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SPACE-TIME L*- ESTIMATES FOR SOLUTIONS OF INFINITE
HORIZON SEMILINEAR PARABOLIC EQUATIONS

EDUARDO CASAS AND KARL KUNISCH

ABSTRACT. This paper is devoted to proving L°°- estimates for the solution
of semilinear parabolic equations. The uniform estimates are obtained on the
infinite time interval under the assumption that the solution is square inte-
grable. This setting is useful for stabilization problems formulated as optimal
control problems. The inhomogenous forcing function are chosen as elements
of anisotropic Lebesgue spaces. Different boundary conditions on bounded
domains with a Lipschitz continuous boundary are investigated.

1. INTRODUCTION

The goal of this paper is to establish the existence, uniqueness, and L (Q)-
estimates for the solution of the following infinite horizon problem

ou .
57 ~ Autautd(@,tu) =gin Q=9 x(0,00), (1.1)

Opu+b(z,t,u) =hon X =T x (0,00), u(0) = ug in Q.

The motivation for this endeavour is two-fold. First, this is a question of intrinsic
interest and second, such L*>(Q) information is of importance for optimal control
problems involving (1.1). The analysis of such control problems involves first and
second order derivatives of the state u with respect to the control variable, where
g or h represent the control variable, and this step is greatly facilitated, or even
necessary, if the state u has L°°(Q)-regularity; see, for instance, [6, 16, 19]. Spe-
cial attention is paid to obtain estimates over the infinite time horizon. This is
motivated by stabilization problems, which can be treated by optimal control tech-
niques, or by some applications in economy or biology. Here we focus on semilinear
equations and semilinear Neumann boundary conditions. Dirichlet boundary con-
ditions and more general elliptic operators, including the case of non-autonomous
coefficients, are addressed in short sections at the end of the paper. The inhomo-
geneities g and h will be assumed to be elements of anisotropic Sobolev spaces,
with the precise conditions given in the following section.

L°(Q)-regularity of linear and semilinear parabolic equations has been investi-
gated with much effort and a wide variety of techniques in earlier work. Let us first
comment on results which allow for forcing functions in the state equation, which
represent the controls in the control theoretic context. Holder estimates on the state
of linear parabolic equations on rough domains with mixed boundary conditions
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2 EDUARDO CASAS AND KARL KUNISCH

were obtained by maximum regularity results in [9], [14]. L*°(Q)-estimates have
further been proved in [2], [7], [3, Theorem 17.2], and [17]. In [17] semilinear equa-
tions with Neumann boundary conditions are investigated and L™ (Q)-estimates
are obtained by means of treating the nonlinear term by an appropriately chosen
linearization and subsequently utilizing L°°(Q)-estimates obtained by semigroup
theory and comparison principles for linear equations. Here the nonlinearities in
the Neumann boundary problem are of class C' and monotone, and the analysis
is performed for finite horizon problems. These conditions will be relaxed in our
work. In [2], in the course of investigating control problems, L (Q)-estimates are
obtained for semilinear equations with inhomogenous Dirichlet boundary condition
and finite horizon as well. Again the proof technique for these estimates utilizes
comparison principles. Due to the semigroup approach, the coefficients in the dif-
ferential operator are autonomous. In these last two works the regularity of the
boundary I is assumed to be of class C%® and the coefficients of the main part of
the operator are of class C1%(Q) for some o > 0. In [2] and [17], the data were as-
sumed to belong to isotropic Lebesgue spaces. However, in some control problems,
the use of anisotropic Lebesgue spaces is necessary; see, for instance, [7]. Actually,
L>(Q)-estimates were proved in [7] for controls contained in LP (0, co; L?(Q2)) with
p large enough. In a classic result for L™ estimates, [3, Theorem 17.2], the time
horizon T is finite, the nonlinear term of the equation is bounded with respect to
the state u, and only the Dirichlet case is considered.

Next we exemplarily refer to [20] and [21] and the references therein for the study
of semilinear parabolic equations, which do not allow for forcing functions, and with
a different focus on the type of nonlinearity than in our work, since the focus lies
on blow-up phenomena. There are also many contributions on semilinear parabolic
systems; see, for instance, [1, 15]. The assumptions of these papers, when restricted
to the scalar case, do not cover our results. Finally we mention [10] and [12], where
the authors consider semilinear problems with a very particular classes of forcing
terms and 2 = R”, and concentrate on the analysis of blow or lack thereof.

In the present paper we investigate systematically the L (Q)-estimates for semi-
linear parabolic equations under minimal regularity assumptions on the boundary
T and the coefficients of the elliptic operator. Here we use tools from [13, Chapter
ITI, Sec.6-8] where L>°(Q)-estimates are obtained for linear parabolic equations and
a Dirichlet boundary condition. More precisely, we establish L>(Q)-estimates for
semilinear parabolic equations with Dirichlet and Neumann conditions for infinite
time horizon, with coefficients depending on (z,t) belonging to L*°(Q), locally Lip-
schitz nonlinearities, with forcing functions in anisotropic Lebesgue spaces, under
a Lipschitz regularity of boundary I'.

The paper is organized in the following way. The precise problem statement and
the main result are presented in Section 2. The proof of this result utilizes a splitting
of the problem in two subproblems, with one of them involving a linear equation
with an inhomogenous boundary condition, and a second one, involving the non-
linearities d and b, and a homogenous boundary condition. These two problems
are investigated in Sections 3 and 4. In Section 5, we consider non-linearities under
different assumptions than used earlier in the paper, as well as the cases of Dirichlet
boundary conditions and more general second order operators than the Laplacian
as in (1.1). There we also point out how certain conditions on the non-linearities
can be modified, in case that (1.1) is considered on a finite time horizon [0, 7.
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SPACE-TIME L°°- ESTIMATES 3

2. ASSUMPTIONS AND MAIN THEOREM

We make the following assumptions on the problem data of (1.1). In case n > 2,
Q denotes an open bounded subset of R™ with a Lipschitz boundary I'. For n =1,
Q= (a,B) with —co < a@ < 8 < oo and T' = {«, 8}. Throughout this paper we set
I=(0,00),Q=0%xI,X=TxIQr=0Qx%x(0,T) and X =T x (0,T) for every
T € (0,00).

For the partial differential equation we assume that a € L*(Q), 0 < a # 0,
g € L*(Q) N L™(I; LP(Q)) with 1 + 75 <land p,r €[l,00, and d: Q x R — R
denotes a Carathéodory function satisfying

d(z,,0) =0, (2.1)
VM 3Ly |d(z, tug) — d(x, t,ur)| < Laglug — ugl, V|| < M,i=1,2, (2.2)
3R such that d(z,t,u)u >0 V]u| > R,

for almost all (x,t) € Q.

For the Neumann condition, in the case n > 2, we assume h € L2(3)NL*(I; LY(T))
with %—i— "T_ql < % and s,q € (1,00], and b : ¥ x R — R is a Carathéodory function
satisfying (2.1)—(2.3) with d and @ replaced by b and X.

In the case n = 1, we assume that h = (hq, hg) with hy, hg € L2(I)NL*(I), s > 2,
and b = (by, bg) with by, b : I x R — R Carathéodory functions satisfying (2.1)—
(2.3) in the variables (¢,u). Further, the boundary condition must be interpreted
in the following sense

—0pu(a, t) + b(t, u(a,t)) = ho(t) and Oyu(B,t) + b(t,u(B,t)) = hg(t). (2.4)

Finally, we assume that the initial condition ug belongs to L™ ().
As an immediate consequence of (2.1) and (2.2) we deduce

VM >0 |d(z,t,u)| = |d(z, t,u) —d(x,t,0)| < Ly|u| < Ly M Vu] < M.

