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Abstract

A general bilinear optimal control problem subject to an infinite-dimensional state equa-
tion is considered. Polynomial approximations of the associated value function are derived
around the steady state by repeated formal differentiation of the Hamilton-Jacobi-Bellman
equation. The terms of the approximations are described by multilinear forms, which can
be obtained as solutions to generalized Lyapunov equations with recursively defined right-
hand sides. They form the basis for defining a suboptimal feedback law. The approximation
properties of this feedback law are investigated. An application to the optimal control of a
Fokker-Planck equation is also provided.
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1 Introduction

In this article, we consider the following bilinear optimal control problem:

: 1 [ , a (=

ot Tl i= / v e+ / u(t)? dt, (1)
) %y(t) = Ay(t) + (Ny(t) + B)u(t), fort>0

where: { yd(O) . (2)

Here, V. .C Y C V* is a Gelfand triple of real Hilbert spaces, yo € Y, A: D(A) C Y — Y is the
infinitesimal generator of an analytic Cp-semigroup e4* on Y, N € L(V,Y), B € Y, and a > 0.
Additional assumptions on the system, in particular a stabilizability assumption, will be made in
subsections and The goal pursued with problem is the stabilization of the dynamical
system around the steady state 0 when a perturbation g, is applied. We denote by V the
associated value function: for yg € Y, V(yo) is the value of problem (1) with initial condition yg.
Rather than investigating this problem as a mathematical programming problem, which as-
sociates an optimal open-loop control with a given initial value vy, we take the perspective of
designing an optimal feedback law. The design of an optimal feedback law is intimately related
to the computation of the value function V, which is in general a very difficult task, since y takes
values in an infinite-dimensional space. Even after discretization, the computation time needed for
obtaining V usually increases exponentially with the dimension of the discretized state space, a
phenomenon known as the curse of dimensionality. Nonetheless, the computation of a feedback law,
rather than an open-loop control, is particularly relevant in the context of stabilization problems.
The goal of this article is to construct a Taylor approximation of the value function at the
origin, and to derive from this approximation a feedback law which generates good open-loop
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controls for small values of y5. We begin by proving the existence of a sequence of multilinear
forms Tp: Y* — R such that for any p > 2,

Vo) = Y 1Ty 0)

k=2

is a polynomial approximation of order p+ 1 of the value function V in the neighborhood of 0, that
is to say

V(y) = Vu(y) = O(llyllF). (3)

The sequence (7g)k>2 is constructed by induction. The bilinear mapping 75 is the solution to an
algebraic operator Riccati equation. For all k& > 3, the mapping 7} is the solution to the following
generalized Lyapunov equation: for all z1, ...,z € D(A),

k
Zﬂc(zl, ceey ZiflaAHZia Zit1y ey Zk) = Rk(zl, ceey Zk), (4)
i=1

where the operator Ap generates an exponentially stable semigroup on Y and the right-hand side
Ry is known and depends on N, B, Ts,...,7Tx—1 in an explicit fashion. The terminology generalized
Lyapunov equations is motivated by the fact that can be seen as a generalization of operator
Lyapunov equations, which can typically be written as follows:

T(Anzl, 2’2) + T(Zl, AHZQ) = R(Zl, 22).

To achieve this task and to present the resulting expressions in an convenient manner, we exploit
the symmetry structure of the formal derivatives of V. From the approximation V, of the value
function V, we derive the following feedback law:

uy(y) = — DV () (Ny + B)

and analyse the associated closed-loop system:

S(t) = Ay(t) + (Ny(0) + Bpu(y(0), (0) = o, )

We denote by U, (yo) the open-loop generated by u, for a given initial condition yo, that is to say,
U, (yo; t) = u,(y(t)), where y(t) is the solution to (5. On top of (), we prove that

T (Uy(y0): 90) < V(yo) + OlllwollF™)- (6)

In other words, we prove that the open-loop controls generated by u, are O(||yo||P™!)-optimal. We
also prove for all yg sufficiently small, there exists an optimal control @ such that

U, (50) — @]l 2 (0.00) = O(Ilwol| V7%, (7)

In the finite-dimensional case, expansion techniques for Lyapunov functions or for the value
function associated with nonlinear control problems have a long history, which dates back at least
to [2]. To the best of our knowledge, our article is the first one dealing with Taylor expansions
of any order for infinite-dimensional systems. A sophisticated analysis is also required for proving
the well-posedness of the closed-loop system associated with u,. Moreover, the convergence rate
analysis has apparently received little attention so far, especially concerning the rate of convergence
of the suboptimal controls to the optimal ones. As far as we know, estimates @ and are
new. In this respect, we are only aware of the analysis done in [§] for systems of the form:
Ly(t) = Ay(t) + ep(y(t)) + Bult).

Let us mention some additional related literature. In [2], the author considers a general stabi-
lization problem for a nonlinear system that can be expanded in a power series around the origin.
It is shown that the optimal control can be characterized in terms of a convergent power series
as well. In [14], the expandability of the optimal control for nonlinear analytic and differentiable
systems is analyzed in detail. As in the other works on this topic, an important assumption is the
local stabilizability of the underlying system. Moreover, it is shown in [I4] that the lowest order



terms of the approximation are defined by the linearized dynamics. For nonlinear systems with
linear controls, in [8, [@], the degree of approximation of the truncated Taylor series to the optimal
control is analyzed. In [6], the formal power series approach is discussed for the particular case of
bilinear control systems. The explicit structure of the terms up to the third order are given and
shown to be unique for locally stabilizable systems. More recent developments, which are based
on Taylor series expansions and their use for a numerical approximation of the value function can
be found in [I5] and [I], as well as in the survey article [11]. For a further detailed overview on
obtaining optimal feedback controls including numerical experiments in the finite-dimensional case,
we refer to the survey [3] and to the references therein.

In the infinite-dimensional case, we are only aware of the results from [20], where a third-order
approximation for a stabilization problem of the Burgers equation with the control entering linearly
is investigated theoretically and numerically. To the best of our knowledge, a more general analysis
of Taylor approximations for infinite-dimensional control systems does not exist yet.

Our article is structured as follows. Section [3|is a preparatory section. We show that if V is
Fréchet differentiable, then it is the solution to some HJB equation. In Theorem we further
show that if V is (p + 1)-times differentiable in the neighborhood of 0, then DPV(0) is a solution
to a generalized Lyapunov equation. This result motivates the construction of V,. Our main
contributions start in section In this section, we rigorously define the sequence of multilinear
forms (7k)r>2, the polynomial approximations V,, and the feedback laws u,. In section [5| we
prove the well-posedness of the closed-loop system associated with u,, in the neighborhood of 0.
In section |§|7 we prove the existence of an optimal (open-loop) control and investigate some of
its regularity properties. Section [7] contains our main results: in Theorem we prove the error
estimates and @ Estimate is proved in Theorem

2 Analytical preliminaries

2.1 State equation

Throughout the article, V. C Y C V* denotes a Gelfand triple of real Hilbert spaces, where the
embedding of V into Y is dense and compact and where V* stands for the topological dual of V.
Further, a: V x V — R denotes a bounded V-Y bilinear form on V' x V, i.e. there exist v > 0 and
A € R, such that

a(v,v) > v|vl|}y = A|v||3 forallv € V. (A1)

Associated with a, there exists a unique closed linear operator A in Y characterized by D(A) =
{v eV:wwr a(v,w)isY-continuous} and by (Av,w)y = —a(v,w), for all v € D(A) and w € V,
see e.g. [, Part II, Chapter 1, Section 2.7]. Moreover, A has a uniquely defined extension as
bounded linear operator in £(V,V*), which will be denoted by the same symbol, see. [I9, Section
2.2]. Further, we choose N € L(V,Y), and thus N* € L(Y,V*). We assume that the restrictions
of N and N* to D(A) and to V, together with N satisfy

N e L(V,Y)NL(D(A),V) and N* e L(V,Y), (A2)

where D(A) is endowed with the graph norm. Moreover, we assume that B € Y and we choose
a > 0. The inner product on Y is denoted by (-,-) or (-,-)y and duality between V and V* by
(-,)v,v+=. We are now prepared to state the problem under consideration:

1 [ a [
inf == |13 dt + — 2 P
wertth )J(u,yo) 2/0 1S (u, yo; )|y dt 2/0 u(t)” dt, (P)

where S(u,yo;-) is the solution to
{ Ly(t) = Ay(t) + Ny(t)u(t) + Bu(t), fort>0,
y(0) = wo-

Here, S(u,yo) is referred to as solution of if for each T' > 0, it lies in the space

wW(0,T) = {y € L*(0,T;V): %y € L*(0,T; V*)} .



We recall that W(0,T) is continuously embedded in C([0,7],Y) [13, Theorem 3.1]. Let us note
that the origin is a steady state of the uncontrolled system . Associated with and , we
define the value function on Y:

V(yo) = ue;gg . NAURTHE

The following lemma summarizes some properties of equation . The proof is quite standard and
therefore deferred to the Appendix.

Lemma 1. Assume that (A1) and (A2) hold. For allu € L?(0,00) and for all yo € Y, there exists

a unique solution y to and a continuous function c¢ such that

lyllw .7y < e(T: llyollys l[ull L2 0.7))- 9)

Moreover, there exists a constant C' > 0 such that for all T > 0, for all u € L?(0,00) and for all
Yo and Yo € Y, we have

C(TH+||uw
9130z < (o3 + Cllull?2g.py) T HIMIe20m) (10)
15 = 913 0.1y < Mo — o3 ST HIMIz20.m), (11)

If further y lies in L*(0,00;Y), the constant C is such that

C 2
HyH%O‘J(O,OO;Y) < (||ZIO|\§/ +C(||y||i2(0,oo;Y) + ||UH%2(O,OQ)))6 H"”ﬂ(o,m’ (12)
1913 00ev) < C (1320 007 + (1913w @ 00wy + D ullFz0.00) ) (13)
2
dy < (2 (I 1) Jul? 14
ar < YZ2(0,00;v) T UIYlI Lo (0,00;v) ) ul|72(0,00) ) - (14)
L2(0,00;V*)

Additionally, limp_ |ly(T)|ly = 0.

Proposition 2. If problem admits a feasible control (i.e. a control u € L*(0,00) such that
J(u,yp) < o0), then it has a solution.

The proof uses standard arguments and it is therefore given in the Appendix. Note that in
Section 5, we construct a feedback law generating feasible controls (for small values of ||yo|ly)-

Remark 3. We recall some additional properties of the operator A generated by a. First, it
is well known that A generates an analytic semigroup, see e.g. [19, Sections 3.6 and 5.4], that
we denote by e*. Let us set Ag = A — M, if A > 0 and Ay = A otherwise. Then —Ag has
a bounded inverse in Y, see [19, page 75], and in particular it is maximal accretive, see [19]
20]. We have D(Ap) = D(A) and the fractional powers of —Ay are well-defined. In particular,
D((—Ap)z) = [D(—Ay), Y]y :=(D(—Aop),Y),, 1 the real interpolation space with indices 2 and 1
see [4, Proposition 6.1, Part II, Chapter 1].

