> (G &2+ )V =0

J
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3.5 Results for H;(¢1s)
f(r) =8r*(5 + 4r®) — 4(1 + r*)(10 + 3r%) In(1 + 1)
g(r) =r* (1 +73)(2+72) = 2(r + %)% In(1 + r?)
Using (41) and (40) and inserting f(r), g(r) into (46) we get

(7‘4(1—|—r2)(2—|—r —2(r +1%) Zanr (ij—i—Z + 1)bjor?

1 | o k ;
+ (= 2hV7) zj:(g + Dbyear? + (V7 = = = 47%) — 2mEV/7) Zj:bjr )

+ (8r2(5 + 4r%) — 4(1+12)(10 +3r%) Y ar? ) (Vr Y b)) =0
n J
We again define certain abbreviations and simplify this expression.

& a—bZanr (\[Z +2)(j+1) J+2TJ+AZ]+1 JHN""BZZ)N)
Jr(cf dZanTQ”)(F\/;ijrj) =0
n j

here
a=r"(1+7r?)(2+1r?); b=2(r+r%)?%
c = 8r%(5 + 4r?); d=4(1+7r%)(10 4 3r%)

A= (=2 B= ((#Vi= 22— —) —2mBA)

We can split this into two sums o1, o2 such that
g1 + g9 — 0

where

Z(a\f( +2)( + Dbja + aA(j + )by + aBb; + o5 fb )i
. 1 iLon
ZZ (=banv/7(j +2)(j + 1)bjs2) — ban A(j + 1)bj11 — ba, Bb; — danp\/;bj)rj+2
Using I = j — 2n with (42) o9 becomes
oy = Z Z( (=ban/r(l —2n+2)(1 — 2n + 1)bi_2p12 — ban A(l — 2n + 1)by 211
1 !
- baanl72n - danﬁ\/;bl72n)'r
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If we introduce one more simplification this can be written as:

02 = 3 (~/rbay — bAB, — bBy — dﬁ&l)rl

l

where

oy = Zan(l —2n+2)(1 —2n+ 1)bj_op1o
B = Zan(l —2n+ 1)bi_on41
"= Zanbl—2n

1
0 = Z anpblen
n

Thus if we resubstitute our parameters and use some index shifting this

becomes

Z(—Qaz—z —dap—g —20q-¢ +4kBi—2 — 4813 + 8kBi—4 — 215 + 4kPi—6
1

1 1
+ 5+ 2k - (2(k* —2mE) — 1)y—2 + 4kvy_3 — (4(k* — 2mE) — 5)%,4

4 2kys — 2(k% — 2mE)y_g — 408, — 526)_5 — 125l,4) Jrrt

We define this sum as

o9 =y a/rr!
1
Similarly o, takes after some calculation the following form:
. . . 1 40 )
o1 = Z(@(J =2 =3)+2( =2) = 5+ 15)bi-2 = (4k( = 3) + 2k)b; 5

£ (3~ 9 ~5) 30— 4) + (2K~ > —4mE))b; s
+((j—6)(j—7) —6k(j —5) — 3k)bj_s + ((j — 6) + (3k> — 6mE))b;_g
(2K —T) + R)byr + (K — i —2mE)b;_s ) Vv

Which we define as 4
01 = Z M Vrr?
J

Combining these two sums we now arrive at the equation

D (i + &)V =0 (50)

J

26



3.6 Results for Hy(¢ys)
f(r) = 8r1(643r2 —4r?)+4(1472) In(1412) (3T2 (r*=8)42(643r%+r") 1n(1+7“2))

o) = (147 (P2 +1%) = 20+ 1% (1 +2))
Using (41) and (40) and inserting f(r), g(r) into (46) we arrive at

((1 +r) P2+ 1% — 2+ %)Y anﬂ")z) (\/?Z(j +2)(j + 1)by4or?

1 . . ) ko1 ;
# (75~ 2VD S0+ D+ ((8VF = 7= o) —2mBV) 3 by

(87" (6 +3r% — 4r?) + 4(1 +1?) Za 2" (3r2(r* — 8) + 2(6 + 3r? 4 r* Za" )

n=0 n=0
1 .
(p\/77 Z bj’”]) =0
J
We simplify this by introducing some abbreviations in the following way

@(a(b — CZ anr2")2) (\/;Z(j +2)(j + 1)bjrar? + AZ(j +1)bjy17? + B ijrj)

J J
+ (d+ eianr%(f +g§:anr2")> (%\/Fijrj) =0
n=0 n=0 J

where

2y; b—r(2—|—r2); c=2(r+r%

r rt); e=4(1+1r%

- 8) g=2(6+3r% 471 (51)

=1+r
84 (6312
3r2(r?