The same property is enjoyed by b.

Typical functions satisfying the conditions (2.1)-(2.3) are d(z,t,u) = a(x, t)[e" —
1] or d(z,t,u) = ZZIH ag(z, t)u*, where the coefficients a and ay, are functions
of L>®(Q), a(x,t) > ap, and asmai(x,t) > ag for some real constant g > 0. In
particular, the Schlégl and Allen Cahn equations fit into the second example.

The following notation will be used in this paper. For 0 < T' < oo we consider

the Hilbert space

W(0,T) = {u € L*(0,T; H'(Q)) : % c L*(0,T; H'(Q)")}

: 2 3
endowed with the norm |lu|wo,r) = <Hu||%2(07T;H1(Q)) + ‘ u L2(0,T;H1(Q)*)) .
The embedding W (0,T) C C([0,T]; L*(2)) is continuous for T < oo and W (0,T)
is compactly embedded in L2(0,T; L*(Q)) if T < oo; see [18, page 106].

Definition 2.1. We call u a solution to (1.1) if for every T > 0 the restriction of
u to Qp belongs to W(0,T)NL>®(Qr) and it satisfies the following equation in the
variational sense

ou

[ = )

5t Au+ au+ d(z,t,u) = g in Qr, (2.5)
Opu+ b(z,t,u) = h on X, u(0) = up in Q,
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thus u(0) = ug and

T
0
/ <87,;L(t)7’u(t)>Hl(Q)*7Hl(Q) dt+/ [VuVv + auv] dz dt
0

Qr

+ d(x, t,u)vdx dt + b(x,t,u)vdxdt
Qr Sr

:/ gvdxdtJr/ hvdzdt Yve W(0,T).

T S

The following theorem is the main result of this paper.

Theorem 2.2. Under the above assumptions, equation (1.1) has a unique solution
w. Moreover, ifu € L*(Q) thenu € W(I)NL>®(Q) and there exist constants K1 and
K> depending on d, b, and monotonically increasing on ||| r2(s) + || A
such that the following estimates hold

Ls(I;La(T))>

lulle < K (Iull @) + luollz(en + gl ey + IAllzacs)). (2.6)

lull =) < Ko (llullzz() + lollz=qey

+l9llz2@) + gl orrsoe )y + 1Pl 22 sy + 1Al Ls (1500 (r)) + R>7 (2.7)
(s u)l[Loe (@) + 1, s w2 (@) < Lr lullz2(g), (2.8)
60 w)l|Loe sy + [16C 5 u)ll2(s) < Lo llullz2(@), (2.9)

where R is given by (2.3), Lk__ is the Lipschitz constant in (2.2) associated with
M = Ko = |u| = (q), and
1
3
lulle = (llullfe ooy + Nl qrmay) -
Further, if ug € C(S2), then the regularity u € C (2 x [0,00)) is fulfilled.

For n = 1 the norms ||A| z2(x) and ||A]
interpreted as follows

Ls(1;L4(r)) in the above theorem must be

=

s

Lt ||h,6’||sLs(1)) :

1
IRllz2cey = (lhallZzy + sl Z2 () * s IRllLeizaey) = (I1Pal
If s = oo, then ||h||1s(s;1e(r)) must be replaced by ||hallzee(r) + [|hgll Lo (1)-

Remark 2.3. Let us point out that in the context of many optimal control prob-
lems the minimization of the L?(Q)-distance between the solution u of the state
equation and a desired target is the goal. Hence, we get the L?(Q)-estimate for
every admissible state in a natural way. Then, their L°°(Q)-estimates follow from
the above theorem. This L*°(Q) property of the states is essential in the subsequent
analysis of optimality conditions, which involves the first and second derivatives of
the control-to-state mapping.

All along the proof of this theorem the following inequality will be used:

3Cs > 0: Callv]|F1(q) < /[|W\2 +av’]dz Yo € HY(Q). (2.10)
Q
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Proof of Uniqueness. Let us assume that u; and wus are two solutions of (1.1)
and set u = ugs —uy. Given T' < oo, subtracting the equations satisfied by us and
u1 and testing the resulting equation with u we get for ¢ € (0,7)

1
S (0) 3y + / (Vul? + au?] dz dr

Q1

= / [d(z,T,u1) — d(x, 7, uz)]udx dr Jr/ [b(x, T,u1) — b(x, T, uz)]ude dr.
t Zt

Taking M = max{||u1| L (@), [[u2|lz= (@)} in (2.2) and using the Lipschitz prop-
erties of d and b, and (2.10) we infer

1 t
5”“(0”%2(9) + CallullZ2 (0,511 ) < LM/O (lu(m) 120 + lulm)[Z2(sy) AT

We recall the inequality

/deng(a/ \VU|2dx+a_1/v2dx> Yo e HY(Q) (2.11)
r Q Q

for all ¢ € (0,1) and a constant K independent of ¢; see [11, Theorem 1.5.1.10].

1 G,
2 2K Ly

Choosing € = min { } we deduce from the above inequalities

t
w720 + CallwllF2(0.4,m1 () < 2Lar(1+ KE_l)/O [w(7) 17252y T

Then, Gronwall’s inequality implies that u = 0. O
To prove the existence of a solution we decompose equation (1.1) into two parts:
v .
E—Av—kav:Om Q,. (2.12)
Opv="hon X, v(0)=01in Q,
ow

E—Aw—kaw—i—d(x,t,w):gin Q,

- (2.13)
Opw + bz, t,w) =0 on 3, w(0) = up in £,

with d(z,t,w) = d(z,t,v(z,t) + w) and b(z,t,w) = b(z,t,v(x,t) + w). Let us
observe that if v and w solve the equations (2.12) and (2.13), then « = v+ w is the
solution of (1.1). The motivation for this decomposition is to deal with the different
orders of integrability of g and h. The analysis of (2.12) and (2.13) is carried out
in Sections 3 and 4, respectively.

For the analysis of these equations we will use the following lemmas.

Lemma 2.4. Let 7 and ¢ be real numbers satisfying

1 n n
72§ 4
7 € [2, 00], qe 2, nzfz] forn > 2,
7 € (2,00], ge[2,00) forn=2,
7 € [4, 00], Gge 2,00 forn=1.

Then, there exists a constant C only depending on 7, §, and n, but independent of
T € (0,00], such that

lull v o, msag) < Cllullr  Yu € L(0,T; L3 (92)) N L*(0, T HY(Q)),  (2.14)
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where

lullar = (Nullfwo,rizzcon + Nl an)

Nl

Utilizing the Gagliardo inequality [4, page 173]

—_n
2

TS
||u||L<i(Q) < CHU‘”LQ(Q) H“”;[l(g) Vu € Hl(Q)a

the proof of this lemma can be achieved by following the steps of the proof in [13,
page 74-75] by changing ||Vul|z2(q) for [Jul| g1 ().

Lemma 2.5. Let {¢; 724 be a sequence of nonnegative real numbers satisfying the
recursion relation

L S AT forj=0,1,..., (2.15)
for positive constants c, €, and b > 1. If § < c‘ébﬁl, then the inequality
& <ctbEht (2.16)
holds and, consequently, lim;_,. &; = 0.
See [13, Lemma I1-5.6] for the proof.

