Quasi-Monte Carlo integration for feedback control under
uncertainty

Philipp A. Guth? Peter Kritzer? Karl Kunisch*'

September 23, 2024

Abstract

A control in feedback form is derived for linear quadratic, time-invariant optimal control
problems subject to parabolic partial differential equations with coefficients depending on
a countably infinite number of uncertain parameters. It is shown that the Riccati-based
feedback operator depends analytically on the parameters provided that the system operator
depends analytically on the parameters, as is the case, for instance, in diffusion problems
when the diffusion coefficient is parameterized by a Karhunen—Loéve expansion. These novel
parametric regularity results allow the application of quasi-Monte Carlo (QMC) methods to
efficiently compute an a-priori chosen feedback law based on the expected value. Moreover,
under moderate assumptions on the input random field, QMC methods achieve superior error
rates compared to ordinary Monte Carlo methods, independently of the stochastic dimension
of the problem. Indeed, our paper for the first time studies Banach-space-valued integration
by higher-order QMC methods.
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1 Introduction

The design of regulators for controlled dynamical systems is a crucial task across various dis-
ciplines. While the governing equations are known in many real-world scenarios, the precise
values of certain coefficients within these equations often elude our grasp due to measurement
errors, material imperfections, or inherent randomness. A careful analysis of the uncertainty is
thus indispensable in order to ensure that the control objective can be achieved.

In the last decade there has been a lot of research on open-loop control problems under uncer-
tainty [I}, 14} 22, 26]. In these works controls are developed that are optimal with respect to given
performance measures, which allow for different levels of risk aversion [19] [34]. The performance
measures typically involve high-dimensional integrals over the space of uncertain parameters, re-
sulting in computationally challenging problems. Strategies to reduce the computational burden
include, for instance, (multilevel) Monte Carlo methods [27, B0, B9], (multilevel) quasi-Monte
Carlo methods |14}, 18] 24], sparse grids [4, 20], and variants of the stochastic gradient descent
algorithm [11] 25]. We point out that quasi-Monte Carlo methods are particularly well-suited,
since they retain the convexity structure of the optimal control problem while achieving faster
convergence rates as compared to Monte Carlo methods.
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Control strategies that are directly applicable to different problem configurations, such as
varying initial conditions, are highly desirable—especially in the presence of uncertainty. In
contrast to open-loop controllers, closed-loop (or feedback) controllers can be constructed in-
dependently of the initial condition; hence, this is one reason why they are favourable in the
presence of uncertainty. In [I5] a robust feedback controller has been developed for stabilization
problems with uncertain parameters, and has been applied to tracking problems under uncer-
tainty in [I7]. Adaptive choices of feedback controls for systems with uncertain parameters have
been developed in [16, 21].

In this manuscript, parameter-dependent tracking problems over a finite time-horizon 7' > 0
for linear autonomous control systems in the form

Yo :A0y0+Bua+fa ya(o) = Yo, (1'1)

are investigated with state y,(t) € H for every o € & C RN, for time t € [0, 7], and 5 := %y.
The state space H is a separable Hilbert space and identified with its own dual. Moreover,
the space V is another separable Hilbert space which is continuously and densely embedded
in H, leading to the Gelfand triplet V' C H C V’. The time evolution of the state is described
by Ay € L(V, V') depending on a (possibly infinite) sequence of uncertain parameters o € &.
The control operator B € L(U, H) is a bounded linear operator and the control space U is
a finite-dimensional separable Hilbert space. The initial condition y, € H and the external
forcing f € L?(0,T; V") are given and the choice of the control input u € L?(0,T;U) is at our
disposal.

More precisely, we aim at steering the state y, as close as possible to targets g € L?(0,T; H),
gr € H, using a control in feedback form. If the exact value of o was known, one could follow
a classical strategy by considering the minimization of energy-like functionals as

T
T (v ue) = | (106 () = 9O + a1 ) dt + PG —on)l3,  (2)

subject to (1.1, for a given observation operator @ € L(H) and P € L(H). In this way
one obtains an optimal feedback control input us(t) = K(t,ys(t)), with the input feedback
operator K = K, depending on the parameter o, arriving at the optimal closed-loop system

ya(t) = Aaya(t) + BKa(tvycr(t)) + f(t)7 ya(o) = Yo.

If the value of o is unknown, one could find an estimate & for o. Applying the feedback Kz
designed for the estimate &, leads to

Yo (t) = Asyo(t) + BE#(t,yo (1)) + f(1)
= Aﬁya(t) + BKE(t7 ya(t)) + f(t) + (-Aa - Aﬁ)ya(t)'

One may hope that the feedback Kz will have good tracking properties provided that the
estimate & for o is good, in the sense that A, — Az is small.

However, finding a good estimate can be time consuming, computationally expensive or
even impossible in applications. Thus, we propose an input control operator K = Kg, which is
based on the expectation with respect to the parameter o € &. As a consequence the feedback
is independent of a particular realization of the parameter o and can be computed a-priori.
Moreover, we investigate quasi-Monte Carlo (QMC) approximations of the expected value of
the optimal feedback operator:

n—1

Ks = [ K@) udo)~ [ K(@.0)pn(do) =~ 3 K(e®0),  (13)
k=0

Ss



where p and ug are suitable product probability measures over G and G, C R?, respectively. The
infinite-dimensional integral over & is first approximated by an s-dimensional integral over &5 C
R?, introducing the dimension truncation error. Here, the problem is truncated by setting all
components of o with index larger than s to zero, i.e., (65,0) := (01,...,05,0,0,...). The s-
dimensional integral is then approximated by an n-point cubature rule with carefully chosen
QMC integration points o, ..., (1) e &,. QMC rules are equal-weight quadrature rules
that are frequently used for approximating multi-variate integrals on bounded domains. In
this context, one tries to make a smart choice of the integration nodes in order to obtain
sufficiently fast error convergence for integrands with suitable properties; two prominent classes
of integration node sets are lattice point sets and polynomial lattice point sets, which we will
both use in this paper. For general introductions to the field, we refer to, e.g., [6l 8, 10, 29] B37].
The key contributions of this paper are:

o The parametric regularity analysis of the feedback law K (o) = K,, consisting of the
solution of a differential Riccati equation II, associated to the optimal control problem
and the solution hs, of an additional differential equation in the nonhomogeneous case.

e Convergence rates for the approximation that are superior to ordinary Monte Carlo
rates for sufficiently smooth input randomness, independently of the dimension. As we
will show, the integrands considered in this paper are infinitely smooth so that we can
obtain error convergence rates of arbitrarily high polynomial order when using suitable
integration methods. This manuscript is the first study of higher-order QMC methods for
the approximations of integrals with integrands taking values in separable Banach spaces.

e The propagation of the total approximation error to control and state trajectories and the
quantification of the suboptimality of the proposed feedback ([1.3)).

1.1 Contents

The manuscript is structured as follows. In Sect. 2] we state our working assumptions which
ensure that the optimality conditions of the parameterized linear quadratic optimal control
problem can be formulated as a parameterized family of linear operator equations. In Sect.
under parametric regularity assumptions on A, we show that this parameterized family of linear
operators falls into the class of p-analytic linear operator equations, which directly provides us
with parametric regularity results for the optimal state and adjoint state. In Sect. [4 we show
that the optimal feedback operator inherits essentially the same parametric regularity as the
optimal state and adjoint state, which is then used in the quasi-Monte Carlo error analysis in
Sect. [fl We investigate how the approximation error of the feedback operator propagates into
the controls and state trajectories in Sect. [6]

1.2 Notation

Given real numbers r < s and separable Banach spaces X and ), the space of continuous func-
tions from [r, s] into X" is denoted by C([r, s]; X') and the Bochner space of strongly measurable
square integrable functions from the interval (r,s) into X is denoted by L?(r,s; X) and we also
denote the subspace W (r,s; X,)) := {v € L?(r,s;X) | © € L%(r,s;Y)}. Since the time hori-
zon T > 0 will be fixed throughout this manuscript, to shorten the exposition, sometimes we
shall denote

Xr = L*0,T;X) and Wp(X,Y):=W(0,T;X,)).

By L£(X,Y) we denote the space of linear continuous mappings from X into ), and in
case X =) we use the shorter L(X) := L(X, X).



Throughout this manuscript, boldfaced symbols are used to denote multi-indices while the
subscript notation m,; is used to refer to the 4 component of a multi-index m. Further, let

F:={meN}||m| <o}

denote the set of finitely supported multi-indices, where the order of a multi-index m is defined

as [m| := 37,5, m;. For a sequence o := (0;)32; of real numbers and m € F, we define
gm gm2 o omy
oy = and o™= |]o;"
7 80’1 80'2 ’ ]]‘—[1 7

where we follow the convention 0° := 1. Further, we write Omo = 1ifm; =0Vj > 1land dpmo =0
otherwise.

For positive integers ¢, m with ¢ < m we write {¢ : m} to denote the set {¢,/+ 1,...,m}.
Furthermore, for u C {1 : s} and a point € [—1,1]*, we write &, to denote the projection
of  onto those components corresponding to the indices in u. For x = (z1,...,2;) and y =
(y1,...,ys) € [—1,1]°, we write (xy: y{lzs}\u) to denote the point z = (z1,..., zs), where

Z; if Jj €u,
Z2i =
! y; otherwise.
In order to indicate that an object G depends on a parameter sequence o € &, we use both

notations G(o) and G, (even for the exact same object) throughout the manuscript.