For the following regularity result, we require that

[D(=40), Y1 = [D(=4p), Y], = V. (A3)

1 1
2 2

Lemma 4. Let (Al)-(A3) hold. Then, there exists a continuous function ¢ such that for all
T >0, for all yo € V, and for all u € L*(0,T;Y) the solution to satisfies y € HY(0,T;Y) N
L?(0,T;D(—Ap)) and the following estimate holds:
Yl 1 0,757y L2 0,7:D(=A0)) < (T yollv, |ull20,7))- (15)
Proof. Let y denote the solution to and define z = (—Ao)%y. Then, z satisfies
{ Lo(t) = Az(t) + Ny(t)u(t) + Bu(t), fort >0,
z(0) = (—Ao)%ym

where N = (—Ag)2N(—Ap) "2 and B = (—Ag)2 B. Since (—Ag) "2 € L(V,D(—Ap)) and (—4¢)? €
L(V,Y), we have N € L(V,Y) and B € V*, where we use (A3). Now we can apply (9) of
Lemma [1] to obtain that z € H(0,T;V*) N L?(0,T;V) and this implies that y € H'(0,7;Y) N
L?(0,T;D(—Ap)) and that holds.

(16)

OJ



Remark 5. For finite dimensional systems with V' =Y = R", assumptions (Al)), (A2), and (A3))
are trivially satisfied. In Section [8) we describe an infinite-dimensional control problem associated
with a Fokker-Planck equation for which the general assumptions are satisfied.

2.2 Notation for multilinear forms and differentiability properties

We denote by By (d) the closed ball of Y with radius ¢ and center 0. For k > 1, we make use of
the following norm:
11 ym)llye = max lysly-. (17)

We denote by By« (d) the closed ball of Y* with radius ¢ and center 0, for the norm || - ||y«. For
k > 1, we say that 7: Y* — R is a bounded multilinear form if for all 7 € {1,...,k} and for all
ZyeerZi15%ip 1502k € YFTL the mapping 2 € Y = T (21, ..y Zi-1, 2, Zi41, -, Z1) is linear and

IT:="sup [T(y)| < oo (18)

yEBy (1)
We denote by M(Y* R) the set of bounded multilinear forms. For all 7 € M(Y* R) and for all
(21 ey 21) € YF

k
T (o1, 2) | < ITH T =il (19)
i=1

Bounded multilinear forms 7" € M(Y*,R) are said to be symmetric if for all z;,...,z; € Y* and for
all permutations o of {1,...,k},

T (Zo(1)s o Zo(k)) = T (21, s 21)-

Given two multilinear forms 7; € M(Y* R) and T, € M(Y*, R), we denote by T; ®T5 the bounded
multilinear mapping which is defined for all (yi, ..., yp1¢) € Y5+ by
(L@ T2) (W1, - s Yrre) = T(Wrs oo Y) T2 (Uhr1s oo Yot -

For y € Y, we denote
v = (y,..,y) € Y*.

Lemma 6. Let T: Y* — R be a multilinear form. Then, T € M(Y* R) if and only if it is
continuous. In this case, it is also Lipschitz continuous on bounded subsets of Y*. More precisely,
for all M > 0, for ally and v € By« (M),

T(y) = T ()] < kM*H T fly — vlly». (20)
The proof is given in the Appendix.

Lemma 7. Let T € M(Y*,R). Then, it is also infinitely many times differentiable. In particular,
for ally = (y1,...,yx) €Y* and z = (21, ..., 2,) € Y*,

k
DT (y1, - yr) (21,0 20) = ZT(yh oo Yim s Ziy Yi 1y -es Yk)- (21)

i=1

Moreover, for all M > 0, for ally and § € By« (M),
|DT (y)z| < kM*7H|z]|y (22)
|DT(§)z = DT (y)z| < k(k = )M 2 [T 5 = ylly+ [|12]ly+- (23)

Proof. The Fréchet differentiability of 7 € M(Y*,R), as well as formula follow from ,
taking v1 = y1 + 021,...,ux = yi + 02z;. Formula follows directly from formula . Formula
follows from Lemma @ from , and from the following relation:

||T(7 sy Ty Ry Ty ey )” = ||Zl||Y HTH

Finally, one can prove by induction that 7 is infinitely many times differentiable, observing that
DT (y1, ...y Yr)(21, ..., 2) can be written as a sum of bounded multilinear forms. O



The following lemma provides a useful chain rule.

Lemma 8. Let f € WH1(0,00;Y*) and T € M(Y*,R). Then, F := T o f lies in W11(0,00) and
satisfies

F'(t)=DT(f®)f'(t), forae t>0.
Proof. Using the continuous embedding of W1(0, 00; Y*) in L>°(0, 00; Y'*), we first obtain that

r

o0
/O DT o fOF () dt < KITI A g sy 11113000y < .

FO)dt < I TN S 0,00v%) 11720 s0ryi) < 00

Therefore, F' € L*(0,00) and DT o f(-)f'(-) € L*(0,00). It remains to prove that DT o f(-)f'(-) is
the derivative of F' in the sense of distributions.

Let (fn)nen be a sequence in C1(0, 00; Y*), with limit £ in W11(0,00; Y*). Let ¢ € C2°(0, c0)
be a test function. By the chain rule, we have

/ T o ful(t) / DT o fu(t)fh(t)o(t) dt. (24)

Using the continuous embedding of W11(0,00; Y*) in L>(0,00;Y*), we obtain that (f,)nen is
bounded in L>(0,00; Y*). Let M > 0 be an upper bound of || fu| s (0,00;v+) and || f]| o (0,005y%)-
By Lemma[f]

| / (T fu =T o NE®)dt]| < kM [T 1f = fllirooers) 16l 1< 000) —2 0.

By Lemmal7]
|/ " (DT o A0~ DT o FBF 1)) ol |
< [ 10T e st~ DT f0)£20] o0t + [ DT o F)(1200) - £/0)] 1000

0
< k(k—1)M* 2T I f — f||Loo(OOo yiy lfnll 21 0,00:7%) 190l (0,00)

+EMETI S = £l ) 16l o) = 0.

Passing to the limit in , we obtain that

/ T T o f# (@) dt = — / DT o f()f()6(1) dt,
0 0

which justifies that F' is differentiable in the sense of distributions, with F'(-) = DT o f(:)f'(+).
This concludes the proof. O

3 Derivation of a generalized Lyapunov equation

The goal of this section is to prove that the derivatives of V at 0 of order three and more, provided
that they exist, are solution to a linear equation, that we call generalized Lyapunov equation.
The existence of a unique solution to this equation and its use for approximating V and designing
feedback laws will be discussed in the following sections. Rather than postulating this equation, we
derive it from the HJB equation under the assumption that V is (k+ 1)-times Fréchet differentiable
in Y, with £ > 3, and under a continuity assumption for optimal controls. We stress that the
assumptions on V), in particular the differentiability at 0, are only used to obtain the generalized
Lyapunov equation. The results obtained in the following sections do not rely on this assumption.



3.1 Derivation of the HJB equation

We prove in this subsection that the value function V is a solution the Hamilton-Jacobi-Bellman
equation (HJB), under the assumption that V is continuously differentiable and under a continuity
assumption for optimal controls.

Following standard arguments, it can be verified that the dynamic programming principle for
the infinite horizon problem holds: for all yy € Y, for all 7 > 0,

Viyo) = inf /z (s y0: £), u(t)) At + V(S (u, 90: 7)), (25)

u€eL?(0,7)

where E(y, u) = %|ly|} + au?. Moreover, for 7 > 0, any control u € L?(0,0) is a solution to

problem ([P)) with initial condition yo if and only if u|(g,r) minimizes the r.h.s. of (| and U (r, o0)
is a solution to problem ([P . with initial condition S(u, yo; 7).

Proposition 9. In addition to (Al))-(A3), assume that there exists an open neighborhood Yy of
the origin in' Y which is such that the two following statements hold:

1. For all yo € Yo, problem possesses a solution u which is right-continuous at time 0.
2. The value function is continuously differentiable on Yy.

Then, for ally € D(A)NYy, the following Hamilton-Jacobi-Bellman equation holds:
1 1 2
DV(y)Ay + 5llylly — 5~ (DV(y)(Ny + B))” = 0. (26)

Proof. The proof uses standard arguments. Let yg € D(A)NYy be arbitrary. By assumption, there
exists an optimal solution @ to with initial condition yy which is right-continuous at time 0.
Let up denote the limit of @ at time 0. Let § = S(&@, yo) be the associated state. Our proof is based
on the following relations:
DV(yo)(Ayo + (Nyo + B)ug) + £(yo, uo) = 0, (27)
ug € arg min, g DV(yo) (Ayo + (Nyo + B)u) + £(yo, ). (28)

Step 1: proof of . By the dynamic programming principle, for all 7 > 0,

V(o) = / " g(s), a(s)) ds + V().

Thus,
/ (3 ))ds + — (V( (1) = V(y)) = 0. (29)

For any T > 0, we have § € C([0,T];Y) and therefore, we can fix 79 > 0 such that g(7) € Yy, for
all 7 € [0,70]. Relation follows then by passing to the limit in , in Y, when 7 — 0. By
continuity of ¥ and @ at time 0, the first term of the left-hand side of clearly converges to
£(yo,up). To prove the convergence of the second term, we need to prove the differentiability of g
at time 0 and to establish a chain rule property. For all 7 € (0,7p), we have

~00) = w0) = (a0 ) + 7 [T (g(s) + Bats) . (30)

T
=:f(s)

The first term of the r.h.s. converges to Ayy. Regarding the second one, observe first that by
Lemma {4l 7 € C([0,70]; V), therefore, since @ is right-continuous and N € L(V,Y), the function
f:8>0— f(s) €Y is right-continuous at time 0. We have

1

T / AT f(5) ds — £(0) = -

,/T AT (f(s) - f(O))der%/T (AT £(0)) — F(0)ds.
0 0

T T

=:(a) =:(b)
(31)



Since A generates an analytic semigroup (see Remark , there exist M > 0 and w > 0 such that
||€ASHL‘(Y) < Me®?. We obtain

Ay < 7 [ 1A e 1£6) - FO) v ds < e (( sup [1705) = FO)y) 0. (32)

s€[0,7]

Moreover, for f(t) := e4*f(0), it holds that f € C([0,7],Y), therefore
By <5 [ 15— 5) = FOlly ds < max |Fs) - FO)ly ;0 (33)
T Jo s€[0,7] T—0

Combining (30)-(33)), we obtain that

L (57) ~ w(0) — Auo + (Voo + Byug

We now have

L) ~ V(30)) ~ DV (o) (Ago + (Nyo + BYuo) =

1 1
e / [DV(yo + s(5(r) — ) — DV(wo)] (5(7) — o) s

T

=:(c)
+ DV(y()) (M — (Ayo + (Nyo + B)uo)).

Clearly, the second term of the r.h.s. converges to 0. Using the continuity of DV, and the fact that
(¥(7) — yo)/7 is bounded, we obtain

< DV(yo + 2) — DV( H ~w)|, —0.
@y < (__, max 1DV +2) = DVl |~ (00) ~w) |, —;

Passing to the limit in (29), we obtain: £(yo,uo) + DV(yo)(Ayo + (Nyo + B)ug) = 0, which proves
29

Step 2: proof of and conclusion. Let v € R and let u be the piecewise constant control
equal to u on (0,1) and equal to 0 on (1,00). Let § = S(yo,@). Then, by , for all 7 € (0,1),

* [ e as + L) - viw) 2o

We can pass to the limit (when 7 — 0) with exactly the same arguments as the ones used in the
first part of the proof. We therefore obtain

DV(yo) (Ayo + (Nyo + B)u) + £(yo, u) > 0.

