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Warning!

This is a lettuce field:

This is a lattice field:

(Go to an agriculture lecture!)
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Outline

@ Lattice Gauge Theory

e Pure gauge theory: Monte Carlo integration
© auarks

° Exploring the femtoverse

e Chiral symmetry and fermion species

e Resonances and scattering

o Further reading
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Further reading

| do not quote the standard texts on Quantum Field Theory (like Peskin/Schroeder or
Ramond). For this please ask your favorite QFT lecturer.

@ Lattice QCD specific web sites:
http://www.scholarpedia.org/article/Lattice_gauge_theories
https://arxiv.org/archive/hep-lat

@ Lattice QCD specific monographs:

E. Seiler: Gauge Theories as a Problem of Constructive QFT and Statistical Mechanics,
Vol. 159 of Springer Lecture Notes in Physics (Springer, 1982)

M. Creutz: Quarks, Gluons and Lattices (Cambridge Univ. Press, 1983)

H. J. Rothe: Lattice Gauge Theories - An Introduction (World Scientific, 1992)

I. Montvay and G. Minster: Quantum Fields on a Lattice (Cambridge University Press:
1997)

J. Smit: Introduction to Quantum Fields on a Lattice (Cambridge University Press: 2002)
J. Zinn-Justin: Quantum Field Theory and Critical Phenomena (Clarendon Press,
Oxford, UK: 2002)

Thomas Degrand und Carleton Detar: Lattice Methods for Quantum Chromodynamics
(World Scientific: 2006)

Christof Gattringer and Christian B. Lang: Quantum Chromodynamics on the Lattice -
an Introductory Presentation (Springer: 2010)

Francesco Knechtli, Michael Giinther, and Michael: Lattice Quantum Chromodynamics,
Practical Essentials (Springer: 2017)
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Texts and software on the Web

@ Introductory lectures

Martin Lischer, Computational Strategies in Lattice QCD, arXiv 1002.4232

Sinéad Ryan, INT Lectures on Hadron Spectroscopy, http://www.maths.tcd.ie/
ryan/INT2012/

William Detmold, Hadron Interactions and Many-Body Physics, INT Summer School on
Lattice QCD for Nuclear Physics,
http://www.int.washington.edu/PROGRAMS/12-2c/Lectures.html

Anna Hasenfratz, Introduction to Lattice QCD, Summer School on Lattice QCD for
Nuclear Physics, http://www.int.washington.edu/PROGRAMS/12-2c/Lectures.html
Christian Hoelbling, Lattice QCD: Concepts, techniques and some results, Acta Physica
Polon. B45 no.12, 2143, 2014.

Daniel Mohler, Bound states on the lattice, lectures at IUTP 2017,
http://physik.uni-graz.at/iutp2017/lecturenotes.php

@ Other sources

Annual lattice proceedings, many of them at Proceedings of Science:
https://pos.sissa.it/
HEP-LAT Preprint Server: https://arxiv.org/archive/hep-lat

@ Software

openQCD: http://luscher.web.cern.ch/luscher/openQCD/
LQCD Software (SciDAC): https://www.usqcd.org/software.html
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Reminder: Continuum QCD

“Declaration of QCD”

@ We assume that QCD is the quantum field theory of quarks and gluons, defined by
a Lagrangian and action of the form

i

2¢g°

/d4xL

@ This theory can be solved from first principles, with minimal number of input
parameters (bare quark masses and a scale fixing parameter).

L = TrFMVFpLV—"_ZEf (4D+mf) ¢f

f

S

@ Hadron properties should be computable from QCD.
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QCD field variables

Euclidean space-time: x, real, x4 =it.
Quarks 9 .: @ flavor f=u,d, s, c, t, b;
@ colori=1, 2, 3;
@ Dirac =1,2,3,4

Gluons A, € su(3): F., = 9,A, — A, +i[AL, Al

Parameters (couplings): g, mu, mg, ms, Mz, m;, my (Note: bare parameters, scale
dependence!)

Homework (1.1)

K

Discuss: what changes for F,.., = 9,A, —0, A.+i[Au, Al], Ax € su(B),if SU(3) — U(1).

C. B. Lang (UniGraz Physics)

Lattice QCD Basics

= E DA
June 2017

9/166



Gauge invariance

A local transformation with an SU(3) matrix Q(x):

P(x) = Y(x) = QX)Y(x)

!

Px) = (%) =)
Au(x) = ALX) = Q)A)Q)T +(8.2(x)) Q(x)T
leaves the action invariant . B
S, ¢, Al = Slp, ¥, Al

- Qesu@) — Qx)a(x) =1

- Cf. rotation invariance, e.g., ¥(x)Q(x)TQ(x)y(x) = P(x)p(x)

- Action and observable (asymptotic) states have to be color singlets!
This is the SU(3)c00r gauge invariance!
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Quantization via Feynman path integral:

Cw(t) = (N()N(0))

o« [[DADY) D] e~ SA»%) N(t) N(0)
~ exp(—Ent)
Observables (like N) are built from A, v and v
Gluons:
Quarks:

bosonic variables are commuting: A(x)A(y) = A(y)A(x)

Grassmann variables are anti-commuting: ¥(x)y(y) = —¢(¥)y¥(x)

-
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Quantization by path integral

Path integral =
integral over all field configurations =
integral over all field values at all space-time points!

How to sum over all co*° field configurations?

We need

- Regularization and renormalization:
Momentum cut-off, dimensional regularization, lattice

- Approximation:
Perturbation theory or non-perturbative methods
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Problems using perturbation theory

Problems that cannot be attacked with perturbation theory:

@ Chiral symmetry breaking

e Explicit: Non-zero quark masses
e Spontaneous: The pion is a Goldstone boson

@ Confinement and the low energy properties of hadrons

@ Hadron masses
e Low energy parameters (decay constants, current quark
masses, LEC and parameters of Chiral Perturbation

Theory)
e Form factors, matrix elements, structure functions

e Temperature and chemical potential

We need non-perturbative methods!
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Why the lattice?

@ Continuum QFT is singular:

regular formulation needed
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Why the lattice?

@ Continuum QFT is singular:

@ Hadrons are non-perturbative compounds:

regular formulation needed
@ Gauge invariance is important:

non-pert. method needed
@ Limit to “continuum QCD”:
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Why the lattice?

@ Continuum QFT is singular:

regular formulation needed
@ Hadrons are non-perturbative compounds:

non-pert. method needed
@ Gauge invariance is important:

@ Limit to “continuum QCD”:

v
v’
gauge inv. formulation preferred /
v’

should be controllable
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The confinement challenge

Non-perturbative results are
hard to get. A rigorous proof of
confinement brings a 1,000.000
$ prize from the Clay

Mathematics institute
=

==
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Lattice QCD

Lattice QCD

Kenneth Wilson suggested 1974 to regularize QCD by
introducing a 4-d (Euclidean) space-time lattice.
Phys.Rev. D10 (1974) 2445-2459. (cited 4500)

Gauge field variables U, (x) € SU(3) ‘ ‘
(3x3 complex, unitary matrices on each
link)
Quark field variables ¥ (x), ¥(x)
( g?c(x) are color 3-vectors, Dirac
4-spinors, ns vectors and Grassmann
variables, on each lattice site)

C. B. Lang (UniGraz Physics) Lattice QCD Basics June 2017 16 /166



How to discretize a gauge theory?

Continuum: Free fermion action (Dirac operator):
SBl. 1 = [ % T00 (3,0, + m)u(x)

Derivative: ]

ub(x) — g (V(n+ ) = w(n— 1))

Lattice action:

Sy, 7] = 4Zw(n)(§jw Yot Hos0-4) mwm))

nen p=1
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Gauge invariance

Gauge invariance = invariance under gauge transformations:

v(n) = w'(n) = Q(n)v(n)
o(n) =P (n) = P(n)Qn)t
Note: each Q(n) € SU(3) is a unitary 3x3 matrix: Q(n)" Q(n) = 1.
It may be different for each site (gauge symmetry = local symmetry)!

Gauge invariance of lattice action?

Fmu(n) — B(n)v'(n) = B n)' ) v(n) = B(nysn) ¥
Bpen+ i)~ B () (n+ @) = B(n) Q) n+ @)w(n+ ) X

C. B. Lang (UniGraz Physics) Lattice QCD Basics June 2017

18/166



Gauge transporter

We replace the term by a new form with a new field variable:
(n) Uu(n)¥(n + 1)
The new field is the gauge (transporter) field U,.(n) € SU(3) with the transformation

Uu(n) = Ua(n) = Q(n) Uu(n) Q(n + p)'

Then
7 (m) UL(m) v/ (n + )
=(n)Q(n)" U, (n) Q(n+ p) v(n+ )
_ Sm) ey >u (M Q-+ 1) Qn+ p)w(n + )
= B Unmy(n+ i) ¥
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Link variables

Lattice gauge field: oriented link variable

U—u(n) = Uu(n— )’

ﬂ_
T
g8
=T

Compare with the continuum gauge transporter

G(x,y) = P exp (i / A~ds>

along alink from x =ntoy = n+ ji:

G(n,n+p) = exp(iaAu(n))
U.(n)=1+iaA.(n)+0O(&)
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Fermion action

SF[w’a, lJ] _ 42@(,1)[27” Uu(”)d’(’”‘ﬁ) — U—u(”)w(n—ﬁ) + m¢(n)

nen p=1 2a
n n+uQ
“Link term”: ._).
¥ (n) U,(n) ¥ (n+1)

Homework (1.2)

Prove that up to O(a) the “naive” fermion action

SF[%E, U] _ 42@(,’)[2,}% Uu(”)d’(n‘f‘ﬁ) — U—u(”)ﬂ}(”—ﬂ) + m¢(n):|

nen p=1 2a

gives the continuum action.
Discuss the difference between this version of continuum limit and the true continuum
limit.

o

— s = ANN
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Gauge action

Can we build action terms just with gauge field
variables?
Any term like that will do:

L[U]T{ I U,/(n)}

(n,p)eL
(L is a closed loop of links.) L
Why? Consider the smallest (non-trivial) loop: a nt b Us(n+ ) nt D
plaquette!
Un(n) = Uu(n) Un(n+p) v A Q ey
xU_u(n+pa+20)U_,(n+ D)
= Uu(n) Un(n+ ) Uu(n+ )T U () " ST AR G

Is TrU,..(n) gauge invariant?
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Gauge transformation {Q(n)} of the plaquette term:

T[Us(n) U+ ) U (n + 9) Uy(n)] =

(note: (ABC)' = C' B' Af)

«Or < Fr <= o

v



Gauge transformation

Gauge transformation {Q(n)} of the plaquette term:

T [Ui(m) Ui(n+ ) Up(n + 9)' Uy(n)T] =
T [ QM Un(n) n + ) Q0 + ) Uu(n+ 2) Q0+ & + )
xQ(n+ 0+ ) Uu(n+2)T Q(n+ 2)'Q(n+ 2) U, (n)'Q(n)T| =

(note: (ABC)" = C' B' AY)
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Gauge transformation

Gauge transformation {Q(n)} of the plaquette term:

Te| UL (n) UL(n + 1) UL (n+ )T UL(n )]
Tr|Q(n)Uu(n) Q(n+ 2)'Q(n+p) U (n+

xQ(n+ o+ ) Uu(n+ ) Q(n+
Tr[U#(n)U(nJru)U (n+ )t U, (n)f

R+ o+ )
(n)'

)IQ(n+2)U,(n)Q(n)T

]

(note: (ABC)" = C' B' AY)

C. B. Lang (UniGraz Physics) Lattice QCD Basics June 2017

23/166



Wilson gauge action

Wilson gauge action:

Se[U] = & Z > ReTr [1 — Uy (n)]

nen p<v

@ ...is a sum over all plaquettes

@ For small lattice spacing a and U, (n) = exp (iaA.(n)) the leading term of the
expansion gives

Sg[U] = 2ZZF{eTr — Uu(n)] 2QZZZTr w(n)?] +0(&)
neN p<v nen p,v

This is called the “naive” continuum limit...