Remark 2.6. In sections 3 and /4, the proofs will be carried out for finite values
s,q,7, and p. In the case where one of these numbers is co, for instance s = oo and

the condition % + "qu < % holds, then we can select a number s < oo sufficiently

large such that + + ”T_ql < L. Since h € L*(X)NL>®(I; LY(T)), then we get that h €

L3(I; LY(T)) and the existence and L*>°(Q) estimates of the solution is established.
Finally, it is enough to use that

1—2 2
||h||L§(I;LQ(F)) = ||h||Loos(1;Lq(r))||h||22(1;Lq(r))

5
§—2

N

IN

S
1hll oo (1, 2ary) + S llAll 22520 (r)) -

Hence, the estimate (2.7) follows. The same argument applies to the other values
whenever one of them is co.

3. ANALYSIS OF THE LINEAR EQUATION.

In this section we prove the following theorem.

Theorem 3.1. Equation (2.12) has a unique solution v that belongs to W(I) N
C(Q2 x [0,00)). Moreover, we have the estimates

lvllg + lvllwy < Millh|lz2(s), (3.1)
[0l (@) < Ma([|RllL2(sy + 7l e (1,00(2))) (3.2)

with constants My and My independent of h.
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Proof. From [18, Section I11.2] we know the existence and uniqueness of a solution
v € W(0,T). Testing the equation with v and integrating in Q7 we infer with (2.10)

1
5““(15)”%2(9) + CGHUH%Q(O,T;Hl(Q))

1

< 2 o(®)220 +/ (Vo2 + av?]dedt = [ hodedt
2 QT Zr

< |llzzyl0llLz2r) < CallbllLz)llvll 20,781 )

C C,
< 20 LBl + 5 ”UH%Z(O,T;Hl(Q))?

1 where we used that ||v] z2r) < Callv| g1 (q) for every v € H(Q) and some constant
2 Cgq depending on 2. The above equation implies

2
[vlleo,rizz) + vV Callvll L2001 (0)) < 4/ FCQ||h||L2(Z)

Taking the supremum in T we obtain the estimate for ||v||g in (3.1). Now, from the
variational formulation of (2.12) we get 3 9v ¢ L*(I; HY(Q)*) and, hence, v € W(I)
and the associated estimate follows.

Next, we prove the estimate (3.2). To this end we follow some ideas of [13
Theorem III-7.1]. First we analyze the case n > 1. Given T < oo arbitrary, we
define for every real number p > 0 and (z,t) € Qr

© N o ua & W

vp(x,t) = v(z,t) — Proji_, 4 j(v(z,t)) and A,(t) = {z € Q:|v(x,t)| > p}.

o Since v € W(0,7) we also have that v, € W(0,T) and Vo - Vv, = |Vv,|?. The
10 fact that O, € L?(0,T; H'(2)*) follows from the results in [18, pages 104-105].
11 Additionally we have

tow(r) 1
A <77UP(T)>H1(Q)*’H1(Q) dr = 5””9“)”%2(9) vt e (OvT)

To establish this identity we take a sequence {vj}32, C C°°(Qr) such that v, — v
in W(0,T). This convergence implies that vy, — v in C([0,T]; L*(2)). Now we set
Vk,p(2,t) = vp —Proj_, ; (v (x,?)). From the Lipschitz property of the projection
it is immediate to check that vy , — v, in L?(0,T; H'(Q)) and in C([0,T]; L?(£2)).
Then, we have for every ¢t € (0,7

t 61}( ) 81%
/0 < (T )>H1(Q)* () d7 = lim / < ’ k7p(7)>H1(Q)*,H1(Q) dr

k—o0
8% 1 d
= klggo/ / pvkpddef hm = dt”vk’p( )||2Lz(Q) dr
= lim vak pOll72() = ||Up( 720
Taking o = an:LL+1 € [1,2), we have that ¢’ = (T;L:IU)U and, hence, the trace

mapping v : W (Q) — L (T) is well defined with an embedding constant C.,.
Testing equation (2.12) with v,, using the identity established above, and (2.10) we
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get

1
5”%@)“%2(9) + Callvoll 20,7, ()
1 t t
< 7H’Up(t)||%2(ﬂ)+/ /HVUP\Q—i—avi] daszg/ /hvpdxdT
2 0 Q 0 I
t t
S/O 12l Loy lvp (Tl o () dTSCv/O Al aqryllop(T) lwo (4, (r)) AT

t
2-0
<c, / Wl o () Ly A (1) 5 dr

t s(gn—2n+2) 5252
SC’Y”hHLS(I;L‘?(F))”UpHL?(O,T;Hl(Q))(/O |Ap(T)| C=an dT) ~

For the last inequality we used Holder’s inequality with exponents s, 2, and 52732'

With Young’s inequality we obtain for a constant C; depending only on C, and C,

[vpllQr < Callh]

T sgn=2n42) \ 53
LS(I;L‘I(F))(/O |[Ap ()]~ = dt) Vp > 0. (3.3)

Let us select 7 and § satisfying the system

1 n n

F2q 4

7 s(qgn —2n+2)
i (s—2an

This results in

4 2s(gn—2n+2
pod 2lan—20+2) 4 a—og
n (s —2)gn

4(s — 2)q
s(gn —2n+2)’

It is easy to check that (7, §) satisfies the assumptions of Lemma 2.4, consequently
the inequality (2.14) holds. The motivation for the second equation in the above
system will get transparent from the estimates further below.

For every j = 0,1,2,... we set §; = p(2 — 277). We observe that p < §; < 2p,
Ay(t) = Asy(t) D As, (t) D As,(t) D ..., and As, () D Agy(t) for every j > 0. Then,
we have with (2.14)

7

T
Cllvs;llQr = llvs; |l L7 0,m;05(0)) = (/ ||U5j\|24(,45j (1) dt)
0

T % T
2 </O ||U5j HZé(A(;Hl(t)) dt) 2 (5j+1 - 5]’) (/O |A61+1(t)

T san—zntn) )\
— (5j+1 - 53) /O |A5j+1 (t)| G—2an  dt )

%
3 dt)
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Taking p = J; in (3.3) and using the last estimate we obtain

T
s(qn—2n+2)
/IMMUFFWT&

T s(gn—2n+2 L:m
< ((SJ_HC'—(S)”}L”LS(I Lq(I‘))(‘/O |A5j (t)| ((s—Q)qn ) dt) 2
with Cy = (CCy)". Denoting
T s(gn—2n+2) .
gj:/ |As, ()| G dt, j >0, chg[ B " b=2",
0

and using that 6,41 — 9; = p2~ U+ we infer from the above inequality
#(s—2)
&i+1 < cbjg 22 forall j > 0. (3.4)
In order to apply Lemma 2.5, we have to check that b > 1, what is obvious,
. i )
% > 1, and & < ¢~ b" =7, where £ = % — 1. From the definition of # the
second inequality is true if and only if

r(s—2 2(s —2 -2 2 2 4 2 2
(s-2) _2s-2) an-2042_2 4 2 2
2s sn qn n o sn q qn
2 n 1 1 n-—1 1
= 1l1--——+->0 < —+ <z,
s q q s 2q 2

which is exactly our assumption on (s,q). To check the condition of &, we distin-

guish two cases. First we assume that s < 2% which is equivalent to 2slgn—2n+2)

(s—2)gn =
2. Hence, using that As,(t) = A,(t) and |Ap( )| < p%HU( M2 (> We get with
(3.1)
1 T 25(an 271:2 1 25(1.1571 271.:2)
o < W/o [o(O)ll 20y dt < WHU”LW o.rr2 @IVl (@r)
p s—2)gn p s qn
1 HEsat M B T
< (“lvller ) < (SHblzees) ©
p p
Setting n = 728((‘1;1—2?;:2) and
1 1
p = 4max{1, Czrbsf}<||h| Ls(I;La(T)) + M1||h||L2(2))»
we obtain
1,1 1 a1 1
czb2 &y < Cs 257| ()b ﬁM{]”thQ(E) < e <1