2 Optimality conditions of the parameterized linear-quadratic
control problem

We assume that the parameter-dependent operator A, in (|1.1]) can be associated with a contin-
uous and V-H-coercive parameter-dependent bilinear form a(o;-,-), that is

(Agv,w)yr v = —a(o;v,w), Yo,w eV, Veoe6, (2.1)
where 3(p,6) € R x [0, 00) such that
a(o;v,v) + pllv]|3 > 0|lv||3 Yo €V and Vo € 6. (2.2)

In addition we assume that the operators have a uniform upper bound, that is

[Asllzevyy <Ca Vo € 6. (2.3)

Then, we define the parameterized family of parabolic evolution operators A, := A(o) €
LWp(V, V'), V] x H) as

(Agw, (v1, U2)>V%><H,VT><H = <w7vl>v¢;,VT - (Aaw7vl>vf,vT + (w(0),v2) 1 (2.4)

for all w € Wp(V,V’) and all v = (vi,v9) € Vp x H. Using the parabolic operator A, the
necessary and sufficient optimality conditions for (1.2)) subject to (1.1)) can be written as

Alo)y(o) = (B“(‘;j + ) (2.5a)
Aoy’ (ggg‘;i) —-QQy(e) ~ 9) — ExP"P(Erylo) — g) (2:5b)
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u(eo) = B*q1(o), (2.5¢)

where for ¢ € [0,7] the operator E; : Wp(V, V') — H evaluates a function at time ¢. Note

that (2.5a)) is an equivalent formulation to (1.1)). Further, the adjoint equation (2.5b)), for
every o € 6, is understood in a weak sense as

(w, —gi(0) = Azq1(@)) vy vz + (W(T, ), 1 (o3 T, )
—< (0,),q1(e30,-)) 11 + (w(0,-), g2(0))
—(w, @°Qy(o) = 9)) by — (w(T,-), P*P(yr(o) — g7))u

for all w € Wp(V, V'), In particular, testing with w € W (V, V') satisfying w(T,-) = w(0,-) = 0,
leads to —qi(o) — ALqi(o) = —Q*Q(y(o) — g), and thus ¢1(o) € Wp(V, V') for every o € 6.
Then, testing with w € Wy (V, V') satisfying w(T,-) = 0, leads to ¢1(o;0,:) = ¢2(o). Finally,
testing with arbitrary w € Wp(V, V') leads to ¢1(o;T,-) = —=P*P(yr(o) — gr).

Using the additional regularity of the adjoint variable ¢1(o) € Wr(V, V') the optimal state-
adjoint-pair (y(o),qi(o)) € Wp(V, V') x Wp(V, V') can be found by solving

f
y(o) ) _ Yo /
G(o) <q1(0)> = | 904 €Vypx Hx Hp x H, (2.6)
P*Pgr

where, for every o € &, the operator G(o) € L(Wr(V, V') x Wp(V, V'), V] x H x V. x H) is

defined as

d *
Ey 0
QQ —F-A;

P*PEr Er

G(o) = (2.7)

In the next section we specify the parametric dependence of the dynamics and then inves-
tigate the parametric regularity of several quantities of interest related to the optimal control
problem.

3 Parametric regularity analysis

In order to derive parametric regularity results for the feedback law K, = K (o) in Sect. |4 we
rely on the concept of p-analytic operators. We shall verify that G, is a p-analytic family of
operators, utilizing a parametric regularity assumption on A,. To this end, let

o= (01702,...705,...)66:: [_1/271/2]N

which we equip with the uniform product probability measure

p(do) = do = ) do;.

j=1

Definition 3.1. Let X and Y be two separable Hilbert spaces. A family of bounded linear
operators {G(o) € L(X,Y') | o € &} is called p-analytic, for p € (0,1], if the following
conditions hold:

(i) The family of operators G(o) has a uniformly bounded inverse, i.e., there exists a con-
stant Cy > 0 such that

sup |G(o) | v, x) < Ch (3.1)
oc6



(ii) There exists a nonnegative sequence b = (b;)jen € #7(N) such that for all v € F \ {0} it
holds that

sup IG(0)~(85G(0) |l £(x,x) < C1b". (3-2)

Solutions of linear operator equations are analytic functions of the parameters o, if the
operator is p-analytic. This fact is made precise in the following theorem.

Theorem 3.1 ([22, Thm. 4]). Let G(o) be a p-analytic family of operators. Then, for every f €
Y’ and every o € &, there is a unique solution y(o) € X of the parameterized operator equation

Glo)y(o)=f in Y’
Moreover, the parametric solution y(o) depends analytically on the parameters, with

sup [|Gzy)(@)llx < Cullf Ty [v]'b”
[4S
for all v € F, where bj = b;/1In2.

3.1 Affine parameter dependence

Consider a family of operators G, which depends on the parameters o € & = [~1/2,1/2]N in an
affine manner. This situation arises, e.g., in diffusion problems where the diffusion coefficients
are parameterized in terms of a Karhunen—Loéve expansion [2], [36]. More precisely, consider a
family (G;);j>0, where G; € L(X,Y”) for each j > 0 such that G, can be represented as

G(O’) = Go + ZO’jGj.

j>1

If Gy = G(0) satisfies (3.1)) with a constant % and the fluctuations G; are small relative to G¢ in
the sense that there exists 0 < £ < 2 such that 37,5, HGalG]‘HL‘,(X) < K, then G, satisfies ((3.1])

and (3.2) with C = m and b; = %, j > 1, see [35, Coro. 1].

3.2 Uniform bounded invertibility of A and G

In this section, we show that the norms of the inverses of the parameterized family of saddle
point operators are uniformly bounded with respect to o € G, i.e., satisfy . To do so,
we first derive such a bound for the parabolic evolution operators.

Similar bounds have been obtained in [22], where it is shown that saddle point operators
of linear quadratic control problems subject to p-analytic parameterized parabolic evolution
operators are p-analytic, see [22, Thm. 22].

However, the continuity and inf-sup condition constants derived in [22] involve the con-

S — [w(0,)ll
stant 0 = SUPgLyew, (Vv Tl vy

constant becomes unbounded as T — 0, rendering it unsuitable for our subsequent analysis. In-
stead, we derive bounds that are uniform with respect to o € G and remain bounded as T — 0.
Moreover, our bounds depend continuously and monotonically on the time horizon 7. This, in
conjunction with the time-invariance of the problem, will enable us later in Sect. [£.1] to establish
the analytic dependence of the feedback law at any time ¢t € [0, T'.

Lemma 3.1. Under the assumptions (2.1)), (2.2]), and (2.3)) the parameterized family of parabolic
evolution operators Ay € L(Wrp(V,V'), V] x H), as defined in (2.4), has uniformly bounded

inverses

depending on the time horizon 7. This embedding

”A:;IHL(V%XH,WT(V,V’)) <eca(T) Vo€,

with T — ca(T') continuous and monotonically increasing and independent of o .



The proof of Lemma [3.]] follows standard arguments and thus is presented in Appendix [A]
for completeness. Under the conditions of Lemma we next derive a uniform bound for the
inverses of the parameterized family of operators G, defined in (2.7]).

Theorem 3.2. Under the conditions of Lemma[3.1], the parameterized family of operators G, =
G(o) € LWp(V, V') x Wp(V, V"),V x Hx V] x H), as defined in (2.7), has uniformly bounded

nverses
||G;1||£(V;xHxv%xH,WT(v,V/)xWT(V,V/)) < cg(T), Vo € 6,
with )
cg(T) = (€y(T)* + €(T)?)z,

independent of o € &, and depending continuously and monotonically on T, where

¢ (T) = ea(T)’2 (¢ (14 1QQlleeanyd €y (1)) + 1+ 1P P2y (1+ 67" +2pTe*T) ),

€y(T)? := ca(T)*(cyf | BII2w,m)€u(T)* + 1),

(D) =2 (|QU % rea(T)? + 1Pl (1+ 07" +2pTe*™) + 46(T))
with € := 14+071 +2pTe?T | and cyy and ¢y denoting the embedding constant || - ||y < cul| - ||z
and || - |lg <cv|-|lv, respectively.

Proof. For every o € &, we will show that, for arbitrary functions (a,b,¢,d) € Vi x Hx V] x H,
there exists a unique solution (wy,ws) € Wp(V, V') x Wp(V, V') of

wi(o)) _ |b
G(o) <w2(a)> = 1.l (3.3)
d
which depends continuously on (a,b, ¢, d). First, observe that can be written as
wi (o) — A(o)wi (o) = a + Bu(o) (3.4a)
w1 (0;0) = (3.4b)
—a(o) — A(o)wa(o) = (Q Qui(o) —¢) (3.4¢)
wa(o;T) = —(P*Pwi(o;T) — d) (3.4d)
u(e) = Blws(o). (3.40)

Moreover, for every o € &, the set of equations (3.4 defines necessary and sufficient optimality
conditions of the linear quadratic optimal control problem min,, (4)u(s) J(w1(0), u(a)), subject
to (3.4a) and (3.4bf), where

(Hle( Wy + llule) |7, + HPwl(U;T)H%{)
—(wi(e), vy vy, — (wi(os T), d) i

The existence of a minimizer (wy (o), u(o)) of this linear quadratic optimal control problem (and
thus the existence of a solution (wq(e), wa(e)) of (3.3)) follows by the direct method in calculus
of variations. Furthermore, the minimizer is unique since J is strictly convex.

Next, we will prove that G(a)~! is uniformly bounded with respect to o € &. For this
purpose, it remains to obtain a uniform bound on w; (o), wa(o) in terms of (a,b, ¢, d).

