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Abstract. A novel splitting method is presented for the �1-TV restoration of degraded images
subject to impulsive noise. The functional is split into an �2-TV denoising part and an �1-�2 deblur-
ring part. The dual problem of the relaxed functional is smooth with convex constraints and can
be solved efficiently by applying an Arrow–Hurwicz-type algorithm to the augmented Lagrangian
formulation. The regularization parameter is chosen automatically based on a balancing principle.
The accuracy, the fast convergence, and the robustness of the algorithm and the use of the parameter
choice rule are illustrated on some benchmark images and compared with an existing method.
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1. Introduction. In this work we consider restoring images degraded by blur-
ring and impulsive noise (e.g., salt-and-pepper noise). Specifically, the observed image
f is the convolution of a blurring operator with the true image and then is corrupted
by noise. The discrete image formation process can be written as

(1.1) f = Nimp(Kut),

where ut ∈ X = R
n×n denotes the unknown true image (n the number of pixels in one

direction), K : X → X denotes the blurring matrix, and Nimp denotes the impulsive
noise formation mechanism. The special case K = I, the identity matrix, is known
as denoising.

Image restoration problems are frequently ill conditioned, and thus a direct so-
lution of the linear system (1.1) often does not yield meaningful solutions. Special
techniques are required for its stable and accurate solution. The now standard ap-
proach to overcoming ill-conditioning is regularization methods due to Tikhonov [27],
which consist of minimizing a regularized functional. In this paper, we consider a
regularization functional of the form

(P) min
u

{Jα(u) := ‖Ku− f‖�1 + α ‖∇u‖�1},

where α is the regularization parameter determining the trade-off between the data fit-
ting term ‖Ku− f‖�1 and the regularization term ‖∇u‖�1 . The term ‖∇u‖�1 denotes
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SPLITTING �1-TV RESTORATION WITH PARAMETER CHOICE 1485

the discrete total variation seminorm. The total variation regularization can take
care of edges in the restored image and thus usually delivers much better results than
the standard smoothness regularization [24]. We refer the reader to the monographs
[8, 5] for an up-to-date account of the mathematical theory of and computational
techniques in image processing.

The �1 data fitting in the functional Jα is motivated by the non-Gaussian nature
of the noise under consideration. For instance, the noise may follow a Laplace distri-
bution as in certain inverse problems arising in signal processing [3]. Noise models of
impulsive type, e.g., salt-and-pepper or random valued noise, arise in image process-
ing because of malfunctioning pixels in camera sensors, faulty memory locations in
hardware, or transmission in noisy channels [6]. Statistically, �1 data fitting is more
robust to outliers than the more classical �2 data fitting in the sense that a small
number of outliers has less influence on the solution [19, 9]. Consequently, function-
als involving �1 data fitting have received growing interest in image processing, and
various interesting theoretical properties [2, 21, 7, 29, 1, 11] of the functional Jα have
been established, mostly in the context of image denoising.

The minimization of the functional Jα has been the topic of several recent investi-
gations. In [14], the problem was reformulated as a linear programming problem which
is solved by an interior point method, and [23] generalized the iteratively reweighted
least-squares method. More recently, a primal dual active set algorithm for mini-
mizing the functional Jα has been investigated [10]. Also, several splitting methods
were proposed [28, 16], which introduce two auxiliary variables in order to replace the
�1-deblurring problem with an �2-deblurring (sub-)problem that can be solved either
in closed form or via fast transforms.

In this paper, we combine a splitting approach with convex duality techniques
to obtain a new and efficient algorithm for �1-TV image restoration. Specifically,
we introduce only one splitting term to separate the �1-fitting and the TV penalty
term. In contrast to existing splitting methods [28, 16], our approach does not require
modifying the structure of the residual and the penalty term. The resulting relaxed
problem can be transformed using Fenchel duality into a quadratic programming
problem with a linear equality and simple box constraints, which can be solved very
efficiently using Arrow–Hurwicz-type methods [4, 22, 17]. Our numerical results show
that the new algorithm can outperform existing algorithms in terms of computing
time and accuracy. In addition, we propose a heuristic parameter choice rule based
on a balancing principle for choosing an appropriate regularization parameter α in
the functional Jα and derive an efficient fixed point algorithm for computing the
parameter. The authors are not aware of any existing parameter choice rule for �1-
TV deblurring in the literature.