@ More complicated gauge actions involve longer closed loops (but should give the
same continuum limit!).
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Homework problems

Homework (1.3)

&|

Prove that up to O(&%) the Wilson gauge action reproduces the continuum action. Do
not forget, that the gauge field variables for non-abelian groups do not commute! For
this proof you need the Baker-Campbell-Hausdorff formula:

exp(A) exp(B) = exp (A+ B+ %[A, B] + ) ‘

Homework (1.4)

‘|

Write first parts of a program for U(1) gauge theory, As a first step implement (a) initial-
ization (ordered or disordered), and (b) plaguette measurement) the updating steps will
be discussed later). Make it modular such that you can later easily extend it to include
further tasks. Can you do this for SU(2) as well?

v

o P S E D¢
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Lattice path integral for expectation values (n-point functions):

Partition function:

(0x(1) 01(0)) = 3 [ Dlw. T D[U] &S5 Oy, 3, U] O[5, U

Z - /D[w@] D[] g~ SFl¥.w,Ul=SalU]

-

DA
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Key points

Key points

@ The Euclidean lattice formulation has site variables (quarks) and link variables
(gaugefields). The gaugefield variables are in the group (not in the algebra).

@ The Wilson gauge field action is a sum over plaguettes.
@ Quantization amounts to summing over all gauge- and fermion-configurations.

@ The naive continuum limit (a — 0 in the action) reproduces the continuum
expressions. (Does this hold for the quantized theory?)

@ The formulation is explicitly gauge invariant.

Q>
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Monte Carlo integration

We want to compute expectation values like

<oy:%/pww*ﬂwqw with Z:/wa*ww.

Monte Carlo simulation = approximation

N
1 _ 1
<@zﬁ§pﬂwqmzﬁ > OlUi,
n=1 Up with
probability
o e—SlUn]

19-3
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Markov chain

Markov chain of configurations:

Uo—>U1 —>U2—>...
P(Up = U'|Un_1 = U) = T(U « U) = T(U'|U)
0<T(UIU) <1, >, TWU) =1

Balance condition P(hop into U’) = P(hop out of U’):

ST PWU) = > TWUIU) PU)= P(U)
) u

configuration space

ensures:

pO I, p I, p@ L L p (= equilibrium distrioution)
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Metropolis algorithm

Detailed balance :
T(U'|U) P(U) = T(UIU") P(U')

is a sufficient condition.

NickMetropolis

Metropolis algorithm

Step 1: Choose some candidate configuration U’ according to some a priori
selection probability To(U'|U), where U = U,_1.

Step 2: Accept the candidate configuration U’ as the new configuration U, with
the acceptance probability

To(U|U") exp (— S[U)
To(UU)exp (- SIU]) |

Ta(U'|U) = min (1,

Step 3: Repeat these steps from the beginning.
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Example: Ising model

@ Spin configuration: spins s, € {—1,1}

@ S[s|=k3,, SnSnia n+y
.o s (e :_Ay ey
@ Ta(s'|s) =min (1,exp [ — (S[s] — S[s])])

i.e. accept if

exp (— (S[s'] — Sl[s])) > random number € (0, 1)

Note: AS is local due to

S[s'] — S[s] = ["'(Smi +5, 3 +S,.5+5,_5)(sy — sn)

I<M>|

Test/update each spin once for all spins = one sweep

@ Measure observables after each sweep
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Ising example

run:/executables/xising)

o,

AL g

hot (disordered) cold (ordered)
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Metropolis for Wilson’s gauge action

The gauge action has locally the form ;
/ B / )
S[Un(M)loe = ;ReTF[61 — Uu(n)' A 7
withA = Y2 P

i.e., sum over “staples” P; (3 orthogonal

directions!)
We need the change of the action:

AS = S[Un(n)' e — S[Up(M)]ioe = _% Re Tr[ (U ()’ — U(m) A]

Note: A is not affected by the change of U, (n)! Updating one link requires only
information from the bordering plaquettes (staples)
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Action

“ 1T MC
Bl N\
Mike Creutz Box

Let's compute:

@ Start with some (e.g. hot or cold) configuration.
@ Update each link of the configuration = one sweep.
@ Run for many equilibrating sweeps. +

@ Continue sweeping and measure observables every
k sweeps (k depends on the autocorrelation time).

Gauge configurations

Measure observables

[m} = = =

Qe
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Statistics

Autocorrelation time 7x for an observable X (t=MC time):

Cx(t) =
Mx(t) =

Texp —

Approximated by

((Xo = (X))(Xt = (X))

CX(t) —t/Tx
C)((O) x e

SUpy 7x

1 oo
)it = % + ; Mx(t)

Estimate:

Nindep =

n
27 A int

C. B. Lang (UniGraz Physics) Lattice QCD Basics
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All-in-one error analysis

MC simulation — raw data {C} — analysis — the
Errors propagate over several stepa - how to estimate the variance of 67

Jackknife method:

Assume that {C} is a set of N configurations, then
@ choose subset {C}; by removing configuration i ¥ g%
@ compute 0; = 0({C})
@ repeat for all /i, then an estimate for variance is

> N-1
Og

N
_ L 2
== > (6:—6)

i=1

Unbiased estimate: 6 — (N —1)(d — ) with d= 1>V 6,

(Caveat: Jackknife does not know about autocorrelation!)
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Homework problems

Homework (2.1)

@

For the U(1) program (earlier homework) write a subroutine that applies a random gauge
transformation. Measure the mean plaquette before and after applying the gauge trans-
formation. It should not change!

Homework (2.2)

@

Extend your U(1) gauge theory program with a Monte-Carlo updating routine (Metropolis
algorithm). Perform some equilibration and measuring (mean plaquette!) runs. Make
it modular such that you can later easily extend it to Wilson-loop and Polyakov loop
measurements.

=] 5 = = E DA
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More on MC algorithms: Lectures by Alexei Bazavov
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Confinement at strong coupling

Consider the observable “Wilson loop”:

W[U]:Tr{ 11 UH(n)] r

(n,pw)ECrxt

Wilson loop

where C,«: is a closed loop around a r x t
rectangle.

Its expectation value defines a “static potential”
V(r) at spatial separation r between a quark and

. q(r)
an anti-quark: \ t
N .
(We) o etV (1 + O(e—tAE)) ;v propagation of qq state
— e—nraV(r) (1 +C)(e—maAE)) q(O)
Strong coupling expansion: — V(r =an,) =or with o= —a‘—z log(3/18) #0

(Wilson confinement criterion)

C. B. Lang (UniGraz Physics) Lattice QCD Basics
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Measuring the static potential

Alternative observable: Polyakov loop . Polyakoy loop

P() =Tr [H Us(, /)]
j=0

<P(ﬁ7)P(ﬁ)T> o g~ Nra V(r) (1 + O(e*NTaAE))

“Static” potential: potential between “static” charges (not well-defined for dynamical sea
quarks — string breaking)
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Rotational (O(4)) symmetry?

EXCEPY THEORISTS,
OF COURSE .

couLp
0o AT/
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Rotational (O(4)) symmetry returns for a — 0:

=§;

4 to (b) g =225, n5=16,n¢

Fig. 1. Restoration of rotational invariance from
the equipotential curves are obtained through fits as

n -

LEE

£E 3

o o

] ﬁ

Cd =]

T8

— ~ 53
n =

N =
g

=l

@8

(@)

CBL & C. Rebbi, PLB 115B(1982)137
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How to set the scale?

B=595 p=6.20
T T T II T T T T T T T 7T II T 1 1T 1 T 1 T 7T 0.9
a V(ian) | i 1T i N
! o L : <>‘-"°"¢ 4
i Ed 1 + Lo —o07
0.8 B -t ™ .
L | I S G —o06
. I - I
1 - < | -
06— : -1 L ! Jos
1 ES 1 -
i i 1 F i g
0 4 1 1 1 :I 1 1 1 11111 I: ) N N I N N | 0 4
' 2 4 6 8 2 4 6 8 10 12 14 16
n n

Example for evaluation of the static potential: linearly rising!

The lattice spacing is not yet fixed. We need a physical scale parameter to fix it and
thus set the scale.

C. B. Lang (UniGraz Physics) Lattice QCD Basics June 2017 45/166



Sommer radius

(R. Sommer radius)

@ Experiment (analysed with non-rel. Schrédinger equation) gives for the force the
dimensionless combination r¢ F(rp) = 1.65 at rp = 0.5 fm.

@ We then find the position x in the lattice potential, where that value is observed;
thus x = n/aora=ry/x

© Compare with lattice potential:

_dv(r) _d B _ B
F(r)= o _E(A+r+ar)_ il

@ B and o &2 determined from a fit to the lattice potential.

This has to be done at each value of the gauge coupling 3 = 6/g2 and gives a(3). J
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Scaling

Scaling according to renormalization group (running
coupling constant)

1 -

a(g) = 4

- (Bog”) % exp (—Q;ng) (1+0(e")

is confirmed by the lattice results.

Monte Carlo study of quantized SU(2) gauge theory.

C. B. Lang (UniGraz Physics) Lattice QCD Basics

M. Creutz, PRD 21 (1980) 2308.
10 T
SU@2)

T

Lol

exp (- 827 (-2))
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o
o

The cutoff squared times the string tension as a
function of 3. The solid lines are the strong- and
weak-coupling limits.
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QCD phase diagram

One finds a(g — 0) — 0!