Since the lLh.s. in the above expression is equal to 0 for u = ug, we deduce that it reaches its
minimum 0 at u = ug. The Lh.s. being linear-quadratic with respect to u, the following relation
can easily be obtained:

1
up = *EDV(yo)(Nyo + B). (34)
Equation follows then from and . O

3.2 A generalized operator Lyapunov equation

We prove in Theorem [12] that if V is (k + 1)-times differentiable, then D*V(0) is a solution to a
generalized Lyapunov equation, by differentiating the HJB equation k-times. Note that in this
subsection, the k-th derivative D*V(0) is represented by a multilinear form in M(Y* R).



The case k = 3. We assume that V is four times Fréchet differentiable on Y and that the
assumptions of Proposition [0 hold. Note that the differentiability on ¥ implies the differentiability
on D(A). Differentiating the HIB equation a first time with respect to y in the direction
z1 € D(A) yields

D*V(y)(Ay, 1) + DV(y)Az1 + (y, 21)y
~ L(DV()(Ny + B,2) + DV(y)N=1) (DV(3)(Ny + B)) = 0.
Differentiating a second time with respect to  in the direction 25 € D(A), we obtain
D*V(y)(Ay, 21, 22) + D*V(y)(Azs, 21) + D*V(y) (A2, 20) + (21, 22)y
- é (DY) (Ny + B, 1) + DV)N= ) (D) (Ny + B, 22) + DV(y)N2»)

~ (D) (N + B, 21, 2) + DV() (N2s,21) + D) (N1, 2) ) (DY) (Ny + B)
=0. (35)

Observing that V(y) > 0 for all y and that V(0) = 0, we deduce that DV(0) = 0. Taking y = 0 in
the above equation and representing D?)(0) as nonnegative self-adjoint operator Il = II* € L(Y))
such that D?V(0)(z1, 22) = (21, l22)y for all 21, 20 € D(A), we obtain

1
(A*Iz1, 29) + (I1Az1, 29) + (21, 22) — E(B*H21)(B*HZQ) =0. (36)

Equation is the algebraic operator Riccati equation, see e.g. [7, [I2]. Throughout the rest of
the paper, we assume, on top of assumptions (Al)-(A3) that

JF € L(Y,R) such that the semigroup eA*B* is exponentially stable on Y. (A4)

Since the pair (A, I) is exponentially detectable on Y, it follows from [7, Theorem 6.2.7] that
has a unique nonnegative stabilizing solution IT € £(Y). Accordingly, we define the operator Ap
as follows:

1
An:D(An) CY =Y, D(An)={yeL*(Q) | Ay— —BB*IleY},
e’
1
y— Any := Ay — — BB*Ily.
a
In particular, since II is stabilizing, we know that the semigroup e?n* is exponentially stable on
Y. Moreover, since BB*Il € L(Y), by a perturbation result for analytic semigroups [16], as in
Remark [3| we can choose A > 0 such that —Ay = —Ap + M is maximal accretive. Endowing
D(—Ap) and D(—Ap) with their graph norms, we have that the identity operator between these

spaces is a homeomorphism D(—flo) >~ D(—Ay). Consequently, the interpolation spaces defined by
the method of traces [4, Part II, Chapter 1, Section 2] are homeomorphic and we thus obtain

[D(~Ao),Y)]

We continue by differentiating a third time with respect to y in the direction z3 € D(A), which for
y = 0 leads us to:

— [D(-4;),Y], = V.

1
2

( ) AZg, 21, ZQ) =+ DSV(O) (AZQ, 21, 23) =+ DSV(O)(AZh 22, 2'3)
D3V (0)(B, 21, z3) + D2V(0)(Nz3, 21) + D2V(0)(N 21, z?,)) (D?V(o)(B, 22))

(
- (o
(D3V )(B, 23, 23) + D*V(0)(N 23, 22) + D2V(0)(N 2, z3)) (D?V(o)(B, zl))
(

D3V(0)(B, 21, z) + D2V(0)(N 2, 21) +D2V(O)(Nzl,z2)) (DQV(O)(B,Z?,))

OQ\'—‘Q\'—‘Q\'—‘



We can already observe that this equation is a linear equation with respect to D3V(0). Moreover,
using the symmetry of the derivatives, we can re-write it in the following form:

1
D3V(O) (Anzl, 29, 2’3) + D3V(O)(2’1, AHZQ, 23) + DSV(O) (Zl, 292, Anz’g) = %Rg(zl, 22, ,2?3)7 (37)

where the multilinear form R3: Y2 — R is defined by
R3(21, 22, 23) = Q(HB, Zl) [(H227 NZg) + (HZg, NZQ)] + Q(HB, 22) [(Hzl, NZg) + (HZg, Nzl)}
+ Q(HB, 23) [(Hzl, NZQ) + (1_[2?27 NZl)] .
Lyapunov equation: general case. The derivation of the Lyapunov equation, for a general

k > 3, requires some symmetrization techniques for multilinear forms. For 7 and j € N, we make
use of the following set of permutations:

Sij= {U €Siyjlo(l)<...<o(@)and o(i+1) <..<o(i +j)},

where S;; is the set of permutations of {1,...,44 j}. A permutation o € S; ; is uniquely defined
by the subset {o(1),...,0(7)}, therefore, the cardinality of S; ; is equal to the number of subsets of
cardinality 7 of {1,...,7 + j}, that is to say

o (i+J
5= (1)

Let us give an example. Representing a permutation o € Sy by the vector (o(1),...,0(4)), we have:
Sg2={0c€84|o(1) <o(2) and o(3) < o(4)}
={(1,2,3,4),(1,3,2,4),(1,4,2,3),(2,3,1,4),(2,4,1,3),(3,4,1,2) }.

Let 7 be a multilinear form of order i + j. We denote by Sym; ;(7) the multilinear form defined
by

Symi,j(T)(21,~~.,Zi+j) = (H_J>1 [ Z T(zﬂ(l)""’zo(i-"-j))}' (38)

2
o€S;j

The two following lemmas contain the main properties related to this specific symmetrization
technique which will be needed. Their proofs are given in the Appendix. Lemma [L0]is a general
Leibnitz formula for the differentiation of the product of two functions. Lemma [11]is a symmetry
property.

Lemma 10. Let f: Y — R and g: Y — R be two k-times continuously differentiable functions.
Then, for allk > 1, for ally €Y,

k

D*[f(wgw)] = (lf) Sym; i (D' f(y) ® D*"g(y)). (39)

i=0
Lemma 11. Let T; € M(Y ,R) and To € M(Y7,R). Then, forally €Y,
Sym; ;(Ti ® To) (y* ) = Ti(y®") Ta(y™).
Moreover, if Ty and Tz are symmetric, then Sym; ;(Th @ Ta) is also symmetric.
We are now ready to derive the generalized Lyapunov equation.

Theorem 12. Let k > 3. Assume that V: Y — R is (k + 1)-times Fréchet differentiable in a
neighborhood of 0 and that the assumptions of Proposition @ hold. Then for all z1,...,z;, € D(A),

1

k
> DMV(0) (21, s zic1s Az, Zig1s e 2k) = o Rt 21), (40)
i=1

10



where the multilinear form Ry: Y* — R is given by:

k—2
Ry = 2k(k - 1)Sym1,k_1 (Cl ® gk—l) + Z (5) ymuk_i((ci + Zgz) X (Ck—i + (k - i)Qk—i))v

i=2
Ci(21,.21) = DTYW(0)(B, 21, ..., 21), fori=1,..,k—2

here: 1M
where Gi(z1,..y2i) = Z[ E DV(0)(#1, ..., 2j—1, Nz, 2j41, ...,zi)], fori=1,...,k—1.
=1

Remark 13. The meaning of the expression on the left-hand side of is the following:

k
Z DkV(O)(Zl, ey Zi—1, AHZi7 Zid1y ey Zk) = DkV(O)(AH,Zl, 2y aeny Zk)
i=1
+ DkV(O)(Zl, AHZQ, 23y eeey Zk) + ..o+ DkV(O)(Zl, cees Rk—15 Anzk).
Proof of Theorem[12 We differentiate the HJB equation k times. First observe that since k > 3,
D*(|lyll5-) = 0. (41)
We then have

Dk [DV(y)(Ay)] (=1, ..., z) =DFY(y)(Ay, 21, ..., 1)

k
+ZDkV(y)(zl,...,zi,l,Azi,ziﬂ,...,zk). (42)
=1

Therefore, the k-th derivative of y — DV(y)(Ay), evaluated at y = 0, is given by

k
ZDkV(O)(Zl,...,Zi_l,AZi,Zi+1,...,Zk,). (43)
i=1

For all y € D(A) we set W(y) = DV(y)(Ny + B). It remains to compute the k-th derivative of
y € D(A) —» W(y)? at y = 0. Similarly to ([42),

D’LW(y)(Zl, ceey Zz) :Dl+1V(y)(Ny + B, Ry eeey Zz)

i
+ ZDzV(y)(zlv EED) Zj—laNZja Zjd1y ey Zi)a
j=1

and therefore, 4
D'W(0) = C; + iG;. (44)

Using Lemma [10] and observing that D°W(0) = W(0) = 0, we obtain

DF 2 _ - k i k—i
W00 = 3 (4) Sy (DW0) @ D Wi0)
i=0
k1o
= Z <Z> Symy i, ((Ci +iGi) @ (Cr—i + (k — 1) Gr—i))- (45)
i=1

We compute now the summands of the above expression for i = 1 and i = k — 1. Note first that
G =0 and Ci(z) = B*'Ilz.
Therefore,

Symy 1 ((C1 +G1) @ (Coor + (k — 1)Gr—1))
= Sym, 1 (C1 @ Cr—1) + (k — 1)Sym, . (C1 @ Gr—1) (46)

11



and moreover

k
Syml,k—l(cl ®Ck_1)(21, ...,Zk) = ch(Zj)Ck_l(Zl, s Zj—15 25415 ,Zk)
j=1

k

= Z B*HZJDkV(O)(Zl, sy Z5—1, B, Zjgly ey Zk)
j=1

k
= Y D"W(0)(21, ..., -1, BB Tz, 2j 41, 0o k). (47)
j=1
Combining (45), (46), and (47), we obtain

k
DF [W(y)2] |y=0(21’ vy Zk) = ZDkV(O)(zl, s 2j—1, BB*Ilzj, 2j41, ...y 21)
j=1

k—2
k . .
+ Z (z) Symi7k_i((Ci +iG;) ® (Cr—i + (k — )Gr—i)) (21, .-, 21)
i=2
+ 2k(k — 1)Sym, ;1 (C1 @ Gr—1) (21, ., 2k)- (48)
From , , and , we deduce . O

4 Construction of the polynomial approximation

In this section, we construct a sequence (Tx)g>2, with 7 € M(Y* R), which enables us to obtain
a polynomial approximation of the value function V. For all k > 3, Ty is the unique solution to
a multilinear equation, with a right-hand side which depends explicitly on N, B, and Ta,....Tr_1.
This multilinear equation is suggested by the structure of . The existence will be obtained

under the generic assumptions (A1])-(A4).

We start with an existence result for multilinear equations with particular right-hand sides,
which will be relevant once we turn to (40).

Theorem 14. Let k > 2. For 1 <i < j <k, let Rij € M(Y*,R). Then, there exists a unique
T € M(Y* R) such that for all (21, ..., z) € D(A)*,

k
ZT(ZI’ ey Ri—1, AHZia Zi41y ey Zk:) = R(Zl, ceey Zk), (49)
=1

where:

R(zl,...,zk) = E Rij(zla-~'7Zi—17NZiazi+1’~~-7Zj—1,NZj,Zj+17---7Zk)-
1<i<j<k

Moreover, if R is symmetric, then T is also symmetric.

