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Abstract

In this work the approximation of non necessarily smooth value functions associated to infinite horizon
optimal control problems via sequences of consistent feedback laws based on the verification theorem is
addressed. Error bounds of L? type of approximating smooth feedback laws are derived, depending on
either the C! norm of the value function or its semi-concavity. These error bounds combined with the ex-
istence of a Lyapunov type function are used to prove the existence of an approximate optimal sequence of
smooth feedback laws. Moreover, we extend this result to the Holder continuous case by a diagonalization
argument combined with the Moreau envelope. It is foreseen that these error bounds could be applied to
study the convergence of synthesis of feedback laws via data driven machine learning methods. Addition-
ally, we provide an example of an infinite horizon optimal control problem for which the value functions
are non-differentiable but Lipschitz continuous. We point out that in this example no restrictions on either
the controls or the trajectories are assumed.
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1. Introduction

The construction of feedback laws for infinite horizon control problems is a hard task. The
classical approach depends on solving the Hamilton Jacobi Bellman equation (HIB). Among
the wellknown methods for solving the HIB equation we mention finite difference schemes [11],
semi-Lagrangian schemes [25], and policy iteration [3,8,51,53]. However, it is known that in gen-
eral these approaches suffer from the curse of dimensionality. In the last years significant efforts
have been dedicated to overcome this difficulty by using machine learning and deep learning
techniques. For instance we can mention the following contributions: representation formulas
[15-17,20], approximating the HJB equation by neural networks [31,19,47,48,33,42,52,14,55],
data driven approaches [46,45,6,37,2,23], max-plus methods [1,29,22], polynomial approxi-
mation [35,34], tensor decomposition methods [32,54,30,21,49,50], POD methods [5,39], tree
structure algorithms [4], and sparse grids techniques [9,28,38,10], see also the proceedings vol-
ume [36]. In general, there is no proof concerning the fact that feedback laws constructed via data
driven approaches or the resolution of HIB by neural networks provide optimal controls, unless
some smoothness of the value function is required as is the case in [23], where the value functions
are supposed to be an element of a reproducing kernel Hilbert space. There is a group of tech-
niques, based on training feedback laws involving the value function, by minimizing the average
of the objective function of the control problem over a set of initial conditions [41-43,40,10]. For
these approaches, convergence results have been provided under the assumption that the value
function of the control problem is C!-! and the optimal states are bounded. In many cases this
assumption may not be justifiable. Here we replace it by analyzing cases for the existence of a
sequence of smooth feedback laws with the property that the associated states remain bounded
and that the costs evaluated along these feedback laws converge to the optimal value function.
This property will be called consistency of the feedback law. We distinguish four cases depend-
ing on whether the value function is C!, semi-convex, semi-concave, or a-Holder continuous
with o € (%, 1]. For each of them we also assume the existence of an appropriately chosen Lya-
punov function. For this purpose we derived L, type error bounds with respect to the optimality
of smooth feedback laws which could also be used to study the convergence of feedback laws
provided by data driven approaches.

The structure of this work is as follows. In Section 2 we present the control problem and
some important concept of the dynamical programming approach for synthesizing feedback laws.
In Section 3 we introduce preliminary results on semi-concave functions, viscosity solutions,
and their regularization by means of the Moreau envelope. In Section 4 we introduce necessary
definitions and we present the main assumption about the stabilizability by feedback control. In
Section 5 we state our main results which are the construction of a sequence of feedback laws
such that the state given by this approximation is bounded and the evaluation of the objective
function in the obtained controls converges to the value function. For the proofs we refer to later
sections, mainly to section 8. Section 6 is devoted to obtaining estimates on the error between the
value function and the evaluation of the objective function of the control problem, assuming that
the state is bounded. In Section 7, a result for the stability of the trajectories of approximations
of feedback laws constructed by using an approximation of the value function is provided. The

439



K. Kunisch and D. Vdsquez-Varas Journal of Differential Equations 411 (2024) 438477

final section is devoted to the detailed description of an example for an optimal control problem
which admits at least two globally optimal solutions for initial conditions in an appropriately
chosen subset of the state space. As a consequence it will follow that the value function is not C!
on this set of initial conditions. However, all the assumption for the applicability of the presented
results can still be verified.

2. Control theory and dynamic programming

We consider the following control problem

(P)  minJ(yo, u) 1=/<f(y)+§lul2) dt 2.0
0
st y@) = f(y@®)+ By@)u(), yO0)=yo, 2.2)

where ¢ € Lipjo-(R?) is bounded from below by 0, with £(0) =0, yo € RY, B >0, u €
L%((0,00); R™), f € Lipioe(R4; RY) with £(0) =0, and B € Lipj,c(R?; R¥*™). Throughout
| - | stands for the Euclidean norm in R”, respectively R¥. We define the associated value function
by

V(yo) = min J(yo, u). (2.3)
ueL?((0,00);R™)

It is known that V satisfies the dynamic programming principle, i.e., for all T > 0:
T

V(yo) = min / (5()’('; Yo)) + élbtlz) dt+V(y(T;y0) ¢ » 2.4
ueL2((0,T);Rm) 2

where y(-; yo) is the solution of (2.2). Further, if problem (2.1) has a solution for all yy € 2 with
Q c R? open, then V satisfies the Hamilton-Jacobi-Bellman equation #(y, VV(y)) = 0 in the
viscosity sense, where

H(y, p) = max H(y, p,u),
ucRM

and

H(y,p,u)= {—p ~(fO) + B(y)u) = £(y) — §|u|2} . 2.5

Thus, in the case that the cost is quadratic in u and the control enters into (2.2) in an affine
manner, the HIB equation becomes

1
H(y, Vo(y) = —€(y) + ﬁuﬂ(ywv(ynz ~ Vo f(»)=0in . 2.6)

The following properties of H and H will be important in the upcoming sections:
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B
|H(y, p1,u1) — H(y, p2,u2)| < E|ul +uo| - luy — uz|

2.7
Hpil- 1B - lur —ua| + 1 f DI [p1 — p2l + [ual - [B(Y)| - |p1 — p2l,
1
|H(-x’ p]) - H(ya P1)| g (”E”Llp(Q) + E ”B”iip(Q;]Rde) |pl|2 + ||f||Lip(Q;Rd) |p] |) |x - y|’
(2.8)

for all uy,up € RM, P1, P2 € Rd, and x,y € Q, where we use the following definitions for
”B”Lip(Q;Rmxd) and ||f||LiP(Q;Rd) respectively

|Bi,j(x) — Bi, j(y)I

”B”Lip(Q;Rde) = ”B”Loo(Q;Rmxd) + sup (29)
x,yeQ, |X—y|
iel,...,m,
jel,....d
and
Lfi () = /i)
1A Lip:ray = 1f Il Lo ;R4 + sup (2.10)
lx — ¥
X,y €,
iel,....d

Additionally, if V is smooth, then V is a classical solution of the HJB equation and this allows
us to construct a feedback law. Namely, if for an initial condition yp € €2 the optimal solution of
(2.1) is such that the respective state y* satisfies y*(¢) € 2 for all ¢ € (0, 00), then we can define
a feedback law by

u*(y) = argmax H(y, VV(y), u) 2.11)

ueRM

along y = y*(¢), where y* solves the closed loop problem

d
Ey*(t) =)+ BOEOW (@), y*(to) = yo. (2.12)

This implies that once we have solved the HIB equation, we can obtain an optimal feedback law
by using (2.11). However, in general the value function is not differentiable. But we will see in the
following sections that it is possible to construct a feedback such that J evaluated along the con-
trols provided by this feedback is close to the value function. We will explain this in more detail in
Section 4. First we need some preliminary results which are given in the next section. Throughout
V denotes the value function of (2.1). We assume that it is a continuous function in R¥.

3. Preliminary results

In this section we provide results that we will need throughout the article. We start by recalling
the definition of a viscosity solution and some results concerning its regularity. Then, we present a
definition of semi-concave functions together with some of their useful properties. All the results

and definitions in this section can be found in [26, Chapters 1 and 2], [12, Chapters 1, 2 and 3]
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and [7, Chapter 2], except for those concerning the Moreau envelope of a Holder function.
Throughout 2  R¢ denotes an open.

Definition 3.1 (Viscosity solution, see [7, Chapter 2, Definition 1.1]). Let F € C(Q x R%). We
say that v € C(€2) is a sub-solution of

F(y,Vo(y)) =0in Q 3.1)

in the viscosity sense if for all y € Q and ¢ € C ZIOC(Q) such that v — ¢ attains a local maximum
at y it holds that

F(y,Vo(y)) <0. (3.2)

Analogously, we say that v € C(£2) is super-solution of (3.1) in the viscosity sense if for all
jeQand ¢ e C! () such that v — ¢ attains a local minimum at ¥ it holds that

loc

F(y, Vo)) = 0. (3.3)
We say that v is a viscosity of (3.1) if it is a sub and a super solution of (3.1).

Proposition 3.1 (see [7, Chapter 2, Proposition 1.9]). Let F € C(Q2 x R¥). If v is a viscosity so-
lution of (3.1) which is differentiable at y, then F (y, Vv(y)) = 0. Further, if v is locally Lipschitz
in Q, then

F(y,Vuv(y)) =0a.e. in Q.

We now give a definition of a semi-concave functions which is suitable for what we are in-
tending. However, it is possible to find more general definitions in the literature.

Definition 3.2 (Semi-concave function, see [7, Chapter 2, Section 4.2]). Let 2 be convex. A func-
tion v € C(L2) is semi-concave in €2, if there exists a constant C > 0 such that x € Q —
v(x) — %|x|2 is concave. If —v is semi-concave we say that v is semi-convex.

There are several interesting properties of semi-concave functions, however, we only need the
following:

Proposition 3.2. Let 2 be convex and v be semi-concave in Q2. Then,
L. (see [12, Chapter 2, Theorem 2.3.1]) v is locally Lipschitz continuous in & and Vv €
BV ().
2. (see [12, Chapter 3, Theorem 3.3.7]) If additionally v is semi-convex, then v € C11 ().

It will be necessary to regularize semi-concave function. For this purpose, it is useful to recall
the definition of a smooth mollifier and the mollification of a function.
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Definition 3.3. A compactly supported function p : R¢ — R_. is a smooth mollifier if it is infinite
differentiable and it satisfies

/p(x)dx =1, lim+/¢(x),o(x/8)£_ddx = ¢(0) for all ¢ € C(RY).
B e—0 R

Fore >0and ¢ € L' (RY) we say that ¢, = ¢ * p, is a mollification of ¢, where p(x) =

loc
% p(x/¢e) and p a smooth mollifier.

The following property of a mollification of a semi-concave function is a consequence of
Proposition 1.3.3 in [12]:

Proposition 3.3. Ler Q be convex and bounded, and v € C(S2) be a semi-concave function with

constant C > 0. Let v, be a mollification of v and set Q¢ = {x € Q : dist(x,dRQ) > ¢}. Then v,
is semi-concave with constant C > 0 in Q. and it satisfies

pTVng(x)p < C|p|2for all x € Q¢ and for all p € RY.