In full LGT (including the quark sea) one can take measured hadron masses to set the
scale.

asymptotic freedom

confinement perturbation theory

g=infinite g=0
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Static potential

3F T T T T T ]
B=6.0 —=—
2+ E:g'f s i Supports the string picture:
Cornell ——
1r 1
©
= ot ]
5
= a4t 1
=
2t 1
-3 + 4
-4 L L L 1 1 B
05 1 15 2 25 3 © Leinweber et al.,
rlrg www.physics.adelaide.edu.au/cssm/research

The static potential derived from Wilson loops
shows correct scaling (Bali, Phys. Rep. 343 (2001) 1)

=] 5 = = A
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Alternative methods to set the scale

@ One needs N; + 1 parameters: a(g), mu(g), ma(9), ms(g), me(9), mu(g), m:(9) (all
scale-variant!).
Thus one needs Ny masses (m,, Mk, Mp,...) and one scale parameter.
The scale should be measurable in experiment and in LQCD, statistically reliable,
and weakly dependent on the quark masses.
(cf. review of Rainer Sommer, PoS LATTICE2013 (2014) 015, arXiv:1401.3270)

@ Use some hadron mass parameter (e.g., mq or f; or fx); needs extrapolation to or
work at the physical point.

@ Static force (see above): rp or ry (similar definition; not optimal on coarse lattices).
@ Gradient flow: ty or wy
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Gradient flow

Gradient flow: behaviour of plaquette expectation value under differential (infinitesimal
staut smearing) equation in ‘time’ = for the gauge links:

dv(r)  9Se(V) . B
g = ;v V(r) with V(0)=U.

Then find the dimensionless values of f, (Llscher,) or wy (BMW) such that

?(E(7))|r=, =0.3 or T d

2 _
3o\ E(M)lyz =03

where E = }G3, G3, (field strength G3,)

Fig. from M. Luischer, JHEP 1008, 071 (2010)

a=005fm 0.07 fm 0.1 fm
i\ \i T
@ M. Luscher, JHEP 1008, 071 (2010); see also “i M/f//* g%
PoS(LATTICE 2013)016 el 1
@ BMW, JHEP 1209, 010 (2012) : 1
Wo & = Wo prys = 0.1755(18)(04)fm. 1
l‘W ll.‘()l U.‘UZ 0,‘03 IJ.‘U-!

(alry)?

C. B. Lang (UniGraz Physics) Lattice QCD Basics June 2017 51/166



The three limits of LQCD

% Continuum limit: a(g.m)—0 (g —0)
Lattice artifacts should become small
— Improvement programme

% Thermodynamic limit: L— oo (L-a=const.)
Hadron physics in a box of a few fm
— Finite volume effects can be utilized

O~
& Chiral limit; m—my (Mrz— Mz exp)
Physical u, d quark masses are small
— We want to understand chiral symmetry breaking
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Continuum limit

Continuum limit

The same physical image represented on lattices of linear extent 5, 10, 15, 20, 30 (in

units of a) corresponding to lattice spacings a of 30 mm, 15 mm, 7.5 mm, and 5mm.

C. B. Lang (UniGraz Physics)
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Continuum limit
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Continuum limit

Continuum limit

The same physical image represented on lattices of linear extent 5, 10, 15, 20, 30 (in

units of a) corresponding to lattice spacings a of 30 mm, 15 mm, 7.5 mm, and 5mm.
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Key points

@ QCD can be formulated on a Euclidean space-time lattice

@ Quantization amounts to summing over all gauge configuration; this can be
approximated by Monte Carlo sums

@ Strong coupling confinement can be proven, towards weaker coupling MC
calculations show non-vanishing string tension and asymptotic freedom

@ The lattice spacing “runs”: a(8)

@ The three limits of LQCD: continuum, thermodynamic, chiral.

Giluonic vacuum fluctuations
movie © Leinweber et al.,
www.physics.adelaide.edu.au/cssm/research
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Homework problems

Homework (2.3)

Are the operators ¥ 1n, ¥,Un unia, and ¥,1ns, gauge invariant?

Which gauge invariant operators can you construct out of site-fermions and link-
gaugefields?

What particle states could they couple to?

What would be a glueball operator?

=] F = E DA
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Fermions

QFT path integral:
e R b T P S )

Bosons: usual integration (a group integral for each link)

Fermions: Grassmann variables (“anti-commuting c-numbers”)

«O0>» «Fr» «E)r» « Q>
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Fermions
QFT path integral:
(A =

3 [ DU DL ] eSS 4y

2 [Pre s {Dpu e a5, )}

Bosons: usual integration (a group integral for each link)

Fermions: Grassmann variables (“anti-commuting c-numbers”)

«O0>» «Fr «=)»r « Q>
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Grassmann variables

@ ...are anti-commuting numbers:
ning = —nni

for all i, j, thus nini = 0
@ ...have the integration rules:

d"n =dyndnn_1 ... dnr, dpdy = —dnydy,  dnin = —n;dn;

/dn,-1:0, /dT],"I],'Z17

/dng d?’]1 (1 +27]1 —427]17]2) = —42

e.g.

cf. http://en.wikipedia.org/wiki/42_(number)
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Grassmann integration

@ These rules lead to, e.g., the Matthews-Salam formula:

N
VARS /dﬂNdﬁN ... dmpdn; exp (Z n;M,','nj) = det[M],

=1

where M is a complex N x N matrix.

Note: This looks almost like Gaussian integration for bosons, except that there the
result is det[M] '/
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Wick’s theorem

The generating functional for fermions is then given by

N N N N
we,0] = /Hdnfdﬁ, exp [ Y M+ Y 0knk + > bk
i=1 K, I=1 k=1 k=1
N
= detMlexp [~ > G (M), 0m
n,m=1
and, e.g.,
o 0 - -
oo W08 = [TTndm mm exp | 3 nbdan
em 89n 0,0=0 i=1 k,I1=1

= —detM] (M),

m
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Wick’s theorem

N-point functions can be computed by (Wick’s theorem):

N N
_ _ 1 o _ _
My, M, F = Z/Hdﬁkdﬁk iy Mjy - - - NinMj, EXP ( Z 77/M/m77m>
k=1

I,m=1
1 9 9 o 0 =
= - =—— ... — W|6,0
ZF 96}, 00, a9;, 60, [0.] 0.5-0
\ 1
with Zr = det[M].
Quarks and anti-quarks:
n = ¢¥9(x,a,8) oreg. u(xa,a)
no = E(’)(x,a,a) or,e.g. U(x,a,a)
M — D lattice Dirac operator = matrix
Important: + and + are independent variables! J
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Quark:

Some examples for meson propagators:

(u(n)a(m)) = D" (n|m)
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Meson propagators

Some examples for meson propagators:

Quark:
(u(n)T(m)) = D' (n|m)

(Isovector) meson operator Or = dT u (e.g. ©):

< Or(n) 5r(m)>F <E(n)ru(n) U(m)l'd(m)>F

—Tr [FD; ' (njm) TD; " (m|n)]

C. B. Lang (UniGraz Physics) Lattice QCD Basics
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Meson propagators

Some examples for meson propagators:

Quark:
(u(n)T(m)) = D' (n|m)

(Isovector) meson operator Or = dT u (e.g. ©):

Connected piece of a meson correlator

< Or(n) 5r(m)>F <E(n)ru(n) U(m)l'd(m)>F

—Tr [FD; ' (njm) TD; " (m|n)]

(Isoscalar) meson operator Og = dT d (e.g. f):

Disconnected piece of a meson correlator

(Os(mOs(m)) = T[rD;" (nlm)] T[rD, " (mim)]
—Tr[rD; " (n|m)r D; ' (m|n)]
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Homework problems

Homework (3.1)

Compute the Grassmann integral(s):
Q@ [ dnidnzexp (1 + 12 + amng).
@ [dxidxdysdy-exp (X" - A-y), where A= (g;) is a 2 x 2 matrix.

o <H(n)ru(n) U(m)l’d(m)>

£

=] 5 = = E DA
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Fermion doubling

Naive fermion action:

5 G (Zw (n+1) 2au_u(n)w(nfm m W)>

nen

a" ¥(n) D(n|m) 4 (m)

(omitting Dirac and color indices)

Srlv, v, U]

Free fermions (U = 1):

4
Sntpum — On—p
D(nlm) — Zryf‘ wmz—w + m(sn’m

p=1

The lattice Dirac operator D is a matrix with Nsies X Neoior X Npirac = 12 NS x ny rows and
columns!
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FT diagonalisation

Let us Fourier-transform the free fermion matrix:

D(plg) = W > e Dlnjm) et ™
n,me
+ig, —ig,a
= > el Zmie L i m
‘/\l nen
= 3(p—9)D(p),
. 4
~ | .
D(p) = mi+ +3 v, sin(p,a)
a‘t
- ml —ia™’ sin(p.a
D(p)_1 . ZH’YH (pua)

m?+a2%" sin(p.a)?

— the massless propagator D~ has 16 poles in the
”)

Brillouin-zone — “doubler fermions”!

C. B. Lang (UniGraz Physics) Lattice QCD Basics
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Wilson fermions

Wilson suggested to add another term:

4

.4
D(p) = ml + laZW sin(p.a) + lla > (1 —cos(p.a))

p=1 p=1

— changes the denominator of D~ ':

2
4
. 2 . 2
> sin(pua)® = > sin(p.a)®+ [ > (1 —cos(p,a)
Iz n p=1

4.0 \ 4.0 /

20 20 md ubler
T 1.0 //—\ 1.0

AN V% XD
... gives extra mass 2 k/a to the doublers!
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Wilson fermion action

Summing up the Wilson fermion action (N flavors):
Nt
Selp. o, U) = Y @ty w(m) DO(nlm) pO(m) ,
f=1 n,men
4
DY(nm) = (m“) + 5) 80 ab On,m
T
" 23 Z(ﬂ - 'Yu)ag U, (n)ab Sn+p,m,
p==x1

with Y=o = “Tu, K= 17 27 3711

C. B. Lang (UniGraz Physics) Lattice QCD Basics June 2017
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Homework problems

Homework (3.2)

Compute the naive continuum limit (fixed p) of the lattice Dirac operator in momentum

space D(p) for free (naive) fermions. What are the eigenvalues of D? How can you find
the quark propagator in real space?

Be naive and curious.
That'’s all you need to become a scientist.

(Abhijit Naskar)
V.

C. B. Lang (UniGraz Physics)
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Homework problems

Homework (3.3)
site vector n = (x1, X2). .A possible action is

Consider a 2-dimensional lattice system of free bosons ¢(n) € % (where n denotes the

4

where

§=3_ ¢(nD(njm)¢(m)

2

D(n|m) = Som — £ Y _(6n+am + dn—p,m)

p=1
Find the boson propagator (in momentum space and in real space) by the method of
Fourier transformation. What is the mass m(x)?

4
C. B. Lang (UniGraz Physics)

Lattice QCD Basics
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Homework problems

Homework (3.4)

@

Write a Monte Carlo simulation program (Metropolis algorithm) for a free 2D boson sys-

tem (given by the action in the earlier problem) and determine the boson propagator for
a boson with some mass and vanishing momentum.