To this end, denoting by w1 (o) the solution of the uncontrolled system , we observe
that, for every o € &, the optimal state-control pair (w;(o),u(o)) satisfies J(wi (o), u(o)) <
J(w1(o),0). Thus,

l\.’)\r—t

J(wi(o),u()) :

—_

Slu@)I, < 5 (1@ (@)l ~ 1Qui (@) 3, + | Pwr(os T3 ~ | Pur (e 7))
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—(wi(o) —wi(o),c)p, — (wi(o; T) —wi(o;T),d)m
< 5 (1Qur(@) 3, + 1 Pws(o: T
+ ()~ wn (@) + gllelliy + g lma(o:T) — wa(s T3 + ol

for an arbitrary € > 0 with Young’s inequality. Denoting by ¢y the embedding constant || - ||z <
evl - |lv, we obtain

[@1(0) = wi(@) |7y < FllD1(0) = wi(@)[[T; < @1 (o) = wi(e) [y, vyn-

We note that by the linearity of the state equation, w (o) —w; (o) solves (A.1) with f = Bu(o)
and y, = 0. Thus, from Lemma [3.1] it follows that

@1 () — wi (o), < C%CA(T)HBU(U)H%/% < C%/CA(T)C%I”BH%(U,H)HU(U)HQUTv (3.5)

where cp denotes the embedding constant || - ||y < cg|| - ||g. Further, from and (A.4)
below we conclude that

_ 1
105 7) — s (o T) [y < (9+2pTe2f’T)c%{HBH%(U,H)Hu<a>H%JT-

Setting ¢(7T') := (% + 2pTeT 4 c%/cA(T)) c?{HBH%(U’H), we arrive at

(5 - =00 lu(@lE, < 5 (1@ (@), + | Pos(e DI + Zlelfs, + 2 1dl ).

and selecting ¢ = ﬁ gives
lu(@) %, <2 (1Qwi(e)lIE, + [P (o D) +46(T) (llelf, + 1) )
< 2 (1Q1 7z 101 (o) 132, + I P2y 11 (o5 Ty + 4(T) (llellze, + 13 ) ) - (3.6)
Moreover, using together with gives
103 T < W0l + 267" ([0l + lally,) + 5 lall

1
o+ 20T D) ([blI + llaly,)- (3.7)

< (1
7(+9

Further, with le(a)H%{T < C%/”wl(G')H%/T < C%/le(a)”%vT(v,V') and Lemma we have
tlﬁat w1 () |7, < cgea(T)?([[bll7 + ||aH2%). Then, together with (3.6) and (3.7) we conclude
that

1
(@), < 2 (Nl et ealT)? + IPI2n (1 + 5 + 20T (bl + )
+86(T) (llellf, + ldl1% )
and thus
(@), < T lalFy + 1015 + el + ) 38)

with €,(T") as above.
From (3.8) and Lemma it follows that

lw (@) iy, vy < ca(T)?(|Bu(o) + all, + bl7)
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< &(T)*(llallvy, + 161 + llelity, + lldliz)-

for every o € & with €,. Analogously to ({A.7) we obtain for the adjoint equation (3.4c|)—(3.4d)
the following estimate

lwa(@) By vy < calD? (I1Q*Qui(a) = ell}, + 1P Pun (o T) — dlf% )
= €2 (llallty + bl + el + I3,

for every o € &. We conclude that for every o € & it holds that

H(wl(a)’w2(a'))H%/VT(V,V’)XWT(V,V/) = le(a)”%/VT(V,V’) + Hw?(U)HI%VT(V,V/)
< (&5 + &) (llallsy + N1BlF + lleliyy, + dllF).

which shows the desired result. O

3.3 Parametric regularity of A and G

In Theorem we have shown that G, ! is uniformly bounded with respect to & € & by
a constant cg(T) provided that A_! is uniformly bounded by a constant c4 (7). Similarly, the
following result shows that the parametric regularity of A, determines the parametric regularity
of Gg.

Theorem 3.3. Let the assumptions , , and hold, and assume that there exists a
sequence b € (P(N), for some 0 < p < 1, of nonnegative numbers, such that 105 Asll vy < b’
for all v € F\ {0}. Then, for every o € S, the tracking problem of minimizing J (Yo, Us)
subject to over (Yo, Uq) can be formulated as an operator equation (2.6), and the associated
operator, as defined in , is p-analytic with the same regqularity parameter p. Moreover, from
Theorem[3.1] it follows that the state and adjoint state depend analytically on the parameters o €

G:
v (Y
()@

for all v € F, with b; := Ej/ln 2, and a constant cg(T) > 0 depending continuously and
monotonically increasing on T and which is independent of o € &.

S

v Yo
< cc(T)|v|'b . , 3.9
<cle || 2 (3.9)
P*Pgr

WT(Vvvl) XWT(Vzv/)
Vi xHXVxH

Proof. From Lemma we know that G, satisfies (3.1) with constant cg(7) > 0. Hence, it
remains to show that there is a nonnegative sequence b € ¢P(N), such that for all v € F \ {0},
the operator G, satisfies (3.2)).

In order to prove this, we observe that for all v € F\ {0} and for all (wq,ws) € Wp(V, V') x
Wr(V,V') we have
1G(0) ™ 07G(e) (wr, w2y vy (vivry < €g(T)? 105G (@) (wr, wa) [V vy it
= cg(T)? (05 Agwr |3, + 10 Ay sl )
< CQ(T>2H8:;AUH%(V,V’)H(wlv w2)”124/T(v,v')xWT(v,V/)~

Thus, it holds that

TV

1G(0) ' O5G (o) | cow (vivry s (vivry) < cg(T)B,

and G4 is p-analytic with the constant cg (7). O



We remark that the condition that there exists a sequence b € ¢P (N), for some 0 < p <
1, of nonnegative numbers, such that [|0y A v,y < b’ for all v € F\ {0} follows from
assumption provided that A, satisfies . In particular, if A, satisfies for some
sequence p, then we can take b; = C4C1pj, j > 1.

Since || - ”%/VT(V,V’)XWT(V,V’) = le/VT(V,V’) + - HIZ/VT(V,V’)’ the bound (3.9) holds in particular
for the state and adjoint individually, that is

105y) (@) lwr vy < cg(T)WO[[(f, yo, Q" Qg P*Pyr)llvyxmxvixn (3.10)

and
10 a1) (o) lwyvivry < eg(D)V|BY([(f, yo, Q" Qg, P*Pyr)llvy s rrxvyxh- (3.11)

3.4 Parametric regularity of the optimal cost

In order to establish the parametric regularity of the feedback law in the next section, we first
investigate the parametric regularity of the following quantities of interest (Qol) related to the
objective functional ([1.2)):

0511Q(y(e) — 9)llr,| and |07 |u()llE,| and |0F]|P(yr(a) - gr)lF]. (3.12)

For future reference, we include the general cases 0 # g € Hp and 0 # gr € H in the
following regularity analysis: for g independent of o, we have d%g = g if v = 0 and 959 = 0
otherwise.

Lemma 3.2. Let the assumptions of Theorem [3.5 hold. Then, it holds that
051Qy () — )7, | < CL(T)(|v| + 1)1
07 u(a)I, | < Co(T) (] + 1)1b”
071 P(yr(o) — gr(o)IF] < C5(T)(jv| + 1)!b”,

for all v € F, where
* *k 2
C1(T) = Q) (cveg(TI(f, 90, Q°Qgs P*Pyr) vz xrxvixa + 19l ar)
Co(T) = HBH%(U,H)C%/CQ(T)QH(fa Z/OaQ*anP*PQT)H%/%xHxV%xH
C5(T) := 1PN 2y (lgrllr + (eg(T)* + DI 90, Q° Qg P* Pyr) vy srrcvym)”.

In particular, the following regqularity result holds for the optimal cost,

Cy(T
027 (o ua)| < S (w4 e, (3.14)
for all v € F with C4(T) = Y3_, Ci(T) depending continuously and monotonically increasing

on T.

Proof. Let v € F. We begin with the first Qol in (3.12). Using that @ is independent of o € &,
with (3.10)), we have

105Q (o) = 9z < (105Qu(o) 1y + 107Q9lHr) < Colv|'D”, (3.15)

where C, = [Qllequny (eveg ()| (. 4o @ Qs P*Par) vy srsevsr + gl )- Then, for the first
Qol in (3.12]) we have

051Q(a) — 97z, = 105(Qy(e) — 9), Qy(o) — 9)) s |
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= | Z( )amQ y(o) = 9),97 " Qy(a) — 9)) Hy |-

m<v

Using the Cauchy—Schwarz inequality, the triangle inequality, and (3.15]) we obtain

Q@) )l | < X ()it — i

m<v

v

v v v
=C2bY > _|e(lvl =0 Y <m> = C2b”(lv| + 1)1,
=0 |m|=¢
m<v

where we used the Vandermonde convolution 3|, (,,) = (M = %
m<v

For the second Qol in (3:12) we use the optimality condition (2.5d), i.e., u(o) = B*qi(o).
Using the Cauchy—Schwarz inequality and the triangle inequality, and (3.11)) yields

14 * v M * V—1m p*
0711 B a1 (o)llE | < <m> 105 B*q1(0)|lu 1105~ B q1(a) ||u

m<v

v m * *
< Z <m>HB”£(U,H)CVCg(T)m‘!b I(fs 90, Q" Qg, P PgT)HVT’xHXV:,’,xH

m<v

X 1Bl e mycveg(T) v — mW ™ [(f, yo, Q" Qg, P*Pyr)llvy x rxvyxcr

V|
* * v v
< ”BH%(U,H)C%/CQ(T)QH(fayO:Q anp PgT)"%/%XHXV%XHb E :|€|'(’V’ —E)! E <m>
=0 |m|=¢

m<v

— B .)€ o (D (F. s @ Q9. P*Pr)[ 2 vyt (] + 1L,

where we used the Vandermonde convolution as in the steps for the first Qol.
In order to prove the bound for the third Qol in (3.12)), we use the following estimate:

10556 (D)7 — 195 yo (0)II7; = 3 || o Yo (t IIHdt—2/ (1), Ogyo (1)) v,y di

< 2SO vy 1050 v < 10830 vy
Together with (3.10)), this leads to
10556 (D)7 < 10550 v, vy + 19690 (0) I
< (co(T)2 + V(W16 21 (. 50 Q" Q9. P* Pgr)Es s srev et (3.16)
where we used (9% (0)]% < (V116)2)(f, s @ Qg P Par)l3, s prsy e for all v € F. Then,

setting Cier := (cg(T)% +1), and by application of the Cauchy—SchwarZ inequality as well as the
triangle inequality, we get by (3.16)

07N P(yo(T) = gr)E] < (;)H%”P(%(T) —97)|la10"" P(yo (T) = 97) || u

m<v

= Z (;) PO (yo (T) — gr) | |POL ™ (yor (T) — g7)|| 1

m<v

IN

1Pl > (;) 195 (o (T) = 92) 121195~ (o (T) = 1) 1.

m<v
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Since gr is independent of o € &, we have for all v € F that ||07gr|n < du,0lv['0”|lgrllm <
['6” ||gr|| g Setting Cier := Cherl|(f, 0, Q" Qg, P*PQT)HV%XHXV%XH we get by (3.16)

|05 1P (yo (T) = 7)1

v ~ m ~ v—m
<Pz D <m> (lgrlla + Crer)[m|™ ([lgr [ + Crer)|v — m|b

m<v

o v m v—m
< 1P ol + Coer)® 3 (m) 1B — b

m<v

<P Zey (lgzrlle + Crer)*(Jv] + 1)1,

which proves the desired result. O

4 Analytic dependence of the feedback law on the parameters

It is well-known that the optimal control, minimizing (1.2)) subject to (1.1]), can be written as a
feedback law (depending on o) applied to the optimal state, that is

u(o) = K(o,y(a)).

In order to apply QMC integration to approximate the mean-based feedback in Sect. |5, we
investigate the regularity of o — K(o). In fact, under the conditions of the previous section,
we will show that the optimal feedback law depends analytically on the parameters.

In the presented parameterized linear quadratic optimal control problem the feedback is
based on a parameter-dependent differential Riccati equation. In [33] the authors investigate
the analyticity of the solution to the algebraic Riccati equations with respect to perturbations in
the system matrices. However, no bounds on the derivatives are provided, which are of central
importance in our work.

We divide the following analysis into two cases: first we investigate the case g = g7 = f =0,
and then we consider nontrivial target functions g and gr as well as nontrivial external forcing f.

4.1 Homogeneous constraint
In the homogeneous case, with f = g = gr = 0, the optimal feedback law is given as
Ky(t) = —=B*'l,(T — t), (4.1)

where I1,(t), for ¢ € (0,T), solves the operator-valued differential Riccati equation

I, =, A, + A, Il, — I, BB*Il, + Q*Q, I1,(0) = P*P. (4.2)
For our analysis, we will use the fact that for all o the optimal cost is given by
1
§<HU(T)yO>yO>H =T (Yo Uo), (4.3)

and that ¢;(o;0) = I5(T)y.. First, we show that 0%¢q;(o;0) € H, and thus 0411, (T)y. € H,
for all v € F. To this end, we estimate, similar to (3.16)),

10701 (o )7 < 195a1(a5 ) [fy vy + 105" Py(a: Tl < C(jw|b”)?,

for some C' > 0, where we use ¢1(0;T) = —P*Py(o;T), as well as (3.11]) and (3.16]). Thus, we
have 0% (1o (T) Yo, Yo) rr = (O4116(T)yo, yo) i for all v € F. Taking the v-th derivative of (4.3),
we find due to Lemma (3.2

(O s (T) Yo, yo) m| < Ca(T)(Jv| + 1)IB”, Vv e F,
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where Cy(T) is defined in Lemma In the case f = g = gr = 0 we have

ou(T) = (IQI2 i  ea(T)? + 11 B2 w0 ea(T)? + I P2 (2eg(T)? + 1)) ol

Since 0411,(T) is bounded, linear and self-adjoint, taking the supremum over all initial
conditions y, on the unit sphere in H leads to

105116 ()|l oy = sup [(OTo (T)yo, Yo) 1.
l[yoll =1

Thus, it holds that

10T (T) iy < sup (Ca(T)(w] + DIBY) = Cs(T) (w] + 118", (4.4)

lyollm=1

with C5(T) := (|QU2 ) ea(T)? + | BI2 1y b g (1) + P2 1) (26(T)? + 1))

To bound II,(7) for 7 € [0, 7] consider with T replaced by 7. In view of the autonomy
of Ay, B, P, and @ the corresponding Riccati equation is restricted to [0, 7]. Thus, we can
replace T in by any 7 € [0, 7] and then take the supremum over all 7 € [0, T] leading us to

10510 ()l < sup. (G5 (w] + 1)) = C5(T)(Iw| + DB, (4.5)

since C5(T") is continuous and monotonically increasing in 7.
We have thus shown the following result.

Theorem 4.1. Under the assumptions of Theorem the feedback law (4.1) depends analyti-

cally on the parameters o € & with
106 (=B o (T = )l (rr,vy < 1Bl e, Cs(T)(lw| + WY vt €[0,T7],

forallv € F.

4.2 Nonhomogeneous case

Let us consider the nontrivial tracking problem with g # 0 and g7 # 0 in , as well as f # 0
in . After the variable transformation x4, := ys — ¢ the nonhomogeneous term r, :=
f(t) + Azg(t) — g(t) naturally arises in the state equation of tracking-type problems. We recall
the following result from [3, Thm. 7.1, Part IV, Ch. 1], for which we assume the additional
regularity f € Hy and g € W12(0,T; H) N L?(0,T; D(Ay)).

Theorem 4.2. Given o € S, let I, € C([0,T];L(H)) denote the unique self-adjoint and
nonnegative solution of (4.2)). Then, there exists a unique minimizer (Tq,us) of (L1.2)) subject
to (1.1). This optimal pair satisfies, fort € (0,T),

1. uy is given in feedback form by
Uug(t) = —B* (Ig(T — t)xe(t) + he(t)); (4.6)
2. xg is the mild solution to the closed-loop system
to(t) = (Ay — BB™Ilx(T — t)) x5 (t) — BB hy(t) 4+ 14 (1), z(0) = xo;
where

_ha(t) = (At*r - HO’(T - t)BB*) ha(t) + HO’(T - t)T’o-(t), hcr(T) = 0; (47)
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3. the optimal cost is given by

T (w,u) = 4 (Mo(T)re, 20} 1 + (o (0), )1

+/ (o). 7 (5)) 11 = 5B R ) .

We see from ([4.6) that, for ¢ € [0,T7], the optimal feedback K4(t, ) : H — U in the nonho-
mogeneous case is an affine function of the optimal state z4(t). It is given by

Ka(tv ) =-B" (HU(T - t) : +ha(t))'

The parametric regularity of the linear part —B*Il, is derived in Sect. Thus, it remains to
investigate the parametric regularity of h,. For this purpose we make the following assumptions:

D(A,) is independent of o € S and D(A,) = D(A}) for all o € 6, (4.8)
Ja sequence of nonnegative nuNmbers beP(N) with0<p<1 (4.9)
such that |0y As |l 2(p(a),m7) < b Yve F\{o},

|l Asll 2(paym) < Ca Vo €&. (4.10)

In view of (4.8) we will denote D(A) = D(Ay) = D(AY) for all o € 6.

Proposition 4.1. Let the assumptions (2.1)), , , , , and (4.10) hold, and

assume that there exists a sequence b € P(N), with 0 < p < 1, of nonnegative numbers, such

that [|05 Ag |l vy < b” for allv € F\ {0}. Then, the solution he of [&.7) satisfies

”85h0'||WQQ(V,V’) < (1+C)max{|1/|—1,0}05u,0(0+02)1—5y,0(|u| _‘_2)!bu7 Vv e F,

N | =

with b; = l;j/ln 2, for some constant C' > 0 independent of o € &.

Proof. Let us define W(V, V') := {w € Wp(V,V') | w(T) = 0} and the parametric evolution
operator Dy = —4 — (A% — TI,(T — t)BB*) mapping from W(V,V’) to V., so that we can
write (4.7)) as

Dohy = Tyry. (4.11)

Following the arguments in the proof of Lemma and using the uniform bound on I, ((4.5)
with v = 0), it can be shown that there is a constant ¢cp > 0 such that || D ”L(V%,W%(V,V/)) <e¢p

for all o € &. Moreover, for arbitrary w € W2(V, V') and for all v € F \ {0}, we find
105 Dowllvy, = (|05 Azw — 9511 BB w||y;,
< (HagAzHL(V,V’) + CHCV||3ZHUBB*”£(H))||w||Wg(V,Vf)7

where cy and cy are the embedding constants || - [[y: < eyl - |lg and [ - |# < ev| - [lv,
respectively. Recalling that [|0y Al (v, < b” for all v € F\ {0}, and by (&.5) and the fact
that l;j < bj, j > 1, we have

195 D [l cwa v,y < CO7 + (Jv] + DIBY) = C(lv| +2)1b”, (4.12)

for some C' > 0 independent of o € &. Thus, D, is a p-analytic operator. However, in
order to deduce the parametric regularity of the solution h, of (4.11)), we cannot directly apply
Theorem since the right-hand side in (4.11)) depends on o € &.
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Instead, we will prove the result by induction on |v|. For the base case, v = 0, we esti-
mate the right-hand side of ({.11): by (4.10) we have for v = 0 that ||057¢ | m, < ||f||HT
Callgll sy + |9l mp for all o € &. Together with the uniform boundedness of I, and D_ ', the
base step ||hs ||W% (v,yry < C follows. For the induction step let v € F'\ {0}. By (4.9) we have

that |9y7o ||y = 105Acgll iy < 105 Asll cpeay,m 9l e < llgllmrd”, and thus
10575l < Ceb”,

for some constant Cg > 0 independent of o € &. In the following, let v € F. Then, by (4.5))
and the Leibniz product rule we have