We will derive error bounds depending on regularity and structural properties of the value
function. We start with the case that V is C! regular. In the case that the value function is not C'!
but semi-convex, we shall employ a Moreau approximation which is C!-! regular, so that the C'
error bound can be used. In the semi-concave case we shall make use a mollification, which in
view of Proposition 3.3 preserves the semi-concavity. For the non semi-concave case we shall use
again mollification combined with the Moreau envelope. In this way we shall be able to control
the blow-up of the semi-concavity constant.

Let us start by recalling the definition of the Moreau envelope.

Definition 3.4. For ¢ € C(2) N L*°(2) and A > 0 the Moreau envelope of ¢ is defined by
M) = inf $(x) + —|x —
= 1n —_ — .
M= QP T Y

The next proposition summarizes some important features of M, for ¢ bounded and continu-
ous, including that M, ¢ is semi-concave. The results can be found in [7] except for (3.7) which
is contained in [44], and (3.5), which is verified below.

Proposition 3.4. Let ¢ € C(2) N L*°(2). For A > 0 we denote
1
Q= {x € Q:dist(x,dQ) =222 ||¢||§OO(Q)}
and for x € Q
. 1 2
A (x) = argming (y) + ——|x — y|”.
yeQ 2A

Then the following statements hold:
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(a) (see [7, Chapter 2, Lemma 4.11 and Lemma 4.12]) For all x € Qg we have Ay ¢ (x) # 0 and
forall y € Ay ¢ (x) we have

1
lx =y <202 [Pl oo (@) 34
In addition, if ¢ is a-Holder continuous in Q, i.e., there exist a € (0, 1] and C > 0 such that

| (x1) — ¢ (x2)| < Clx1 — x2|* for all x1, x2 € Q,

then
x -yl < @CH)T. (35)
(b) (see [7, Chapter 2, Lemma 4.12]) The function Mj¢ converges to ¢ in Cioe(R) as A — 0T
and
, =y
lim sup =01in Cjipc(2). 3.6)
A—01 yed, (x) 2\
Moreover, if ¢ is a-Hdolder continuous we have
Mo (x) — ¢ (x)| < CTa2755 A7 forall x € Q¢ 3.7)

(c) (see [7, Chapter 2, Lemma 4.11 and Lemma 4.12]) For every A > 0 the mapping M, ¢ is
semi-concave with constant % in Q; In particular, for almost every x € Qg we have that
A ¢ (x) is a singleton and

1
VMg (x) = x(x — y) where Ay¢ (x) = {y}.

(d) (see [7, Chapter 2, Proposition 4.13]) Consider F € C(S2 x R?) such that for every R > 0
there exists h € C([0, 00); [0, 00)) satisfying h(0) = 0 and

[F (1, p) = F(y2, p)l <h(Iy1 = yal - (14 |pD) forall yi, y2 € QN B(O, R), p e RY,
If ¢ is a viscosity super-solution of F(y, V¢ (y)) =0, then

F(y, VM;¢(y)) + 8.(y) = 0 almost everywhere in Q%

where

|x —yl
ex)= sup h(||lx—y|[1+ .
vedi(x) A

Further, it holds that
lim g, (x) =0 in Cjpc(2).
A—01
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(e) (see [12, Chapter 3, Theorem 3.5.3]) If ¢ is semi-convex with constant C > 0, then M, ¢ is
Cl’l(Qg) and convex for all A € (0, %)

As announced above, to verify (3.5) let x € Q and y € A, ¢(x), where we make use of the
fact that A, ¢ (x) is nonempty by (a) in Proposition 3.4. Then

1
k- YE=Mup(x) —d(y) <Pp(x) — p(y) < Clx — y|*,

from which the desired estimate follows. The result in Proposition 3.4 (d) is slightly restrictive.
For instance, this result can not be applied to a super-solution of (2.6), unless we assume Lip-
schitz continuity of the value function. In the following result we extend this to non-Lipschitz
functions by assuming Holder continuity with an exponent large enough. It will used in the con-
text approximating the HIB equation as well as for the use of a Lyapunov function to approximate
the escape time from the domain of the approximation of the HIB equation.

Proposition 3.5. Let us assume that Q is convex and let F € C(2 x R?) and g € [1, 00) be such
that for every R > 0, there exists h; € C([0, 00); [0, 00)), satisfying h;(0) =0, fori € {1, 2, 3},
and

|F(y1, p) — F(y2, p)I < h1(Iy1 — y2DIpI? + h2(Iy1 = y2DIpl + h3(ly1 — ¥21)

4 3.8)
forall y1,y, € QN B(0, R), p e R".
If ¢ is a viscosity super-solution of F(y, V¢ (y)) =0, then
F(y, VM¢(») + g1(y) > 0 a.e. in Q, (3.9)
where
lx =yl lx — I
()= sup hi(lx =) Hha(x =D hs(x =y (.10)

yeA;p(x)

If additionally, ¢ is a-Holder continuous with o € (1 - %, 1] and there exists C > 0 such that

hi(s) <Cs, fors >0andi €{l,2, 3}, 3.11)
then
lim g, (x) =0 in Cipc(2). (3.12)
A—0t

Proof. Let A > 0 and x € Qg Then by (a) in Proposition 3.4 we have A; ¢ (x) # @. Since ¢

is a super solution of F(y,V¢(y)) =0 and y — ¢(x) + ipc — y|? attains its minimum at
y € Ay (x), we find

F <y, %(x — y)) >0forall y e Ay (x).
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By using (3.8) we have for all y € A; ¢ (x) the following

1 1
‘F(x, X(x —y)> - F(y, X(x —}’)>‘

lx — y|? lx =yl

Shi(lx —yD) v, +ha(lx — yI) Iy + h3(lx — y)).
These last two inequalities imply that
1
F(x,x(x—y)> +g.(x) >0forall y € 4, ¢(x). (3.13)

If M, ¢ is differentiable at x, then by Proposition 3.4(c) we have that A, ¢ (x) = {y} is a singleton
and VM, (x) = %(x — y). Combining this, the almost everywhere differentiability in Qg of
M, ¢, and (3.13) we get (3.9).

For (3.12), we notice that if ¢ is a¢-Holder continuous, then by (3.5) there exists a constant
C > 0 such that

— q — +1 o
Ix — y| (1+ X My| e - y') gc(xﬁ +A‘z’——a—q+xm) forall y € Ay ¢ (x),

where the constant does not depend on x. Consider now @ C €2 compact. There exists Ag > 0
such that for all A € (0, A9) we have o C Qg Then, the previous inequality and the fact that

+1 1
g_—a—q>0foroz>1—§,1mplythat

lim sup |x—y|<1—|— bl + | y|>=0.
)‘%0+xew,ye.,4;\¢>(x) Ad A

This together with condition (3.11) concludes the proof of (3.12). O

Remark 3.5. We apply Proposition 3.5 with F given by the Hamiltonian in H(y, Vv(y)) =
01in 2, where v will be the value function V € L®(2) N C(R2) associated to (2.1) which
is a viscosity solution to this equation. By (2.8) assumption (3.8) is satisfied with ¢ = 2,
hi(s) = % ”B”Lip(Q;]Rdxm)S, ho(s) = IIfIILi[,(Q;Rd)s and h3(s) = ||€||Lip(9)s independently of
R. Therefore Proposition 3.5 implies that M, V is a super-solution of

H(y, V() + hi(y) =0in 2, (3.14)
with
W)= sup (nznu,,(m LB, g M ety ') v = yl.
yeA,V(x) B pRss A A

(3.15)
Moreover, assuming that V is ¢-Holder continuous with « € (%, 1] in 2, by (3.5) we can bound
]’l;L by
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1 1 20-1 e
h)\(x) < C (”E”LZP(Q) A2-«a + E ”B”il‘p(Q;Rde) )\, 2—a + ||f||Lip(Q;Rd) )\,20‘> for all X e Q)‘L/,

where C only depends on « and the Holder constant of V on 2. Additionally, if 1 € (0, 1], the
last inequality implies

1 2a-1
hk(x) < C (”EHLlp(Q) + E ”B”iip(Q;]Rde) + ”f”Lip(Q;]Rd)> AT,

In particular 4 tends to O on Q2 with the specified rate.
4. Statement of the problem and structural hypotheses

The main purpose of this work is the construction of a sequence of approximating optimal
feedback laws and to analyze their convergence. Here we provide the exact problem formulation
and state the main structural hypotheses that will be needed. In the following &€ denotes strict
inclusion.

Hypothesis 4.1. Consider a locally Lipschitz continuous function u : Q — R™, w € Q2 open and
T > 0. For all yg € w, the triplet (u, w, T') satisfies that y(¢; yo, u) € 2 for all ¢ € [0, T], where
v(-; Yo, u) is the solution of

YO = f®)+BO@u®), y©0) = yo. 4.1)

Definition 4.1. For (4, , T') satistying Hypothesis 4.1, we define V, 1 by

Yo € @ = V7 (30) =/ (E(y(t; Yo, u)) + glu(y(t; Y0, u))|2> dt.
0

With this definition, our objective is to prove the existence of a sequence of controls u, €
c! (2; R™) in feedback form, and times 7}, tending to infinity such that

Jim [ Vi, + V0 y(Tai s ttn) = V| =0 “2

for some p € [1, oo] depending on the regularity of the value function V. If a sequence u, of
feedback laws satisfies (4.2) we call it consistent. One of the motivations to include the time
horizon T into the approximation framework, rather than setting the time horizon to (0, c0) is
motivated, besides intrinsic interest, by the fact that in the context of numerical approximation
techniques for the value function V, many strategies rely on data for V at sample points x; € €.
These values for V (x;) would require to solve infinite horizon optimal control problems, which
is unfeasible, whereas approximations by finite horizon problems can be obtained.

The following definition characterizes the choice of the feedback functions which will be
made.
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Definition 4.2. For a function v in C'(R2), we define u, € C(2; R™) by

1
Uy (o) = —EB(YO)TVU(yo), for yp € Q. (4.3)

Remark 4.3. For v € C! (), we notice that (4.3) is equivalent to

1y (yo) € argmax H (yo, Vv(yo), u), for yo € Q. 4.4

ueRd

For such a control equation (2.2) admits a local solution if v € C!(2) which is unique if
moreover v € CL1(Q).

To achieve (4.2), we will need a stability hypothesis on the optimal trajectories of (2.1)-(2.2).
We express this stability condition in the viscosity sense and make use of it in sections Section 7
and Section 5.

Hypothesis 4.2. Let w € 2 be open and ¢ € C(£2). There exist§ > 0, w € C'(©),and g € C(),
bounded from below by 0, such that w is strictly contained in

w5 == (y € Q:w(y) < sup wlyo) +3).