(Attention: In the action each link enters twice; this gives a factor 2 in the updating!)

o 5 = E E DA
June 2017 75/166
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Homework problems

Homework (3.5)

@

Write a Monte Carlo simulation program (Metropolis algorithm) for a free 2D boson sys-

tem (given by the action in the earlier problem) and determine the boson propagator for
a boson with some mass and vanishing momentum.

(Attention: In the action each link enters twice; this gives a factor 2 in the updating!)

It's trivial. Believe me!

[m] = = =

QR
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Charge conjugation
W(n) S e =c'Pn),
o) S B = —p(n)’ C.
.
Un) =5 U = Uu(n) = (Gu(m)')

Parity and Euclidean reflections

Y n) S (i n)” = (=7 ),
O(A,n) T ()" = G(—7 )y
U(A,ng) =5 U(A,n)" = U(-R—Tn)", i=1,23,
Us(A,ng) 25 Us(B,n)” = Us(—P, ng) .
~vs-hermiticity
(s D)' =~s D or, equivalently, D' =~sD~s . J

=] = = E o



~s-hermiticity

Consequences of ~s-hermiticity
Example: general local iso-triplet meson operator: Or = dT u

Propagator:

CT(nv m)

<OT(n)6T(m)>F
~ (ru(m a(m)rd(mya(n))
T [FDJ1 (nlm)rD;" (m\n)]

(d(mru(m a(mrd(m))
=Tt [P (u(n) a(m) ¢ T (d(myd(n)) ]

Using ~s-hermiticity: D~' = (75 D~'" 5) gives D~'(m, n) = vs D~ (n, m) +s,
therefore

Cr(n,m) = —Tt [4sr D" (nlm) F1sD5"" (n|m)]

For the pion I' = ~s and one gets the simple form

Cx(n,m) = =Tt [D; ' (nlm) D5 " (nlm)]
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A word on boundary conditions

Gaugefields: Usually periodic, U, (x) = U.(x + N.k.)
for lattice size Ny x No x N3xg4.

Fermions: For Osterwalder-Schrader positivity (existence
of a Minkowski theory) at least one direction should be
anti-periodic ¢(x) = —¢(x + L), usually in the temporal
direction L = (0,0,0, N;).

In general we can write _
F(x +AN,) = €2 f(x)

Periodic | Anti-periodic | Twisted b.c.: 6, =0 1 | 1.
Momentum space

~ 2 Nu

N,
A= {p:(p17p27p37p4)|p,u:aT(k,u+6M)7ku:_?+17"'7 ?H}
m

Furthermore: Fixed b.c., open b.c.,...

Actually: Boundary conditions should not matter in the infinite volume limit...:

C. B. Lang (UniGraz Physics) Lattice QCD Basics June 2017
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Why is the fermion vacuum full of loops?

Hopping expansion

Let us write (removing an overall factor and for just one flavor)

+4

D= (1—xH) with the “Hopping term”  Hym = > (1 — ) Upu(n) Spspm -

p==x1

with k = 1/(m+ 4/a).

A propagator then can be expanded:
Do = (1 — &H) ™" = 1om + £ Hom + 52 (H)om + &2 (H) o - .-

i.e., HX  is sum of paths of length K from site n to site m.

©
@
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Why is the fermion vacuum full of loops?

Hopping expansion

Let us write (removing an overall factor and for just one flavor)

+4

D= (1—xH) with the “Hopping term”  Hym = > (1 — ) Upu(n) Spspm -

p==x1

with k = 1/(m+ 4/a).

A propagator then can be expanded:
Do = (1 = 6H) ™" = 1pm + 5 Hom + 62 (H)om + 2 (H)om . . .
i.e., HX  is sum of paths of length K from site n to site m.

This is called the “Hopping expansion”.

©
@
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Why is the fermion vacuum full of loops?

Hopping expansion

Let us write (removing an overall factor and for just one flavor)

+4

D= (1—xH) with the “Hopping term”  Hym = > (1 — ) Upu(n) Spspm -

p==x1

with k = 1/(m+ 4/a).

A propagator then can be expanded:
Do = (1 = 6H) ™" = 1pm + 5 Hom + 62 (H)om + 2 (H)om . . .
i.e., HX  is sum of paths of length K from site n to site m.

This is called the “Hopping expansion”.

@Theoretically intriguing.

@
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Why is the fermion vacuum full of loops?

Hopping expansion

Let us write (removing an overall factor and for just one flavor)

+4

D= (1—xH) with the “Hopping term”  Hym = > (1 — ) Upu(n) Spspm -

p==x1

with k = 1/(m+ 4/a).

A propagator then can be expanded:
Dom = (1 = 5H) ™" = 1m + & Hom + 1% (H)om + 5> (H*)m . ..
i.e., HX  is sum of paths of length K from site n to site m.
This is called the “Hopping expansion”.
@Theoretically intriguing.

@Practically unfeasible due to convergence problems for smaller quark masses!
Sorry!

C. B. Lang (UniGraz Physics) Lattice QCD Basics June 2017
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The determinant

det[D] = det[1 —kH] = exp (Trln (]1—;<;H)> =exp |-

is a sum of closed loops (due to the trace).

“When fermions, the most antisocial type of quantum particle, do get together, they pair up in a
wondrous dance. ..” from: ScienceDaily (Dec. 23, 2005)

DA
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“Full QCD”™:

C(t) o [DIU] D[y, ] e S+ 2Uv N(1)N(0)

= [D[U] e %Y (detD,detDy...)
x D7Dyt

-




Monte-Carlo simulation of fermions

Quenched approximation:

C(t) o [DU] D[, e Sell=¥ DU N(+)N(0)
= [D[U] e~ Salll
x DDy 4]

@ Set det D = 1 (no dynamical fermion
vacuum, i.e. no sea quarks)

@ Gauge field vacuum is fully dynamical (Monte
Carlo)

@ Consider only the valence quarks

@ Hadron correlation functions are built from
the quark propagators
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Dynamical fermions

Dynamical fermions:

Bosons: det[A] ' =7x" / D[¢]D[¢1] e ot Ap

Fermions:  det[A] :/’D[L:]D[Tr] o VAV

Replace fermions by pseudofermions:

/ D[Y|D[] e~ PoPvePalvs = 7=V / DlgrlD[p] e PPN

Doubling is (for this kind of Dirac operator) necessary in order to ensure positivity:

det[D] det[D] = det[D] det[D'] = det[DD'] > 0

C. B. Lang (UniGraz Physics) Lattice QCD Basics June 2017
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Hybrid Monte Carlo algorithm

Simulation with Hybrid Monte Carlo (HMC) algorithm:

J DIU] exp(—S[U]) O[U]
J DIU] exp(—S[U])

/ DIUIDIP] exp(—3P* — S[U]) O[U] _ (O)pu
J DIUIDIP] exp(~$P2 — S[U]) -

(O)a

For the dynamical fermion simulation S[U] and D[U] include the pseudofermion terms.
Microcanonical ensemble — canonical ensemble

More on HMC: Lecture by Alexei Bazavov
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Key point

Key points

@ In the path integral fermions are Grassmann variables.

@ The lattice Dirac operator is a huge matrix. Quark propagators are entry of the
inverse matrix, hadron propagators are built from quark propagators.

@ In the naive action there are 16-fold too many fermions. Wilson’s action moves
these doublers to higher masses.

@ The hopping expansion visualizes the quark paths.

@ Dynamical fermions are “simulated” by pseudofermions (=bosons) in the Hybrid
Monte Carlo algorithm.

[m] = = =
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(Richard Feynman)
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What do we want?

...determine hadron masses

...determine decay properties (e.g., phases shifts
and resonance properties)

...measure low energy constants, e.g. quark
masses, condensate, decay constants

...matrix elements, e.g. electromagnetic form
factors, transition form factors, etc.

...study extreme environments (temperature,
matter density)

...understand other quantum field theories (e.g.,
other gauge groups and fermions)

...and many more (see other lectures and the topics in
the annual lattice proceedings...

C. B. Lang (UniGraz Physics) Lattice QCD Basics
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...... determine hadron masses

Measure correlation functions like

Cx(t) x (m7To) ~ exp(—am, t) + exp(—am, (T — t))

C.(v)

0.1 b

t

Result of a Monte Carlo simulation on a 32% x 64 lattice at lattice spacing a ~ 0.09 fm; log-plot for the pion
correlation function.

C. B. Lang (UniGraz Physics) Lattice QCD Basics June 2017 89/166



Signal-to-Noise ratio: operator dependent

Eeff
1 09F = b
B R 0.8f s 1 -
08 = — o7f © i s gL eigol
N T 06 5 g e 1 p ST
0.6 nucleon 17 i 0.5 g 5 (3 i o
- - 0.4]- B g5 5 N-
04 ssz%? - 0al E
- A 02f -
02 pion - odf e e e el -
looron 0 , | .
ol T T T T T T va 12
2 4 6 8 10 12 14 16 18 20 22

a = 0.0907 fm, my = 157 MeV, mpy; = 970 MeV, PACS-CS data,

analysis CBL et al.. PRD 95, 014510 (2017).arXiv:1610.01422

Effective energy E(t) from

Simpler version:

C(t)  cosh(E(t— N:/2))
C(t+1)  cosh(E(t+1— N;/2)) |
C(t) exp(—Ep)
C(t+1)  exp(—E(t+1))

C. B. Lang (UniGraz Physics) Lattice QCD Basics

a=0.085 — 0.125 fm, mr = 190 MeV, Durr et al..(BMW collab.)
Science 322, 1224-1227 (2008). arXiv:0906.3599.
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Signal-to-Noise ratio

Signal:
Ca(t) = (A()AT(0)) = > (A(0)|n)e™ F4(n|AT(0)) o &~ '

Noise:
No? ~ (|Cal?) = (CaC}) = (A(t)A(1) A(0)AT(0)) o e~ Eaal

The ratio depends on lowest energy in A- and AA- channels.

—ni 2 —2myt —myt ‘a 1
A = pion —  No“xe “M!t Chpxe — x o5

A=nucleon — No2oxe3Mr! Cpoce= ™t % x ﬁe*(mN*S/zmﬂ)’

Improving the signal: gauge field smoothing, source/sink smearing, more operators, ....
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Link smearing

@ APE smearing

VH(X) = (1 _a)UH +O[ Z Cul/

staples

New link U" € SU(3) maximises ReTr(VU").
M. Albanese et al.: Phys. Lett. B 192, 163 (1987)

@ Hyp smearing
Average over paths in the hypercube containing U
A. Hasenfratz and F. Knechtli: Phys. Rev. D 64, 034504 (2001)

@ Stout smearing
Projection to SU(3) by a detour to the algebra.
C. Morningstar and M. Peardon: Phys. Rev. D 69, 054501 (2004)
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Quark propagators: source smearing

Dirac op. M, source vector S, quark propagator

Gs(y)=M7"(y,x)S(y)  — solve M(yx,y)Gs(y) = S(x)

Point sources: “point-to-all”

Gy %) = My, X)dxx | e -y
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Quark propagators: source smearing

Dirac op. M, source vector S, quark propagator

Gs(y)=M7"(y,x)S(y)  — solve M(yx,y)Gs(y) = S(x)

Point sources: “point-to-all”

Gy %) = M~ (y, X)bxry | e S’

Smeared: “smeared-to-all”

G(y,S)=M"(y,x)Si(x) |

E.g. Jacobi smearing Si(x) = 3", "H"dx,0 with H the spatial covariant Laplacian
@ Fewer quark propagators
@ Derivative sources are possible
@ Combination allows nodes in the interpolating operators
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All-to-all propagators

For some processes (with annihilations) we need
all-to-all propagators.