Hr

10T (T — t)ro (¢ HHT—H2< )amn (T =13 "rq (1)

m<v

< 3 () mi i

m<v
|v|

— CH(T)b” (L + 1) W < C7(T)b” (|v| + 2)!, (4.13)
/=0 :

where C7(T) = C5(T)C6 and ZN)j < bj, j > 1.
Applying 0% to (4.11]) leads by the Leibniz product rule to

v m rv—m _ v m _ v—m
n;y <m> O De0% ™hy = mz;y <m>a Oy (T — t)0" ™ry(t),

provided that the derivatives of h, exist. Their existence can be shown as follows: separating
out the m = 0 term on the left-hand side leads to the recurrence relation

v v m v—m v m v—m
Doy =— 3. <m> 0T Dpds ™ hy + > <m>a I, (T — )" ™74 (). (4.14)
m<v m<v
m##0

The existence of 05 he follows from by induction on |v|: for v = 0 it follows from .
Then, with and the existence of 04 hs follows from for any v € F assuming
that it has been shown for all multi-indices with order less than |v|.

Furthermore, leads to

174 v — m vV—m
Haahang(v,v') < Z (m) HD(rlaa' Dﬂ'aa hUHW,?(V,V’)

m<v
m#0

v —1lam v—m
+ ) <m>IID015 o (T = )0" 1o () [wo v,y

A v m v—1m A v
<0y (m>(|m+2)!b 102 e llwa s + Cllv| + 216,

for some C > 0 independent of o € &. Then, setting C = 2C, by Lemma in Appendix B
we have

1
H@ghaHW%(V,V,) < 5(1 + C)max{|1/|*1,0}05u,0 (C 4 02)175u,0(|u| + 2)|bu7

which proves the desired result for all v € F. O
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The regularity results for the feedback are summarized in the following theorem. The result
directly follows by combining the embedding max;c(o 17 |05 he (t) |1 < C(T) (|05 ho llwy(v,v7) With
Proposition and Theorem

Theorem 4.3. Under the conditions of Proposition we have

s (105(-B (T = ) e + 105 (=B o 0)10) < 1Bl C 1w + 208"

for allv € F and a constant C>0 depending on T > 0, but independent of o € G.

This regularity result is used in Sect. [f] for the error analysis of the QMC approximation of
the mean-based feedback (|1.3)).

5 QMC approximation of the feedback K

In numerical practice ([1.3)) signals the necessity of approximately evaluating integrals of the
form

/ Ho(t)do,
[-1/2,1/2]N

for fixed t, where
Hg(t)=—B'lly, € Z=L(H,U), or Hy(t)=—B*hy € Z =U.

For this purpose, in the following section we investigate the potential of QMC methods for
the feedback optimal control problem of minimizing subject to .

The QMC approximation of integrals with Banach space-valued integrands was first studied
in [I4], where the error analysis is presented for randomly shifted lattice rules. Higher-order
QMC methods have been studied in [24] in a Hilbert space setting. In order to use higher-order
QMC rules for the approximation of integrals over the feedback law, we provide a novel error
analysis for higher-order QMC rules in separable Banach spaces.

Recall that the state space H is a separable Hilbert space. This separability assumption
allows to guarantee that L(H,U) is a separable Banach space [40, Prop. 3.13], since in our
case U is chosen to be finite-dimensional. Furthermore, by Theorem the mapping o — %,
is continuous. Thus, o — G(%4) is continuous for all G € Z', and in particular it is measurable.
By Pettis’ Theorem 7 is strongly measurable. Moreover, the upper bound in Thm. implies
with Bochner’s Theorem that J#; is integrable over & = [—1/2,1/2]".

Our strategy for approximation is to truncate the domain of o to the finite-dimensional do-
main [—1/2,1/2]® first, and then, after some transformations, apply a quasi-Monte Carlo (QMC)
rule to the truncated integral. Indeed, for s € {1,...,d}, we write (o5, 0) := (01,...,05,0,0,...),
and g s := Hq((05,0)). With this strategy, the total approximation error consists of:

1 N—-1
47/ Hs(t)do — — 3 A
p Hummv Ng%k

dimension truncation error QMC error

)

|| [ el = Hoult) do
[-1/2./2 s

where the points xg,...,xy_1 € [—1/2,1/2]° are QMC points chosen as described in the re-
mainder of this section. To bound the dimension truncation error let us assume that, for
a.e. o € [~1/2,1/2]N and for all ¢ € [0, 7], we have that

| A (t) — Hg o)z =0 as s — . (5.1)
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This assumption is addressed in Appendix [C]
Due to Theorem and (5.1), we can apply [I12, Thm. 4.3], which yields

_2
SCS p+1
Z

)

H | el = Ho(t)) do
[—1/2,1/2]N

where C' is a positive constant independent of s. The remainder of this section is devoted to the
development of QMC rules to approximate

/ %’,s (t) dasa
[(-1/2,1/2]°

where dos = @j_; doj is a “truncated” version of do.
Next, we shall use a result that was essentially shown in [I4, Thm. 6.5]. We state this result
for completeness.

Theorem 5.1. Let Wy be a Banach space of functions F : [—-1/2,1/2]° — R, which is con-
tinuously embedded in the space of continuous functions. Consider an N -point QMC rule with

integration nodes xg, ..., xNy_1 € [—1/2,1/2]%, given by
1 N-1
QN,s(F) = = F(mk)
N =

Furthermore, we define the worst case error of integration using Qn.s in W, by

e (Qn,s, Ws) := sup
FeWs
1Fllw, <1

/ F(z)de — Qu.,(F)|.
1721720

Assume that Z is a separable Banach space and that Z' is its dual space. Moreover, let k be a
continuous mapping that maps any o € [—1/2,1/2]° to some k(o) € Z. Then,

N-1

1
H / ko)do -~ 3 ke < e (@QuaWy) sup G ..
[-1/2,1/2]¢ Nz z SEL
RS

If we choose k = J#; 4(t), and Z € {U,L(H,U)} in Theorem we can apply this result to
derive error bounds for approximating

/ o s(t) do.
—1/2,1/2)

To this end, we make a particular choice of the space W, in Theorem Actually, as we will
show, there are different ways of choosing W, and a suitable QMC rule @)y s tailored to W,
leading to different variants of error estimates. We go through several cases separately below,
but before would like to explain the general idea of weighted function spaces as introduced by
Sloan and Wozniakowski in [38].

The motivation for the use of weighted spaces results from applications, where different
coordinates or different groups of coordinates may have different influence on a multivariate
problem. In our case, this is reflected in the upper bound in Theorem indeed, in this bound
the terms b” differ, depending on which 0%h, is considered. Consequently, as we will see below
(see and ), these terms will have a crucial role in the choice of our weights, which are
nonnegative real numbers 7, one for each set u C {1, ..., s}. Intuitively speaking, the number ~,
models the influence of the variables with indices in u. Larger values of 7, mean more influence,
smaller values less influence. Formally, we set vy = 1, and we write v = {’Yu}ug{L...,s}- These
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weights are included in the norms of the function spaces, which are, in this context so-called
unanchored weighted Sobolev spaces. We will follow a strategy first outlined in [7], where we
essentially aim to choose the weights in a way that the norms of the elements of the function
space are bounded by a constant and the worst-case error of integration is minimized. This yields
the particular choices and , respectively. As it turns out, in this way the problems
under consideration in this manuscript may even lose the curse of dimensionality, provided that
suitable conditions on the parameters involved hold. We refer to the sections below for details.

The aforementioned unanchored weighted Sobolev spaces of smoothness « are defined as
follows.

Let « e N1 <7 < o0, and let 1 < g < co. We may choose W in Theorem @ as the
Sobolev space Ws o ~,q,-» With positive coordinate weights v = (%)ug{l,...,s}a and with norm

1
L SN - O

uc{1,...,s} T yCu T {1, el

AN
/ dyb) )
[—1/2,1/2]l°l

with the obvious adaptions if r = oco. Here, by (v, Ty\,,0) we denote a sequence v with
components v; = o for j € v, v; = 7; for j €u\ v, and v; =0 for j ¢ u.

a(avau\u:O) P d
/[_1/271/2}506% (Y Y1) WYirispo

For technical reasons, we also define another unanchored Sobolev space Vs o 4 of smoothness
a € N, with the norm

1
1FIns = D 5D >

uC{1,...,s} i vCu Tu\ue{17.._7a_1}‘ll\b‘

/[—1/271/2}I°l

with the following adjustment for the case a = 1: in this case, all summands in the second sum
for v C u disappear. If v = u, then 7, is the “void” vector with no components such that the
corresponding summand in the second sum remains.