Hence, Lemma 2.5 implies that
T
s(gn—2n+2)
/ | Ao, (1)] G dt < lim & =0,
0 J—00

which implies that |As,(t)] = 0 for almost every ¢t € (0,00) and, consequently,
|v(z,t)] < 2p a.e. in Q and the estimate (3.2) holds.
Now, we assume that s > -2 hence Zslgn-—2nt2) o Then, we have that

(s—2)qn
2 < % < 28 To check the second inequality we observe that it is

equivalent to = —|— qu

< % + 2+, which holds due to our assumption on (s, q).
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The second inequality implies the continuous embedding H"'(2) C LGn—2nF2) (Q).
Hence we can estimate
1 [T , cs (T
<5 [ IWOP gy @<
2 2
P~ Jo Ls(an=2n+2) () P~ Jo

VO3 My
p

()17 () dt

2
Al p2esy)

1 2
< CS(;H”HQT) < (
Then, taking
1.1
p = 4max{l, Czrb”}(||hHLs(1;Lq(r)) + v CngHhHB(E)),

and arguing as before we deduce again the estimate (3.2).
Now, we address the case n = 1. Starting as we did for the case n > 1 and
recalling that s > 2 we get

1
51000 ia) + Celllsrmony < [ Aoy dec
t
- / (o (7)up (@, 7) + B (7)p(B,7)] dr
0
t
<c / (a7 + s (D)o () llwe (a4, oy

< 04/0 [ha()] + g (I 0p(P) a3, () | Ap(7) % dr

T s=2
LS(I>)||vp||L2(o,T;H1<Q>>(/O \Ap(T)ﬁdT) ,

where we used that W1 (Q) = Whl(a,8) C Cla, 8] and Hélder’s inequality with
exponents s, 2, and %
To get a lower bound by using the inequality (2.14), we select # and § satisfying

the equations

< Calllhallzs ) + [1hg]

L1
725 4
7 s
iT-v
which gives # = 44 25 € [6,00) and § =2+ 4(%2) € (2,6]. Then, arguing as for

n > 1 we get

T ) 1
C||U5j HQT 2 (6j+1 - 6j) (/0 |A5j+1(t)|5 dt)

r :
= (0j+1 = 05) </0 | As; 0 (D)2 dt) :

The two estimates lead to

T S
/ ‘A5j+1 (t)|572 dt
0

< 5 (lhallue + sl >*(/T|A5<t>s“2dt)
G — gy PO fy

P(s—2)
25
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Now, we get an estimate for &y:

2s 1 25
1Ol 7afe, < (5 loller)
2s

s—2

1
2s
ps—Z

M,y
< (S hallzz + sl =)

T S
- / A, (5|7 dt <
0

We also have that % =1+ @ > 1. Hence, taking ¢ = 2

_2)
2

p = 4dmax{1, C;b?h}(HhoJ

vy + Ihgllie + Malllhall o + 1hsllzen) )

applying Lemma 2.5, and arguing similarly as we did for n > 1 we get (3.2).

Finally, we prove the continuity of v in € x [0,00). To this end we first assume
that h is a continuous function. Then, from [8] we deduce that v € C(Qr) for every
T < co. Combining this and the fact v € L>°(Q) we infer that v € C(2x [0, 00)). If
h is not continuous, we take a sequence of continuous functions {hy}72, such that
hx — hin L?(X)NL*(I; LY(T)). For every k we obtain a solution v, € C(Q2x 0, 00)).
Taking into account (3.2) we deduce

v — vkl L) < Ma(llh — hillL2(s) + I — hi

Ls([;Lq(F))) — 0 as k — oo.
Thus, we also have that v € C(Q x [0, 00)). 0

Remark 3.2. (i) If equation (2.12) is considered in a finite horizon T, obviously
the proof given above establishes the L= (Qr) regularity of v and the estimates (3.1)
and (3.2) with Q, X, and I replaced by Qr, Yr, and (0,T), respectively.

(ii) Suppose that the Neumann condition O,v = h is replaced by the Dirichlet
condition v = h on X with h being the trace on ¥ of a function belonging to W (I)
and such that h € L*°(X). Then, the Dirichlet problem has a unique solution
v € W(I) satisfying the estimate ||v||pq) < [|h]|L~(s), which is well known for
finite horizon. This estimate can be checked by choosing p = ||h| e (x) and setting
vp(z,t) = v(x,t) — Proj[—p, +p|(v(z,t)), we have that v, = 0 on X and then for
every T < oo and t € (0,T)

1
5”%@)”%2(9) + Ca”'UP“%z(O,T;Hl(Q))

1 t
< gl + | [ 190 + e dwar =0

Hence, v, =0 on Qr for all T and the stated estimate follows.

4. ANALYSIS OF THE NONLINEAR EQUATION.

This section is dedicated to the analysis of equation (2.13).

Theorem 4.1. Equation (2.13) has a unique solution w. Moreover, if w € L*(Q)
then it belongs to W(I) N L™ (Q) and we have the estimates

lwllg < M3<||wHL2(Q) + lluoll2(0) + l9ll2(Q) + ||h||L2(E))7 (4.1)
wll Lo (@) < Ma(llwllz2(@) + lluollz= () + l9llz2(@)
+ |9l ;e @y + Bl L2esy + 1Al Ls(2;00(r)) + R), (4.2)
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12 EDUARDO CASAS AND KARL KUNISCH

where the constants M3 and My depend on d, b, and monotonically increasing on
Pl 2(sy + |l Ls (r;pary)- Further, if ug € C(R2), then the regularity w € C(§2 x
[0,00)) is fulfilled.

Proof. The proof is divided into several steps.

I - Preliminaries. First, we observe that v € L°(Q) implies that d and b satisfy
the local Lipschitz assumption (2.2). Hence, the uniqueness of a solution of (2.13)
follows from the uniqueness already established for equation (1.1). Next, we prove
the existence of a solution in Qp for every fixed T' < co. For every integer k > 1
we define the functions

di(x,t,€) = d(w,t,Proj_y, 41y(€)) = d(x,t,v(z,t) + Proji_y_4(€)),
bi(x,t,€) = b, t, Proji_s 1 3(€)) = b(x, t, v(x, t) + Proji_s_4y(€))-

From (2.1)-(2.2) we deduce for M = ||v|| g (q) and My, = [[v||p~(q) + &k

| (2,8, €)| < |di(x,t,€) — di(x,t,0)] + |d (. t,0)|
< Lk + |d(z, t,v(x, b)) — d(z,t,0)| < Ly k+ Ly M VE €R.

The same estimate is obtained for I;k Associated with czk and Bk we consider the
equation
5)wk

W — A’wk + awy + Cik(‘f,t,wk) =9 in QT’ (43)

Opwy, + l;k(x,t,wk) =0on X7, wg(0) =up in Q.

II - Ezistence of solution for (4.3). We define the function Fy : L*(Qr) X
L?(37) — L*(Qr) x L?>(X7) by Fi(p, ) = (w,wy,, ), where w € W(0,T) is the
solution of the linear equation

ow

E —Aw—kaw:g—dk(%ta‘;ﬁ) in QT’ (44)

8nw - _Bk(xataw) on ZT7 U}(O) = Uo in .