;;\&@
I

(W—%\/%); B = ((KVr = 2= = ) = 2mEVT)

Using (47) and after some calculation the above equation becomes

Z(abQ(\/F(j +2)(G + Dbyrz + AG + Dby + Bby) +df 55 fb )

+Z( Zachan V(G +2)(G + 1)bjsa + A(j + 1)bj41 + Bb;)

+ (dg+ef)2an(ﬁ\/?bj)>7«j+2n (52)
+ Z(ac Zan (j +2)(j + Dbjy + A + 1)bj11 + Bb;)

+ egZ(fn(ﬁx/;bj))rj”” =0
n
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For further calculations we distinguish between the three sums such that
o1+ 02+ 03 = 0

To further simplify oo we first define [ = j + 2n = j =1 — 2n With this we
can use (42). Thus oy becomes

o9 = Z Z(an 2abc V(=204 2)(1 —2n+ 1)b_2p12
1
A(l = 2n 4+ 1)by_gn 41 + Bbi_2,) + (dg + ef)an(ﬁ\/;bz—%))rl
We can further simplify this by introducing certain parameters.
= Z( —2abe) (Vrof? + ABJ? 4+ Byy?) + (dg + ef)\/ﬁf"‘)rl
where
= an(l—2n+2)(1 — 2n + 1)b_zp42
n

= an(l—=2n+ 1)b_2n41
n
= Z anbi_2n
072 = ! b
1= Zanﬁ 1—2n
Similarly o3 becomes

5 (ack (Vo + A7 + Bay®) + eqy/ra )

l

where

af® = ay(l— 20+ 2)(1 — 27+ 1)bi_ap4o
n

73— Za" (Il =20+ 1)b_2p+1
W= Z&nbl—%
n
g3 ~ 1
57 = Zanﬁbl_gn
n

Now we can resubstitute our before defined abbreviations.
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With that o1 becomes
o1 =3 (4% + 8% + 510 4+ r12)R(j +2)(j + Dby
J
+ Vr(Ar® — 8kr® 4+ 87 — 16kr® + 57 — 10kr™0 + M) (j 4+ 1)bj 44
+ (=t — 4kr® + (4k% — 2 — 8mE)rS — 8kr™ 4 (8k? — g — 16mE)r® — 5kr°
+ (5k* — i — 10mE)r'® — kr'' + (k* — 2mE)r'?)b;

Using index shifting and collecting the same prefactors this becomes

+ V/r(—1152r% — 5767% + 912r'% 4 7272 — 961')

o1 = Z((4(J — 40 =5) + 40 —4) = Dbj—a + (=8k(j —5) — 4k)bj—5

4 (80— 6)(j —7) +8(j — 6) + (42 — 2 — 8mE) — 1152 )b, ¢

)\2
. . . , 5 1
+ (—16k(j — 7) — 8k)bj_7 + (5(5 —8)(j — 9) + 5(j — 8) + (8k* — 1 16mE) — 576ﬁ)bj_8
1 1
+ (=10k(j — 9) — 5k)bj_o + ((j — 10)(j — 11) + (5 — 10) + (5k* — 1 10mE) + 912ﬁ)bj_10

72 96 ;
- kbj_ll + ((kQ - QmE) + ﬁ)bj_u - Fb]’_14> \/;T’J

Similarly o2 becomes:

oy = Z(—8a734 — 20002, — 160525 — 4072, — 8872, + 16kA72,
l
— 20872, + 40k B — 16672 + 32kB7%s — 48724 + 8kBT 1,
+ 2972, + 8kn25 — (8K — 5 — 16mE)72, + 20k7]5 + 4772
— (20k? — 40mE)~?, + 16k~?, — (16k* — 1 — 32mE)7?g + 4kv)2,
— (4k? — 8mE)72,, — 96072, + 480077, 4 588572, — 132072 — 14477, — 645;’312) Vrrt

And o3 becomes:

o3 = Z(4a;’32 +1207°, 4+ 12a0% + 4af®
l
+ 4872, — 8kB, + 1287%, — 24kB7%, + 1267,
— 24kB7%6 — 4B, — 8Ky — A7 — 4k + (4% — 3 — SmE),
— 12k2, + (12k% — 3 — 24mE)vy®, — 12k, + (12k% — 1 — 24mE)y7%,

— Ak 4 (4K — 8mE)YTSg + 4867° + 72675, + 3207°, + 85;’36) Jrrt
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If we define the above sums as follows:

o1 2:ij\/;7'j
J

02 ZZZM\/;N
J

g3 i— ZVJ'\/;TJ‘
J

We arrive at the equation

> (& +py )V =0

J
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4 Conclusion

We presented a supersymmetric approach to the zero modes of the
Faddeev-Popov operator in order to understand whether a more simple
solution can be found, which in turn could lead to a better understanding of
the Gribov-Singer ambiguity. This was done within an instanton field
configuration through calculating the supersymmetric partner potentials. Our
results brought no direct improvement in solvability, however to each potential
term in (28) an approximate solution for the wavefunction either of the form

Z X;jVrr? =0 (55)

or of the form

> 1! =0 (56)

has been found. To now further check for solvability it must be noted, that in
each case the prefactor x; has to be zero for all j. As shown in section 3, x; is
of the general form

Xj = aibi =0 (57)

where b; are the initial coefficients we are interested in. Equation (57) is a
matrix equation which can also be expressed as

x = A4b (58)

One now would have to try to calculate the determinant of A in order to check
for solvability and possibly find the solutions depending on the structure of A.
However this would be beyond the scope of this thesis so we will end here.

As is evident, further research is necessary to build upon the findings
presented in this thesis.
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