@ Stochastic sources
@ Distillation (perambulators™)

*) Merriam-Webster:
perambulator synonyms:
ambler, hiker, rambler, tramper, walker.

First Known Use: 1611

C. B. Lang (UniGraz Physics) Lattice QCD Basics
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All-to-all propagators: stochastic

Stochastic sources: “all-to-all”

Source vectors 7" with components 7| = 1, 11z = 0, [n{"1{"T]r = éx
(.9, 7 € (1,i,~1,-1))

Gly,n™)y =My, x)ny gives [G(y,n"”)n{""a = G(y,x)

Variance reduction by noise dilution and other techniques

cf. J. Foley et al., Comput. Phys. Commun. 172, 145 (2005), hep-lat 0505023

W(’)

C. B. Lang (UniGraz Physics) Lattice QCD Basics
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All-to-all propagators: distillation

Distillation method: “all-to-all”

(M. Peardon et al. (HSC), PRD 80, 054506 (2009))
@ Set of source vectors = eigenvectors v(" of the 3D (time slice) lattice Laplacian;
Completeness relation: S v{" Vi — 5, with Ny = NN NNy
@ solve for

G(x,n) = M~'(x,y)v{" - reconstruction; >N G(x, n)v{"" = G(x, y)

@ Better use “perambulators ”: v\™G(x, n) = P(m, n)
Meson propagator example: (summation convention)
Te[M = (X, )T sreM ™" (y, X)T sni] —
Te[M ™ (x, y)v}(,m) vgm” Msre(2, z’)vg) v}(,")TM*1 (v, x)vxr) vffﬁrs,,k(r7 r’)vr(,s) v}(,s)T]
=Te[P(s, )[V}"™ Tsro(z, 2/ )V 1P(n, N)VY (7, )V
=Tr[P(s, m)®sc(m, n)P(n, r)®gnx(r, s)]

@ Use N <« Ny (Gaussian smearing shapes)

@ P(n, m) need less memory than G(x, y)! v; - S,
@ Very flexible method, suitable for R S gy N
disconnected contributions
Lattice QCD Basics June 2017 96/ 166
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... measure low energy constants

Leading parameters:
@ Quark masses my
@ Quark condensate ¥ = le ()
@ Pion decay constant f;

are related through Ward identities

Pion decay constant and PCAC: 8#Aﬁf)a _ M72r f ¢(r)a
AWI (non-singlet axial Ward identity): aHALr)a —omn pna
GMQR (Gel’Mann-Oakes-Renner MR = —m" N, £
relation): with ¥ = Ni, W) .

....can be obtained from (ratios of) correlation function of type (AA), (AP), (PP), etc.
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For example: pion decay constant .

T—= uv

From the coefficient of the asymptotic correlator:

ZZ (A7 (B=0,0)A;(0)) ~ My Pe™ 1.

«4O0>» «F» «=>» « E>» E DA



FLAG

See: Flavor Lattice Averaging Group (FLAG) http://itpwiki.unibe.ch/flag/,
S. Aoki et al., Review of lattice results concerning low-energy particle physics, arXiv: 1607.00299

Covered topics:
@ Quark masses
Leptonic and semileptonic kaon and pion decay and | Vyq| and | Vys|

Low-energy constants
Kaon mixing

B-meson decay constants, mixing parameters and form factors

o
o
o
@ D-meson decay constants and form factors
o
@ The strong coupling as
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Quark masses

..quark masses

FTAG2016 Mud

o

FLAG average for Ni=2+1+1
ETM 14

Ne=2+1+1

Ni=2+1

<

—0—
—0—|
—O—

FLAG average for Ni=2-+1

RBC/UKQCD 148
RBC/UKQCD 12
ACS-CS 12

FTAG2016 ms
FLAG average for Ney=2+1+1
HPQCD 14A

2
=
S
g
S
8
Ne=2+1+1

HPQCD 10
BC/UKQCD 10A

Ni=2+1

N¢

FLAG average for Nr=2+1

I BC/UKQCD 14B
’ACS-CS 09 BC/UKQCD 12
HPQCD 09A HH ACS-CS 12

ILC 09A MW 10A, 10B

ILC 09 HH 'ACS-CS 10
’ACS-CS 08 L HPQCD 10
BC/UKQCD 08 RBC/UKQCD 10A
CP-PACS/JLQCD 07 lum 10
HPQCD 05 ACS-CS 09
MILC 04, HPQCD/MILC/UKQCD 04 HPQCD 09A

ILC 09A
[
—e—i

pheno.

FLAG average for Ni=2
FLAG average for Nj=2
] Diirr 11
ETM 108 APHA 12
=0 Grr
. kecoy " oA £1it 108
—H1+— ETM 07 = Rec 7
T Socan 050 % QCDSF/UKQCD 06
- CDSF/UKQCD 04
(o) LQCD 02 . PDG 79
P-PACS 01 I} Dominguez 09 &
c —e—— Chetyrkin 06 2
—h— PDG 78 9] —e—i jamin
@ Dominguez 09 81] < ————— Narison 06 84
—e— Narison 06 84 a o Vainshtein 78 85
—a—— Maltman 01 86,
altmon 0 70 80 90 100 110 120 MeV
3 4 5 6 MeV

C. B. Lang (UniGraz Physics)

(FLAG) http://itpwiki.unibe.ch/flag/
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Condensate

..quark condensate

FCAG2016

T T T
FLAG average for Ng=2+1+
ETM 13

FLAG estimate for Ny=2+1
RBC/UKQCD 15E
RBC/UKQCD 14B
BMW 13
Borsanyi 12
JLQCD/TWQCD 10A
RBC/UK! Q
+VIILC OQA, SuU3)—fit

H MILC 09A, su@2)—fit
MILC 09
TWQCD 08
JLQCD/TWQCD 08B
RBC/UKQCD 08
FLAG estimate for N¢=2

}’H Engel 14
L 2 Brandt 13

Ne=24+141

Ne=2+1

—
—
TWQCD 11
7+ TWQCD 11A
— %QCD/TWQCD 10A
J ernardoni 1!
H&-i._ ETM 09C

Nf=2
I

ETM 08
CERN 08

HH— JLQCD/TWQCD 08A
JLQCD/TWQCD 07A

200 250 300 350 MeV

(FLAG) http://itpwiki.unibe.ch/flag/
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Decay constants

..decay constants fx /f:

FTAG2013 fi /fx
PRELIMINARY '

our estimate for Ny=2+1+1"

HPQCD 13A
MILC 13A

MILC 11 (stat. err. only)
ETM 10E (stat. err. only)

Ne=2+1+1

our estimate for Ny=2+1"

RBC/UKQCD 12
Laiho 11

] MILC 10
—{— JLQCD/TWQCD 10
RBC/UKQCD 10A

Iilm
I

|

e

JLOCD/TWOCD 09A (stat. err. only)
MILC 09A

MILC 09

b Aubin 08

PACS-CS 08, 08A

RBC/UKQCD 08

HPQCD/UKQCD 07

——— NPLQCD 06

MILC 04

Nf=2+1

o

lHT |
TTTL‘J

our estimate for N¢=2"

BGl
ETM 10D (stat. err. only)

N¢

W%

— QCDSF/UKQCD 07

114 1.18 1.22 1.26

(FLAG) http://itpwiki.unibe.ch/flag/
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Coupling constant

...strong coupling as

| o]
Baikov o1 7
Davier ro—i Q.
Pich Ho—i g
Boito —e— C
SM review .__+_. S
i
HPQCD wwisonloopy | Hed
FLAG 2016 %s HPQCD (cccorelators) | o L
j j ) T T Maltmann isonloops) | -8 9
- FLAG estimate PACS-CS (5Fscheme) et =
L PDG nonlattice average ETM ghostgluonvertes) | (He—| )
. ™ HPQCD 144 BBGPSV (satcpotet) o |
] HH ETM 13D -
> =HO— ETM 12C ABM  p—e—o Eh zi.
z H}H  EMI1D BBG  —e—d 5 g
= o ro—u e 2
H Bazavov 14 NNPDF =,
—H Bazavov 12 MMHT 1 : g <
—0— JLQCD 10 ' n ™
« HH HPQCD 10 1
[ i HPQCD 10 ALEPH etststapes) | | F——@—]| o
z = PACS-CS 09A OPAL(s) et o
- Maltman 08 JADE(y) o
fa el HPQCD 088 Dissertori(s) ~ —#l—| =
HH HPQCD 08A JADE 3 —_—l—
HPQCD 05A W : (mr g
—H— QCDSF/UKQCD 05 Abbatern e 5
o~ {0 Boucaud 01B Gehvm.h—0—|| ‘g
s —0— SESAM 99 Hoang —e— | 143
3 —_—— Wingate 95 © & D
“ —— Davies 94 GFitter —l—e electroweal
z 00— Aoki 94 i precision fits
—_—{ EkKhadra 92 MS 1 ‘ hadron
0.100 0.105 0.110 0.115 0.120 0.125 woppael ] collder
' ' ’ ’ ’ ) 011 0115 012 0125 0.13

(FLAG) http://itpwiki.unibe.ch/flag/ o (M?)

C. Patrignani et al. (Particle Data
Groint Chin Bhue & an 1onnnt O
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Matrix elements

...Matrix elements

Example: Pion electromagnetic form factor

(7P| Vi [ (P))eont = (Pr + P} Fr(QF)

where @ = (pr —p,v)2 = —t is the space-like invariant momentum transfer squared, and
2 _ 1 — q=p-r
VM: § U’YMU_§ d’yud
(0,0) (x,1)
r 14

Method: ratio of correlation functions

(P(t:P) O(7;q) P(0:)
(P(£:P) P(0: P))

0

(Sequential source method)
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Hadron masses: ground states

Example for ground state masses

2000 ———
4| Science 322 (2008) 1224-1227
-0
] =
1500 =
] = 5
S 1 s o - EE A
@ i
=,1000 =yt = N
= Ee
500 1 o K —— experiment
1 == width
o input
{7 & QCD
0

r et al..(BMW collab.) _ .
Science 322, 1224- 1227 (2008) arXiv:0906.3599 (Wilson fermions)

How is it done?
How to find also excited states?
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How to get masses

Masses are measured through real space propagators of the form

Cx(P, 1) = (X(B, ) X(P, 0)) with X(B, )= X(X, e 7.