YoEw
Further, ws is strictly contained in €2, dws is of class C!, and ¢ is a viscosity super solution of

~Vw®)  (f() + B(y)ug(y)) + g(y) =0in ws,

i.e. for every y € ws and every h € CZIDC(Q) such that ¢ — h attains a local minimum at y the
inequality

Vw@) " (fG) + B@un(3) < g(3)
holds.

The existence of a Lyapunov-like function w as demanded by Hypothesis 4.2 is discussed
in [18]. The condition will be used with ¢ = V or an approximation thereof. The set ws is the
region where we approximate the value function. The regularity assumption for the boundary of
ws holds if Vw £ 0 on dws.

In the analysis of approximating the escape time from ws, the following quantities will be
required. For ¢ > 0 we set

ol = s Jg0) = Vu )T F0)+ Vo T fw) 45
Xews,yeB(x,e
and
o2=  sup  |B() Vw(x)— B(y)TVw(y)‘ . (4.6)

xews,yeB(x,¢)
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For g = 0 these quantities tend to zero with £. We also need

1
O ) = sup

xX€ws,yEB(x,¢)

800 = Vo) T f() + V@ T (o) “.7)
where

1 |x—yl
g)n(x) = g(x) + sup {hw(|x - )’|) (”f”LOC(Q,Rd) + - ”B”ioo(Q’Rdxm))

yeAip() B
2x—yP 0
Il Lip:ray VW oo ray 1X — ¥ + E . ||B||Lip(Q);Rd><M IVwll oo r4y |-

4.8)
and h,, is the modulus of continuity of Vw in ws, i.e.

[Vw(x1) — Vw(x2)| < hy(|x1 — x2|) for all xq, x2 € ws.
In Remark 7.1 we shall provide a sufficient condition guaranteeing that lim; _, o+ g = &.
5. Main results: approximation of viscosity solutions
Here we state the approximation results which are part of the main contributions of this paper,
under various assumptions on the regularity of the value function V. The proofs will be given in
the following sections. We start with V € C L.
Theorem 5.1. Let w € C1(Q), w € Q open, and § > 0 satisfying Hypothesis 4.2 with ¢ =V €

CY(Q) the value function of (2.1) and g = 0. Further let ug € Lip(Q2) be a family of functions
such that

tim B —uy) e oy mn =0. 5.1)

Choose k : (0, 00) — (0, 00) and so > 0 such that

8
lim «(s) =00 and k(s)s < ——— forall s € (0, sp), 5.2)
s—0t ||Vw||LOO(w5;Rd)

and set o = k(|| B(ug — I/lV)”C(w{S;]RM)). Then, there exists gy such that for all ¢ € (0, g9) the
triplet (uc, ws, tc) satisfies Hypothesis 4.1,

||VM5,Tg + Vo y("—'a? Yy ua) - VHLOC(Q)) < /SK(”B(MS - MV)”C(Q)S;RM)) ”uE - MV”%‘(CL),S;RM) i

(5.3)
and consequently
lim 7. =oc, and Tim, Waerre +V 0 3(xes - ue) = V| ooy =0- (5.4)
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IfVeC(Q)thenuy € C(RQ). Consequently assumption (5.1) applies if u. is constructed by
mollification, for example. Moreover, this result implies that each u, satisfying (5.1) is consistent
for an adequately chosen sequence of time horizons.

The following result holds under a semi-convexity assumption on V.

Theorem 5.2. Ler Q C R? be convex and bounded, » € open, § >0, and w € C L(Q), such
that they satisfy Hypothesis 4.2 with ¢ =V the value function of (2.1) and g = 0. Assume that V

is semi-convex with constant C > 0. For A > 0 and € > 0, set V; ) = pe * M, V with p a smooth
mollifier. Then there exists Lo > such that for all ) € (0, Ao) there exists e()\) such that

2
[V Ve — VMAVHLOO(%_W) <A, and w5 + B(0, (X)) C Q. (5.5)

Setuy =uvy,,, choose k : (0, 00) — (0, 00) such that

lim k(s) =00 and lim «(s)s =0, 5.6)
s—0t s—0t
and set
-1
[ BTYMV e
T\, = min 8 (O'gl()\)’)L + 052()\) IB (s; ) ) K()\-) ) (57)

where 0’81()\) , and ngm were defined in (4.7) and (4.6), respectively. Then, for all . € (0, Lo) the
triplet (uy, w, T, satisfies Hypothesis 4.1, and

lim 7, = o0, and_lim Viron +V o y@s - un) = V] ooy =0. (5.8)

In the following theorem we replace the C! regularity of V employed in Theorem 5.1 by the
semi-concavity of V. This implies that V' is locally Lipschitz continuous, which in turns tell us
by the Rademacher Theorem that it is differentiable almost everywhere. Hence V satisfies (2.6)
almost everywhere.

Theorem 5.3. Ler Q C R? be convex and bounded, » € open, § >0, and w € C L(Q), such
that they satisfy Hypothesis 4.2 with g =0 and ¢ =V € C(R2), which is assumed to be semi-

concave in 2 with constant C > 0. Set ug =uy, with Ve = p; * V a smooth mollification of V,
and p € [1,00). Let k : (0, 1) — (0, 00) be such that

. . 2=l Ki(s) 12
lim k(s) =00 and lim k(s) » (e —1rs =0, 5.9
s—0F s—0F

where

1
K= <E (’”dc 1B o .ty + mdd? ||B||iip(w5;Rdxm)||VV||L,~,)(wa;Rd>) +d ||f||Li,,(§;Rd)),
and set
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2 —1
) o
7, = min {8 (agl + Fg ||VV||LOO(w6;Rd)> i (e — MV”Lp(wa;Rm))} , (5.10)

where 081 and 0'82 were defined in (4.5) and (4.6), respectively. Then there exists &g such that for
all € € (0, gg) the triplet (ue, w, To) satisfies Hypothesis 4.1 and consequently

lim 7, =coand lim |V r +V o y(te - us) — v||L1,(w) =0. (5.11)

e—071 e—071

Remark 5.1. It might seem that « is difficult to find, but for instance, s —é log(s) for s €
(0,1) and o > ﬁ, satisfies (5.9). It is also important to observe that this provides an upper
bound on the convergence of V,, 7, to V in L? (ws).

We next relax the semi-concavity assumption of Theorem 5.3 by using a mollification of the
Moreau envelope of the value function combined with Lemma 7.1(c) concerning the escape time
from ws.

Theorem 5.4. Let Q C R? be convex and bounded, » € open, § >0, and w € C 1 (5), such
that they satisfy Hypothesis 4.2 with g =0 and ¢ =V, which is assumed to be a-Holder con-
tinuous in Q2 with constant C > 0 and o € (%, 1]. Further, assume Vw is o-Holder continuous
with o € (1 —a,1]. For A > 0 and € > 0, set V. 5 = pe * M,V a mollification of M, V. Let
p € [1, 00) be fixed and 1 : (0, 1) — (0, 00) be such that lim,_, y+ n(s) = 0. Then there exists Ao
such that for all ) € (0, Ao) there exist (1) > 0 such that

2 1
[V Ve — VMAV”LZP((DB) <), e(L) <A7Ta, and ws + B0, e(A) C QY. (5.12)

Set u; = UV, 00 and let k : (0, 1) — (0, 00) be such that

) . i 1 201
1“3+ k(s) = 0o and 11151+K(s) P (KOS _ 1) rn(s) +k(s)s 2w =0, (5.13)
s— s—
where
md(d+1)
K(s) = (T IBIZ, iy T d ||f||L,-,,(w5;Rd)) . (5.14)
Further set
o2 !
. 1 e(A)
T) = min 8 (GS(X),)» + T ||VM)~V||L°°((1)5;R‘1)> , K ()\.) , (515)

where Uel(x) , and ngm were defined in (4.7) and (4.6), respectively. Then for all A € (0, Ao) the
triplet (u;, w, 1)) satisfies Hypothesis 4.1 and

lim 7 =o00and lim [V, +Voymsu) =V, =0 (5.16)
r—0

A—0t

@ =
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Remark 5.2. In the previous theorem, an admissible option is choosing «(s) = siq with g €

> 2—a
on the approximation of the value function (i.e. smaller £(1)) implies a decrement on the bound
of the error between V,,, 1, and M, V.

(O Za—l ) and n(s) = exp(—%K (K (s) — Siz). We notice that in Theorem 5.4 more smoothness

We close this section with a result concerning the convergence of the trajectories of the closed
loop system for a sequence of feedback laws. It can be applied under any of the setting we have
discussed before for V € C(R?).

Theorem 5.5. Let Q € R? be a bounded subset of R? and choose yo € Q. Consider a se-
quence of feedback laws us € C'(Q;R™) and times T, > 0 with lim,_ o+ T, = oo such that
y([os TS]! yOs uS) C Q and

lirg+ Ve, 1. 00) + V(Y (Te; yo, ue)) =V (yo), (5.17)
e—>

and set yo = y(+; Yo, ue). Then, the following statements hold:

(a) There exists at least one limit point of (us o e, ye) converging in the weak topology of
L7,.((0,00); R™) x Wy2(10, 00); RY).

loc

(b) For every weak limit point (u, y) € L2, .((0, 00); R™) x W,52([0, 00); RY) of (u 0 ye, ye) we
have that u is an optimal control of (2.1) and y is the associated solution of (2.2). Conse-

quently,
lim Vi, 7,(yo) =V (yo) and lim V(y(Ts; yo, us)) =0. (5.18)
e—>01 e—>01

(¢) If the solution of (2.1) is unique, then u, o y, converges to the optimal solution of (2.1) and
ye converges weakly to the solution of (2.2) in leoc((O, 00); R™) and Wllo’cz((O, 00); RY),
respectively.

Corollary 5.1. Consider o C S, with Q2 be bounded, p € [1,00), and a sequence of feedbacks
ug € C2(Q; R™) and times T, > 0 with lim,_, o+ T, = 0o. If we have y([0, T, ]; w, us) C , for
all ¢ sufficiently small, and

Sgr& Vo1, +V 0 y(Tei -, ug) — v||u,(w) =0, (5.19)

then there exist a sub-sequences of us and T; such that (a), (b) and (c) hold for almost every
Yo € w. Additionally, if p = 0o, then (a), (b) and (c) hold for every yy € w.

Conditions which guarantee the uniqueness of optimal controls for certain classes of problems
are provided for instance in [27] and [13]. Therefore, if the (2.1) has a unique solution for almost
every yo € w, Corollary 5.1 implies that there exists sub-sequence of u, such that the control
ugs o y(+; yo, ug) converge to an optimal control weakly in LIZDC((O, 00); R™) for almost every
Yo € w.
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6. Error-in-consistency estimates

In this section we provide estimates on the approximation properties of 1, 7 towards a super-
solution of the HIB equation (2.6) or an approximation thereof. That is, we consider super-
solutions of the following equation

H(y, Vu(y)) +g(y) =0, (6.1)

where g € C(2). In the following we give a brief description of how the results of this section
will be used in the proofs of Theorems 5.1-5.4. In all the estimates provided in this section two
feedback laws v € C11(Q) (respectively C 2(Q))and v e Li p(ﬁ) (respectively C 1(Q)) are con-
sidered together with a fixed time horizon, and a set €21, compactly included in 2. Additionally,
it is assumed that the trajectories associated to uj can not escape from €2;. The function v is a
placeholder for the elements of an approximating sequence in Theorems 5.1-5.4, and v stands for
the value function or an appropriate regularization such that it satisfies an equation of the form
of (6.1), for example the Moreau envelope. In this context, the set 21 corresponds to ws, with w;
specified in Hypothesis 4.2. In order to use this results to get the consistency of the approximat-
ing sequence, controlling the time horizon is needed, such that the trajectories associated to the
approximating sequence of feedback laws do not escape from ws. This can be achieved by using
the results of section 7.