Proof. Part 1: existence. For all (z1,...,2) € Y*, we define:
T (215 ey 2k) = —/ ReAtzy, ... etz dt.
0

Let us justify the well-posedness of 7. All along the article, the constant C' is a generic constant
whose value can change. We have

o
/ ‘ng(NeAthl, NeAntz, eAnty, eAthk)’ dt
0

00 k
< [ [Ivers gy (vettaly T] ety ] a
0 i=3
00 k
<c [ [ty fetzaly T 1Ay ]
0

=3

12



Here, the last step follows from the fact that N € L(V,Y). Using the generalized Holder inequality,
we obtain

o0
/ |R12(Ne’4“tz1, NeAntz, eAnty, eA“tzk)‘ dt
0

k
< Clle®™ 21| L2 0,000 1€ 21| 20,00 [ ] 1€ 2l Low 0,001 -
=3

Since the semigroup e’ is analytic and exponentially stable on Y, it follows from [4, Theorem

2.2, Part II, Chapter 3] that

oo k
/ ’ng(NeA“tzl, NeAutz, Aty eA“tzk)| dt<C H |2y - (50)
0 i=1

The same estimate can be derived for the other terms of R. It follows that

0o k
/ RN, . Atz dt < C T =il (51)
0

=1

which proves that 7~ is well-defined on Y*. If R is symmetric, then 7 is also symmetric, by .
We next prove that 7 is a solution to (49). Let us first assume that (21, ...,2;) € D(A?)* and
define
F:te0,00) = R(eAmtz, ..., e4mtz).

We already know that F' € L'(0,00), by . In fact, F € W11(0, 00), with

k
F'(t) = Z ReMtzy, .. etz e Apz, etz g, . 2). (52)
i=1

This is seen as follows. For all ¢ < j, for ¢ € [0,00), we define
Fi;(t) = Rij(eA“tzl, ety o NeAuty eAnty oo eA“tzj_l, NeA“tzj, eA“tsz, etz
so that F = 21§i<j§k F;;. To simplify, we focus on Fia. By [, Theorem 5.1.5], Aﬁl exists and
Ag' € L(Y,D(A)). Using the commutativity of A, A;;', and e4n?, we find that
Fis(t) = 7312(NAﬁleA“tAHzl7 NAﬁleA“tAnzg, ety .. efnty) = Riz 0 g12(t),
where

7312(?%17 eeey yk) = RlQ(NAﬁlyla NAﬁlyQa Y3y -eny yk)a
glg(t) = (eAHtAr[Zl, eA“tAH227 eAHtZ3..., eAHtZk).
Since NAL' € L(Y), it follows that Ris € M(Y* R). Moreover, for z; € D(A?) it holds that
Apedn Apz; € LY(0,00;Y) and hence, gio € WH1(0,00;Y*). By Lemmawe obtain that Fis €
Wh1(0,00) and that
Flo(t) = Rio(NeAt Apzy, NeAttzy et zg . etz

Amt Amt Amt Amt
+ Ri2(Ne Tz, Ne“ T Apzg, €7 23, ..., €71 21 )
k
Ant Ant Ant Amt Amt Ant Ant
+ E Ri2(Ne® Mz, Ne M zg e M zg, e M 21, e M Az, e 2401, oo, €710 2.
i=3

Similar formulas can be obtained in the same manner for F;;. It follows that F € W1(0,00) and
that holds. Since R is continuous and [entz; |y = 0, we deduce F(t) 2 0. Moreover,
—00 —0

F € W(0, 00) implies that it is absolutely continuous and therefore, for all 7' > 0,

F(T)—-F(0) = /OT F'(t) dt.

13



Passing to the limit when T" — oo, we obtain

(oo} oo k
F(0) —/ F'(t)dt = —/ ZR(eAthl,...,eA“tzi,l,eA“tAHzi,eA“tzHl,...,zk)dt
0 0 =1

k
E T (21, s Zie1, AT Zis Zig 1y oo 2k)-
i=1

Since F(0) = R(z1, ..., 2x), equation is satisfied. Since D(A?) is dense in D(A), equation
remains valid for z; € D(A), by continuity.
Part 2: uniqueness. Let T € M(Y* R) satisfy and let us set £ = 7 — T. For all

(21, ..., 21) € D(A)*¥,
2

25(213"'aZi—laAHZi7zi+la"'azk) =0. (53)

i=1

For a fixed (21, ..., z;) € D(A)*, we define
G:t€[0,00) — E(eMMizy, ..., e 2.
As in the second part of the proof, we can show that G € Wb1(0, 00), with

k
Gl(t) = Z 5(6Ant2:1, ceey 6Antzi_1, AHBAHtZi, eAHtZi+1, ceey eAHtZk). (54)
i=1
Note that for all ¢, we have that eAnz; € D(A). Hence, we deduce from that G'(t) = 0 and
therefore that G is constant. For all i, we have ||eAmtz; ||y = 0, and thus G(¥) = 0 since & is
—00 —0

continuous. This implies that G is identically 0. Since G(0) = &(zy, ..., ;) it follows that £ is null
on D(A)F. By continuity, € is null on Y*. This concludes the proof. O

Remark 15. Theorem 17 can be generalized to equations with a right-hand side of the following
form:

R(z1, 0 2) = RO (21, 000 21) + Z R (21, ooy 2im1, N2i, Zig1, oos 20)
1<i<k

(2)
+ E Rii (2150 2io1, N2is 2ig 15 o 2j-1, N2jy 25415 0 28), (55)
1<i<j<k

where R(), (Rgl))lgigk, and (Rgi))lgiqgk are bounded multilinear forms.

In the following theorem, we use the nonnegative self-adjoint Riccati operator II which was
defined in .
Theorem 16. There exists a unique sequence of symmetric multilinear forms (Ti)r>2, with Ti, €
M(Y* R) and a unique sequence of multilinear forms (Ri)k>3, with Ry, € M(D(A)¥,R) such that
for all (z1,22) € Y2,

Ta(z1, 22) := (21, 2g) (56)
and such that for all k >3, for all (z1,...,z1) € D(A)¥,
k
Z 776(2’1, ey Zi—1, Anzi, Zid1y eeey Zk) = Rk(zl, T Zk), (57&)
i=1
=2
Ry = 2k(k — I)SymLk_l(Cl ® gk—l) + Z <z> Symivk_i((ci +1iGi) ® (Cr—i + (k — i)gk—z'))a
i=2
(57b)

Ci(zla"'azi) = 7;_’_1(3,21,...,21'), fOri:lv"'ak_27

where: ¢ .
gi<2’1,...72l‘> = {|:Z7;(Zl7...7Zj,1,NZj,Zj+1,...,Zi)i|, fO’f’Z:L...,k‘—l.
Jj=1

(57¢)
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Proof. We prove this claim by induction. The induction assumption is the following: for all p > 2,
there exists a unique family (7x)o<i<p, Tr € M(YE R) and a unique family (Ri)s<k<p, Ri €
M(D(A)*,R) such that and hold, for all k = 3,...,p.

For p = 2, it suffices to check that (z1,22) € Y2 + (21,1123) € R is continuous, which directly
follows from the Cauchy-Schwarz inequality and the fact that II € £(Y).

Let p > 2, assume that the induction assumption is satisfied. Let (Tx)a<k<p, T € M(Y*,R)
and (Rg)s<k<ps R € M(D(A)*,R) be such that and hold, for all k =3, ..., p.

Let R,4+1 be defined by (57b]) and (taking k = p + 1). The multilinear mapping Rp4+1
is well-defined, since and (b7c) are defined by 7s,...,7,. Moreover, R,4+1 can be written as
a sum of multilinear mappings in which the operator N appears at most twice. More precisely,
since by assumption, 7a,...,7, are bounded, Rp+1 can be written in the form . Therefore, by
Theorem [14] there exists a unique 7,11 € M(YPT1 R) satisfying . By induction, 73,...,7, are
all symmetric. One can easily check that for i = 1,....p — 2, C; is symmetric and for i =1,...,p — 1,
G; is symmetric. Therefore, by Lemma Rp+1 is symmetric and finally, by Theorem Tpt1 is
symmetric. This proves the induction assumption for p + 1 and concludes the proof. O

Remark 17. In the finite-dimensional case Y = R", a multilinear form S € M(Y* R) can
be naturally identified with o multidimensional array (or tensor) S € R™ " *". Denoting with

vec(S) € R"" the associated vectorization of S allows to interpret as a linear tensor equation
of the form

k
Y In®- ®L,@AL , @1, & & I,)vec(T) = vec(R),
— —

i=1 i—1 k—i

where I, is the identity matriz in R™*™ and A, € R™" denotes a finite-dimensional approzi-
mation of the operator Ar. Let us particularly emphasize that these types of equations can often be
efficiently solved by tensor methods, see e.g. [10].

For all p > 2, we define the function V, as follows:

p

1

Vpi Y — R, Vp(y) == g Hn(ya <o 7y)7 (58)
k=2

where the sequence (7)g>2 is given by Theorem . The definition of V, is motivated by Theorem

Remark 18. In Theorem we prove that V), is an approximation of order p + 1 of V, in the
neighborhood of 0. This result is obtained without assuming the differentiability of V.

5 Well-posedness of the closed-loop system

In this section, we analyse the non-linear feedback law u,: y € V — R, defined by

w(y) =~ = (DY), Ny + B) = —~ (3 ﬁnwy £ By), (50)
k=2 :

Its form is suggested by and . Note that the explicit expression of u, follows from Lemma
and from the symmetry of the multilinear forms 7. In this section, we discuss the well-posedness
of the closed-loop system

Sy = Ayt (Ny+ Bluyly), 9(0) = o (60)

for a fixed value of p > 2. We recall that throughout this section and the remainder of the paper,
assumptions (A1))-(A4) are supposed to hold. In Theorem we will establish the existence of a
solution to (60)), provided that ||yo||y is sufficiently small. We denote this closed-loop solution by

S(upa IUO)
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The distinction with the notation S(u, o) used for an open-loop control u € L?(0,00;Y) will be
clear from the context. We also denote by

Uy, (yo;t) = up(S(up, yo; t)) (61)

the open-loop control generated with the feedback law u, and the initial condition yo. We will
prove in Corollarythat U, (yo) is well-defined in L?(0, c0), provided that ||yol|y is small enough.

The strategy that we use to prove the well-posedness of is rather standard and has been
applied in the context of infinite-dimensional systems several times, see e.g. [5, [I7,[20]. It consists in
proving that the non-linear part of the closed-loop system satisfies a Lipschitz continuity property.
To this purpose, we introduce the nonlinear mapping F : W, — L?(0, 00; V*) defined by

1 SN 1
F(y) = ——(Ny+B)(Z ——Te(Ny+ B,y 1) - (NyTz(Ny+B,y)+B7'z(Ny7y))~ (62)
e = (k—1)! «
It can be expressed as the sum of monomial functions of degree greater or equal to 2. Observe that
the closed-loop system can be written as follows:

d
—y = Ay + (Ny + B)u,(y)

at
= Ay+ (Ny+B)( - éZﬁTk(NyﬂLB,y@k’l))
k=2 ’
_ (A - éBB*H)y + F(y) = Any + F(y). (63)

In Lemma we prove that F' is well-defined and Lipschitz continuous on bounded subsets (for the
L*°(0, 00; Y)-norm), and that the associated Lipschitz modulus can be made as small as necessary,
by restricting the size of the considered subset. The well-posedness of is then obtained in
Theorem with a fixed-point argument.