@ Construct operators with correct Lorentz-, Dirac-, flavor-, and color symmetries
("interpolating field operators"), usually inspired by the quark model

@ Example: Pion: B
7" = d(x)ysu(x)

@ Example: Simple nucleon-type operator:

ND = e T g (ug rd.—a 1y uc> :
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Correlation function

. _ r Correlation (2-point) function

xy.z CX(ﬁ7 t) = (X(ﬁv t) Y(ﬁ’ 0)>

T

m=0.02
+—+m=0.05
4—am=0.10
“«<m=0.20

The slope is dimensionless:
myar=(lattice spacing a) x (physical mass M)

ol 1 — comparison with experimental mass sets the scale
a, other masses are then predictions

’ T
07775770 15 20 25 30
n

This works for ground states. We need to do better! See Section 6
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Chiral symmetry

Continuum QCD

@ Chiral transformation:
W = ey, Y= pel

- leaves ¥ Dy invariant (D = v, (0, + iAL))

- does not leave ¢ invariant " t
@ Chirality projectors: Pg = %(1 + ), PL = %(1 —s) # ‘p
wL:PU/M UJFl:PR@ZM ER:EPM aL:EPR Yr Vi

DY = D +YpDyr, U =P YR+ YL
@ The symmetry is (in continuum) manifest by

Dys+vD=0

@ Massless fermions have definite chirality.

@ The condensate (7)) is the order parameter of chiral symmetry
breaking
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Chiral symmetry

@ Massless u/d quarks (Nf = 2) — chiral symmetry
SU(2)r x SU(2). x U(1)y x U(1)a. 1 t

& &

@ U(1)a broken by anomaly (non-invariance of fermion A v,

integration measure)

@ SU(2)r x SU(2), is spontaneously broken by QCD:
SU(2)y-multiplets + Goldstone bosons (pions)

Atiyah-Singer Index Theorem: topological charge of gauge field v = n, — ng.
(n.b.:Topological charge is a concept for differentiable manifolds, i.e. continuum; lattice
implementation?)

C. B. Lang (UniGraz Physics) Lattice QCD Basics June 2017
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Nielsen & Ninomiya

Lattice QCD

Chiral symmetry is a problem for LQCD!

@ The formulation should allow explicit chiral symmetry, such that it can be broken
spontaneously!

@ The Wilson action breaks chiral symmetry explicitly due to the term ) Us)

@ No-go theorem (Nielsen, Ninomiya, 1982):

Lattice theories do not allow simultaneously chiral invariance, locality, and correct
continuum behavior of quark propagators.

C. B. Lang (UniGraz Physics) Lattice QCD Basics June 2017 111/166



Nielsen & Ninomiya

Lattice QCD

Chiral symmetry is a problem for LQCD!
@ The formulation should allow explicit chiral symmetry, such that it can be broken
spontaneously!
@ The Wilson action breaks chiral symmetry explicitly due to the term ) Us)

@ No-go theorem (Nielsen, Ninomiya, 1982):
Lattice theories do not allow simultaneously chiral invariance, locality, and correct
continuum behavior of quark propagators.

@ Finally excavated (Hasenfratz):
Dvs+~vsD=aD~s D J

Ginsparg-Wilson condition (1982!) for (quasi) chiral lattice fermions.
Cont: zero modes are chiral modes
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Nielsen & Ninomiya

Lattice QCD

Chiral symmetry is a problem for LQCD!
@ The formulation should allow explicit chiral symmetry, such that it can be broken
spontaneously!
@ The Wilson action breaks chiral symmetry explicitly due to the term ) Us)

@ No-go theorem (Nielsen, Ninomiya, 1982):
Lattice theories do not allow simultaneously chiral invariance, locality, and correct
continuum behavior of quark propagators.

@ Finally excavated (Hasenfratz):
D~s +~sD=aD~s D J

Ginsparg-Wilson condition (1982!) for (quasi) chiral lattice fermions.
Cont: zero modes are chiral modes

@ Eigenvalue spectrum of D: only real modes can be chiral— zero modes,
Banks-Casher!

@ “Lattice chiral symmetry” transformation (Llscher): v5 — 45 = 75 ( - gD)
@ The GWC is violated for simple Dirac operators (simple fermion actions)!
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Eigenmodes and instantons

@ Exact zero modes are chiral and “define” the topological sector.
@ Non-GW-operators: real eigenmodes play this role.

Iso-surfaces of eigenvector density po(x) = > v*(c, e, x) v(c,a, X) :
C,x

N N N
- AN
\\\ N \\
o S o P
(A = 0.14) (\ = 0.016)
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Banks-Casher

@ Near zero modes (small real part, small imaginary part) define the density
p(m, V, \) related (via Banks-Casher) to the condensate:

o=—1lm Ilim [lim p(m, V, \).
m—0 Im(X\)—0 V—oco

@ ChPT and RMT predict the shape of the distributions in universality classes.

0.3

—a7=0, ag=0
—a7=0.1, ag=0.1

—————— a7=0.1, ag=0.1, MC
—ar=1, ag=0.1

—————— ar=1, ag=0.1, MC
——a7=0.1, ag=1

0.1 a7=0.1, ag=1, MC
ar=1, ag=1

ar=1, ag=1, MC

N

5 10 15
Kieburg/Verbaarschot/Zafeiropoulos; arXiv:1307.7251 (2013)
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Fermion species

Naive

Wilson
improved

— Wilson

— FLIC

__»tmFermions

—— > Staggered —> AsgTad — HISQ

Ginsparg-Wilson —> Overlap

Domain wall
Perfect
Chirally improved
Brillouin

Abbreviations:

tm = twisted mass

AsqTad = a-squared tadpole improved staggered
HISQ = Highly Improved Staggered Quarks
FLIC = Fat-Link Irrelevant Clover

C. B. Lang (UniGraz Physics) Lattice QCD Basics June 2017

114 /166



“Clash of discretizations”

Staggered fermions

@ Reduction from 16 down to 4 Dirac fermions (i.e. 16
Grassmann variables),
distributed over the 16 sites
of the hypercube

@ Remnant chiral symmetry
@ Asgtad: a® and tadpole improved
@ 4th root trick: (det D)'/* (QFT?) — tastes

@ Simple implementation@, harder interpretation (taste
splitting) ®—> HISQ - Highly Improved Staggered Quarks

C. B. Lang (UniGraz Physics) Lattice QCD Basics

2mgry
Squared pion mass as a
function of the light quark
masses (MILC,PoS
LAT2006:163)
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Fermion action variants

Wilson improved

@ Symanzik improvement program: O(a%)
improvement by clover leaf term

Sw+ acsw 2 P(x) % Opv ’:—W P(x)

(Sheikoleslami/Wohlert),
coefficient tuned
non-perturbatively

@ Simple implementation
@ Doubler modes

@ Problem with small quark masses: Spurious
low-lying eigenmodes of the Dirac operator

C. B. Lang (UniGraz Physics) Lattice QCD Basics
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Fermion action variants

Twisted mass: tmQCD (Frezotti, Grassi, Sint, Weisz)

@ Wilson + "twisted mass" i p 1) ys73 1)
@ M = Meit, 1 > 0 “maximal twist” is O(a) improved
@ No spurious zero modes

A tm
e
1‘% ‘&'fs.

S

VAR

i’

@ breaks parity and flavor
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Overlap operator

Overlap Dirac operator (Neuberger)

@ Can be constructed explicitly (a = 1 for simplicity):
D(m=0) = (1+ssign(H)) with H=~5Dw(m < 0)

(vs Dw is hermitian; other kernels also used)
@ Sign function of an hermitian matrix?

H= " AN = f(H) =3 f) N
A A
Thus
sign(H) = _ sign(A) [\)(A|

A
is very expensive (hardly possible).
Alternative:
H
A /H2

approximated by Chebyshef polynomial series or rationals.

sign(H) =

C. B. Lang (UniGraz Physics) Lattice QCD Basics June 2017
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Overlap operator

@ Exact Ginsparg-Wilson type
@ Nice circular spectrum:

N
D5 + 5 D = DsD \
v5D~vs + D =~5D~s D
D'+D=D'D /
NAA=AAS A=A\ 1) =1 [A—1]=1 4

- exact zero modes
- spectral density related to condensate via Banks-Casher (and RMT studies):

W) o< lim lim p(ImX, V)

ImMA—0 V—oo

@ Allows to implement n; = 1.
@ 50-100 times more expensive than Wilson’s operator.
@ Problems with sector tunneling in HMC implementations.

C. B. Lang (UniGraz Physics) Lattice QCD Basics June 2017 119/ 166



Approximate GW-operators:

Fixed Point action
Hasenfratz et al., Nucl. Phys. B 414 (1994) 785, Int. J. Mod.

Phys. C 12 (2001) 691 renor&agczteodr
A perfect action follows a renormalized trajectory without e
corrections to scaling. The fixed point action deviates from the FP

. . . . fixed point action
renormalized trajectory; parametrized form with

parameter-tuning based on blockspin transformations

Chirally Improved Dirac operator

Gattringer et al., Phys.Rev. D63 (2001) 114501, Nucl. Phys. B
597 (2001) 451

General ansatz for fermion action:

16
Dmn = Ta > &[] Udnmp
a=1  pePg, lep

Path lengths truncated to length 4, parameters tuned to obey the
GW-condition. Used for hadron spectroscopy (BGR collab.).

Brillouin operator 4

S. Diirr & G. Koutsou, Phys.Rev. D83 (2011) 114512, PoS

LATTICE2016 (2016) 249

81 point stencil, tries to optimize rotational invariance, used for

overlap kernel. o = = = ) Q¢
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Domain wall fermions

Domain Wall

@ Kaplan, Furman, Shamir: Introduced extra 5th dimension Ns

@ Left-handed and right-handed part of the fermion is bound to the 4-dimensional
interface walls.

@ They decouple for Ns — oo

VNN

5th dimension
In the limit one gets exact GW type: the Overlap operator (Neuberger)
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Homework problems

Homework (5.1)

L

Prove that the Wilson Dirac operator (like most others, except the tm-operator) is 7s-
hermitian, i.e.,
7D =(ysD)" .

Homework (5.2)

4

Show that a Ginsparg-Wilson operator is “normal’, i.e., it commutes with its hermitian
conjugate: [D, D'] = 0. What does this imply for the eigenvalues and eigenvectors?

=} = = = E DA
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Phase diagram

Phase diagram for fermions (idealized):

cor?.tin.uum
chiral limit imit
m=0 iral limi o
M =o0
B=0 (g=w) quenched limit B=co (g=0)

(Lines of constant physics: e.g., fixed fx/my and m/mg, or ...)
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Key points

Key points
@ The Ginsparg-Wilson condition ensures lattice chiral symmetry.
@ Simple (computationally less expensive) lattice Dirac operators violate the GWC.
demanding.