Using the boundedness of di, and by by a constant independent of (¢, 1) the conti-
nuity of F}, follows. Furthermore, we have an estimate ||w||y 0,7y < C uniform for
all (p,1) € L?*(Q1) x L*>(3r). Applying the Aubin-Lions Theorem [18, Proposition
I11.1.3] first with By = H'(Q), B; = L?*(), and By = H'(Q)* we get the compact-
ness of the embedding W (0,T) C L2(Qr). Later taking By = H'(Q), B; = H3 (1),
and By = H*(Q)*, the compactness of the embedding W (0,T) c L2(0,T; H3 (1))
follows. Finally, the continuity of the trace w — wj, ~ from L2(0,T; H3(Q)) to
L?(Xr) implies that the image of Fy is relatively compact in L*(Qr) x L*(Zr).
Then, Schauder’s fixed point theorem implies the existence of a solution wy €
W(0,T) for equation (4.3).

Next we prove that for k large enough wy, = w € W(0,7) N L*°(Qr) is indepen-
dent of k and solves the equation (2.13) in Q7.

II - Estimate for ||wy|q,. We assume that & > Mg, = R+ |[v[|1(g). Then,
we have that

di(z,6,€)6 >0 V€| > Mp,. (4.5)
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Indeed, if £ > Mg, then v(z,t) + Proji_x 14 (§) > R holds. Hence (2.3) implies
that
di(x,t,€) = d(x, t,v(x, t) + Proji_s 14)(§)) > 0 and then di(xz,t,€)€ > 0.

Analogously we can argue for £ < —Mp,. If || < Mg, then assumptions (2.1)
and (2.2) lead to

|gk($,t7£)| = ‘d(.ﬁE,t,U(l’,t) + Proj[—k,—‘,—k] (E)) - d(l’,t, O)|

< L ([§] + [o(z, 1)) (4.6)
with M = Mpg, + ||v][z~(g). Henceforth we denote C’MR = Ly to recall the
dependence of the Lipschitz constant Ly, on R and |[v]| (). The same properties

hold for b;. Setting Qntp o) = {2 € Q1 wg(z,7)| < M;:m}7 Catp ) ={z €l
|lwg(z,t)] < Mg}, and testing equation (4.3) with wy, integrating in (0,t) with
€ (0,T), using (4.5), (4.6), and (2.11) with ¢ = min{1

Young’s inequality

Ca :
,WZ\%}’ we get with

1
§Hwk(t>||i2(g) + CankH%Z(O,t;Hl(Q))

1 1
< f||wk(t)||2L2(Q) +/Q [[Vwg|* 4+ aw?] dz dr < f||uo||2L2(Q) Jr/Q gwy dz dr

/ / |dk X, T, Wk Hwk|dxd7'—|—/ / |bg (2, 7, wy )| |wi | dae A7
QMR T 7'

MR,

SlollEaqe + / (l9Pllz2(@) + Cot, 0Dl 2060 ) () 2 A7
+ Outy [ Tz lanlzzry an
0
t
2 2 1 2
+ O ||l + (s | dr < 5luolsqa)

2 2 Ca K 2
+ = (||9||L2(QT) + Oy, ||7J||L2(QT)) +—= [ w7 dr
c, 8 J,

(420]2\41?1) 2 Ctl ! 2
=2 ol oy + g | Nonl oy
AK2Cyy,,
+ O (10 210 [ o a7+ 2 [ 1900 iy )

Using (3.1), this leads to

lwk ()20 + CallwilF2(0.41 @) < llwoll7z(q)
1 2 ACHCH,,
+ & (I9llzz@n + Onta Millbllzzer) + — = M Bl s,y

t
4200, (144K Cut ) [ () o
0

R 2, [t
< G (Jluoll ey + gl zz@n) + Ihllasn) + Co / lwox (Ml (A7)
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Using Gronwall’s inequality, we get from above for every t € [0, 7]

- 1.
Jwe ()l L2y </ C1(||u0||L2(Q) + llgllz2(@r) + ||h||L2(2T)> exp (iczT). (4.8)

Combining (4.7) and (4.8) we infer

lwellor < Cr(lluolliz@) + 9l 2@e + Ibll2wn) k= Mpa.  (49)

We observe that constant Cr depends on T" and monotonically increasing on Chyy, -

IV - Estimate for ||wy|pe(qs). For p > max{[luollz~(), MRr}, we define
w,p(2,t) = wi(z,t) — Proji_, 4 ,(wi(z,t)) for every (z,t) € Qr and A,(t) =
{z € Q:|wg(z,t)| > p}. Similarly as in the proof of Theorem 3.1, we test equation
(4.3) with wy,, and use (4.5) to obtain

1
§||wk,p(t)||2L2(Q) + Callwr ol 220,101 (52))

1 t t
< §||1U]€7p(t)”%2(9) —I—/ /vak,p|2 + aw%p] drdr < / / gwg,,dzdr
0 JQ 0o JQ
t 1
<ol o ([ Tep g dr) (410)

We distinguish several cases depending on n and 7.

Case 1: n > 2 and r > 2. Observe that the condition % + % < 1 implies that
T

p > 5. If n =2 we select o satisfying % + % < % < 1. We set 0 = f—_ﬂ otherwise.
Then, we have

(! ")

% (cr —p
([ ks @)™ < ([ Bl 400055 )

< Cillwk pllz2 010 ( / |A4,(r)| 5 )

1
s

27

2r(p—o) =2
< Cl|\wk,p||L2(o,T;H1(Q))(/ |A,(T)|T=2we dT) .
0

This inequality and (4.10) imply

vk pllQr < C2

T . -
))</0 A, (t)| e dt) " (4.11)

Let us denote by 7 and ¢ the solutions of the system

1 n n
P2 4
P 2r(p—o)
i (r—2)po’
Then, we have
4 dr(p—o 2(r — 2)po
f:n—’—(r(fZ)pcz and (sz—&-M.

It is easy to check that (7,q) satisfies the assumptions of Lemma 2.4, hence the
inequality (2.14) holds. Again, as in the proof of Theorem 3.1, we set §; = p(2—27)
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for every j =0,1,2,... and obtain

T
L7(0,T5L4(Q)) = (/0 ||wk,5j||TLa(A5j (t) dt)
1
T 2r(p—0)
> 3= [ 1As (0] a

Setting b = 27, C3 = (CCs)",

Bl

CHwkﬁj ||QT > ||wk,5j ‘

7

T 2r(p—o) . 2 7
& = |As; (t)| =27 dt, j >0, c= C3(;H9||LT(O,T;LP(Q))) ;
0

and taking into account that d;11 — §; = p2~ U+ we deduce from the above
. P(r=2)

inequality and (4.11) that ;11 < ¢b’§; * . In order to apply Lemma 2.5 we

have to check that b > 1, which is obvious, ’:(222)

& < c’%b?“’l. To check that € > 0 we insert the value of 7 and obtain

= 1+ ¢ for some ¢ > 0, and

A(r—2)

cs0e 2(r—2) 2(p—o)

>1& > 1. 4.12
2r rn + po ( )

In the case n > 3 the last inequality is equivalent to 1 — % — % > 0. This is precisely

the inequality assumed for (r,p), and hence £ > 0. In the case n = 2 inequality
(2.12) is equivalent to % - % — % > 0, which is the assumption on the triple (p,r, o)

that was made above. )
1, == .
Next, we select p big enough such that & < ¢ =b=? holds. We consider two
different cases:

Case A: ?:(f;;g > 1. In this case we use that |A4,(t)] < p%Hwk(t)H%z(Q) and

(4.9) to deduce

LT esn 1 g
r—2)po rT—2)po
b < i / )o@y dt < (llwxlor )
pT=2we J0 P
CT ?:(fp;)acz
< |5 (hwollzaqoy +llgllzzcan + Mllecen ) |7