We set

d
W := W(0,00) = {y € L*(0,00; V) : Y € L2(O,oo;V*)} .

We recall that W, is continuously embedded in C(0,00;Y") [I3, Theorem 3.1]: there exists a
constant Cy > 0 such that for all y € W,

191l o< 0,00:7) < Collyllw. - (64)
The following lemma is a technical lemma, used for analysing the non-linear mapping F'.

Lemma 19. There exists a constant C > 0 such that for all 6 € [0,1], for all k =2,...,p, and for
all y; and y2 € By (6)NV,

I(Ny2 + B)Te(Ny2 + B,ys* ') = (Ny1 + B)T(Ny1 + Byt )|y
< C(0lly2 — villv + (lwallv + llw2llv) vz = yally)-
Proof. Let § € [0,1], let y; and yo € By (6). Then we have
[(Ny2 + B)Ti(Ny2 + B,y5* ') = (Ny1 + B)Te(Nya + B, yP* ) v
< IN(y2 = y)Te(Ny2 + B,ys™ llv- + [|(Ny1 + B)Ti(N(y2 = y1),55" )|
=:(a) =:(b)
+[|(Ny1 + B) (Ti(Nys + B,ys™ 1) = Ta(Ny1 + B,y ) [l -
=:(c)

We need to find a bound on the three terms of the right-hand side of the above inequality. Note
first that ||Ny1 + B”V* < M = ||N||£(yﬁv*) + HB”Y We have

V*

(@) < [INlleevivey 1y = wlly [ Tell (INlleevyy llvellv + 11Bly)d*
(0) < M [Tkl INllzevyy lly2 —wllv skt
(c) < M(k—1)8 2 | Tell (INlleviyy lvallv + I1Blly) llyz — vally-
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For the upper estimate of (c¢), we used Lemma |§| and the fact that
TNy + B, oo ) < (INll2evyy - 9allv + 1Blly) - 1Tl
The lemma follows, since 6¥*~1 < § and since V is continuously embedded in Y. O

We now prove a Lipschitz continuity property satisfied by F.
Lemma 20. The mapping F is well-defined. Moreover, there exists a constant C; > 0 such that
for all 6 € [0,1], for all y1 and y2 € Woo with |[y1]| Loe (0,00;v) < 6 and ||ya| Loe 0,005y < 9,
1F(y2) = F(y1)ll 20,007 %) < Cr(8 + [[91]l22(0.00v) + [192]l 220,000 192 — ¥ llwee - (65)

Proof. Observe that F(0) = 0. Therefore, will ensure that F(y) € L?(0,00; V*) (at least for
Y1l Lo (0,00;v) < 1, but the well-posedness can actually be checked for any y). Let y1 and y2 € W,
be such that [|y1 ]|z (0,00;v) < 6 and [|[y2| Lo (0,00;v) < 6. By Lemma

I[(Ny2() + B) T (Ny2() + B,ys* ()] = [(Nsn () + B) Te(Non () + B o™ O] 12 0,000+
< C(8lly2 = y1llz2(0,005v) + (1911l 220,005y + 1921l £2(0,005v)) 1Y2 — Y1 ]| Lo (0,0057) ) -
With estimates similar to the ones used in Lemma [I9] one can show that
| [Ny2()T2(Ny2(-) + B,y2()) + BTa(Nya(-), y2(-))]
= [Ny ()T2(Ny1 () + B, ya (1) + BT (Nya (), 11(4)) ] HL2(O,OO;V*)
< C(8lly2 = v1llz20.00:v) + (1911122 (0,00:v) + 11921l 22 (0,00:v)) 192 = ¥1] oo (0,000) ) -

Using the continuous embedding of W, in L*°(0,00;Y’), we obtain , which concludes the
proof. O

With regard to a fixed-point argument, let us consider the linearized nonhomogeneous system
associated to (60))
d
5= Anz+ f,  2(0) =yo (66)
for which we have the following result.

Proposition 21. There exists a constant Cy > 0 such that for all f € L*(0,00;V*) and for all
Yo €Y, there exists a unique mild solution z € W, to satisfying

1zlwe < Ca(lfll20,00v+) + [190lly)-
In particular, z € Cy([0,00);Y).

This result can be verified with the techniques of [4, Theorem 2.2, Part II, Chapter 3] and [20].
We are now ready to prove the well-posedness of (60)).

Theorem 22. There exist two constants dg > 0 and C' > 0 such that for all yo € By (do), the
closed-loop system admits a unique solution S(uy,yo) € Weo satisfying

15 (up, yo)llwee < Cliyolly- (67)
Moreover, the mapping yo € By (o) = S(up,yo) is Lipschitz continuous.

Proof. In the proof, we denote by Cy the constant involved in and by C7 and Cy the two
constants obtained in Lemma [[9 and Lemma R0 We set

1 1 1
C=Ct1, 6 =min (cco’ 2C2(Cy +1)C1Ca” 2C(Co + 2)0102)

Let us fix yo € By (dg). Consider the mapping Z: y € W, — Z(y), where Z(y) is the solution of

d
EZ = AHZ +F(y)> Z(O) = Yo,
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which exists by Proposition We show that Z is a contraction in
Q:={y e W yllw. <Cliyolly}-
Note that ||y|lw. < Cllyolly < Cdp for all y € Q and that
Yl Lo (0,00:v) < Collyllw., < CoCdo < 1. (68)
Let us show that Z(Q) C Q. Let y € Q. Applying Lemma [20] (with § = CoCép), we obtain

IE W)l 22(0,005v+) = 1F(y) = F(O)l| £2(0,005v+) < C1(6 + Co) llyllw.
< C1(CoCdo + Co)Cllyolly < C*(Co + 1)Ciéollyolly-

Therefore, by Proposition 21}
IZG)Iwe < C2(IF W)l L2(0,005v) + olly)

< C*(Co + 1)C1C26 lwolly + Callwolly < (C2 + Dllyolly,

<1

which proves that Z(y) € Q.
Next, for y; and y2 € Q we set z = Z(y2) — Z(y1). Then we have

d
EZ = Anz+ F(y2) — F(y1), 2(0)=0.

Taking 6 = CyCdy and applying Lemma [20] and Propositon 21} we obtain
1Z2(y2) = Zw)lw.. = lzllwe < C2llF(y2) — F(y1)llr2(0,00v+)
< CoC1 (0 + 111l 22 0,00v) + 192l 22 0,00:v) ) 192 — w1 llwae < C(Co +2)C1 0200 [ly2 — 1 [lw.. -

<Cdg <Céq <1/2

Hence, Z is a contraction and the well-posedness of follows with the Banach fixed point
theorem.

We finally prove that the mapping yo € By (d9) — S(up, yo) is Lipschitz continuous. Let y1 9
and y2.0 € By (0o), let y1 = S(up, y1,0), let y2 = S(up, y2,0), let z =y2 — y1. It holds

d
W= Anz+ F(y2) — F(y1), 2(0) = y20 — y1,0-

By , we obtain

y1llzo(0,00:v) < CoCdo and  ||y2]|Le(0,00:v) < CoCdo-
Applying again Lemma 20| with § = CyCdy, we obtain that

1F'(y2) = F(y1)|l£2(0,00;v) < C(Co + 2)C1dolly2 — yallw.. -
Therefore, by Proposition

ly2 — yillwe. < CollF(y2) — F(y1)ll22(0,00v+) + C2lly2,0 — y1,0lly
< C(Co+2)C1Ca00 |ly2 — yillwe. + Callyz,0 — y10lly-

<1/2

It follows that
ly2 — v1llw.. <2C2ly2.0 — y10lly,

which proves the Lipschitz continuity of the mapping yo — S(u,,y0) and concludes the proof of
the theorem. O
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Corollary 23. Let &y be given by Theorem[23 The following mapping:
Yo € By (d0) = Up(yo) = up(S(up, o)) € L*(0,00)

1s well-defined and continuous. Moreover, there exists a constant C' > 0 such that for all yy €
BY((SO))
V(yo) < T (Up(y0), o) < Cllyoll3- (69)

Proof. We begin by proving the well-posedness and the continuity of U,. We actually prove that
the mapping is Lipschitz continuous. Since Up,(0) = 0, the Lipschitz continuity ensures also the
well-posedness. We set = S(uy, By (d)) C Ws. By Theorem there exists 6 > 0 such that
for all y € Q,
[yl Lo (0,00v) <0 and [yl z2(0,005v) < 6.
For all y; and y € By (9),
|Te(Ny2 + B, ys* 1) — Te(Ny1 + B,y )|
< TN (y2 —91), 455 )| + [ Te(Ny1 + B,y 1) — Ti(Nyy + B,y$F )|
<N Tl INll 2wy lly2 = yallv 6771
F TN IN N evyy llyallv + 1Bl ) (k= 16" 2(ly2 — yily-

In the last inequality, we used Lemma [ and the fact that

TNy + B, oo ) < N Tkll (INlleqvyy lwallv + 1Blly)-

As a consequence, for all y; and yo € €Q,

_ _ 2
176 (Nya() + B,ys™ 1 () = Ta(Nyn () + B,y () [ 120,00
< C(HyQ - yl"%z(o,oo;V) + Hy1||%2(0,oo;V)Hy2 - yl”%“’(O,oo;Y) + ||y2 - ylH%?(O,oo;Y))
< Cllyz =l -

It follows that the mapping: y € Q — u,(y(-)) € W is Lipschitz continuous. By composition
with yo € By (o) — S(up,%0), the mapping U, is Lipschitz continuous and well-posed.

Let us prove inequality . Since S(uy,-) and U, are both Lipschitz continuous, there exists
C > 0 such that for all yg € By (do),

1S (ap, yo)l20,00:v) < Cllvolly  and  [Up(yo)ll22(0,00:v) < Cllyolly-

It follows that
V(yo) < T (Up(yo),yo) < C*(1+a)/2 [lyoll3,

which concludes the proof. O

6 Properties of the optimal control

Proposition 24. Let 69 > 0 be given by Theorem . Then, for all yo € By (do), there exists
a solution u to problem with initial value yo. Moreover, y = S(u,yo) lies in L?(0,00; V) N
L>(0,00;Y) and the following estimates hold:

1Yl (0,00:v) < Cllvolly  and [yllL2(0,00:v) < Cllolly, (70)
where the constant C' is independent of yq.

Proof. By Corollary we have V(yo) < Cllyol|3- < C82. Hence, Proposition [2| guarantees the
existence of a solution u to problem , with initial condition yo. Let y = S(u,yo). We deduce

from V(y0) = (1911720 corvy + $ll0llZ2(0,00) that

2 2 2 _ 2053 2 2 2
lullz20,00) < Z Cllwoll® = == and  [[yllz2(0,00:v) < Cllvolly < 2C5. (71)
Estimate follows then from , , and . O
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Proposition 25. The value function V is continuous on By (dg), with dg > 0 given by Theorem

22
Proof. Let e5 > 0. We construct €1 > 0 in such a way that for all §o € By (dg) and gy € By (do),
90 — Golly <e1 = |V(%0) — V(90)| < e2. (72)

Before defining €1, we need to introduce some constants. By Corollary there exists a constant
C > 0 such that for all yo € By (), V(vo) < Cllyoll3 < C3. We set

1 . g9\ 1/2 053
€3 = 5 min [(50, <%> } and T = 76:2)’ .
The constant T is defined in such a way that for each solution u to with initial value yo €

By (do), there exists 7 € [0,T] such that ||S(u,yo; 7)|ly < e3. Indeed, if it was not the case, one
would have

T
V(o) > / 1S yos )12 dt > Te2 = C2,
0

in contradiction with Corollary For all yo € By (dp), it holds: V(yo) < €62, and therefore, if u
is an optimal solution to with initial value yg, then

2
lullZ2(0,00) < 7 C5- (73)
By Lemma 1} there exist M and L > 0 such that for all uw € L*(0,T) with [[u[|72 1) < 2C6%/a,
for all yo and gp € By (o),
1S(w, yo)ll =0, rv)y <M and  [|S(u, §o) — S(u, yo)ll =0, 1:v) < Lllgo — yolly- (74)
We finally define
= min (77377 7)
€1 = min 4TML, L .