@ The overlap operator obeys the GWC but is very costly and numerically

@ Today most “full” LQCD calculations on large lattices are for staggered,
Wilson-improved, twisted mass, and domain wall actions.

@ The eigenvalues of the Dirac operator provide information on instantons, the

condensate and the mechanism of spontaneous chiral symmetry breaking.

C. B. Lang (UniGraz Physics)
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Spectroscopy

Spectroscopy

Ground state spectroscopy

Resonances and bound states

C. B. Lang (UniGraz Physics)

is correct only for stable particles. Simple hadron
approach qqqg or qq is valid only below scatter-
ing threshold (“bound states” or “artificial bound
states”)

require inclusion of hadron-hadron channels in
the calculation. Excited states spectroscopy
and scattering amplitudes Multi-hadron approach:
we need to extend the space of operators:
(q9)(qa),(qqa)(qa), (q99)(aqq)...

o & = = 9D Q

QQ
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What do we need?

@ Gauge configurations (with dynamical quarks)
@ Quark propagators

@ Hadron interpolators and propagators

@ A method to extract higher energy levels

@ Interpretation of the obtained energy levels
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Do it yourself ‘or goto

ILDG - International Lattice Data Grid

http://www.usqcd.org/ildg/
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Hadron interpolators and propagators

Correlation Cn(t) = (N(t)N(0)) ~ exp(—mpt)

@ Example: Simple nucleon-type operator

NO = cape T ua (] T do — o T i)

with the choices

O,
i=1 1 Crs
i=2 | s C
i=3 [ Cvas

(C is charge conjugation operator in Dirac space)

@ Projected to definite parity with P*

For further constructions (using lattice symmetry representations) see, e.g., Edwards et al.,
Phys.Rev. D84,074508 (2011) and Dudek et al., Phys.Rev. D85, 054016 (2012).
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M '| t 2000 [ Science 322 (2008) 1224-1227
lestones o ] ( )
nadt® Dirr et al.(BMW =0
L Singe T aton ] -
oo 1500 o
- T Ea
BMW(2008) s B 2
HSC(2011, 2013) = 1097 ey |+ N
’ ] Bde
500; K — e>.<perimem
] == width
] o input
2200 . . - : 0 E el ¢ QCD
2100 = 20 ]\(* A*
w0 g wm o eio= ® mig _
N B O 15@'3 :IE:DE' [[l :%'i’:':l
gmuDD (] H = E=Emmg EE=:
B m e ===
1800 O @ T ‘Qlﬁj ! = '
g O f= = p=
17BU[| o E - E
mr=391 MeV 08 i : mn=396 M¢|
Y S - - - - | H
[ S R S A A S 06 1+ 3+ 5+ 7¥1 1- 3= 5° 77 ¢ 1t gt st rdy1- a- 5o 7
2272 2272 2272 2272 2 2 2 2012 2 2 2 2 2 2 2 12 2 2 2

Edwards et al. (HSC) Phys.Rev. D87, 054506 (2013). Edwards et al. (HSC) PR D 84, 074508 (2011)
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Ground state results

2000 1= — ——
g [ Science 322 (2008) 1224-1227
] .
In the p(772)(1~~) channel 1500 Eg—*::*
the lowest intermediate ] = EE A z
state is the mm-system in % ] . T E
(relative) p-wave. = 1000 | N
s ]
My + m, = 280MeV < | Fde |
5004 K —— experiment
m, =772MeV ] = width
i - o input
0. —==T # QCD

physical w7- and Kr-threshold

AN

A~ N

-O- .
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Why do we need to do better?

@ Only a few hadrons are (under strong interactions) stable, most hadrons are
resonances

@ Finite volume: The spectral distribution is discrete!
@ Energy levels are related to (resonance) phase shifts

oo

X(OX'(0) = [~ du plw)e "

wo
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Approaches

Lattice QCD Hybrid approaches QCD motivated
) continuum models
solve lattice NIEET
regularised QFT hadron EET on a Eff. Hamiltonian
of quarks and gluons - (ChEFT, HEFT,..)
lattice constituent quarks
compute hadron Unitarized ChPT
propagators sl Bethe-Salpeter eq.
Use input from LQCD
Bethe-Salpeter eq. “latticise” by replacing
discrete energy levels mom. integration
1 by lattice sum
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A method to extract higher energy levels?

Variational analysis

The correlation function is a sum of exponentials

(X(t)X(0))
=3, (X(t)In)ye~™"(n[X(0))
~aje™l g e g3 ™ 4

"

[ 10 is

Leading term with smallest mass: ground state (dominant at large t).

Higher mass states observed at smaller ¢

@ Fit to several exponentials is usually unstable!
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Disentangle the states

"Variational" analysis = diagonalization (Michael, Luischer/Wolff)

Use several interpolators O;
Compute all cross-correlations
C(1); = (O(1)0;(0)) = >_(0|0;|n)(|Of [0)e =M .

n
Solve the generalized eigenvalue problem:
C() Vi = Ni(t) C(k) Vi
Then
Ai(t) o e~ (1 +0 (e*’AM')) ,

where AM; is the mass difference between the state i and
the closest lying state.

The eigenvectors V are "fingerprints" of the state

C. B. Lang (UniGraz Physics) Lattice QCD Basics
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What do we need?

Continuum vs. lattice

Correlation functions have discrete energy levels!

Example:

Spectral density of a simple
resonance in continuum and the
discrete energies for a lattice
volume

(linear extent m, L = 2.22,

s = (E/mz)?)

p(s)

1.0

0.8

0.6

0.4

0.2

0.0

0

2.22

10

g
50

One cannot arbitrarily fix the energies: they are eigenvalues depending on the control

parameters (volume, couplings,...).

C. B. Lang (UniGraz Physics)
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What do we need?

Continuum vs. lattice

Correlation functions have discrete energy levels!

p(s)
1.0
Example:
Spectral density of a simple 08 3.22
resonance in continuum and the 06

discrete energies for a lattice

volume 0.4
(linear extent m, L = 3.22,

S:(E/mﬂ—)z) 0.2

Y] A (N R g
0 10 20 30 40 50

One cannot arbitrarily fix the energies: they are eigenvalues depending on the control
parameters (volume, couplings,...).
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What do we need?

Continuum vs. lattice

Correlation functions have discrete energy levels!

Example:

Spectral density of a simple
resonance in continuum and the
discrete energies for a lattice
volume

(linear extent m,L = 5.22,

s = (E/mz)?)

p(s)

1.0

0.8

0.6

0.4

0.2

0.0

0

10

]

RERI S, SN -

20

30

\

40

One cannot arbitrarily fix the energies: they are eigenvalues depending on the control

parameters (volume, couplings,...).
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Phase shifts

Energy levels < phase shifts

WWWWW
e ————— eipL
V = const. 6=0
VWY

eipL+2i5(p)
—

V =localized 6 #0

Solving the Helmholtz eq. for d=3 gives

=1 — 26(pn)+pnl =2nm
— cotd(pn) = —cot(pnl/2)

pncotd(pn) = cZgo (1; (g'lf)z) J

Luscher, CMP 105(86) 153, NP B354 (91) 531, NP B 364 (01) 237

C. B. Lang (UniGraz Physics)
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M. Lischer: CMP 105(86) 153, NP
B354 (91) 531, NP B 364 (91) 237)
Energy levels are related to

continuum phase shifts!

L 2
Pncot§(pn) = ¢Zuo <1; (%) )

AVAVAVAVAY

35-

wfMy
40

without interaction. ..

N

20

«O0>» «Fr «=)»r « > P NEd



Luscher plot

M. Lischer: CMP 105(86) 153, NP with interaction. . .
B354 (91) 531, NP B 364 (91) 237): o/,
Energy levels are related to I
continuum phase shifts!

Pncotd(pn) = ¢Zoo (1; <;;_,,WL)2>
ML A, S
J % VAV

(Iocallzed interaction region) 205 L n 5 5 4 Lm

N
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Luscher plot

M. Liischer: CMP 105(86) 153, NP both spectra superimposed
B354 (91) 531, NP B 364 (91) 237):

Energy levels are related to o \

continuum phase shifts! \
L 2

PnCotd(pn) = cZo0 (1; (g”ﬂ) )

/V\ /\ \ \ f’//\‘\
JV\// \v/ \/ 25

—
(localized interaction region) 20} . . s . . L,
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Elastic scattering
Analyticity and unitarity

1Se] = 1
S = 1+2ipt, =e®%
t;7'(s) = p(s)(cotde(s) —i) with s= EZps

(Phase space factor p(s))

Analyticity: f,(s) is analytic up to cuts and poles:

@ right-hand cut due to unitarity, left-hand cut due to exchange processes

@ real axis below threshold: bound states; 2nd sheet above threshold: resonance
t,;'(s) =0 — pole in the complex plane

5 = DAC
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Elastic scattering

Elastic scattering

t;'(s) =0 — pole in the complex plane
SR
Partial wave amplitude t,

t;'(s) = pcotd(p) —ip
k™" = pcotd(p)

71~l 1 2 2
k ~a0+2rop forp"~0
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Elastic scattering

Elastic scattering

t;'(s) =0 — pole in the complex plane

Partial wave amplitude t,

Zoo

_ L2
P pcotd(p) x Zoo <1; (%) > '

—1

1 1 5 >
~ ao+2r0p forp~0
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Elastic scattering

Elastic scattering

t;'(s) =0 — pole in the complex plane

Partial wave amplitude t,

k™' = pcotd(p) forp® >0

\ /s

71Nl 1 2 2
k Nao+2rop forp®~0

( E; [Es3 s/ Egf P’
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Resonance or bound state

15 ] 15
ok
: 9
"I | Re(1/(s)) E
e i e T e I
0 T
i Im(t(s))
18 :
18+ E
4F E
2l )
I.Dlil : 10 EAD

June 2017
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file:///Users/cbl/Documents/MyTalks/movies/resonance.mov

Key points

@ Most hadrons are “excited” states

@ Exited states are unstable (no problem in quenched simulations)

@ Energy spectrum volume dependent (cf. Lischer) — allows to determine
scattering lengths and phase shifts below the inelasticity threshold.

@ Many states contribute to a quantum channel!

Homework (6.1)

@

Compute and plot the non-interacting energy values for a free pion-nucleon system in
the N® timeslice (N is the linear extent in fm) for the range 2 fm< N <8 fm. For L = 4
fm: how many different energy level lie below 1.8 GeV?

o = = = = 9Dac
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Operator basis

Technical issues

@ Operator basis complete enough?: more operators?

@ we need more energy levels:
@ “moving frames”: new energy level for same set of gauge configurations

Oh D4d EDZCZ

e different boundary conditions
e several volumes

@ inelastic region: coupled channels, we need to combine different measurements,
parametrisation, interpolation for K matrix elements

@ Resonance pole position: analytic continuation
(parametrize Re T, disp.rel.; left hand cut?)