Essentially, the norm || - ||y, . is similar to || - |y, ..., but with the difference that the

a(auvTu\mO) 2
/[—1/2 el Oy Wi msha) W] v

summation range for 7, is {1,...,a — 13\l instead of {1,...,a}\0l.
Note that for any F' € Ws 4,22 we have |[F|y, ., < [[Fllw,.,..., and this implies, for any
QMC rule Qn s,
ewor(QN,37 Ws,a,’y,Z,Z) < ewor(QN,Sv Vs,oé,’v)' (52)

Thus, any upper bound on the worst-case error of a QMC rule Qs in Vs o~ is also an upper
bound on the worst-case error of Qn s in Wi a~2,2.
We can then in principle proceed as in the proof of [14, Theorem 6.6] as follows. For dealing
with Wi o ~,q,r, We distinguish the cases r < 0o, and r = oo, and we assume ¢ < oo for simplicity.
For r = oo, and F' € W o ~,4,00, We get

1

q q
dy) ,

a(abﬂ'u\mo)

By, F(y)

1
F < max L /
[E e ayg00 < max (Z 2. (—1/2,1/2]

weths M N oL eflmadinel

and for r < oo and F' € Ws o ~.¢,rs

1
balll —
By = X (=X X [

uC{l,...,s} Yu nguTu\ne{Lm’a}\u\n\

a(abﬂ'u\mo)

By, F(y)

N
dy).
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In both cases, we can replace F(y) by G( %5 s(t)), integrate with respect to o instead of y, and
obtain for G € Z' with |G|z < 1,

a(au,Tu\mO) q 8(0‘!777'\1\1:7 ) q
/ Y (e s(t))| do = / G (T )| do
~1/21/21 | oy (—1/2,1/2]° Doy
a(am u\u:o) q
< [ 1618 [T Hestt)]do
[—1/2,1/2]¢ doy =z
aU9Tu\m ):%/ a q
= o,s(t o
/ [~1/2,1/2) doy () P
~ | (O‘UvTu\u:O) 1
< (O (e, T, 0) +2)! by )
where we used Theorem [£.3] in the last step. Thus,
sup [|G(Has(t)) [ Wea.q.00
GeZz'
IGll 2 <1
1
(O‘UvTu\nvO) T\«
< max (Z > ((\(an,Tu\n,0)|+2)!b . ) )
uC{L 75} 7u UCUT 06{1 a}‘“\"‘ { }
(a0, T\0,0)
< Crriax Z Z (\(an,Tu\D,0)| +2)!b{1:s} \
uC{1,....s} Yu 0Citrype{l,a} o
< max &Y (w2 [J@@OR), (5.3)
uC{1,....s} Yu vee{La}l jeu
where 0(v}, @) equals 1 if v; = «, and is zero otherwise.
Analogously,
' é Vi, Vs '
sup [ G(Hos()yeorr < D ( ST (v 220 ;) a)> . (5.4)
H&‘ezél ug{l,...,s} u Vue{l:a}‘u‘ JEU
AR

Reconsidering the above estimates implies that (5.4]) remains unchanged for ¢ = 0o
We will now apply Theorem [5.1] for different choices of «, r, and ¢, respectively, and outline
how we can use well chosen QMC rules in order to obtain a suitable error bound.

5.1 Randomly shifted lattice rules for smoothness one

In this section, we consider the weighted Sobolev space of smoothness one, Vs 1 5, as introduced
above, with norm

Fl3 = /
H ”Vsﬁl,y [—1/2,1/2]Mt

uC{l s} g

2

olul
/[1/2 Y Fyw Yrsh) Wispu| Y-

The space Vs 1 4 is frequently considered in literature on lattice rules for multivariate integration.
Indeed, lattice point sets are highly-structured integration node sets in [0,1)®. A sub-class of

these are rank-1 lattice point sets, essentially based on one generating vector z = (z1,..., zs).
They are among the most prominent QMC integration node sets (see, e.g., [6 29, B7]). For a
natural number N € N and an integer generating vector z € {1,2,..., N — 1}°, rank-1 lattice

points are of the form

RN ([Fa k2 s _ -
o= {v2b= ({5 ) {fe ) e tor—onN-t
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and the point set @, x1,...,zy_1 is sometimes denoted by P(z, N). For € R® we apply {-}
component-wise, where {z} = x — | z] is the fractional part of z € R. A QMC rule using P(z, N)
as integration nodes is called a (rank-1) lattice rule. Note that, given N and s, a rank-1 lattice
rule is completely determined by the choice of the generating vector z. However, not every choice
of z yields a rank-1 lattice rule with good quality for approximating the integral. The standard
procedure to choose a good z is the so-called component-by-component construction (or CBC
construction, for short); a CBC construction is a greedy algorithm to choose the components
of z one after another. Fast implementations of CBC constructions exist, many of them due to
Cools and Nuyens (see, e.g., [31]) and again [6] for an overview.

It is sometimes useful to introduce a random element in the application of lattice rules. One
way of doing so is to modify the lattice integration rule @, k = 0,1,...,N — 1 to {x} + A},
k=0,1,...,N —1, where A is chosen according to a uniform distribution on [0, l]d, and where
{-} again denotes the fractional part. In this way, we obtain a randomly shifted lattice rule
(all points are shifted by the same random A). Note that by fixing a lattice point set and
generating M independent realizations of a random shift, one can study statistical properties of
the corresponding estimators for the integral to be numerically computed.

It is known (see, e.g., [6l Chapter 7]) that we can effectively construct (by a CBC algorithm)
a randomly shifted lattice rule with points xo,...,zn_1 € [—1/2,1/2]° (shifted by a random
A) such that

1 2¢(22)\ M\
Bl Qe Ve < | oo 5 P (G ) |
sy Vs, 1y (¢tot(N)) @#ugz{l:s} u (271'2))‘
for all A € (1/2,1], where ¢yot is Euler’s totient function. By Equation (5.2]), we then also obtain

wor 1 2¢(2A)\ M ;
Ea(fe (QN,S,W3,1,7,2,2)]2)§((¢M(N)) > 73A<(27T2),\) ) :

P#uC{1:s}

Next, we combine the latter inequality with (5.4), and slightly modify Theorem (see |14,
Theorem 6.6]) to obtain

_ 2
1N1

1
A (H [ 1/ ’1/ ]s ’ ( ) ]\7 k: : {:13k+A}, ( )

< Cs19,1 VSN
Z) (Grot (V)Y

for all A € (1/2,1], where Cj ;41 is a constant that is independent of N, but dependent on the
coordinate weights v = (Y )ucq1,...,s} in the space Ws 1422,

- ul\ 3 R,
aum-e( 5 (E) (5, e et

0AuC{1:s} uC{1:s} T

(5.5)

5.2 Folded lattice rules for smoothness one

As an alternative to a randomly shifted lattice rule, it is also possible to derive a deterministic
error bound similar to by employing so-called folded lattice rules, also referred to as tent-
transformed lattice rules. The tent transformation ¢ : [0,1] — [0, 1] is a Lebesgue measure
preserving mapping defined by ¢(x) = 1 — |22 — 1|. If we apply ¢ to a point = € [0,1]*, we
always mean component-wise application, i.e., ¢(x) = (¢(z1),...,¢(xs)). For a given lattice
point set we then apply ¢ to all points, and thereby obtain the folded lattice point set; the
corresponding lattice rule is then called a folded lattice rule.
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Let us consider the same function space V14 as in Section @ It is known from results in
[9] that one can construct a folded lattice rule Qiﬂ s by a CBC algorithm such that

ul\ >
[ewor(Q%,s»Vs,m)r < W\ ( > W <2(€T(22));)) )

0AuC{1:s}

for all A € (1/2,1].
We can then proceed similarly to Section [5.1} and employ Theorem [5.1} In this way, we can
construct by a CBC algorithm a folded lattice rule with points ¢(xg),. .., d(xny—_1) such that

2

1 = _ 1
Hgs()do — =3 Howors®)]| < Corgr ———r, 5.6
H/[—1/2,1/2]S ) N k,Z::O totm) " A R (d)tot(N))l/)\ (56)

for all A € (1/2,1], and where CA’S,L% A is a constant that is independent of N, but dependent on
the coordinate weights v = (Y )ucqi,....s} in the space Ws 1 4229,

C . o% 12 oy B2
CS’WZCQ( 2 ”‘%A(Q(fr(f)i)) ) (Z (W27 Hjeubj),

0F#uC{1:s} uC{1:s} Tu

which means that the error bound using a folded lattice rule is, up to a factor of 2, the same as
the probabilistic error bound using a randomly shifted lattice rule.

5.3 Higher-order QMC

We now consider the Sobolev space Wi o 4,400 For integrands in Ws o 44,00 it is natural to
hope that the smoothness « is reflected in the error convergence rate of a cubature rule, in the
sense that higher smoothness yields higher-order convergence. Indeed, this can be achieved by
using higher-order QMC rules which are based on polynomial lattice rules, another important
class of QMC node sets, which was introduced by Niederreiter (see, e.g., [29]). A polynomial
lattice rule can be constructed analogously to an ordinary lattice rule, by replacing integer
arithmetic by polynomial arithmetic over finite fields. The generating vector of a polynomial
lattice point set is then a vector of polynomials over a finite field, and can again be obtained by
a CBC construction. It was shown by Dick that one can use so-called higher-order polynomial
lattice rules (which are obtained from ordinary polynomial lattice rules as building blocks, by the
method of digit interlacing) for numerical integration in Sobolev spaces of higher smoothness and
obtain essentially optimal error convergence rates. We refer to [10] for details. While previous
studies of higher-order QMC methods consider real-valued integrads or integrands taking values
in a separable Hilbert space, a novelty of our work is the generalization to separable Banach
spaces.