We point out that in the case when the value function is either C! or semi-concave no per-
turbation is needed and consequently we have g = 0. On the other hand, for the rest of the
cases considered here we need to regularize the value function by applying the Moreau envelope,
which is a super-solution of an equation of the form of (6.1) with g different from zero, see
(3.14), (3.15).

Below the results are derived in a general setting, with v playing the role which will eventually
be played by V and an approximation v of V. The results differ by the regularity assumption on
v. We start with an estimate for super-solutions of class C'!. For the convenience of the reader
we recall that uz(y) = —%BT@)V{;(&).

Lemma 6.1. Let v € C1(Q2) be a super-solution of (6.1) with g € C(RQ). Consider v € C1(),
yo € 2, and T such that y(-; yo, uy) exists on [0, T and satisfies y([0, T1; yo, u;) C Q2. Then we
have

Vg, 7 (30) +v(y(T; yo, u5)) — v(yo)
T T

</g(y(t;yo,ua))dt+ﬂfIuv(y(t;yo,ua))—ua(y(t;yo,ua))lzdt
0 0

(6.2)

Proof. To abbreviate the notation, we set y(¢) = y(¢; yo, ug), u(t) = uz(y(t)), and u(t) =
uy(¥(¢)). In particular, y satisfies y' = f(y) + B(y)u and y(0) = yo. Here and below the de-
pendence of the state and control variables on ¢ is not indicated. By (4.4) we find

Vi) (fG) + BGi) + £(3) + §|ﬁ|2
<VIG)(FG) + BGW) + €G) + §|u|2 for all u € R,
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Using that v is a super-solution of (6.1) on the right-hand side of the previous inequality we
obtain

Vi (f () + B(u) +£(3) + glftl2 < (Vo) = Vo) (f () + B(u) +8(y).  (6.3)

Here we used that u = —%BT()"))Vv()"/). This and u = —%BT()?)VT)()?), will be used in the
following equality

(Vo) = Vo@N(f () + BGHu)
= 51BG T (Vo(@) = VIG) P + (VIGF) = Vo) (f () + B()id)
= Blu — > + (VO (3) = Vo@)(f () + B

Together with (6.3) we arrive at

o . B ) _
Vo) (f ) + BRit) + £(5) + 5|u|2 < Blu—il* + g(3).
Integrating from O to 7T in the previous inequality we arrive at (6.2). O

The next theorem is a direct consequence of this lemma. It gives an L estimation of the
approximation property of Vr 3, for v of class C!!, and v a super solution of (6.1) of class C'.

Theorem 6.1. Let Q1 C R be an open and bounded set with C Y boundary, » € Q1 open, v €
cl(Q) bea super—s_olution of (6.1) in Q1 with g € C(21) and let Hypothesis 4.1 hold with
u=ugforve CY(Q)). Then we have

sup (V. 7(30) + v((T; -, u3)(0)) = v(y0)} < T (Sup g + B llug — uv”%w(gl)) :

YoEw x€§21

We will use Theorem 6.1 in the proof of Theorem 5.1 with v =V and v = V, is an approx-
imation of the value function in CI(Q_l), which can be obtained by mollification for instance.
Theorem 6.1 will be used in a similar manner in the proof of Theorem 5.2, but in this case with
v corresponding to a mollification of the Moreau envelope of V. Our next estimation is of vi-
tal importance for the case when the value function is not differentiable. It will be used with
Q| = ws.

Theorem 6.2. Let 2; C 2 be an open and bounded set with C U boundary, w € Q1 open, v e
Lip(21) be a super-solution of (6.1) in Q1 with g € C(21), and let v € Cz(Ql) be such that for
some constant C > 0

—tr(B(y)Du;(y)) < C forall y € Q. (6.4)

Let w € 21 and Hypothesis 4.1 holds true with u = uy, then for all p € [1, 00) the following
inequality holds
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” (Vi1 + 0O (T5 - ug)) — U)+‘

LP ()

1 p=1 kKT — P 2
<Tlol7 gl~qy+T 7 B (T) ity = 51172 g, ey

where

K= (C +d ”f”Lip(Q_];Rd) +dm ”B”Lip(Q—|;Rd><’") ”u“LOO(Ql;Rm)) . (6.5)

We will employ this result in the proof Theorem 5.3 for semi-concave V. In this case we use

v =V and v = V, being a mollification of V. If V is merely Holder continuous, which is the case

of Theorem 5.4, we first regularize V by means of the Moreau envelope. This result is based on

the following technical lemma which concerns the integration along the trajectories of the closed

loop problem (4.1) for a C! feedback law. The proof of Theorem 6.2 is given after the proof the
following lemma.

Lemma 6.2. Let Q| € Q2 open and w € 2, let u € CZ(Q_l; RMY be such that there exist a
positive constant C > 0 satisfying

—tr(B(y)Du(y)) < C in L1, (6.6)

and let Hypothesis 4.1 with u = u; hold true. Then for all ¢ € C(Q1; R™)

; kKT —1
//fﬁ(y(t;yoauﬁ))dldyoé T/¢(Z)dz
w 0 Q)

holds, where

K = (CH+d 1S ip@rme +dm 1Bl iy sl Lo@pmm )
and R™ is endowed with the £*°-norm.

Proof of Lemma 6.2. We know that for all 7 € [0, T] the mapping yo — y(t; yo, u) is C! in w,
and its differential satisfies

d
EDyo)’(ﬁ Yo, u) = A(y(t; yo, u)) - Dy, y(t; yo, u), Dyyy(0; yo, u) = laxa,

where u = uy, and the components of A(¢, yp) are given by

afi "\ (3B ; du
Air(y) = é(y) +> ( ay;] () + Bij () a”;’ (y)) :
j=1

By classical ODE theory we know that

455



K. Kunisch and D. Vdsquez-Varas Journal of Differential Equations 411 (2024) 438477

t

det (Dy,y(t; yo, u)) = exp / 1r(A(y(s; yo, u)))ds
0

Using (6.6) in the previous expression we get

det(Dy,y(t; yo,u)) = exp (—tK) forallt € [0, T]. 6.7)

By the Fubini theorem and using the change of variable z = y(¢; yg, u) we have

T T
: — ¢(2)
/ Of s 0wdian = [ [ T T T

0 y(t;w,u)
where z — y~!(¢; z, u) denotes the inverse function of yo — y(t; yo, u). Now, using (6.7) we get

T

; KT 1
/ f $((t: y0, v))dtdyo < / / PN dzdr = / 6(2)dz,
o 0 Q)

0 y(t;w,u)

which concludes the proof. O

Proof of Theorem 6.2. Since by assumption 9€2; is C ! regular, there exists a family of func-
tions v, in C!(€2) such that

lim [[v = ve 120, = 0 andlim [[v = vell gy =0, (6.8)
see [24, Theorem 3, Section 5.3.3]. Then, by (2.7), (6.8), and boundedness of 2] we get

si%ﬂ H(y, Vue(y), uy, (y)) = SE% H(y, Ve () = H(y, Vu(y)) in LP(Qy). (6.9)
Moreover we have

H(y, Vue(y), uy, (¥) +he(y) +2(y) =H(y, Ve (y) +he(y) +g(y) 20, (6.10)

where i, € C(Q) is given by h(y) = —min{0, H(y, Vve(y)) + g(»)}. Thanks to the assump-
tion that v is a super-solution of (6.1) and by (6.9), we have

lim A (y) =0in L?(Q)). (6.11)
e—0F

To simplify notation, we now denote y(¢; yo, u;) by y(¢). Applying Lemma 6.1, with v = v,
and using (6.10) we find that
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T
Vg, 1 (50) + v (y(T)) — v (o) < /(hs(Y(f)) + 8y (1) + Blu, (y(1)) — us(y(1))[P)dt.
0

(6.12)
To finish the proof we need to apply the L?(£21)-norm on both sides of the inequality. By the
Minkowsky inequality and the Jensen inequality we have

1
T p ?
/ /(hg(y(t)) + (@) + Bluy, (1)) — ug(y(@)[Hdt| dyo
o 10
1 1
T p » T P P

< / f edr| dyo | + f / he(y()dt| dyo

o |0 o 10
T p 3

+ / / Bluy, (y(1)) — us(y(0)|dt| dyo
0

1)
1

T
1 p-1
STlol? lIgllpeg) +T 7 //Ihs(y(t))lpdldyo
0

19}
1

T
LpT / f la, (y(1)) — s (y (1)) PPdtdyo
w 0

Then, using Lemma 6.2 we obtain

p r

T
/ / (he V(D)) + g V(D) + Bluw, (1) — us O P)dr | dyo
0

w

1
1 p=t (KT —1\7 2
<TI0l gl +T7 (2 (Whellioy + B s, = 5[ 20cq) )
By using this in (6.12) we get

H Vg7 + ve 0 y(T; - uz) — ve)

L7 (w)
1 (6.13)

L p=t (KT — 1\ 7 2
<TI0l7 Iglm@y+T 7 (=) (Mellio@y +B s =13 ]720(0,))

Letting ¢ — 0T and thanks to (6.13), (6.8) and (6.11) we get the desired result. O
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Remark 6.1. It is worth mentioning that these error bounds could be applied to study the con-
vergence of data-driven approaches. Consider €21, 7', and w as in Theorem 6.2, and vy € C 2(SZ)
obtained by some data-driven approach as an approximation of the value function V where 6
are the parameters of this method. Setting ug = u,,,, Theorem 6.2 leads to an L? (w) error bound
between V,, and V depending on the semi-concavity of vy as long as Hypothesis 4.1 is met
with u = ug. Hence, in order to use this error bound for data-driven approaches it will be impor-
tant to study the capability of these approaches of ensuring Hypothesis 4.1 and controlling the
semi-concavity of vy.

7. Escape time estimates

In Section 6 we have assumed that the state is bounded until some time 7 > 0, see Hypoth-
esis 4.1. Following the notation of Hypothesis 4.2, here we give an estimate from below for the
escape time of the trajectories of (4.1) for a feedback law given by an approximation of ¢. We
consider three cases depending on the regularity of ¢. The first one corresponds to ¢ € C!(),
the second one the semi-concavity of ¢ and the last one concerns the general case with ¢ contin-
uous. In the context of proving the results of Section 5, we aim to apply the results of this section
with V playing the role of ¢.