@ Unstable decay products: 3-particle channels, e.g. e
ai(1260) — pm — 7w
bi(1235) — wr — wrww
Nr — (Nfy — N=mm, N(1440) —
Nz, Am — Nrnm, Np — Nrr)
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Some results

.... for scattering length and phase shift:

@ Light quarks, elastic region
nr for £ =0,1,2 (f, p)
K for¢ =0,1(k, K¥)
mp and 7w (a1, by)

@ Light quarks, inelastic region
7, KK
K, nK
N, o

@ heavy-heavy and heavy light
,1(3770), Z(3900), X(3872), ¢
Dr,DK,D*K,BK,B*K

C. B. Lang (UniGraz Physics) Lattice QCD Basics June 2017
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Example: p, 7w operators

1(t) = Z % Us(x) Aryi €% us(x) — {us « ds} (s=n,mw),
Oz(t) = Z 2 US 'YtAl’Yl S(X) - {US And ds} (S =n,m, W) »

os(t) = Z + L_IS(X)gj Apy; ePX ?jus(x) —{us+ds}  (s=n,mw),
X,i,j

o5(t) = Z LU0 A H€P T - ViePus() — {us e I} (s=nmw),

o3(t) = Z 25 €1 Ts(x) Anprs 1[€PXY) — 6P us(x) — {us > a5} (s =n,m, w),
X,i,j,k

OF"(t) = J5lr " (P1)n~ (P2) — 7 (P1)n* ()], 7 (Pi) = an )57 E€PXqn(x) .
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Example: elastic n7 scattering (2011)

0.2 T T T

Re(1/f)

w
k]
3]
~
o 0
o
2
£
o
&

01F ysI'(s) cotd(s) =m) — s

202 I I I I I

\

Early (2011) results for elastic =7 p-wave
(p): nf =2, m, = 266 MeV CBL, Mohler,
Prelovsek, and Vidmar. Phys. Rev. D 84 (2011)

0.1 0.15 0.2 0.25 0.3 0.35

0.4 054503; Erratum PR D 89 (2014) 059903(E)

m, = 266(3)(3) MeV

150+

50+

Gpmr = 5.61(12)

m, = 772(6)(8) MeV

see also: X. Feng, et al., Phys. Rev. D 83,
094505 (2011). S. Aoki et al. (CS
Collaboration), Phys. Rev. D 84, 094505 (2011).

L L
%.l 0.15 02 O.SZS 0.3 0.35

C. B. Lang (UniGraz Physics)

0.4
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Example: =7 scattering ( 2015)

150 3n/4
120
OE 90 “ w2t
60
30 n/4
L ra— 0.12 ") 016 2 P
D. J. Wilson et al., (HSC),PIﬂD 92, 094502 (2015) 600 650 700 750 800 850 900 950 1000
Coupled channels mr, KK Een MeV
nf=2+1, m, =236 MeV G. Bali et al., PRD 93, 054509 (2016)

elastic 77 and 7K scattering,
ns =2, m; =150 MeV

Further developments (s wave, 7K,nK, ...): see D. Wilson at LATTICE 2017
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Beyond the elastic region: coupled channels

Extension to several coupled channels

Matrices T, Z:

Bernard et al ., JHEP 1101 (2011) 019 [arXiv:1010.6018]

det [T*l - Z] -

0

Briceno et al ., PR D 88, 034502 (2013)
Briceno et al, PR D 88, 094507 (2013)
Briceno et al ., PR D 89, 074507 (2014)

Hansen & Sharpe, PR D86 (2012) 016007[arXiv:1204.0826]

Briceno et al., PR D 91, 034501 (2015)

C. B. Lang (UniGraz Physics)
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two nucleons
moving multichannels
arbitrary spin

1— 2 transitions
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Meson-baryon scattering

@ Without annihilation

Example: NN [ ]
Example: pK* [ ]

@ With annihilation

Example: mN
neg.parity: 29 terms
pos.parity: 114 terms
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CBL&Verduci, PRD87 (2013) 054502 5-quark operators
Ba ryons: N1t [arXiv:1212.5055] and 29 contraction terms

(negative parity) N — N7, Nm — N Nt — N7

= ==

The background is fully dynamical quarks and gluons
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niN (neg.parity): Effect of open 2-hadron channel?

single pion+nuc
had |
N*(1535),N*(1650) 20 e
’ . | Exp. | udd | uddud |
N1t negative parity
1.8 T ] |
CBL&Verduci, PRD87 (2013) 054502 | e | i
[arXiv:1212.5055] +/ - R

= L6 + — 1 .
needs annihilation terms @ I T T 1
Lu B
L/

See also Kiratidis et al., PR D 91,094
(2015) [arXiv: 1501.07667]

(el al®

Wanted: Coupled channel analysis (Nn, AK, Am)...
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Beyond the single hadron approximation

CBL et al. PRD 95 (2017) 014510 ;

arXiv:1610.01422

Operator basis (1/2%) allows for:
N, Nit (p wave), No (s wave)

R. L. Workman et al. PRC
86, 035202 (2012)

mn:157 |V|eV 180 =TT I
150 T
Lattice /Analylic, elastic 5F %Eﬁ%
2 of Exl 4
F B 2
L © 60 ~ 4
oL E o - E
L [ = e AR B
1.8 C (a) Analytic, elastic
[ =
S 1.6 - e L6 MR =>~INr (oneint)
NDa-1) § @ 1k 4 N(Dmr(-1) 'sf - N
m 14f T J14 _eE o M 0
r ar 7 Ed
NO)7(0)(0) f----2---- 4t E 2 13 == N(r(-1)
12F B i W) NOmO . 9
- d+ 4 LI —
NO i 1F _
* 1C ] N(©0)
F* e NO wf Ty
25 3 L }[fS ] 45
t  [fm
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Example: Heavy-light system

Quark content ¢s, c(uu, dd)s: Ds, DK
(nf=2and 2+ 1, m, = 266 and 157 MeV

Ensemble (1) Ensemble (2)

600 600
500 P 1
g o b
@ DK as well as sc interpolating 2 ol . Lo a0
fields are used : 200l - T - Jaoo
e We identify D3 (J* =0%) as a & 1o . T . o0
bound state 37(17) MeV below = o X Uoenergy tevel| L 71
DK threshold. aoop o fompmesin | T i
@ The experimentally observed ’mp D, B[ Dy Dy D, D o 0 > b, o0
D;,(2317) lies 40-50 MeV teerorn bR e e

below DK threshold.
S. Prelovsek, L. Leskovec, CBL, D. Mohler, R.
Woloshyn; arXiv:1308.3175
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Example: Heavy-light system

Quark content ¢s, c(tu, dd)s : Bs, BK
(nfF=2and 2+ 1, m, = 266 and 157 MeV

Predicting positive parity Bs mesons

@ BK scattering in J7¢ =" near

threshold
@ BK as well as sb interpolating

fields are used

@ We predict a bound state
64(13)(19) MeV below BK

threshold with
m(Bs) = 5.711(13)(19) GeV

@ Threshold scattering
parameters obtained

C. B. Lang (UniGraz Physics)
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/
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D. Mohler et al., Phys:Lett. B 750 (2015) 17
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Coupled channels formalism
Extension to 3-particle channels

But: No numerical lattice results yet!

see review by Briceno, Dudek, Young, arXiv: 1706.06223

C. B. Lang (UniGraz Physics) Lattice QCD Basics
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Issues

Lattice operator basis: is it sufficient complete?

Coupled channels: need to combine different measurement,
parametrisation, interpolation for K matrix elements

Resonance pole: analytic continuation (parametrize Re T,
disp.rel.; left h. cut?)

Unstable decay products: 21(1260)>pn—mn
b1(1235)-> wn->mnnn

Nrti->Roper->NA->Nnm
—->Np->Nnnt
—“>Nfo>Nnm

C. B. Lang (UniGraz Physics) Lattice QCD Basics June 2017 162/ 166



a

«0O)>» «F» B




More

C. B. Lang (UniGraz Physics)

Topics

Basics of EFTs & LGT
Basics in LGT algorithms
Renormalization

Introduction to chiral EFT &
applications

Interface of ChPT & lattice
Heavy Quarks
QCD at high density & temperature

Flavor physics & BSM

Nuclear physics from QCD

Soft-Collinear EFT &
Future Lattice Frontiers

New techniques
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Further reading

| do not quote the standard texts on Quantum Field Theory (like Peskin/Schroeder or
Ramond). For this please ask your favorite QFT lecturer.

@ Lattice QCD specific web sites:
http://www.scholarpedia.org/article/Lattice_gauge_theories
https://arxiv.org/archive/hep-lat

@ Lattice QCD specific monographs:

E. Seiler: Gauge Theories as a Problem of Constructive QFT and Statistical Mechanics,
Vol. 159 of Springer Lecture Notes in Physics (Springer, 1982)

M. Creutz: Quarks, Gluons and Lattices (Cambridge Univ. Press, 1983)

H. J. Rothe: Lattice Gauge Theories - An Introduction (World Scientific, 1992)

I. Montvay and G. Minster: Quantum Fields on a Lattice (Cambridge University Press:
1997)

J. Smit: Introduction to Quantum Fields on a Lattice (Cambridge University Press: 2002)
J. Zinn-Justin: Quantum Field Theory and Critical Phenomena (Clarendon Press,
Oxford, UK: 2002)

Thomas Degrand und Carleton Detar: Lattice Methods for Quantum Chromodynamics
(World Scientific: 2006)

Christof Gattringer and Christian B. Lang: Quantum Chromodynamics on the Lattice -
an Introductory Presentation (Springer: 2010)

Francesco Knechtli, Michael Giinther, and Michael: Lattice Quantum Chromodynamics,
Practical Essentials (Springer: 2017)
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Texts and software on the Web

@ Introductory lectures

Martin Lischer, Computational Strategies in Lattice QCD, arXiv 1002.4232

Sinéad Ryan, INT Lectures on Hadron Spectroscopy, http://www.maths.tcd.ie/
ryan/INT2012/

William Detmold, Hadron Interactions and Many-Body Physics, INT Summer School on
Lattice QCD for Nuclear Physics,
http://www.int.washington.edu/PROGRAMS/12-2c/Lectures.html

Anna Hasenfratz, Introduction to Lattice QCD, Summer School on Lattice QCD for
Nuclear Physics, http://www.int.washington.edu/PROGRAMS/12-2c/Lectures.html
Christian Hoelbling, Lattice QCD: Concepts, techniques and some results, Acta Physica
Polon. B45 no.12, 2143, 2014.

Daniel Mohler, Bound states on the lattice, lectures at IUTP 2017,
http://physik.uni-graz.at/iutp2017/lecturenotes.php

@ Other sources

Annual lattice proceedings, many of them at Proceedings of Science:
https://pos.sissa.it/
HEP-LAT Preprint Server: https://arxiv.org/archive/hep-lat

@ Software

openQCD: http://luscher.web.cern.ch/luscher/openQCD/
LQCD Software (SciDAC): https://www.usqcd.org/software.html
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