Taking

11
p = 4max{1,C5 b= }([|luol| o< 0) + 9]l - 0,720 (02))
+ Cr[||uoll2@) + ll9llz2(@r) + 10l 2(50)] + MR,0),
we get that £ < cth
Case B: 22=9) ~ 1 In this case we have that 2 < U=227 \oreover, if n > 2

(r—2)po r(p—o) *
then we have that (:(;2_)(’: ;’ < 22 Indeed, this inequality is equivalent to

1+n<1+n
r o 2p 2r’
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which follows from our assumption on (r,p). Then, we get the estimate for &, as
follows

1 T 2 C4 T 2
f0< 5 [ Mwon@®I ¢z () dt < =5 [ g (t)[I7 (o dt
P=Jo () P~ Jo

L r(p—0o

VvC4Crp
p

1 2 2
< Cy(=llwllor)” < | luoll 2oy + l9llL2(@r) + 1Rl L2y )]~
p

This time we set

p = dmax{l, sz%b?lf}(HUoHLoo(Q) + g/l 0,727 (22))
+Crllluollzz@) + l9llz2@r) + 1hllz2er)] + Mr.)

and & < ¢~ b7 is fulfilled

Applying Lemma 2.5 we get |Aa,(t)] < lim;,o&; = 0 and, consequently, we
infer

lwill o (@z) < K ([luollLe (o) + ll9llLr 0,750 )
+ 207 [[luoll2() + l9llz2(@r) + 1PllL2 2] + MRw), (4.13)

where K = 8 max{1, Cj% bz} is independent of 7.

Case 2: n>2 and r < 2. From%—i—% < %—F% < 1 we deduce that p > n and,

consequently, p’ < -2~ < 2. Using Holder’s inequality we infer

n—1 —

A

t ’ = t ’ r’(2-p') %
(] oy a) ™ < ([ )y 4,71 75 )

s

T r(p—2)
< ||’U}k;,p||Loo(0’T;L2(Q))(/O |Ap(7')|2p(7~71) dT)

Inserting this inequality in (4.10) we deduce

T
r(p—2)
Jwnpllor < Callgliorern( | 14017 a)
0

Now we take 7 and ¢ as the solutions of the system

r—1
T

(4.14)

lon_»n
P2 4
P r(p—2)
G 2p(r—1)
Then, we have 4 rip-2) sp(r 1)
= ggjﬁrwd§:2+ﬁﬂ:37

Once again it is immediate to check that (7, §) satisfies the assumptions of Lemma
2.4. Hence, arguing as in Case 1, we obtain

7

T r(p=2)
C||wk,5j||QT > (5j+1 - 5j) </ |A‘51+1(t)|2p(r71) dt
0
Taking b = 2" Cg = (005)f>

L"'(O,T;LT’(Q))> )

T (p=2) ) 2
&= [ 15, (IF=T dt j 2 0,0=Co( 3l
0



SPACE-TIME L°°- ESTIMATES 17

f‘(r—l)

1 we deduce from the above inequality and (4.14) that &;41 < cb’ §; . It is easy
2 to check that T(T D—1+e Wlth € > 0. As in the previous case, we have to select

3 p in such a way that & <c = £b=7. To this end, we also distinguish two cases.

Case A: 5 5 21)) > 1. Using that |A,(t)| < p%||wk(t)||2LQ(Q) and (4.9) we get

AT = b
< o [ lon® G dt < (5 luilor)
pr(r=1) JO P
r(p—2)
p(r—1)

Cr
<[5 (luollsecor +lollzan +Ihlzcsn )|

Taking

11
p = 4max{1,C¢ b= }(|luoll (o) + 9]l L-(0,:17 ()
+ COr|lluoll2) + l9ll2@r) + 1Moz ] + MRo),

-1
4 we get that £ < bz,

Case B: 27;(1;:21)) < 1. In this case we have that (gg )) > 2. Then we have

o< b [ Imol a0 < S [ o)y
— w — — w 1
0= )y RO ey o 2 ), 1e Ol @)

\/CycT

1 2
< Or(lwller)” < [ (lollzze) + lgllz@r + IRl )]

This time we set

L1
p = 4max{l, C?Tbﬁ}(”UOHLOO(Q) + g/l 0,720 2))
+ Cr[lluoll2) + l9llz2(@r) + 1Pl 22 (0] + MRw)

5 and & < e b7 s fulfilled. Therefore, applying Lemma 2.5 we get |Az,(t)] <
6 lim; o & =0 and (4.13) holds for a constant K independent of 7.

7 Case 3: n = 1. First we consider the situation where r € [1,2]. Under this
s assumption we have that % 5+ 21p <1 -+ % < 1. Hence, we get that p > 1, p’ < oo,

9 and ﬁ <1- % = T,, Wthh is equlvalent to % < 2. To deal with this case we also
10 use the following Gagliardo inequality [4, page 173]

1 1
Il @y < CllelZay el Ve € WHH(R).
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Using this inequality and Holder and Young inequalities we infer

/ ’

t t ! .
[ () 07 < €7 / ek o (O o 0,0 ()| s 7

t r o I o
<0 [ e A ) ()15
, I T I N
<Cr HwkM’HzOO(O,T;[P(Q))/ ||wk7p(7')|\;11(9)|Ap(7)|7 dr
0

’

, i I T pr’ 2o
< C" sl o 5100 108011 0.0y /0 A ar)

’

|L2(0,T;H1<Q>>>

1 1
<cr (Hnwk,pHLm(O,T;L?(Q)) + ];Hwk,p

T pr’ 21)7,7‘/
([ 1 ar)
0

Inserting this estimate in (4.10) we obtain

2p—r’/

T pr! o
lor < Culallroraray( [ 14,077 at) . (413)

Hwk,p

Now, we define (7, §) as the solution of the system

1 1
P25 4
P pr
q 2p—r"
which gives
2pr’ 4(2p — 1’
Fodg P and g2y X))
2p — 1! pr’

Obviously (7,q) satisfies the conditions of Lemma 2.4. Then, arguing as in the
previous two cases we deduce

Sl

T ’
Cllwr.s; lQr > (041 — ;) (/O |As, ., (1) 2= dt)

Taking b = 27 Cy = (Ccs)fa

T N

_pr’ . 2 7

&-j = / |A5]. (t)‘ 2p—r’ dt» J > 07 c= 09(;||g| LT'(O,T;LP(Q))> 3
0

~2p—r/

we deduce from the above inequality and (4.15) that &1 < cb’ f;- 27" Tt is easy

to check that 72251;7/ =1+ ¢ with € > 0. As in the previous case, we have to select

p in such a way that &y < ihe First, we observe that r < 2 and v’ < 2p imply

that 72~ > 1 holds. Then, using again that [4,(t)| < %Hwk(t)HzLQ(Q) and (4.9)
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we get
1 (7 1 22
< — | luwnt >|\L2m at < (= lwelor)
p2p7'r’ 0 P
CT 221):'7,«/
<[5 (wollze@y +llzecen + Illzecen )|
Taking

11
p = 4max{1, Cg b7 } ([luoll L= (o) + lgllLr o, Lr )
+ Crlluoll2() + 9l 2(@r) + 1Pl L2(20)] + MRw),

we get that & < c=tb=F. Once again Lemma 2.5 implies that |Az,(t)] = 0 and
(4.13) holds for a constant K independent of T

To conclude the proof of Case 3, we have to address the situation where r €
(2,00). First of all, we observe that when p = 1 the estimates for wy can be
deduced from the estimates for p > 1. Indeed, from the interpolation inequality [5,
page 93]