Lemma 7.1. Let  C 2, ¢ € C(R2) and § > 0 such that they satisfy Hypothesis 4.2.
(@) If ¢ € CH(), consider u € Lip(S; R™), and let T be the maximum T > O such that

y([0, T); w, u) C ws. Then the following holds

T (HB(M —49) || ¢ r) IVl (iR +)§I;gu>§g(x)> >3 (7.1)

(b) If ¢ € Lip(R2), set ugy = ugp, with ¢ = ¢ * p. a mollification of ¢, and let T, be the maximum
T such that y([0, T]; w, u.) C ws. Then there exists ey such that all € € (0, &y) we have

2
o
T: (O’el + =

7.2
5 (7.2)

BTV H >5.
¢ L®(ws:RY) ) T

where crgl is defined in (4.5) and ‘732 in (4.6).

(c) Let ¢ € C() and set ugj = ugp, ,, where ¢¢ ;. = M@ * pe is a mollification of M. ¢, and
let T; ) be the maximum T such that y(t; w, ue ;) C ws for all t € [0, T]. Then there exists
Ao > 0 such that for all A € (0, Ag) there exists €(A) satisfying that for all € € (0, (X))

2
g,
TS,A . <(781’)\ + Fs

BTVMWHLOO(W) >, (1.3)

where %2 is given in (4.6) and O’é\]’)h is given by (4.7).

Proof. 1. Proof of (a) Let yg € w be arbitrary and denote y(¢) = y(¢; yo, u) for t € [0, 1. By
Hypothesis 4.2 we deduce
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V(@) (f(r®) + BO®)u(y(@)))
<Vwy®) (@) + B @)ug(y(0) + Vw(y(@) " By @) w(y(@) — ug(y(t)))
< g (@) + Vwy(®)) T By()u(y () — ug(y())).

Integrating from O to ¢ with ¢ € [0, 7 we obtain

t

w(y(0) = w(y) < / (806D + Vw6 TBEEN @) — us(ys) ) ds

0

< t (Sup g(x) + ||B(I/l - M(P)”Loo(ws;Rd) ||Vw||L°0(a)5;Rd)) .
XEws

If 7 does not satisfy (7.1), then we have T < 400 and by the previous inequality there exists
Yo € w such that

w(y(1)) — w(yo) <8.
Thus, by continuity there exists T>T suchAthat u)(y(f‘)) —w(yp) <6 and y([O, T]; yo, u) C
ws. Since this contradicts the definition of 7', we obtain that (7.1) holds.

2. Proof of (b) Since ws € €2, there exists &g such that for all ¢ < gy we have ws + B(0, ¢) C Q.
Consider p, a family of mollifiers. Since p, are positive and (4.2) we have

VwT(f + Bug) * pe(x) < g * pe(x) forall x € Qg,

with Q. defined as in Proposition 3.3. Then for x € ws we can write

V() (£ + B (0) < Vw@) B0 = (YT Bug ) + pe(x)

(7.4)
+g % pe(x) + V' (1) f(x) = Voo f x pe ().
We can bound the first two terms in the right-hand side of (7.4) as follows
T l T T _
Vw(x) B(x)ug(x) + 5 Vw(y) B(y)B (y)Ve(y)pe(x — y)dy
B(x,e)
1
=—3 f (Vw)TB@BT () = Vum)TBOIBT () Vé()ps(x = 1)dy
B(x,¢) (7.5)
1 T T T T
<z s |BT@vew’ -5 (y)vw(y)) . HB Vo HLOOWW)
2
=% |pTy H .
B L (w5:R?)

For the remaining terms of the right-hand side of (7.4) we have
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g% pe(x) + VT (x) f(x) = Vo f x pe(x) <o (7.6)

Then by using (7.5) and (7.6) in (7.4) we to arrive to

V() (f () + Bxue () < (o) + %2 BTV¢HLOOWR,,)>-
Integrating from 0 to € (0, T;) we obtain
02
w(y(; yo, ue)) <w(yo) +1 (0] + f BTV(])HLOO(wa;Rd))

for all t € [0, T;] and all yg € w. In particular, if T, does not satisfy (7.2), then T, < co and
there exists yp € w such that

w(y(Te; yo, ue)) < w(yo) + 9.

From this, (7.2) follows as in the end of the proof of (a).

3. Proof of (c) Since ws C 2 there exists Ao such that for all A € (0, Ao) we have that ws € Qg
which in turn implies that there exists €(A) satisfying that for all ¢ € (0, £(1)) it holds that
ws + B(0,¢) € Qg Aiming for an application of Proposition 3.5 we define for x €  and

p eR?
1
F(x, p) =—Vw(x) <f(x) — EB(x)BWx)p) .

We estimate for x1, xo € Q and p € R¢

1
Fx1,p) = Fl, p)I < {1 = xa) (nfan(Q;Rd) +5lpl ||B||QOO(Q;R0,W)>

+ ”f”L[p(Q;Rd) ”Vw”LOO(Q;Rd) lx1 — 2l

2
+ 2 = 2l APHIBIZ g s IVl |-

B

For s > 0 we define h(s) =0,

1 2s
ha(s) = Zhu(s) 1B oo gy + 5 IBIIZ g geasm 1 V0l oo ey

and

h3(s) = hy(s) ||f||LOO(Q);Rd +s ||f||Lip(gz;]Rd) ||Vw||L°°(Q;]Rd) :

We notice that F' and hy, h and h3 satisfy (3.8). Combining this with the fact that ¢ and w
satisfy Hypothesis 4.2 and using Proposition 3.5 we obtain that M; ¢ is a viscosity super-
solution of
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1
~Vuw)  (f) - EB(y)BT(y)VMm(y)) + g1.(y) =0 in w;.

Therefore M; ¢ and w satisfy Hypothesis 4.2 with g = g,, which enables us to use (b) to
conclude (7.3). O

Remark 7.1. In Lemma 7.1(c), we notice that in view of Proposition 3.4, g, converges to g in
C(ws) if Vw is o-Holder continuous and ¢ is «-Holder continuous with o € (1 — «, 1]. Indeed

" 1 |x _ y|0+1 5
80 —g@I < sup {C (IS Ii@uma v = ¥17 + 55 1Bl gpen)
yeA; ¢ (x)

21—yl
+ ”f”Lip(Q;Rd) ”Vw”LOO(Q;Rd) lx — yl+ E X ”B”iip(fz);]RdXM ”Vw”LOO(Q;Rd) }

1
By (3.5) we have |x — y| < CA2=«, then using this in the previous inequality we have

1 o+ta
2

o -1
|g}n(x) - g(x)| g {C <|If||L°°(Q,Rd) AT + E)‘ —« ||B||%M(Q’Rd><m)>

(1.7)
2 2. o
+ ”f”Ll'p(Q;Rd) ”vw”LOO(Q;Rd) AZ-a + E)sz"‘ ”B”iip(ﬁ);RdXM ”Vw”LOO(Q;]Rd) }

Then, if o € (1 — «, 1] we obtain that |g; (x) — g(x)| tends to 0 as A goes to 07 uniformly in ws.
Moreover, if ¢ is Lipschitz continuous, then we do not need to impose further regularity on w.
The reason for this to hold is that by (3.5) we have ka;yl <2||Vo ||Loc(w5;Rd) , which implies

1
) = g@I< sup hu(x = yD{C <||f||Loo(Q;Rd) + 5190l amo ||B||im(g;wxm))
yeAig(x)

2x —yP

1S eipieumey 17wl oimey b =+ 27— IBI,  cymear 1Vl e ey }

Then by (3.4) and (3.6) we get that |gy (x) — g(x)| tends to 0 as A tends to 0T uniformly in w;.
These estimates will be used in the proofs of Theorems 5.2 and 5.4 below.

8. Proof of the main results
Here in Section 8 the proofs of Theorems 5.1-5.4 are shown using the results from Section 6.

Proof of Theorem 5.1. Let Ts be the largest time such that y, ([0, Tg];a),ug) C ws. By
Lemma 7.1 (a) with g = 0 we know that

- 8

g =

| B(ue — UV)”LOC(wS;Rd) ||Vw||L00(w5;Rd) .
Consequently, by (5.1) and (5.2) there exists &y > 0 such that for all ¢ < &g we have
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)
| B(ug — MV)”LOO(wa;Rd) ||Vw||L0<>(w5;]Rd)

T <

and thus 7, < 7, and Hypothesis 4.1 holds. Hence, we can apply Theorem 6.1 and by using (5.2)
we obtain (5.3). O

Proof of Theorem 5.2. Since ws € 2 and in view of the definition of Q’}, there exists Ao >
0 such that ws C Q%/ for A € (0, Ap). Moreover, since V is semi-convex, by Proposition 3.4
(e) we can choose Ao such that M,V is C''! in Q)“, for A € (0, 1p). Using a diagonalization
argument and the properties of mollification we get (5.5). Since V is semi-convex in €2, it is
Lipschitz continuous in ws. By Lemma 7.1 (c) (see Remark 7.1) and since g = 0 we have that
lim,\;()f g, =0, where g, was defined in (4.8). Together with the definitions of ogl(k)’)\ and %2()\)
we obtain

2
)

B

lim ("slm,x + ||VMAV||LOO(W> =0. (8.1)

A—0t

Combining this with (5.6), we get lim,_, g+ 7) = 0o. Moreover, by Lemma 7.1 (c) we obtain
y([0, ,.]; w, uy) C ws for A € (0, Lg), where u) = UV,

For the second part of (5.8) we observe that M,V is a super solution of (3.14) by Propo-
sition 3.5 and Remark 3.5. Hence, the hypotheses of Theorem 6.1 are satisfied by Vi, and
M, V, which implies that

H (Vg (00) + My V o y(to; - up) — /\/le)Jr HLoo(w) (8.2)

< (”h)\”Loo(wg) + ﬂ ||I/l)\ - quV”io@(ws;Rm)> ’

where &), is defined in (3.15). As was pointed out in Remark 3.5, since V is Lipschitz continuous
in ws, then [|71; || poo sy < KA for some constant K independent of A. Applying this estimate and
(5.5) in (8.2), we obtain

||B||2:>c -Rdxm
| (s, G0+ MV 0y o) = MuV)T| <y <K+% A (83)

This together with the fact that M; V' converges to V in Cj,(£2) and (5.6) imply (5.8). O

Proof of Theorem 5.3. Let g9 > 0 be such that ws + B(0, &) C Q2 for all ¢ € (0, &g). Then by the
properties of mollification we find

SEI(I)I+ HMVE —uy “LP(wa;RM) =0, (8.4)

and by Proposition 3.3 we have
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1
—tr(B(y)Duy, (y)) < =tr(B(»)B(y) ' VV? )+ IIBIIL,p(wa) IVV Il Loo(es)
p ﬁ (8.5)

1 2 2 2
< CE (md ||B||L°°(w5;Rd><m) + md ||B||Lip(w5;Rd><m) ||VV||LOO(Q)5’R(1)) )

for all y € ws and € € (0, gg). Therefore (6.4) is satisfied with 2; = ws and v =V,