We are ready to prove (72). Let §o and gio € By (0o) be such that ||§o — go|ly < 1. Let @ and @ be
associated optimal solutions, and let § and g be the associated trajectories. Take 7 € [0,T] such

that |§(7)||y < es. By and (74)), we have
1S (, go) — S(@, Fo)ll Lo 0,737y < Lo — Folly < Ley.
We set y1 = S(@, go; 7). It holds that
lyally < 15(@, go)lly + 15(@, go) — S(@, go)lly < [|§()lly +Lex < 2es.
<es
Therefore, using the definition of 3, we obtain that ||y1]ly < dp and thus that
V(y1) < C(2e3)* < e2/2. (75)
By the dynamic programming principle, see , we have

V(i) < /OT 0(S(a, go; t), a(t)) dt + V(S(a, yo; 7)) < /OT 0(S(@, gost), a(t)) dt + e2/2. (76)

We find now an upper estimate on the integral of the r.h.s. in the above inequality. We have

/TK(S(u,QO;t),u(t)) dtz/TK(S(a,gjo,;t),a(t))dt
0 0

IN

T[T e i o o
5/0 15 (@, Gos )1 + ela®)* + 1S (@, gos )3 — 15 (@, os )15

IN

1 T
T (@, go) + 5/ (S(t, go; t) — S(u, gos t), S(@, Yos t) + S(@, Go; t))y dt
0

1
< V(go) + §TL61 2M < V(go) + 62/2. (77)

Combining and , we obtain that V(o) < V(Jo) + e2. One can similarly prove that
V(Go) < V(9o) + €2, by exchanging the symbols “*” and “~” in the above proof. Therefore, (72))
holds and the continuity of V is demonstrated. U
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7 Error estimate for the polynomial approximation

In this section, we prove the two main results of the article. In Theorem we give an estimate
for the quality of the feedback law u, for ||yo|ly small enough. This will be based on the fact that
V, provides a Taylor approximation of V of order p 41 in a neighborhood in Y of 0. In Theorem
we give an estimate for |4 — Uy (yo)||£2(0,00), Where @ is a solution to problem with initial
condition yo, with yo small enough, and where U,(yo) is the open-loop control associated with the
feedback law u, and the initial condition yo (see the definition given by )

Our analysis consists first in defining a perturbed cost function [J, which has the property
that V), is its minimal value functional over a set of controls specified below. This is achieved by
constructing a remainder term r,,, defined for p > 2 and y € V by

ap,1(y) = C1(y),

2p p _ 1 1 : ®i
1 api(y) = 7 (Ci(y®) +1iGi(y®")),
)= 2a i;—l j:zz—p 0= ), where: ! | Vi=2,.,p—1,

qP,p(y) = ﬁgp(y(@p)-

(78)

We recall that the definitions of C; and G; are given by (57c). The perturbed cost function J, is
defined by

1 o0 oo (o)
Tp(u,y0) ::5/0 ||S(u7y0;t)||§/dt+%/o u2(t)dt+/0 rp(S(u,yo;t)) dt.

The well-posedness of J,, for a certain class of controls, will be investigated in Lemma @ Note
that 7, is not necessarily non-negative.

Proposition 26. For allp > 2 and all y € D(A), we have

o(y) = ~DVy(w)(Ay) = 3 IolF + 5 (DY) Ny + B)) (79)

Moreover, for all p > 2, there exists a constant C' > 0 such that for ally € V,

2p
W) < C Dyl vl (80)
1=p+1

Remark 27. Relation states that V), is a solution to the HJB equation associated with the
problem of minimizing .7, (compare with Proposition @[)) This relation is the key tool to establish
Lemma 291

Proof of Proposition[26. Let us prove . Let us fix y € D(A). For p = 2, using that the operator

IT generating 75 is the solution of the algebraic Riccati equation, we obtain

DV, )(Ay) ~ Iyl + 5 (DV,(5)(Ny + B))?

(67

1 1
= —Ta(Ay,y) = 5llyll¥ + 55 (T2(Ny + B,y))?

1 1 1
~Ta(Ay,y) = 5llllY + - Ta(B.y)* + - [2Ta(By) T2(Ny, ) + 7'2(Ny7y)2}

=0
_ L [2@ 1(Y)a2.2(y) + ¢ 2(3/)2} = i7"2(9)-
2c0 ’ ’ ’ 2c0

Now let p > 3. Our proof is based on Theorem [I6] The expressions of the multilinear forms C;,
Gi, and R}, can be simplified when the mappings are evaluated at y®* and y®*, respectively. By
definition of C; and G; (see (57¢))) and using the symmetry of the multilinear forms 7; (proved in

Theorem 7
Ci(y™) = Tir(B,y™) and  Gi(y™) = Ti(Ny,y™' ). (81)
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Moreover, by definition of Ry, (see (57b)) and by Lemma [T1] we have
Rio(y®*) = 2k(k = 1)C1(y)Gr—1(y** ")

+Z() V) 1+ iG,(5%) (Coms W) + (k- DG (™). (82)

Using once again the symmetry of the multilinear forms 7y, we obtain

ET (A, y™ ) = SR, (53)
We are now ready to prove . We first have
P
1
DYV(w)(Ay) = > o=y Te(Av.v™" ) (84)
k=2
Moreover, by ,
P
1
DV,(y)(Ny+B) = > = Ti(Ny + B,y® 1)
i=2
i 1 ( ® ®i—1 )
== . gz(y Z) +Cz l( ! )
=2 (Z )
p—1 1
=)+ GO0 +i9.0™) + oy G)
i=2 :
P
= Z(Ip,i(y)
i=1

The expression DV, (y)(Ny + B) is therefore the sum of monomial functions of degree 1,...,p. As a

consequence, (DVp(y)(Ny+B))2 can be expressed as a sum of monomial functions ¢, 2, Gp.3,---,dp,2p
of degree 2,...,2p, respectively:

(DV,(y)(Ny + B)* = Gouily). (85)

We compute now these monomial functions. First,

p2(y) = apa(y)? = C1(y)* = T2(B,y)* = (IB,y)*.

For 3 < k < p, we obtain

p.k(y) = 24p,1(Y)ap.k—1( +Z‘1pl Ypk—i(y) - (86)
—,_/
=i(a)

=:(b)
The terms (a) and (b) can be expressed explicitly as follows:

2
(k—1)!

2%
= 2 (BB Ty, y® 1) +

(a) = C1(y) (Cor (y®F 1) + (k = DGr1 (¥®F 1)

2%k — 1)

i C1(y)Gr—1 (y®F 1),

k—
1 y | )
TR Z < ) ®z +zg ( )) (Ck—i(y®k )+ (k — z)gk_i(y®k ))7
i=2
and thus, using (82)), relation becomes

- 2k . _ 1
Do(y) = 2 TR(BB T,y 1) + 2R (6™, (37)
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For p+ 1 < k < 2p, we have

p
p. ke ( Z Qp,i(Y)ap k—i(y)- (88)
=—

? p

Using 7 , , and , and grouping monomial functions of same degree, we obtain

DV, 0)(Ay) ~ gl + 5 (DV,(y)(Ny + B))?

1 1
= —*[QB(Any,y) + lylly + 57’2(3,1;)2]

2p

S REGT] + e D dnkly) = (o).

p
1
+) gk’kayym h -
k=3 k=p+1

The terms in brackets in the above expression are equal to zero by (83| . This proves

Let us prove . From and Theorem (16| . we obtain that for all p > 2, there eX1sts a
constant C' > 0 such that for all i =1,..,p, lgp; ()] < Clyllv lyll&". We deduce that for all
t=mp,...2pand all j =i —p,...,p,

495 (W) ap.i—i ()] < C w3 lyll5.
Estimate follows then from the definition of 7. O

Lemma 28. Let p > 2 and let 5y > 0 be the constant given by Theorem[2Z. Then, there exists a
constant C > 0 such that for all yo € By (dp),

| rela®) @< Clwl™ and [y (Stagnin) de < Claol,
0 0

where § is an optimal trajectory for problem with initial value yq.

Proof. By Theorem there exists a constant Cy such that for all yo € By (dp),

Ypll22(0,00:v) < Cillyolly  and  [[ypllLec(0,00;v) < Cillyollys

where y, = S(up,yo). By Proposition increasing if necessary the value of C; > 0, for each
solution @ to problem associated to an initial value yg € By (dp) we have

19112 0,00,v) < Cillyolly and  [|g]| Lo (0,00;v) < Cillvolly

where § = S(,y0). Let us denote by Cy the constant provided by Proposition We obtain

0o 2p
/0 ) A< o S 15120 191520 sy

i=p+1
2p
1
<00 S Cllwlly < Cololt 30 Cid @)
i=p+1 1=p+1

and these inequalities also hold for y,. The lemma follows with C = Cs Zz —pt1 Cl —(+1) O

In the following lemma, we establish that the control Up(yo) = u,(S(up, yo;-)) obtained from
is optimal with respect to 7, (-, yo) for small values of ||yol|y, over all feasible controls for (P).

Lemma 29. Let p > 2 and let 6o > 0 be given by Theorem[23 Let u be any feasible control for
with initial value yo € By (80) N V. Then Jy(u,yo) and Jp,(Uy(yo),yo) are finite and

Vo (yo) = Tp(Up(¥0), yo) < Tp(u, yo)-

23



Proof. We start with a computation for an arbitrary feasible control associated with an initial
condition yo € By (do) N V. There exists at least one such control, namely U,(yo). Let us set
y = S(u,yo). By Lemmas [l and 4} we have that y € H*(0,T;Y), for every T > 0. Together with
Lemma this implies that J,(u, yo) and J,(U,(yo), yo) are finite. Moreover, for all T' > 0, we
have y € W1(0,7;Y) and by Lemma [8 the chain rule can be applied to each of the bounded
multilinear forms which appear as summands in V,(y(-)). Omitting the time variable in what
follows, we obtain

d
W) = DVe(y) (Ay + (Ny + B)u) = DV,(y)(Ay) + uDV,(y)(Ny + B).
By Proposition [26]
d 1. .9 1 2
22 W) = =ro(y) = 5lully + 5 (DVp(y)(Ny + B))” + uDV,y(y)(Ny + B)
1 o
= ~Ly(y.u) + 5~ (DVo(y)(Ny + B))” +uDVy(y)(Ny + B) + 50,
where
1 le}
bp(y,u) = §Ily\|§/ + §u2 +7p(y)-

Hence, it follows that

d
dt

o

W) = 6yl + 5 (0 LD+ B)) =ty + G- w0’ (59

We deduce that for an arbitrary feasible u,

T
Vo(5(T)) — V(o) > — / 0y, ) dt. (90)

We also deduce from that for the specific u = Up(yo),

T
Vo (0p(T)) — V(o) = — / 0o, Uplyo) dt, (91)

since for this control, the squared expression vanishes. By Lemma (1} we have limr_, o, y(T) =
0 and limp_, yp(T) = 0 in Y. Together with the continuity of V), established in Proposition [25]
this implies that
Vo(T) =0 and Vy(y,(T)) — 0.
—00

T—o00
Finally, passing to the limit in and 7 we obtain

(o) = / 0(,u) > V(o) = / £ (0 Up(0)) = To(U,(10). 0).
The lemma is proved. O

We now prove that V, is a Taylor expansion of V and analyse the quality of the feedback law
u,, in the neighborhood of 0.