1 1
”(‘OHL%(Q) < HQOHLZ,I(Q)HQQHEQ(Q)a
we infer for every T' < oo
T _4r T 2r or
o, ar< [ i ooz at <160 5y rvay ol
This leads to

1 1
llgll )= HQHET(O,T;LI(Q))HQHJg}(QT) < llglleromer @) + l9llcz@r)-

L757 (0,1503 ()

Thus, if g € L™(0,T; LY(Q)) N L*(Q), then it belongs to L%(O,T;L%(Q)) and
the estimate of wy in terms of ||g|| yields the estimate in terms of

L7 (0,1:L3 ()
9!l 0,701 ) + |9l L2(0r)- Therefore, we assume that r € (2,00) and p € (1,00).
Then, using Holder’s inequality we infer

([ ks iy 07) ™ < ool [ ol oy o)

1

T ’ T r
< Cuo( [ Inn(Dl 0|4, % )

1
T

T , 2
< C10||wk||L2(o,T;H1(Q))(/ |A,(T)]2= dr) "
0
Inserting this inequality in (4.10) we deduce

2—r/

r ! e
lor < Cutllgllzr o700 ( / Ap(0)77 ) (4.16)

Now we take 7 and ¢ as the solutions of the system
1 1 1

Hwk,p

>
[\
K
N

3
[\

|
ﬁ\
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Then, we have

2r! 4(2 — 7'
27", and d:2+w
—-T

Since (7, ) satisfies the assumptions of Lemma 2.4, arguing as in Case 1, we obtain

F=4+

7,./

1
7

T ’
C”wk,éj HQT > (5j+1 - 5j) (/0 ‘A5j+1(t)‘ﬁ dt)
Taking b = 2", C15 = (CC11)",

T A~
' X 2 r
&= [ 150177 at, 52 0.0=Cu(2ldlvoro)
0
) f‘(27/r,)
we deduce from the above inequality and (4.16) that &1 < ;2 It is easy
to check that f(22;/r’) =1+ ¢ with € > 0. Since 2:,

case r € [1,2] and get that & < b for

> 1, we can proceed as in the

11
p = 4max{1, C/yb% }([|uoll L= (o) + [l9]l 70,7527 ()
+ Crlluoll2) + l9ll2@r) + 1Ml 22 ] + MRow).

Hence, Lemma 2.5 implies that |A2,(t)| = 0 and (4.13) holds for a constant K
independent of 7.

V - End of proof. We observe that the equalities
di(z,t,wy(z, 1) = d(x, t,we(z, 1)) and  by(x, t, wi(2,t)) = bz, t, wi(z,1))
hold for every k satisfying

k> K ([luoll= (@) + l9ll-o,r:0(2))
+ Crlluoll2) + 9l 22 (@r) + 1Pl 22(m0)] + Mr.o)-

Hence, wy, is the unique solution of (2.13) and, consequently, it is independent of
k for k large enough. Thus, we can drop the index k from the notation wyg. In
addition, if w € L?(Q) then (4.1) follows from (4.7). To prove (4.2) we proceed as
follows. In the established estimates of &y we replace ||wg| g, by ||w]lq and use (4.1)
instead of (4.9) in the definition of p, which leads to (4.2). Finally, if ug € C(Q),
once again using [8] we deduce that w € C(Qr) for every T' < co. Combining this
and the fact w € L>(Q) we infer that w € C(Q x [0, 0)). 0

End of proof of Theorem 2.2. Setting u = v 4+ w, we deduce from Theorems 3.1
and 4.1 that w € W(0,T) N L>(Qr) for every T < oo and u is the unique solution
of (1.1). In addition, if u € L?(Q), recalling that v € W(I) N L>=(Q), we deduce
that w € L?(Q) as well. Then (2.6) and (2.7) are consequence of (3.1), (3.2), (4.1),
and (4.2) along with the following inequality

lwlizzq) < llullzz@) + vllr2@) < llullzz(q) + MillhllL2(s).-

The inequalities (2.8) and (2.9) are an immediate consequence of (2.1) and (2.2).
If ug € C(Q), the property u € C(£2 x [0,00)) is consequence of the regularity
v,w € C(Q x [0,00)) established in Theorems 3.1 and 4.1. O
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Remark 4.2. In the case where b and d are globally Lipschitz, then the constant M3
in (4.1) is independent of h. Indeed, in the proof of the estimate of |wi| g, carried
out in Step III of the previous demonstration, we have that (4.6) is replaced by
\d (2,1, €)| < L(|€|+|v(x,t)]), where L is the Lipschitz constant of d, hence CMr., =
L. The same applies to b. Then, in the proof of (4.7) Q. ,(7) and Iy, (7) are
simply Q and T, respectively. Then the constants in (4.7)—(4.9) are independent of
v and, hence, of h. Therefore, the constant M3 in (4.1) is independent of h. As a
consequence, Ky in (2.6) is also independent of h.

5. EXTENSIONS AND DISCUSSION

In this section we discuss special cases and extensions of the main Theorem 2.2.

5.1. Global sign conditions on d and b. Here we assume that d and b satisfy
(2.1)-(2.2) and (2.3) with R = 0. For g and h we assume the same hypotheses made
in section 2. Hence, we know that there exists a unique solution w € W(0,T) N
L>(Qr) of (2.5) for every T < oco. Testing (2.5) with u we obtain

1 1
5”“(0”%2(9) + CallullF 20,421 (o) A7 < 5”“@)”%2(9) +/Q (IVul® + av®] dz dr

—|—/ d(x,T,u)udxdT—i—/ b(x, 7,u)udxdr
t Et

1
= §||U0||2Lz(9) +/ gudx dr + hudzdr
Qt Xy

1
< *||U0||2L2(Q) + (||9||L2(Q) + OQ||h||L2(E)) ||UHL2(O,t;H1(Q))
From here we infer that

lullg = sup lullgr < CQ<||“0||L2(Q) +llgllz2@) + ||h\|L2(E>) VI'<oo (5.1)

with Cg independent of (ug, g, h) and (d,b). Then, u € L*(Q) and estimate (2.7)
can be replaced by

l[ull L (@) < Coo<||u0||L°°(Q)

+lgllz2@) + 19l (1)) + 1RllL2(sy + R LS(I;LEI(F)))7 (5.2)

where C, depends on d, b, and monotonically increasing on ||h||12(x)+| A

L#(I;L4(T))-

5.2. Mixed boundary conditions. Here we assume that Assume that I'p is a
measurable subset of I' with strictly positive measure and I'y = T'\I'p. We address
the problem

ot

(5.3)
u=hp on Xp, dpu+blz,t,u) =hy on Xy, u(0) =up in Q,

{ 9u _ Au+d(z,t,u) = g in Q,
where ¥p =I'pxlTand Xy =T'nyXI, hp € W(I) = LA (; HY(Q)NHY(I; H-Y(Q))
and hp, € L™(Xp), hy € L*(En) N L*(I; LY(Ty)) with § + %L < §, g €
L2(Q) N L™(I; LP(Y)) with L + 75 < 1, and ug € L>(Q). For the nonlinear terms
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d and b we assume the conditions (2.1)—(2.3). This equation can be analyzed by
performing the decomposition into two problems

ov .