By Lemma 7.1 (b) and (5.10) we have that y([0, t;]; w, us) C ws. Further, by (5.9), (5.10)
and the definition of o, and 052 we obtain lim,_, y+ 7, = co. Moreover, all the hypotheses of
Theorem 6.2 are met with Q1 = ws, v =uy,, and v =V, and thus we have

p—1 eth —1\7? 5

P e~ -1 _
L S P ( K ) v = v [ 20 (g -
(8.6)

|V G0+ V 0 vz ) = V)|

By virtue of (5.9) and (5.10), then (5.11) follows from (8.6). O

Proof of Theorem 5.4. Since ws € 2 there exists Ao € (0, 1) such that for all A € (0, Ag) we
have ws C Q%, which in turns implies that there exists (1) satisfying that for all ¢ € (0, g9(X))

it holds that ws + B(0, ¢) € Qé Let us denote by V. as a mollification of V, where ¢ > 0. We

1
choose (1) such that e(A) < min(A2-«, gg(A)). Since M, V is semi-concave with constant % in

Q%/ we obtain by Proposition 3.4 (c), (3.5), and Proposition 3.3 applied to the mollification of
M,

a=l1 1
||VV£(A),A||LOO(W) <Crze and y V2V, (x)y < x|y|2, forally e RY, x ews, (8.7)

where C > 0 is a constant depending only on V and 2. Applying these bounds to

B aV,
—tr(B(y)Du, (y)) = ZZBl i) (Z 9Dk, j ) ()») )»(y) +B ](y) (A) A( )>

11]] k=1

we obtain that for A € (0, Ag)

md(d+1)
—r(B()Du(y) < —5—C IBIIZ ;) ey fOr all y € (8.8)

for a constant C > 0 which only depends on € and V. Here u, = uy,;,, and we used that
25 < Lfor s e (0,1).
We now prove the first part of (5.16). For this, we need to verify that

2
i (odat 29Vl ) =0 9)

1
Since B is Lipschitz continuous and Vw are Holder continuous, and £(A) < 22—« we have the

following estimate for agz(k)
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1 o
200 < IBIl 1oy R IV 0 (. Rty AT + C [ Bl oo gy Rty A7,

thh IIIlp]ICS that
o VVS < C )\'_0'201 -1
8()&) || ()‘)q)\ || [ OO(L 5) X o + A\ 2—a ( )

for a constant C > 0 which only depends on B, f, ws, w and V. Let us recall the definition of
g, from (4.8). For A € (0, A9) we know that ws C Q)“, which combined with (7.7) permits us to
find a constant C > 0 depending f, B, w and 2 such that

gi(y)<C(/\ﬁ PSS AT +/\ﬁ). 8.11)

Using the above inequality, the Holder continuity of w, the Lipschitz continuity of B in 2 and
1
the fact that ¢(1) < AZ-2 we obtain

ota—1

a;(k)kgc(xﬁ AT e +Aﬁ), (8.12)

where C > 0 is a constant which only depends on f, B, w and 2. Combining (8.10) and (8.12)
we obtain that (8.9) holds. This together with (5.13) implies that lim,_, o+ ) = 00, see (5.15).
Moreover, by (5.15) and Lemma 7.1(c), we have y([0, t,]; w, uy) C ws.

For proving the second claim in (5.16) we notice that M, V satisfies (3.14) with v = M, V in
Q%, Hence, the hypotheses of Theorem 6.2 are satisfied with v = M, V and v = V) 5, which
implies that

H (Vm,n o) + My Voy(zy;-,u)) — M, V)+’

LP(w)
(8.13)

<=

1 b feKMn 2
S nlol? 17l Loy + 75,7 B KOy ||M}L_MMAV||L2P(605§R”’)’

where A, is defined in (3.15). As was pointed out in Remark 3.5, for « € (%, 1] and A small

enough we have that b, <C k% for a constant C > 0 depending only on €, ¢, f, B and V.
Using this and (5.13) in (8.13) we get

=0.

. .. — +
lrm, ” Vst 00) + MoV 0 y(1is 1) = My V) Lr@)

This estimate and the fact that M, V converges uniformly to V on compact subsets by Proposi-
tion 3.4 (b) imply that (5.16) holds. O

Proof of Theorem 5.5. Let us prove (a) and choose 7' > 0. Due to the fact that lim,_, o+ 7, = 00
there exists go(7) such that T < T, for all € € (0, &9(T)). Then for € € (0, &9(T)) we have that
y(0, T1; yo, ue) C €2 which by the boundedness of €2 implies that {[|ye [l 100 (0, 7). R?)}e€(0.) 18

. . 2 . . 2
bounded. Further, {u, o yg}ge(oygo) is bounded in L=((0, T); R™) since |lug o yg||L2((O,T);Rm) <
%Vugyrg (yo) and {V7, .. (30)}e€(0,0) 1s bounded. Since this, together with the fact that {yg}sc(0,50)
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is bounded in L*°((0, T'); Rd), and that f is a locally Lipschitz function, implies that {y.}ce(0,¢0)
is bounded in W'2((0, T); RY).

Therefore, there exist y* € W12((0, T); R?) and u* € L*>((0, T); R™), and a sub-sequence of
(g © Ve, ye) which converges to (u*, y*) weakly in L>((0, T); R™) x W2((0, T); R). Given
that the previous holds for each T, by a diagonal argument we have that u* € L? ((0, 00); R™)

loc
and y* € Wllo’f((O, 00); R?), and a sub-sequence of (i, o y., y.) converges to (u*, y*) weakly in
leo (0, 00); R™) x Wllo’cz((O, 7); R?). This proves the existence of at least one weakly conver-
gent sub-sequence.

We now prove (b), i.e., the optimality for every accumulation point of (u. o ye, y¢). Con-
sider an arbitrary pair (u,y) € LIZOC((O, 00); R™) x WIL’CZ((O, T);RY) and a sub-sequence of
(ug 0 ye, ¥e), still denoted by (i o ye, ye), such that (1. o ye, y.) converges to (u, y) weakly in
lem,((O, o0); R™) x Wllo’cz((O, 00); R9). Then, by the compact injection of Wllo’f((O, 00); RY) in
Croc([0, 00); Rd) passing to a sub-sequence we have that y, converges to y in Cj,. ([0, 00); Rd).
In particular, this implies that y is a solution of (2.2). Moreover, due to the continuity of ¢, the
L2((0, T): R™) norm lower-semi continuity for all T > 0, and the non-negativity of V we have
the inequality in the following statements, the equality follows from assumption (5.17):

/ (ﬁ(y) + §|u|2) dt < E)I})L Ve, 1 00) + V(e (Te)) =V (yo).
o &

Since this holds for every T > 0, we obtain that u € L?((0, 00); R™) and J (1) < V (yo). Hence,
u* is an optimal solution of (2.1). Since this is true for any accumulation point of (u, y.), then
(5.18) holds.

To prove (c) we note that if the solution of (2.1) is unique, then by (b) every sub-sequence
of u, o y, has a convergent sub-sequence which converges to the optimal solution, since this
solution is unique, the whole sequence u, o y, converges to the optimal solution. O

Proof of Corollary 5.1. By (5.19) there exists a sub-sequence V,, 1. + V o y(Ts; -, ug) which
converges almost everywhere in w, and thus (5.17) holds almost everywhere in w, and (a)-(c)
of Theorem 5.5 hold. Furthermore, if p = 0o, using the continuity of V and V,, 1, the whole
sequence converges everywhere in w and therefore (a), (b) and (c¢) hold for every yp € . O

9. Example

In this section we provide an example of a control problem of the form (2.1) with a locally
Lipschitz continuous value function which satisfies Hypothesis 4.2 for a smooth function w with
g = 0. Additionally, we identify a set of initial conditions where the optimal control of (2.1) is

not unique, which will imply that the value function is not differentiable in that set.
Let us start by defining the running cost for the state variable, that is, for o € [0, c0) and

y € R? we set
1 ly —z|
tay) = 31y (1 +aw( . ))
o
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) — exp<—lj7) if s <1
0 ifls] > 1

and z € R? satisfies 71 < —0,z2 =0, for some o > 0. We consider the following control problem

, min ) /za(y(r))dt+§/|u(r)|2dt. 9.1)
ueL((O,oo);IR),O o

y'=u, y(0)=yp

The value function of this problem is denoted by V,,. There are two cases of interest. They are
o =0 and o tending to infinity. In the first case the value function is a quadratic function given
by Vo(y) = 4 |y|? and it therefore is of class C*°(R?). In the second case we are going to prove
that as « tends to infinity the value function tends to the value function Vi of the following state
constrained problem

| =

o o0
min / |y(t)|2dt+E/|u(t)|2dt 9.2)
ueL*((0,00;RY), 7 2y
¥ =u, y(0)=yo,
y(t) e R?\ B(z,0) forallt > 0.

on compact subsets of R2\ B(z,0). Here we set B(z,0) ={u € R?: |u —z| < o}. Accordingly
we are going to prove that V; is not smooth for « large enough. This will be due to the lack of
uniqueness of solutions for yg in {(y1, y2) € R2: y2 =0, y1 <z1 — o} in problem (9.2).

Proposition 9.1. Let « € (0, 00). For each yo € R? the control problem (9.1) has an optimal
solution and the associated value function is bounded as follows

VB

ol < Valo) < Syt 3) ol ©.3)

2

Further, for every yo € R* and every optimal control u* € L*((0, 00); R?) of (9.1) with corre-
sponding trajectory y* it holds that u*, y* € C*([0, o0); R?), and

du*(l)—@(t)—lve (" () fort >0 9.4)
ar = g =5Vl ®) fort>0, '
L (3 (1)) = §|u*(t)|2for allt >0 9.5)
and in particular
| 1
|u*(0>|<< ;“)2|yo|. 9.6)
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Proof. Since the control system appearing in (9.1) is controllable the existence of an optimal
control-state pair (u*, y* can easily be established. By the Lagrange multiplier’s theorem there
exists p* € L2((0, 00); R?) satisfying

1
p (1) = Vi (y* (1)) and u™ = Ep*(t)- 0.7

Utilizing this first order optimality system it is straightforward to see that the optimal control

_
of (9.1) for @ =0 and yg € R? is given by u® = —ﬁyoe VP . The trajectory associated to this

control is given by y? = yge” vZ. Turning to the case & > 0 we observe that ¢ < (1 4+ «), and
thus u? is feasible for (9.1) with @ > 0. We obtain that V, is bounded from above in the following
manner

o
Vi (y0) < g (1 + E) Iyo|? for all yp € R. (9.8)

Furthermore, since every feasible control for (9.1) with o > 0 is feasible for « = 0 and since ¥
is bounded from below by zero, we arrive at

VB
5130l = Vo(30) < V(o) for all yp € RY. 9.9)
This proves (9.3). In order to continue the analysis of this problem, we need the first order
optimality condition of (9.1).