Let 8 be prime, m € N, and N = ™. Then, for = oo and every 1 < q¢ < o0, it is
known (see, [7, Thm. 3.10]) that an interlaced polynomial lattice rule @y s of order o can be
constructed using a CBC algorithm, such that

>l

wWor 2
Qe Weanao) < (577 5 Weas)Y) 57)
0#uC{1:s}

for all A € (1/a, 1], where

o e (14 25 ),
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with C, g depending only on a and 3.
Combining (5.7) with (5.3), we obtain

1 N-1

He s(t)do — M s(t
[ 00~ 5 £ st

k=0

1
< Cs,a,’y,)\m

Z

for all A € (1/a, 1], where Cs o 4,x is a constant that is independent of IV, but dependent on the
coordinate weights v = (W )ucq1,....s} in the space Ws 4 4.q.00,

LS (e [@E O, (658)

vye{l:a}lul J€Eu

Cs,a,'y,)\:CN’(Q > 73\(Pa,b()\))|u|>

0AuC{1:s}

5.4 Choosing the weights

Now, we make a particular choice of the weights v = (Y )ucqi,....s}- These are so-called “SPOD
weights” (smoothness-driven product and order dependent weights),

= 3 (v F2 I 7). (5.9)

vue{l:a}lvl Jeu

In the special case a = 1, the SPOD weights in (5.9) simplify to “POD weights” (product and
order dependent weights),

Y= (Ju| +2)! H(zb]”.f). (5.10)

Let us start by analyzing the bound (5.5)) for randomly shifted lattice rules. From [23, Lemma
6.2] we know that C; 14\ is minimized by choosing the set of weights v* = (v )ucq1,....s}, With

1/(14+X2)
bj (27’[‘2)>\/2
2¢(2))

T = ((Iu\ +2]

JEU

Using the same argumentation as in [14, Proof of Theorem 6.7] we then obtain that Cs 1 4+ is
bounded independently of s, by choosing

_ {1/(2 —20) for arbitrary 6 € (0,1) if p € (0,2/3],
- w/@2-p) if p e (2/3,1].

Moreover, it follows—again by the same argument as in [I4]—that the bound (5.5) on the
mean-square error is of order

(P10t (N)] 72720 for arbitrary § € (0,1) if p € (0,2/3],

R(N) = {[¢tot(N)}_(2/p_l) if p € (2/3,1].

For the bound (5.6)) on the squared integration error using folded lattice rules in the case of
smoothness one, we obviously can choose v and X in exactly the same way as for (5.5).

Next, we insert the SPOD weights as in ((5.9)) into (5.8, and we make use of the inequality
> ak)/\ < Yk ap, which holds for any A € (0,1] and nonnegative aj. Consequently, we can
bound the term C o 4,x in (5.8),

Csaqyn < 6<2 Z Z ((|vy] + 2)!)’\ H(E25(”f’a)b;fj)/\>

OAuC{1:5} vy e{l:a}lul Jeu

>l=
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1

- c<2 > ((wl+20 ] (E25<Vjva>bj”.j)k> A, (5.11)
0#ve{0:a}® Jj=1
v;>0

where E = C, g B4~D/2((1 + 55;} 5" — 1)x. Following the steps in [7, pp. 2694-2695], one
shows that the sum in is finite independently of s if p < A < 1. In the case A = 1, we
assume in addition that 3°,~; b; < (2amax (E, 1))~!. Since A needs to satisfy 1/a < X < 1, we
take A = p and o = [1/p| + 1. In this case, the integration error is thus of order O(N~%), where
the implied constant is independent of the dimension s.

6 Approximation error of trajectories and controls

In this section we investigate how the approximation error of the feedback propagates to the
trajectories and the controls. We consider the affine feedback

K(t,) = / K, (t,-)do = —/ BTL, (T — t)(-)do — / B*ho(t)do (6.1)
S S S
for t € [0, 7], which covers both the homogeneous (Section and the nonhomogeneous (Sec-
tion cases. Let us denote by
. N N N
K(t,-) =Y Ko, s(t,-) == By, o(T = t)(-) = Y_ B he, s(t)
k=1 k=1 k=1

an approximation of the feedback K (t,-) using an N-point cubature rule with weights oy, € R,
and with s-dimensional integration nodes oy, ..., o n_1 (as, for instance, described in Section,
leading to the closed-loop system

Jo = (Ag + BE)jo + f. §(0) = go. (6.2)
Denoting by y, the closed-loop state associated to the feedback law K, as well as dy, :=
Yo — Yo, B*Il := fG B*ll,do, B*Il := Z,ivzl apB*ll,, s, B*Il := B*Il — B*ll, B*h :=
Js B*hg do, B*h := Y% 1 a;,B*hg, s, and B*6h = B*h — B*h, we have
oy = (Ay — BB*II)dy — B(B*SI1j + B*6h), dy(0) =0, (6.3)
and we obtain the following result.
Theorem 6.1. Let (2.1), (2.2)), (2.3), (4.8), (4.9), and (4.10) hold. Then, it holds that
0 (1) = () < Cy . (IB*STT = 1) + B0 (E)]r) ¥t € [0.7],

It (t) =t ()l < Cuw max (|B*STUT )| gy + | B*Sh(t) ) Ve € [0, T,
t€[0,T]

)

where the constants C,, and Cy are independent of o € &.

Proof. By (8] (with v = 0) we have that BB*IT € L*((0,T); £(H)) and BB*II € L>®((0,T); L(H)).

Hence, for f € V] and yo € H, we have that y € Wp(V,V') and § € Wp(V, V') (see, e.g., [3,
Thm. 1.2, Part II, Ch. 2]), and thus dy € Wp(V,V’). Testing (6.3) with dy leads to

%%H&/a(t”ﬁ{ = (As6yos(t), 5y0(t)>V’,V — (BB*INT — t)0yo (1), 0yo (t))

— (B(B"OI(T = t)§s(t) + B*0h(t)), 0yo (1))
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< plloye ()17 — 9H<5ya( I + 1BB (T — )|l (o) 10y () 171

+ SIS — 03 (0) + B*Sh(e) [+ 5160m (O
< (o BB = Ol + 5 ) 0 Oy + 5| BB ST ~ 00(6) + B Sh(e) Iy

where we used (2.1), (2.2) with 6 > 0, and Young’s inequality. Since sup,c(o 7 [[BB*INT —
)y < Cpr, Gronwall’s lemma implies

15yo ()17

IN

t
[ o BB ST — 5)g(5) + B5h(0)F ds
0

< max (1, e(1+2(P+CBH))T) HBH%(H,U) (HB*(SH@, + B*éhH%]T) )

Thus, for all ¢ € [0,T], we have

1630 ()l < Cy( mae (1B°8TT = 8) e+ 15505 ) ). (6.4

for some constant C'y > 0 depending on B,II, T, §,. Furthermore, testing (6.2) with ¢ leads
after similar estimations to

190 < T (1,020 T (g |4 + | BB e + £l ) (6:5)

where sup;cp 7 | BB*II(T — Oz < Cppy- Analogously, one can show that

9o (8)[[3 < max (1,424 ComT) (Jly |13 + | BB*hg + fll, ), VE€[0,T).  (6.6)

One may further apply Proposition to obtain bounds for and which are indepen-
dent of o0 € &. Thus, the constant C, in can be bounded independently of o € &, which
proves the first result.

Furthermore, for the controls we obtain

o (1) — it (1) = ~BIIT — t)yo (t) +
= BT — t)yy (1) -

+ BTI(T — t)jjo(t) — B*Sh(t)
BT — 1)6yo (1) — B*6h(1)
and thus

[uo (t) — o (t)lo < | B*OIT = 8)l| (a0 9o ()] 1
+ BT = D)l 2,0 1096 (D) 1 + |1 B*5h(E) v

< Cu{ e (1B8TT = 9o + |1B3h(3) ) )

where we used the bound on the difference of the trajectories, , as well as the fact that
| B*I1|| £(p,0y is bounded independently of o € & to make C,, independent of o € &. O

We point out that Theorem holds for arbitrary cubature rules. The regularity bounds
obtained in Sect. 4] can also be used for worst case error analysis of sparse grid integration, for
instance.
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6.1 Suboptimality of the feedback

Suppose there is a ‘true’ parameter o € &. Let us denote by Kz(t,:) = —B*I[I5(T — t)(-) —
B*hg(t) the optimal feedback for o € &, leading to the closed-loop system

V5 = (As + BKs)ys + f, Y5(0) = Yo.

The trajectory and control corresponding to the feedback are close to the optimal
trajectory and optimal control for & provided that the feedback K is close to Kz meaning
that B*II := [5 B*Ilsdo and B*h := [5 B*hgsdo are close to B*Ilz and B*hg, respectively.
Writing dys := ¥y — Yo, B*0lls := B*llz — B*Il, and B*6hs = B*hsg — B*h, we find

0ys = (As — BB'T3)8ys — BB*(0llsy + 6hs), dys(0) =0,
and the subsequent result follows.
Theorem 6.2. Let , , , , , and hold. Then, it holds that
lys (t) — yo ()|l < Cy nax (HB*(SI'L;(T =l + HB*M&U)HU) vt € (0,77,
lua(t) = ug ()l < Cu . (1B°0T6(T = 1)1y + B0k (t) o) - ¥t € [0,T],

te[0,T

where the constants C,, and C_'y are independent of o € G.

The proof of Theorem follows the same steps as the proof of Theorem [6.1} For this

=

reason, Theorem also remains true when K is replaced by its approximation K.