E—AU:OmQ, (5.4)
v = hD on ZD, 8n1) = hN on EN, 1}(0) =01in Q,

ow N .

i Aw + d(z,t,w) = g in Q, (5.5)

w=0on Yp, 8nw+l;(x,t,w) =0on Xy, w(0) =up in Q,

with d(z,t,w) = d(z,t,v(z,t) + w) and b(z,t,w) = b(z,t,v(x,t) + w). The es-
timate for ||v|[z-(g) can be proved exactly as in Theorem 3.1 simply by select-
ing p > ||hpllr=(x,) and replacing the norms ||Al|zs(r;zery) and [|hl/z2(s) by
|\hn|lLs(r;aryy) and ||An|r2(zy)- In the particular case where hy = 0, we have
the estimate ||v[|p~ Q) < [|hp||L~(xy). Indeed, taking p = ||hp||1(x) and testing
(5.4) with v,(z,t) = v(x,t) — Proji_, 4, (v(z,t)) we get

1 T
SIop (T2 + / / Vo, 2 drdt = 0,
0 Q

where we have utilized that v, = 0 on ¥p. Therefore, v, = 0 and the estimate
follows.

The proof of the estimate for the solution of (5.5) is the same as for the proof of
Theorem 4.1. Finally, arguing as in the proof of Theorem 2.2 we get the estimate

lull L= (q) < K2<||u||L2<Q) +lJuollzee () + 9ll2(@) + I9llLr e )

+ |hpllLeesp) + AN 2 (sn) + ANl Lo (rsna ) + R)~

We point out that the linear term au in the equation was necessary for the
Neumann problem (1.1), but this is not the case if the measure of I'p is positive.
However, it could be included in the equation by considering it as part of the
definition of the nonlinear term d.

5.3. General elliptic operators. Let us consider the following operator in @

Au = — z": 0z, (aijO0z,u) + zn:ajawju + au

ij=1 j=1
with measurable coeflicients depending on (z,t) € @, a(z,t) > 0in Q, a #Z 0, and
. . 1
aiy € L¥(Qr), a,a] € L'(0,T: L(2)) for = + 2% <1 VT < oo

Hence, we have that A : W(0,7) — W(0,T)* defines a continuous operator by
the expression

T n
/ (Au(t), ()1 0y iy dt = 3

0

/ Qij (:Ev t)(%m uaxj vdxdt

i,j=1
JrZ/ aj(x,t)axjuvdxdtJr/ a(z, t)uv dz dt;
j=17@r Qr

see [13, page 137].
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We also assume that there exists a constant C, > 0 independent of T" such that

T T
/ <Au(t),u(t)>H1(Q)*’H1(Q) dt Z Ca/ ||u(t)\|?{1(9) dt Yu S W(O,T)
0 0

In this situation the Neumann condition in (1.1) is replaced by

n n
3nAu = Z Zaijaxiunj.
i,j=114=1
Under these assumptions Theorem 2.2 again holds. Indeed, the reader can simply
refer back to the proof of that theorem and observe that

<14’U,7 up>H1 (Q)*,H(Q) Z <14Up7 up>H1(Q)*,H1(Q)

for up(x,t) = u(w,t) — Proj_, 4, (u(z,1)).

5.4. Finite horizon problems. Looking at the proof of Theorem 2.2, we observe
that the existence and uniqueness of a solution v € W(0,T) N L>*(Qr) of (2.5) has
been established for data ug € L*(Q), g € L"(0,T; LP(f2)), and h € L*(0,T; L4(T"))
with % + % < 1 and % + ”2—711 < % In this section we prove that the same result
holds if we exchange the assumption (2.3) for the following one: there exists A > 0
such that

(d(z,t,up) — d(z,t,u1))(ug — 1) > —A(ug —ur)? Vup,up € R. (5.6)

This assumption is also imposed on b. The existence and uniqueness of a solution of
(2.5) as well as the corresponding estimates can also be obtained if we assume (2.3)
on d and (5.6) on b, or vice-reverse. However, here we assume that d and b satisfy
(5.6) to show how this assumption is used. We take A = 141 (1+K?)(2A+1)?, where
K is given in (2.11), and perform the usual change of variables @(z,t) = e *u(x,t)
to transform equation (1.1) into
ou N _ s O

5 A+ (a+ Na+d(z,t,a) = g in Qr,
Ol + B(w,t,ﬂ) =hon O, v(0) = ug in Q,

(5.7)
where §j = e Mg, h = e >Mh,
d(z,t, @) = e Md(z,t,eMa) and b(x,t, 1) = e b(x, t,eMa).

To analyze (5.7) we proceed as we did for (1.1) by decomposing the equation into
two parts

ov .

5 —Af}—i—(a—l—/\)v:O in Qr, (5.8)
Opv =hon Xr, v(0) =01in Q,

oW _ A A d(z,t,w) =g i

o w+ (a+ Nw+d(z,t,w) =g in Qr, (5.9)

Opw + b(x,t,w) = 0 on Ly, w(0) = ug in Q,

where cZ(x, t,w) = a?(am t,v(x,t) +w) and I;(x, t,w) = i)(.’lﬁ, t,v(x,t) + w), and obtain
the solution to (5.7) as & = v + w.

The parameter A will be fixed below. For the moment we simply assume that
A > 0. Hence, we can apply Theorem 3.1 to equation (5.8), even if a = 0, to deduce
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the existence of a unique solution v € W(0,7) N L*>(Qr) with estimates depending
only on h; see (3.1) and (3.2).
For the analysis of equation (5.9) we set

Czk (.’E, t, w) = d(xv t, Proj[fkr,Jrk] (U})), Bk (CE, t? U)) = IA?((E, i, Proj[fk,jtkz} (’LU))
Using (2.2) and (5.6) we get for every w € R
di(z, t,w)w = e Md(x, t, Moz, t) + Proji_ x5 (w)]))w

_ ef>\t (d(QL’7 t’ e/\t [U(I, t) -+ Proj[*k,Jrk] (w)]) _ d(l’, t, e)\tU(iL’7 t)))w

+ e Md(z,t, Moz, t))w
2

L 1
> —Aw? — Ly|v(z,t)||w| > —?“v(x,t)Q — (A + 2)w?, (5.10)

2

where we have applied (2.2) with M = e ||| (@) and L, = Ly to get the

above inequality. The same inequality holds for l;k As in the proof of Theorem 4.1
we deduce the existence and uniqueness of a solution wy € W(0,T) of the equation

%—Aw+(a+A)w+dk(x t,w) =g in Qr,

Opw + bk(x t,w) =0 on Xr, w(0) =ugp in §,

(5.11)

Using (2.11) with e = m we get

¢

//I;k(m,t,wk)wkdxdT

0

>——//v dedr — (A+ = //wkdxdr>——//v dzdr
—7//|Vwk|2d;vd7 22A+1) //wkdxdT

Recalling the definition of A, using (5.7) and the above inequality, and testing the
equation (5.11) with wy we infer

2

L t
Sl + [ B a7 = 2 [ oy + 1) ey ar

< e ()l2 e + / / [Vl + (a + Nwp] de dr

t
—|—/ /dk(x,ﬂwk)wk d.’Ed’T-l—/ /bk(x,T,wk)wkdxdT
r
HUOHLQ(Q //gwkdmdr

This yields with (3.1)
ok ()l +2 / ok ()21 7

t
< ||uo||2Lz(Q) +€2’\T<||9||%2(QT) + CL?)HhH%Z(zT)) Jr/O ||wk(7')||%2(9) dr.
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Arguing as in the proof of Theorem 4.1 we infer the estimate (4.9) from the above
inequality as well as the L>°(Q) estimate independent of k. Thus w = wy is
the solution of (5.9) for k large enough and @ = v + w solves (5.7). Finally,

u

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

=eMi € W(0,7) N L>=(Q) and the associated estimates hold.
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