From (9.7) we now deduce that

LY =B 2 Ly v 9.10
o ()_dt()_,B o« (Y7 (@), (9.10)

which in turns proves (9.4). We further obtain that y € H2((0, 00); R?), u* € H'((0, 00); R?),
p* e H'((0, 00); R?), from which lim;_, o0 y*() = limy_ o0 u* (t) = limy_, o0 p*(r) = 0 follows.
By iteration and the regularity of ¥ we obtain that u* and y* are elements of C*°([0, 00); R?).
Multiplying the right hand side of (9.10) by u*(¢), using that u™(t) = %y*(t), and integrating
from 7 to infinity we obtain (9.5). Using (9.5), the continuity of #* and y* at 0, and the definition

of £, we get (9.6). O

Lemma 9.1. If for yo € R*\ B(z, o) and ug € R? the solution y € C*([0, o0), R?) of
1
y'(t) = EVEO,(y)for all t > 0 and y(0) = yy, y'(0) =ug

satisfies lim;_, oo y(t) = 0, then ug - yo < 0.

Proof. For yg, ug as in the statement of the lemma, we shall prove that ug - yo < 0. Using the
contiAnuity of y and that yog ¢ B(z, o) there exists T > 0 sqch that y(z) ¢ B(z,0) fort € [0, T].
Let T be the largest T such that y(z) ¢ B(z, o) for ¢ € [0, T]. Then y satisfies
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/" 1 ™
y'(@t)=—y@)fort €0, 7).
p
Therefore we obtain the following expression for y(¢) with 7 € (0, f")

y(#) =0 cosh< 9.11)

ﬁ) + ugy/B sinh (#) .

Differentiating this expression we have

V() = %yo sinh <ﬁ> + ug cosh (ﬁ) . 9.12)

Multiplying y(¢) and y'(¢) for t € (0, T) we arrive at

i—|y(t)| =y()- y(t)—Smh< )Cosh< )(—lyol +V/Bluol? )+yo~u0005h(21>.
dr2 p B)\VB B

If yo - uo > 0O then the previous inequality 1mphes that y'(¢) - y(t) > 0 which in turns allow us
to deduce that |y(r)|? > |yo|? for all 7 € [0, T).1f T < oo then by the continuity of y and since
yo ¢ B(z,0) we know that there exists § > O such that y(¢) ¢ B(z,o0) forallt € (T T + &) which
contradicts the definition of 7. Therefore T = oo which contradicts the fact that im0 ¥() =
0. This permits us to conclude that ug - yo <0. O

In the following we present the necessary optimality conditions arising from the dynamic
programming principle which are important for proving the non-differentiability of the value
function. We first prove that in the ball B(0, |z| — o) the value function coincides with V{ for
every o > 0. This together with the stability of the optimal trajectories will allow us to get a
necessary optimality condition which involves DTV, (yp). This optimality condition also implies
that D*V,(yp) is bounded for every yg. Combining this with some technical results we shall
prove that Vj, is Lipschitz continuous.

Lemma 9.2. Let yg € B(0, |z| — o) and a > 0. Then V,(y9) = Vo(yo) = @b}olz.

Proof. By (9.4) and Lemma 9.1 we have that & o 2|y (t)l2 =y*@) -u*(t) <0 forallt >0.In
particular we have that y*(¢) € B(0, |z] — o) for all ¢ > 0. This implies that

o0 OOl
/ L (Y (1))dt = / 5|y*<t)|2dt
0 0

which permits us to conclude that u* is an optimal solution of (9.1) with @ = 0 and therefore
Va(yo) =V(y0). O

Proposition 9.2. For every a > 0 the value function of problem (9.1) is Lipschitz continuous on
compact subsets of R2.
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Proof. Let yo € R%, y; € R, and T > 0 arbitrary. Consider u(t) = +(yo — y1) and y(t) =
£ -y0+ (1 — %) -y fort €[0, T]. We notice that y'(r) = u, y(0) = y; and y(T') = yo. Then by
the dynamic programming principle we have

T
Va(yl)_va(y0)</<€a(y(t))+§|u(t)|2) dt

0

T

</<1+a
2

0

¢ 2

?(yo =y +y

B 2
—|yo — dt.
t57m3 lyo — y1l

By direct calculations on the right-hand side of the previous expression we get

l+o B
V() = Va o) € —— (2731 + Tlyo =31 ?) + 3o = >

Since this is for an arbitrary 7 we can choose T = |yg — y1| in the previous expression to con-
clude the Lipschitz continuity of V on compact subsets of R?. [

Lemma 9.3. Let o € (0, 00) and yo € R2. Consider u* a solution of (9.1) and y* its associated
trajectory. Then y* is exponentially asymptotically stable:

Iy () <(1+a>1/2exp< Iyol for all t > 0. 9.13)

-1 >
S m———
(1+a)V/B
Proof. Due to the local Lipschitz continuity of V,, and the dynamic programming principle we
have that V,, o y* is differentiable for almost all # > 0 and satisfies

B

d
EVQ oy () + Lo (y(2)) + E|u*(t)|2 =0 for almost all r > 0. 9.14)

Using (9.5) in (9.14) we obtain

d . B
7 Vo o ¥y (1) + 204 (y(1)) =0.

Since £4(y) = %| y|? for all y € R? and using (9.3) in the previous equality, we get (9.13) which
proves the asymptotic exponential stability of y*. O

Below co{w} denotes the convex closure of a set w in R2. Further for v € C(w) with  C
R? open, the set valued function D v stands for the super-differential of v (see [7, Chaper 2,

Section 1]).

Proposition 9.3. Let yo € R%, « > 0 and set Z(yy) = co{—Bu*(0) : u* is an optimal solution of
(9.1)}. Then we have DV Vy(yo) = Z(y0).

Remark 9.1. For our purpose, the relevance of D+ V,(y) relies on the fact that if V,, is differen-
tiable at y, then DV V, (yo) = {V V4 (y0)} (see Lemma 1.8 in [7, Chaper 2, Section 1]).
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Proof. Step 1. Let R > 0 be fixed. By Proposition 9.1 we know that there exists a constant
Cr > 0 such that for all yg € B(0, R) and all solutions u* € L2((0, 00); R2) of (9.1) we have

H"‘* ||H1((o,oo);R2) < Ck.

Moreover, since E(O, R) is compact, Lemma 9.3 implies the existence of Tg > 0O such that
y*(t) € B(0, |z| — o) forall t > Tg, where y* is an optimal trajectory of (9.1) with yg € B(0, R).
Combining these statements, the dynamic programming principle, and Lemma 9.2, we have that
for all yg € B(0, R) the value function V,, is equal to

Tr Tr
. B
min fﬁa(y(t))dt +5 lu(0)>dt + Vo(y(Tg)). (9.15)
e H'(0.TR): R, llull 10, 74).R2) < Cr- o ;

Yy =uin(0,T), y(0) =y,

Moreover there is a one-to-one relationship between solutions to (9.1) and (9.15) by proper re-
striction of optimal controls of (9.1) to [0, Tr] respectively by extension. Utilizing the fact that
the optimal controls are different from zero inside B(0, |z| — o) it can be argued that for the
optimal controls of (9.15) the constraint is not active. By the first order optimality conditions for
(9.15) we obtain that »/Bu*(Tg) = —y*(Tg) for each optimal control-state pair.

Step 2. To call upon a general result on the sensitivity of marginal functions below, we now en-
dow the set of feasible controls ECR ={ue H((0, Tr); R?): Nl g1 (0, 7):R2) < Cr, } Of (9.15)
by the weak topology induced by HL((0, Tr); R?). For u € H'((0, Tg): R?) and Yo € B(0, R)
we define the reduced cost-functional associated to (9.15) by Jr(yo,u) = fOTR Lo (y(t))dt +
ngTR |u(t)|2dt + Vo(y(Tg)) where y is the unique solution of y’ = u and y(0) = yg. In the
following we argue the continuity of Jz : R? x B¢ » — R, as well as the differentiability with re-
spect to yo and the continuity of the gradient considered on R? x B¢ - For the continuity of Jg let
us consider y; converging to yp and u,, converging to u in the weak topology of H L0, Tg); R?)
with [[in | 51 (0. 7):R2) < Cr- By the compact embedding of H'((0, Tz): R?) in C([0, Tr]; R?)
we have that passing to a sub-sequence u, converges to u in C([0, Tr]; R2). This and the con-
vergence of yg to yo implies that for the same sub-sequence the states y(u,) converge to y in
C([0, Tr1; ]Rz), and that y' = u and y(0) = yg. Due to the fact that £, is continuous, we get that
Jr (g, un) converges to Jg(yo, u) through this sub-sequence. Since this holds for each conver-
gent sub-sequence we get that the whole sequence converges and hence Jg is continuous. The
existence of the gradient of Jr with respect to yg is a direct consequence of the classic ODE
theory and it is given by

Tg

Vyo Jr (Yo, u) =/Wa(y(t))dt+\/ﬁy(TR)- 9.16)

0

The continuity of Vy,Jr(yo, u) with respect to (yo, #) can be argued similarly as the continuity
of Jg by using the compact embedding of H'((0, Tg); R?) in C ([0, Tg]; R?).

Step 3. We are now in a position to apply Proposition 4.4, and hence Proposition 2.1 in [7,
Chapter 2], to the value function associated to (9.15), and hence to V, for each yy € E(O, R).
This asserts that
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DYV, (yo) = co({Vy,Jr (yo, u™) : u™ is an optimal solution of (9.1)}).

Combining this fact, together with (9.16), (9.4), and /Bu*(Tr) = —y*(Tg) from Step 1, we
obtain DYV, (y9) = Z(yp). Since R > 0 was chosen arbitrarily, this equality holds for all yj €
RZ. O

Remark 9.2. As a consequence of (9.7) the assertion of Proposition 9.3 can equivalently be
expressed as DV, (yg) = co{—p*(0) : p* is the adjoint state associated to an optimal solution
u* of (9.1)}.

Lemma 9.4. For every a € (0,00) we have y - VVq(y) > 0 for almost all y € R?>\ B(z, o).
Further, define w : R* — R by

0 fIyI<R
w(y) = . 9.17
) {(|y|2—R2>2 i1yl > R ©-17
with R = |z| + 0. Then w satisfy Hypothesis 4.2 for ¢ = Vy, with g=0, and 2 any open bounded
subset of R? containing the ball B(0, R) and w € Q an open set such that B(0, R) C w.

Proof. Let yp € R \ B(z,0) be such that V, is differentiable at yo. Then DTV, (yy) =
{V V4 (y0)}. This together with Proposition 9.3 implies that u™*(0) = — %VVO, (y0). By Lemma 9.1
and (9.4) we obtain that u*(0) - yo < 0. Therefore we have VVy(yo) - yo > 0. This along with
the fact that Vj, is differentiable almost everywhere allow us to conclude that VV,(y) - y > 0 for
almost every y € R?\ B(z, 0).