Theorem 30. Let §g > 0 be given by Theorem let C be the constant given by Lemma [29
Then, for all yo € By (dp),

I (Up (o), %0) < V(yo) + 2C o5, (92)
V(%) — V(o) < Cllyoll 3 (93)

Proof. We first prove the result for yo € By (d9) N V. The following inequalities follow directly
from Lemma |28 and Lemma [29| and from the suboptimality of U(yg):

Vo(%0) — T (Up(yo),%0)| < Cllyoll3, Vp(y0) < Tp(t@, o),
V(%) — Tp(@, yo)| < Cllyoll5, V(yo) < T (Up(%0), o),
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where 4 is a solution to with initial value yy. Therefore,

T(Up(y0) %0) — 2C |yoll5™™ < V(o) — CllyollB™ < Tp(@,y0) — Clio |5
< V(o) < T (Up(w0),50) < Vo(wo) + Cllwol 5,

which proves inequalities and for yo € By (o) N V. By Lemma @ V), is continuous,
by Proposition V is continuous on By (dp). By Theorem and Corollary the mappings:
Yo € By (do) — S(Up(yo0),y0) and yo € By (dp) — U,(yo) are both continuous. Moreover, the
following mapping is continuous:

1 a
(u,y) € L*(0,00) x Woo — §||y||2L2(o,T;Y) + 5””“%2(0,00)-

Therefore, by composition, the mapping yo € By (do) — J (U, (v0), yo) is continuous. Finally, since
By (o) NV is dense in By (dp), we can pass to the limit in inequalities and (93). They are
therefore satisfied for all yo € By (dp). The theorem follows. O

Remark 31. Inequality gives an estimate for the approximation quality of the feedback law
u,, in the neighborhood of 0. In general, an inequality like does not imply that V' is p-times
differentiable in the neighborhood of 0. Indeed, consider the function

FireRe a3 sin(1/2?) ?f:c;«é()
0 ifx=0.

Then, for all z € R, |f(x)| < |x|3, however, f is not continuously differentiable at 0, since for all
x#0, f'(x) = 3z%sin(1/2?) — 2 cos(1/2?), thus f'(x) -+ 0 when x | 0.

We finally give an error estimate for the closed-loop control U,(yo) associated with u,, for
small values of yj.

Theorem 32. Let §y be given by Theorem . There exist 01 € (0,d0] and C > 0 such that for all
Yo € By (1), there exists a solution 4 to problem with initial value yo satisfying the following
error estimates:

15— S(up, yo)llwee < Cllyol TV and (@ — Up(wo)ll 220,00y < Cllwoll T2, (94)

where § = S(,yo).

Proof. The value of ¢; is fixed to dg for the moment. We first prove the result for yg € By (61) NV,
as in the proof of Theorem Let u be a solution to problem with initial condition gy and
let § = S(4,%0), up = Up(yo), ¥p = S(up, yo). By Theorem [22| and Proposition there exists a
constant C' independent of yg such that

11> 0,007y < CO1, Tl L2(0,00v) < CO1s NYpllzoe(0,005v) < CO1, 1YpllL2(0,005v) < Cr.
(95)
Let us emphasize the fact that in the proof, the mapping u,(7(:)) € L?(0,00) plays an important
role. It can be seen as an “intermediate” control between % and u,,.
Step 1: estimation of [|u(-) — u,(¥(+))[|22(0,00). Since yo € V, equality holds for (u,y) =

(t,7y) and therefore, for a.e. t > 0,

d

SV E(0) = (), (1) + 5 (a(t) - uy (3(2))°

2

Integrating on [0, T] and passing to the limit when 7' — oo, as in the proof of Lemma we obtain
that

Vil = [ ta@awar- [ i [T @ - )’

=V(yo)

and finally that

16 = TN < = (Valow) = Vil + [ (o)l ) < Cluoll™, (00
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as a consequence of Theorem |30 and Lemma

Step 2: estimation of ||§ — yp|lw... We use in this part of the proof ideas similar to the ones
developed for the well-posedness of the closed-loop system in Theorem We make use of the
mapping F', defined by (62). Remember that this mapping contains the non-linearities of the
closed-loop system (see (63])). Let us set

f(t) = (Ny(t) + B) (u(t) — uy(y(t)) € V*, for ae. t > 0.

Omitting the time variable, we have

5= Ay + (Ng+ B)(@ — uy(3)) + (Ng + Buy(5) = Ay + F(5) +

We also have

Eyp = Anyp + F(yp)-

Setting z = y — y,,, we obtain

%z =Anz+ F(g) — F(y,) + f, 2(0)=0.

We compute now estimates of ||F(4) — F(yp)|l£2(0,00;v+) and || f]|£2(0,00;1+), in order to obtain an
estimate of ||z||w,, with Proposition By definition of f, we have
1172 0,007 < 2UNIZ vy 112 0,000y + IBIT) () = up(G()) 172 (0,00)
< C||y0||1})f+1’ (97)

where the last inequality follows from the estimates and . Since |||l o (0,00;v) < C61 and
1p Lo (0,00;v) < Cd1, we obtain with Lemma 20| that

||F@) - F(yp)HLQ(O,oo;V*) < Cy (051 + ”?HL?(0,00;V) + HypHL?(O,OO;V))||?:7 - yp”Woo
< 30,081 2w (98)
We can now reduce the value of §; to
1

01 = min ((507 m)

By (97), (98)), and Proposition [21]

l2llw.. < Co(IIF @) = Fup)ll20.00v) + 1 fll2(0,00v))
3010206 ||2|lw. + C2C| fll22(0,00:v)

IN

A

1 1)/2
< Sllzllwe +Cllwoll 72,
It follows that
1)/2
Izllw.. < Cliyoll 072,

The first estimate in is now proved.
Step 3: estimation of ||4 — upl|12(0,00). Observing that u,(-) = u,(y,(-)), we obtain that

% = upll2(0,00) < NU() =1 (F())l22(0,00) + 105 (F()) — up()llL2(0,00)
< Cllyoll P72 + lup () = p(yp()£2(0,00)- (99)
We obtain an estimate of the last term of the r.h.s. by proving a Lipschitz property for the mapping
y € Weo — u,(y(+)) € L?(0,00). With similar estimates to the ones used in the proof of Lemma
one can easily show that for y; and yo € By (Cé), for all k =2,...,p,

[ Ti(Ny2 + B,yS* 1) = Te(Nyr + By ™) < Cllye — willv + llvallvlive — v lly)-
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By , 191 Loe (0,00;v) < C01 and ||ypl| 100 (0,00;v) < Cd1. Therefore,

I, (7)) = W (U (D172 (0.00) < CUIT = UplIZ2(0.000v) T 19011 72(0.000) 1T = Y170 (0.00:7))
_ 1
< Clly, — 9ll3y.. < Cllyoll.

Combining this estimate with , we obtain the second inequality of .

Step 4: general case. Let yo € By (61). Take a sequence (y5)ren in By (61) NV converging to
yo. As we proved in the first three steps of this proof, for all k& € N, there exists a solution @* to
problem with initial condition y% such that

_ +1)/2 _ 1)/2
7% = S(up, y8) e < Cllyf I and @ — Uy (yh)ll 12000 < Cleb 122, (100)

where y* = S(u*, y%). Using arguments similar to the ones used in the proof of Proposition [2, we
obtain that there exists an accumulation point (u, ) to the sequence (@”, i) for the weak topology
of L?(0,00) x W, which is such that @ is a solution to problem with initial condition gy and
such that § = S(u, ). By Corollary the mapping U, is continuous. Therefore, we can pass to
the limit in and finally obtain the estimates

15 = S(up, y0) lw < Cllyoll P2 and @ — U, (yo)l 220,00y < CligollFT72,

which concludes the proof. O

Remark 33. The constants &y, 61, and C, which are provided by Theorem [30 and Theorem [33,
depend on p.

8 Stabilization of a Fokker-Planck equation

In this section, we show that assumptions (A1)-(A4) are satisfied for a concrete infinite-dimensional
bilinear optimal control problem. Following the setup discussed in [5], we focus on the controlled
Fokker-Planck equation

&~ PAp 4V (VC) +uV - (pVa) im0 x (0,00)
0= (0Vp+ pVGQ) -7t on I' x (0, 00), (101)
p(x,0) = po(z) inT,

where 7 > 0,  C R” denotes a bounded domain with smooth boundary I' = 992, and pg denotes
an initial probability distribution with fQ po(z)dx = 1. To apply the results from [5], we assume
that o and G € W NW2max(21)(Q) and that the control shape function fulfills V-7 = 0 on T,
We introduce po, = fﬂi%iw where ® = log 17—|—%, and observe that p, is an eigenstate associated

with the eigenvalue 0. While the system is known to converge to this stationary distribution, this
can happen inadequately slowly and a control mechanism becomes relevant. Considering (101]) as
an abstract bilinear control, we arrive at

p(t) = Ap(t) + Np(t)u(t), p(0) = po,
where the operators A and N are given by
A:D(A) C L*(Q) — L*(Q),
D(A) = {p e H*(Q)|(#Vp+pVG)-i=0onT},
Ap=vAp+V-(pVG),
N: HYQ) = L*(Q), Np=V-(pVa).

In order to consider (101]) as a stabilization problem of the form , we introduce a state variable
Y := p— poo as the deviation to the stationary distribution. As discussed in [5], this yields a system
of the form

(1) = Ay(t) + Np(t)u(t) + Bu(t),  y(0) = po = peo,
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where
B:R — L*(Q), Bc=cNps.

Since [, B dz = [, Nps dz = 0, the control does not influence the one-dimensional subspace
associated with p.,. Therefore, a splitting of the state space in the form

Y = L*(Q) = im(P) @im(I — P) =: Yp + Yg
by means of the projection P defined by
P: L*Q) —» L*(Q), Py=y— / Yy dz poo,
Q

im(P) = {v € L*(Q): /Qv dx = 0} , ker(P)=span{ps},

was introduced in [5]. We thus focus on

gp = Ayp + Nypu + Bu, yp(0) = Ppo, (102)
where
A= PAIp with D(A) = D(A) N Yp,
N = PNIp with D(N) = H'(Q) N Yp,
B=PB

)

and Ip: Yp — Y denotes the injection of Yp into Y. With system ([102]), we associate the cost
functional

1 o0 o0
) =5 [ MOl d+5 [ a (103)

Let us verify that the assumptions (A1))-(A4]) are satisfied with Y = Yp and V = H'(Q) N Yp,
endowed with the inner products from L?(Q) and H'(2) respectively and for the bilinear system

(102)) with operators 121\, N , and B. Concerning (A1), we have for every v € V that

a(v,v) = (PVv +vVG, V) 20

Y

- 1% 1
VHVUH%Z(Q) —|(vVG, Vo) 2| > §||VU||%2(Q) - ﬁHVG”%OO(Q)HU”%Z(Q)'

Thus (A1) holds with v = g and \ = %HVGH%OQ(Q) Using that P*y =y — fQ Pooy dzx 1, we further
obtain that R
N*¢ = [LN*P*¢ = [LN*¢ = —I5(VoVa),

since Va - =0 and Ipy =9 — % fQ wdx 1. It is now clear that holds. Assumption (A3)) is
satisfied with V = H(2) N Yp, see e.g. [4, Part II, Chapter 1, Section 6]. Finally, the exponential
stability of the uncontrolled system (i.e. with w = 0) implies assumption with F' = 0,
see [5l Section 4].