A Proof of Lemma [3.1]

Proof. Let f € V] and yo € H be arbitrary. We will show that the solution of
ya = Aayo‘ + f7 yU(O) = Yo, (Al)
satisfies the a priori estimate
1
yo lwe vy < ca(T)(IFIRy, + yollH)2, Vo e&

with T' + c4(T") continuous and monotonically increasing and independent of o € &, which
proves the result. To this end, we test (A.1]) against y, leading, together with (2.2)), to

A

d
T IllE < =20lllI5 + 20llyllz + 20 fllv lyllv (A.2)

IN

1 1
=20|1I% + 2pllyllz + 551 FIIV + 201yll3 < 20llyllZ + 5511 f 15,

which implies with Gronwall’s lemma that

Iy < e (o ll3 + 1712, ) (A.3)

Furthermore, using Young’s inequality, we obtain from (A.2]) that

d 1
FlllE +0llyly < 2elluliE + 51117
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which, after integration over [0, T, gives
T T
2 2 2 2 L2
(e +6 | yllvdt < NlyO)lz + 2 | Mlyllzrdt + Gl Fllv;. (A.4)
and thus

1 2 1
2 2 20T 2 2 2
H?J||L2(0,T;V) < 5”3/0HH + EPTQ P (HyoHH + ||f”v%) + ﬁ”f”\/j/n (A.5)

where we used (A.3)). Moreover, from ((A.1)) we obtain that

1913 < 20l Ayl + 201 £I7 < 20%1lylIT + 217117 (A.6)
Finally, integration of (A.6]) together with (A.5)) gives
91 vy = IO, + 19012, < eal? (Il +1£12,) (A7)

0
ous and monotonically increasing in 7. O

1
where c4(T) := ((1 + QCA)% + (1+2C4)3pTe*T + (44264 4 2) ?, which is continu-

B An auxiliary result
The following result is motivated by [13].

Lemma B.1. Let (T,),cr and b= (bj);>1 be sequences of nonnegative numbers satisfying

1
YT, <-C Z ( >(|m| + 2™ Yy + §C(|I/| +2)I6¥  forallv e F,

14
m

N | —

m<v
m#0

where C' > 0 is a constant. Then, it holds that
1
T, < 5 (1+ C)dMImLO (O 4 OB 00 (] + 210,

Proof. We prove the result by induction on |v|. For v = 0 we have To < C. Let v € F\ {0}.
Below, we write m < v for two multi-indices m and v if the inequality holds component-wise.
Assuming that the claim has been proved for all multi-indices with order less than |v|, we arrive
at

1 v 1
< = 1p™ max{|v|—|m|—1,0} ~p—m,0 2\1—=6u—m,0
TI,_QCg ( )((\m|+2)b 2(1—i—C) C (C+C?)

< (V] = m + 298 ) & 3C(w] + D10,

Separating out the m = v term and denoting Ac |, p := 5C(1 + C)(|v| + 2)!b” leads to

1
T, <C(C+C) Y] (;)ﬂml +2)™ (1 + O (u] — fm] 4 2))8 ™ + A
m<v
0#£m#vr
1 2 ! —1 |V|!
= —C(C+CHY Y (jv] — L+ 2L+ 2)1(1 + )=t +Aouis
4 = (jv| = 0 v,
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=
= 4C(C+02 B > w(v| = 0+ 2)(jv] — 6+ D)+ 2)(C+ DA+ O+ Agyp

/=1
|1
= C(C+02 W ST 2004 2)(+ 1)1+ O F A
/=1
2 = /—1
< 5C(c+c )b” (jv] +2)! ; 1+ O+ Acue
=1
1 1 2 = v|—t—1
| %4 - V|i—{—
\u|+2b<201+c +20(c+0);(1+0) )
1 1 C+1V—c-1
2)I” ( =C(1 2
— (jv| +2)b (20 +0)+50(C+CH) )
1
= (jv] +2)1"5C(C + 1)
This implies the claim. O

C Consistency of the dimension truncation

Let Ay s := A((05,0)) = A((01,02,...,05,0,0,...)) and suppose that (4.8) holds true. In this
section we show that

Agst =3 Agz Yz € D(A)  and ALy =3 ALy Vye D(AY) (C.1)

imply that || A (t) — Hos(t)|z =3 0 for #y € {—B*1l,,—B*hs}, and their s-dimensional
counterparts, with Z € {E(H, U),U}.

We begin with the homogeneous case %, = —B*Il,. To do so, let (Yo s, Uss) denote the
minimizer of the dimensionally truncated problem of minimizing subject to with As
replaced by Ag ;.

The operator §Il, = II, s — I, is bounded, linear, and self-adjoint. Thus, using [28,
Thm. 5.23.8], we have

||Ha',s - HO’H[,(H) = | Sﬁlp |\7(y0',37uo',s) - j(ya'aua'” (02)
Yo H:]-
< sup o (”QHc Wyo,s = vollbrllvos + Yollar + [[te,s — tollur lue,s + uellu,

+ 1PN Z o) 9o s(T) = ya(T)HHHya,s(T)+ya(T)HH)-

Hence, it remains to show that yo s = Yo in C([0,T]; H) and uy s — ue in Ur as s — oo.

As a consequence of the cost functional y, s and us s are bounded uniformly in s in Hp
and Ur, respectively. Hence, there exist yo s and uq s such that yo s — Yo s in Hr and ug s —
Ug,s in Ur.

Next, let u € Ur be arbitrary and let ¥, s and 9, be the solutions of

Zja' = -Aa'go' + Bu, and Zja,s = Aa’,sga,s + Bu, (03)

under the same initial condition §5(0) = Yg.s = Yo. Setting ey s := Yo — Yo,s, we find

Cos(t) = (So(t) — Sors()) yo + / ot — 7) — Sos(t — 7)) Ba(r) dr (C.4)
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where S, and S, ¢ are the semigroups generated by A, and A, g, respectively. With the fact that
1S (D)l 2y < Me™?" and || Sy s(t)|| () < Me™?", as well as the assumption that Ay sz — Az
for all x € D(A), the Trotter-Kato theorem (see [32, Thm. 4.5]) implies Sy s(t)x — Sy (t)z
for all z € H uniformly for all ¢ € [0,T]. Moreover, the fact that [[Sq(t)|zmy < Me
and [|So s(t)|| () < Me ', Lebesgue’s dominated convergence theorem, and imply that

sup |legs(t)|lg =0 as s— oo. (C.5)
te[0,7]

Next, we show that Y5 s — Yo = Yo (Us). To this end, we observe for v € D(A*) that

<ya',sa A2,8U>HT = <y0,sv (A;,s - A;)U>HT + <y0',8 — Yo, AZU>HT +<g0'v AZ-U>HT7 (C'6>

term;y —0 as s—oo

where term; < [[(A7 o — A7)v||la Yo sllmy — 0 as s — oo by (C.1)).
Further, integrating ¥ s(7) = Ag sYo,s(T) + Bug s(7) with y4 s(0) = yo over [0, ] leads to

o) = os 01 = [ ({l7), A5 0hi1 + (B o), 0)ar) Vo € DAY,

Combining the weak convergence of y, s and us s with (C.6) we obtain

T
T (7) = Yor V)11 = /0 (Fo (1), A0) 11 + (Bl (7),0) ) dr Yo € D(A”),

which shows that Yo s — Jo = Yo (Ue)-
In order to show optimality of %y let §o s denote the solution of J s = Ag s¥s,s + Bus with
Uo,s(0) = yo. By the weak lower semicontinuity of J we obtain

j(gayﬁo') < lim infj(ya,57ua,s) < lim sup j(ya,s;ua,s> < lim sup j(ga,sa'UG') = j(yayua’)y
S§—00 5—00 S§—00
7

where the last step follows from by taking 4 = us in . By uniquenes of the solution
to subject to we have that (U5, Us) = (Yo, Us). It remains to show that uy s — ug
strongly. For this purpose we use and [5, Lem. 5.2], which implies that us s converges
in norm to us. Together with the weak convergence this implies strong convergence of e s
to ugy. With we conclude that [|IIy s — g | zz) — 0 as s — oo, which proves the claim
for #, = —B*1l,.

Furthermore, we conclude that (At’;,s —BB*H,,yS)a: X (AL — BB*Il,)x for all z €

D(A*), and thus by the Trotter-Kato theorem we have for the semigroups So and 50,57 gener-

o0

ated by A7 — BB*ll; and Aj ; — BB*Il, s, that 5011: s ga,sa; for all x € H uniformly for all
t€10,T7. R
Let hs be the solution of (4.7), and let hy s, and hg s be the solutions of
haat) = (Al s~ T (T = )BB") higalt) + o (T — 1) (F(1) + Arg(t) — 3(0)).
—ho-,s(t) - (Ajr,s - Ha-,s (T - t)BB*) ha,s(t) + Ha,s(T - t) (f(t) + Aa’,sg(t) - g(t)) 3

which are bounded uniformly in s in C([0,7]; H) by taking v = 0 in Proposition Then, we
have

Sup |l = ol < sup ([lhe = hosllim + lhos = hoslli) (C8)
te[0,T] te[0,7]
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For the first term on the right-hand side of (C.8]) we have

N ~

o () = o s (t) = /0 (St = ) = Sl = 7)) (Tt = 7) (F(7) + Aog(r) — g(7)) d.

By the Trotter—Kato theorem and Lebesgue’s dominated convergence theorem it follows that
SUPyeo,7] lhe — hosl|Hr — 0 as s — oo.
For the second term we have

hoalt) o l8) = [ Bl =) (st = 7)Ao t) = Tt = ) Apg(8)

and hence by Lebesgue’s dominated convergence theorem we have sup;c(o 7 he.s — hosllzr — 0
as s — 00, which by (C.8|) proves the claim for # = —B*h,.

Remark 1. Let Ay = Ao + > ;51 054, depend in an affine way on the parameters (as in
Section . Then, we estimate

vl pa
< oA > 1Al 2oy, m)-

(Ao — Ao s)oll = <
H j=s+1

Z UjAjU

j=s+1

Taking the limit as s — oo, we get limg_,o || (Ae — Ag s)V||g — 0 for allv € D(A). Analogously,
the convergence for the adjoint operator is shown. Thus, a parameterized family of operators

depending in an affine way on the parameters satisfies (C.1) and consequently (5.1)).
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