For the rest of the statement it is enough to notice that Vw(y) = 0 in B(0, R) and
VVe(y)Vw(y) >0forall y € R2 \ B(0, R) since B(z,0) C B(O,R). O

Next we turn to proving the non-differentiability of V,,. For this purpose we shall establish
that there exists o* such that for all @ > o* there exists y; 4 € (—00, z; — o) such that for each
initial condition of the form (y;, 0) with y; < y1 4 there exists at least two optimal solutions of
(9.1). In the following we denote e; = (1,0) and e> = (0, 1).

Lemma 9.5. Let yg | € (—00,z1 —0) and a € (0, 00). Assume that y* € HL((0, 00); R?) is an
optimal trajectory of (9.1) with yo = (y0,1,0). If %y* (0) - e2 =0, then y*(t) = (y{ (1), 0) for all
t > 0, with y{ the unique solution of

i= ‘ylﬁ\/o +ay ('”%”)) ¥1(0) = yo,1. forall t >0, 9.18)

and yi(t) <0 forall t € (0, 00).

Proof. Since y* satisfies (9.4), we know that y* € C!([0, 00); R?). Moreover, since y* €
H! (0, o0); R?) we can apply Lemma 9.1 to deduce that %(O) - e1 > 0. Combining this, (9.5)

and the continuity of %y* at 0 we deduce that %(0) -e1 = —Y0.1 ﬁ\/(l +ay (Iyolg_—ml))
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Consider y(z) = (y1(¢), 0) for ¢t > 0 with y;(¢) the unique solution of (9.18). Differentiating y
twice and using (9.18) we get

1
() = EVZQ()?), forall t > 0, y(0) = yo,

N 1 -z dy*
(0) = (—yo,lﬁ\/(l oy (”0107“'))0) = d—ytm).

Thus, by uniqueness y = y* which concludes the proof. O

Lemma 9.6. There exists & > 0 such that for each o > & there exists Y41 € (—00, 21 — ) such
that for all y| < Y41, each optimal trajectory y* associated to an optimal solution u* of (9.1)
with y*(0) := yo = (y1, 0), there exists t* € (0, 0o) fulfilling y*(t*) - e # 0.

Proof. By contradiction, let us assume that the lemma does not hold. Then there exist sequences
a, >0and y, 1 <z1 — o satisfying y,41,1 < yu,1 and

lim o, =00, lim y,1=—00
n—oo n—oo

and there exist optimal trajectories y;’ of (9.1) with y¥(0) = (yn,1, 0) and o = o, such that y(¢) -
e» =0 for all > 0. Since y, 1 is monotone and diverges to minus infinity, we obtain that every
v coincides with yo 1 at a time 7, € (0, 00). Defining y,(t) =y (t + ), it (t) = uji(t +1,) we
have by the dynamic programming principle that (y,, iz,) is an optimal trajectory-control pair
of (9.1) with @ = «, and yo = (0,1, 0). Let us be an optimal solution of (9.2) with y its
associated trajectory. By the optimality of i, and the fact that y»(¢t) ¢ B(z, c) we have

o0 o0 001 o0
/ ﬂa,l@n(t))dwg f i (1) Pt < f 5|yoo(r>|2dt+§ f oo (1)
0 0 0 0

Since £y, (y) > %Iyl2 forall y € R? and ¥y, = i, the former inequality implies that {(¥,, it,)}°
is abounded family in H! (0, 00); Rz) X Lz((O, 0); Rz). Passing to a sub-sequence if necessary,
there exists i € L?((0, 00); R?) and y € H'((0, o0); R?) such that
~ S ) w2y 3 ~ - 1 .2
unAulnL ((O’OO)7R )7 yn_\ylnH ((0,00),R )7
and for all T € (0, 00)
u — ¥ in C([0, T]; R?).

By the lower semi-continuity of the L2((0, oo); R?) norm with respect to the weak topology of
L2((0, 00); R?) we get

OOl ) o0 ) 001 o0
/§|y(r)|2dt+§f|u<r>|2dt<f§|yoo<t)|2dt+§f|um(r>|2dt.
0 0 0 0
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Moreover by the definition of £, we get for all T € (0, oo)

T e’} e’}
1 T (1) — 1 1
E/Wn(mzw (M)dtg — f—|yoo<t>|2dt+éfmoo(t)ﬁdr
o o 2 2
0 0 0

n

Utilizing the uniform convergence of y, one obtains that for all T € (0, co) one can take the limit
as n goes to infinity to obtain

T ~
f 5OPY ('”2—‘“) dr <0,
0

from where we deduce that i (ng) = 0 for almost all ¢ € (0, T'). Since the former holds

forall T > 0 and B(z,0) = {y € R? : ¥(y) # 0} we get that 3(r) ¢ B(z,o) for all r > 0. In
particular this proves that & is an optimal solution of (9.2). Since y(t) ¢ B(z,0) for all t > 0,
there exists # > 0 such that dist(3(f), R x {0}) > o. On the other hand, we have that y,(t)e; =0
for all ¢ > 0, which gives the desired contradiction. O

Remark 9.3. With the technique of the proof to the previous lemma it can also be argued
that every sequence of solutions u;’;" to (9.1) with initial condition yg € R? \ B(z,0) and
lim,_, o o, = 00, contains a convergent subsequence and every such subsequence converges
to a solution of (9.2).

Theorem 9.1. Let @ > 0 and 34,1 be as in Lemma 9.6. Then every optimal solution u* €
Lz((O, 00); Rz) of (9.1) with yo = (yo.1, 0) satisfying yo.1 < Ya.1 is such u*(0) - eo # 0 and (9.1)
admits at least two solutions. Moreover for a > & the value function V, is not differentiable in
(71, 0) for each yi € (—00, Ja,1)-

Proof. Let o > @, y0.1 < Yo.1 and u* € L2((0, 00); R?) be an optimal solution of (9.1) with
associated state y* € H'((0, 00); R?). By (9.1) we know that u*, y* € C*°([0, o0); R?). By con-
tradiction, let assume that #*(0) - e, = 0. Then by Lemma 9.5 we have y*(¢) -e; = 0, forall r > 0.
Nevertheless, by Lemma 9.6 there exists 7 > 0 such that y*(7) - e # 0 which is a contradiction.
Hence u*(0) - e» 7 0. Moreover, defining u € L?((0, o0); R?)

u(t) = (é _01 ) u* (1),

and yj € H'((0, 00); R?) as the unique solution of y’ = i with y(0) = yp, we notice that
Lo (3(1)) = Lo (y*(t)) and |it(t)|> = |u*(r)|*. Consequently i is an optimal solution of (9.1) as
well, different from u*.

If the value function V, were differentiable at yo we would have that D¥V, (yg) would be
a singleton. However, by Proposition 9.3 we have that —8iz(0) and —Bu*(0) are contained in
D™V, (yo) which is a contradiction to the fact that i2(0) # u*(0) and therefore the value function
cannot be differentiable at yg. O
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10. Concluding remarks

In this work error bounds the convergence of feedback laws for infinite horizon problems with
non-differentiable value functions were presented. These error bounds together with mollifica-
tions and the Moreau envelope permitted us to construct smooth sequences of feedback laws with
the property that the associated value functions converge to the one of the original problem. We
expect that these results will be important for both proving existence of solutions and conver-
gence for the techniques developed in [41-43,40,10], which find a feedback law by minimizing
Jr(u) = fw V.1 (yo)dyo for u in a finite dimensional sub-space of smooth functions X and a
finite time horizon T > 0. For sequences of sub-spaces X,, and time horizons T,, the convergence
refers to the stability of the minimizers u); € X,, of Jy, in X,,, after possibly adding a regular-
izing term which should vanish with n. We expect that this could be achieved by considering a
sequence of sub-spaces X,, with the property that for each function u € C?(£2) the there exists a
sequence u, € X, which converges to u in C I]UC(Q). In fact, assuming the hypotheses of Theo-
rem 5.4, a diagonalization argument may lead to the existence of a consistent sequence u, € X,,.
This directly implies the existence of solutions for the learning problems and that J,(u) con-
verges to |, » V (y0)dyo. However, the consistency of uj, requires a deep and careful analysis.
Additionally, Corollary 5.1 says that the accumulation points of the controls obtained by these
techniques are optimal controls for almost all initial conditions.

As was seen, Hypothesis 4.2 is important in order to ensure that the trajectories resulting
from the feedback law approximation do not escape from the domain where the value function
is approximated. Indeed, this hypothesis allowed us to estimate the escape time of the feedback
from the approximation region depending on the regularity of the value function. In this respect,
a stronger assumption on the stabilizability of the dynamics of (2.1) could lead to strengthen the
estimates in Section 7. For instance, in the case of exponential stabilizability, the escape time
of the trajectories resulting from the feedback law approximation is expected to be infinity in a
similar way as was done in [41, Section 4, Proposition 1] for the smooth case.

The results of Section 6 could also be applied to bound the error of feedback laws constructed
from data driven approaches for the case of non-differentiable value function. However, in order
to do this the constructed feedback laws must satisfy (6.4), which of course will depend on the
particularities of the method (e.g. neural network, polynomials, etc) and the control problem
under study. Moreover, a stability assumptions like Hypothesis 4.2 needs to be satisfied by the
closed loop problem obtained from the constructed feedback law. In these regards, it could be of
interest to study under which conditions the results in Section 6 could be applied to prove the
convergence of data driven approaches.

The example presented in Section 9 proves that even if all the data of the control problem
are smooth, the value function can be non-differentiable. On the other hand, for this example
the value function was proved to be Lipschitz continuous and Hypothesis 4.2 was also proved to
hold. This underline the importance of the results presented in this work concerning the syntheses
of smooth feedback laws. It is also worth to mention that the non-uniqueness result is part due
to the symmetry of both the objective function and the dynamics, which enable us to find a
transformation of the optimal control which is still optimal. Further, the particular characteristics
of this problem made it possible to demonstrate that the controls which are invariable under this
transformation are not optimal solutions for « large enough. We expect that many interesting
generalizations and modifications of this example are possible.

To conclude this work we mention some interesting extensions. We order them according to
their apparent complexity and connection with this work. The error bound derived in Section 6
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and the escape time estimation in Section 7 could be easily extended to the finite horizon case
with some modification on the hypotheses. Additionally, the case of restrictions on the state
could be treated by first approximating the problem by a penalty method and followed by the
construction of a sequence of approximating feedback laws. Further, a key condition in this work
was the availability of an expression of the feedback law as a function of the gradient of the value
function. This is also the case for problems with convex restrictions on the control, where this
expression is given by the projection onto the restrictions set. Nevertheless, since the projection
on a closed convex set is just Lipschitz continuous, following the methods of the present work
will lead to a Lipschitz sequence of feedback laws. Finally, since we proved error estimates in
Section 6 with respect to L, norms with p € (1, 00), we believe that it could be possible to apply
similar techniques to analyze the case of control problems with discontinuous value functions,
for instance problems with final cost and escape time.

Data availability
No data was used for the research described in the article.
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