9 Conclusions

Techniques for the computation of a Taylor expansion of the value function associated with an
optimal control problem have been extended to the case of an infinite-dimensional bilinear system.
Explicit formulas have been derived for the right-hand side of the generalized Lyapunov equations
arising for the terms of order three and more. Non-linear feedback laws have been derived from the
Taylor expansions. Their efficiency has been proved theoretically with new error estimates. It is
planned to investigate the use of the resulting generalized Lyapunov equations together with model
reduction techniques in an independent study. Generalizations of our results in several directions
are possible and can be of interest. These include the case of vector-valued controls and more
general dynamical systems.
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A Proofs

In this Appendix, we provide the proofs for several results which were used in the main part of the
manuscript.

Proof of Lemma[ll The existence can be proved by standard Galerkin arguments and the a-priori
estimates below. To verify these estimates and to alleviate the notation, we often omit the time
variable t. We first prove estimates @D and . Multiplying the state equation by y and using

(A1), we obtain

1d dy
~—lyls = <y> = (Ay,y)v-v + (Ny,y)yu+ (B,y)v-v u
2 dt At/ vy

Myl = vllyl) + (INlevyy lyllv Tyl ul) + (Bl llyllv Tul). (104)

IN

By Young’s inequality,

v
INleqvyy Iyllv llylly ful < Sl + Cllyll Tul?,

(105)
v
1Bllv- llyllv [ul < ZlIyll + C fuf*.
Therefore, combining (104]) and (105)),
d
2 I+ wIIllE < CQylE + el + vl Tul?). (106)

We integrate (106) (without the term v||y||?) and apply Gronwall’s inequality: for all ¢ € [0, 77,

t
t 2
Ioo)1 < (lol +C [ fu)ec i o
< (Ipollf + Cllull 20,197+,

Estimate (10 is proved. Using (106)) once again, together with and the state equation ,
(9

estimate follows. Let us prove (|11). Let us set dy = S(u, go) — S(u,yo). We have

%53,@) = Ady(t) + Noy(t)u(t),

therefore, using the same techniques as for the derivation of (106)), we obtain

d
S8l < C syl + oyl [uP),
and finally, by Gronwall’s inequality,
18y()[1F < 15y(0)[[3 e o 11 < 1o — yo|2 CTHIMI20m),

Estimate is proved.
We now assume that y € L?(0,00;Y). We integrate estimate (106)) and obtain

t
ly@IE- < lyoll3 + C(ylZ2 0,000 + 1l Z2(0,00)) + C/O ly(s)II5- [u(s)[ ds.
Estimate follows with Gronwall’s inequality. From ({106]), we also obtain

vyl < CUIlS + [l + Iyl [ul?).
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Estimate follows directly by integration. Finally, for a.e. ¢ > 0,

dy 2
at ||y,

Estimate follows directly by integration.
To verify the asymptotic behavior, we use the fact that y € L?(0,7,Y) and y € C([0,T],Y) im-

ply the existence of a monotonically increasing sequence of numbers (t;)72 ; such that ||y(tz)|y —
0,tr — o0 as k — oo. Since y € W (0, 00) for any 7' > 0, we have that

IV + INZ v I Jul® + HBIIZYIUIQ)-

<3(I Al )

d d
= —2( = for a.e. t > 0
dt<y7y> <dty7y>w’v or a.e. t >0,

see [I8, Proposition 1.2, Chapter 3]. Given any T > 0 and choosing t;, > T, we estimate

I = Ll —2 [ (o)

VvV

Ivllz2(7,00,v) — 0
L2(T,00;V*)

d
< Il +2 || v

for tx — o0, T — . O

Proof of Proposition[d. Since there exists a feasible control and since J is bounded from below,
V(yp) is finite and there exists a minimizing sequence (uy,)nen in L?(0,00) with associated states
Yn := S(un,yo). By definition of J, the sequences (uy)nen and (¥, )nen are bounded in L?(0, c0)
and L?(0,00;Y), respectively. We deduce from estimates , , and , that the sequence
(Yn)nen is bounded in W(0,00). Extracting if necessary a subsequence, there exists (@,y) €
L?(0,00) x W(0,00) such that (u,,y,) — (4, 7) in L*(0,00) x W(0,00).

We prove now that § = S(4,yo). Let T'> 0, let v € W(0,T) N L>°(0,T; V) be arbitrary. For
all n € N, we have

T d T
/O <E Yn(t), U(t)>vw dt = /0 (Ayn(t) + Nyn(t)un(t) + Bua(t),v(t)),,. , dt.  (107)

Since %yn — %g in L?(0,T;V*), we can pass to the limit in the Lh.s. of the above equality.
Moreover, since Ay,, — Ay in L*(0,T;V*),

T T
/0 (Aga(®) o) v dt —s [ (Ag(E),o(e))v- v dt.

n—oo 0

We also have
T T
‘/ (NYn (1), ()= v (t) dt —/ (Ng(t), v(t)) u(t) dt
0 0
T T
—| [ tn® N o)y w0yt~ [ a8 o0)y utt) |
0 0
T T
< [ a0 = 500 N wle)v Junl e + | [ 50N 0Oy (wn(0) — a0) at]- - (108
0 0
The first integral in the r.h.s. of (108]) is bounded by
9 = B2,y 1IN0l 0,23 (59D luklz2om))
keN
and therefore converges to 0, since ||y, — 9llz2(0,7;v) — 0 by the Aubin-Lions lemma. Since
n—oo

y € C(0,T;Y) and N*v € L*(0,T;Y), it holds that: (g(-), N*v(-)) € L?(0,T) and therefore, the
second integral in (108)) converges to 0. We can pass to the limit in (107)). We thus obtain:

T d T
/O <E (1), v(t)>V*,V dt = /0 (Ag(t) + Ng(t)u(t) + Ba(t), v(t)), . , dt.
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Since W(0,T) N L*°(0,T;V) is dense in W(0,T'), we obtain that § = S(@, yo).
Finally, since the following mapping is convex:

(1) € £20.00) x W(0.00) o+ 5 [ u@ae+ 5 [ (o,
it is also weakly lower semi-continuous and therefore,
J (@, y0) <liminf 7 (un, yo),
which proves the optimality of . O

Proof of Lemma[6 One can easily check that if 7 is not bounded, then it is not continuous at 0.
Assume now that 7 is bounded. Let M > 0, let y = (y1,...,yx) € Y* and v = (vy,...,v) € Y be
such that [|y[|y+ < M and |[v[|yx < M. Then, by (19),

[T e 00) = T (w1, ey )| = | [T (01,0 00) = T2, 02,y 00)
+ [T (w1, v2, o v0) = T (1,92, V3, ..., i)
ot [T s Yr—1,06) = T (y1, -~~7yk)H
= |T(v1 = y1,v2, ., v) + T (Y1, 02 — Y2, V3, ..., V&)
F o+ T (Y15 s Y1, V% — Ui)|
< EME T Ny = vllys. (109)
The lemma is proved. O
Proof of Lemma[I0, We prove the lemma by induction. The case k = 1 is trivially satisfied, since
So,1 and S both consist of the unique permutation of the set {1}.
Let £ > 1, let us assume that formula holds. Before proving for k + 1, we make an

important observation on the structure of S p41-s, for ¢ = 1,...,k. For any ¢ € S; p41—4, either
o(i) =k+1oro(k+1)=k+ 1. More precisely, we can describe S; 11—, as follows:

Sik+1-i = {0 € Spr1 1 3Ip € Sipmiy (0(1), ok + 1)) = (p(1), -, p(k) K +1) }
U {U € Sk+1 : 3/’ € Si—l,k—i—l—ia (0(1)7 ...’0’(7: +j)) = (p(l)a 7p(7’ - 1)7k + 1,,0(1)7 7p(k))}
(110)
Let us assume that f and g are (k + 1)-times differentiable. Let (z1,...,2541) € Y**!, using the

induction assumption and the fact that |S; —;| = (k)7 we obtain

DMUf()g()] (21, ey 241)
k

:D[Z Z Dif(y)(zp(l),...,zp(i))Dkfig(y)(zp(i_,_l),...,zp(k)) 241

i=0 pESi ki

k
= Z Z D F () (2015 -+ 200y 2041) DE T (W) (Zpi 1) o5 Zp())
1=0 p€S; k—i

=:(a)

k
D DHW o1y 2o0) DT g W) (o1, - Zph) s 241 - (111)
1=0 pESi k—i

=:(b)

In the sum involved in term (a), we isolate the value ¢ = k. Note that Sk only contains one
permutation, the identity on {1, ..., k}. We also perform a change of index for the remaining values
of i. We finally obtain for term (a) the following expression:

k
@=>"" > DIy 2oii=1)> 2641 DT W) (i) -oor Zp()

=1 pES;_1,k4+1-i
+ DEFf(y) (21, s 241) 9 (Y)- (112)
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Observe that the last term of the r.h.s. can be written as follows:

DM () (2, zei)g(y) = D DM (2p01), - Zpiern) DO9()- (113)

PESk+1,0

Isolating the value 4 = 0 in the sum involved in term (b), we obtain

k
(b) :Z Z le(y>(zp(1)’ "'azp(i))Dk_iJrlg(y)(Zp(i+1)7"'7Zp(k:)7zkt+1)

=1 p€Si k—i
+ f) DM g(y) (21, s 21r1)- (114)

Observe that the last term of the r.h.s. can be written as follows:

F@D* g(y) (21, 2k40) = D> DFW)D* g(y)(2p01, - Zp(ht1))- (115)

PES0, k+1

We can now combine (110))-(115)). In particular, the terms involved in the sums in (112)) and (114)
can be combined together thanks to the representation of S; y11—; provided in (110). We finally
obtain

k41
(a) + () = Z Z le(y)(20(1),.”,0(1'))Dk+1_lg(y)(za(i+1)v vy Zo(k+1))
i=0 JESL]H,lfi

o ‘ ‘
= Z ( ; >Symi,k+1i<le(y) ® D1 g(y)) (215 ons Zkg1)-
i—0

In the last inequality, we used that |S; s41—s| = (*1'). The Leibnitz formula is proved for k + 1.
This concludes the proof. O

Proof of Lemma . The first part of the lemma follows directly from the definition and from the
fact that |5, ;| = (’Jg]) Assume that 77 and T3 are symmetric. Let us set f:y € Y — T1(y®?)
and g: y € Y — To(y®7). By Lemma |7} the functions f and g are both infinitely many times
differentiable. Applying the Leibnitz formula to fg, we obtain

it _ <2 /i +7 ¢ itj—t
D)9 = Y- (77 v (D10 8 D)
=0

The derivatives of f of order k > ¢ are all null and the derivatives of g of order £ > j are also
all null. Therefore, in the above sum, all the terms vanish, except the one obtained for £ = i.
Moreover, since 71 and 72 are symmetric,

Dif(0) =47 and D7g(0)=j!Ts.
We therefore obtain that
D™ 1£(0)g(0)] = (i + )! Sym; ; (T2 @ Tz).
This proves that Sym, ; (T1 ® Tg) is a symmetric multilinear form, since it can be expressed as the
(i 4 j)-th derivative of an infinitely many times differentiable function. The lemma is proved. [
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