This paper is organized as follows. In the remainder of this section, we fix some
notation. In section 2, we introduce our splitting and investigate the properties of the
relaxed functional, including existence and its dual formulation. An Arrow–Hurwicz-
type algorithm for computing saddle points of the augmented Lagrangian formulation
of the dual problem is considered, and its convergence is established. In section
4, we describe a heuristic parameter choice rule based on a balancing principle and
investigate its efficient numerical computation and its convergence. Finally, numerical
results for some benchmark images are presented to illustrate the efficiency of the
algorithm and utility of the parameter choice rule. The new method is compared
with one state-of-the-art algorithm, fast total variation deconvolution (FTVd) [28],
for which the source code is available online, and the new choice rule is evaluated
against the optimal choice.
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1486 CHRISTIAN CLASON, BANGTI JIN, AND KARL KUNISCH

Notation. We consider images as elements of the vector space X = R
n×n, with

n being the number of pixels in one direction. For u ∈ X , we denote by u(i, j) the
intensity value of the image u on pixel (i, j). The discrete gradient ∇ : X → Y :=
R

2×n×n with periodic boundary conditions is defined as

(∇u)(i, j) = ((∂xu)(i, j), (∂yu)(i, j)) ,

with (∂xu)(i, j) and (∂yu)(i, j) given by

(∂xu)(i, j) =

{
u(i+ 1, j)− u(i, j) if i < n,

u(1, j)− u(n, j) if i = n,

(∂yu)(i, j) =

{
u(i, j + 1)− u(i, j) if j < n,

u(i, 1)− u(i, n) if j = n.

To define the dual problem for the total variation restoration problem, we need the
discrete divergence operator div. The operator div : Y → X is defined by duality,
i.e., imposing

〈∇u, q〉Y = −〈u, div q〉X ∀ u ∈ X, q = (q1, q2) ∈ Y.

A simple computation gives

(∂T
x q)(i, j) =

{
q1(i, j)− q1(i− 1, j) if 1 < i ≤ n,

q1(n, j)− q1(1, j) if i = 1,

(∂T
y q)(i, j) =

{
q2(i, j)− q2(i, j − 1) if 1 < j ≤ n,

q2(i, n)− q2(i, 1) if j = 1,

(div q)(i, j) = (∂T
x q)(i, j) + (∂T

y q)(i, j).

The isotropic discrete total variation seminorm ‖∇u‖�1 is defined by

‖∇u‖�1 =
∑
i,j

|(∇u)(i, j)|2 =
∑
i,j

√
(∂xu)(i, j)2 + (∂yu)(i, j)2,

and the anisotropic total variation seminorm is defined by

‖∇u‖�1 =
∑
i,j

|(∇u)(i, j)|1 =
∑
i,j

[|(∂xu)(i, j)|+ |(∂yu)(i, j)|] .

The algorithm developed in this paper can be applied to both the isotropic and
the anisotropic total variation seminorm. Because the derivations and results for these
two cases are almost identical, we consider only the isotropic case unless otherwise
noted and avoid differentiating by notation.

Finally, we shall need the pointwise maximum norm for vectors q = (q1, q2) ∈ Y :

‖q‖�∞ = max
i,j

(|q(i, j)|2) = max
i,j

(|(q1(i, j), q2(i, j))|2)
in the isotropic case and

‖q‖�∞ = max
i,j

(|q(i, j)|∞)

with |q(i, j)|∞ = max
(|q1(i, j)|, |q2(i, j)|) in the anisotropic case.

Throughout the paper, C denotes some generic constant whose value may differ
at each appearance.
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2. Problem relaxation. We consider for μ > 0 the following splitting of the
functional Jα:

(Pμ) min
u,v∈X

{
Jα,μ(u, v) := ‖Ku− f‖�1 + α ‖∇v‖�1 +

1

2μ
‖u− v‖2�2

}
.

In this section, we will study the existence of a minimizer to the functional Jα,μ, the
convergence of the minimizer as μ tends to zero, and its dual formulation.

2.1. Primal problem.
Theorem 2.1. For each α > 0 and μ > 0, the functional Jα,μ is convex. Assume

that kerK ∩ ker∇ = {0}; then problem (Pμ) has at least one minimizer (uμ, vμ).
Proof. First we show the convexity of the functional. Observe that the first and

second terms of the functional are obviously convex. The Hessian of ‖u− v‖2�2 has
the nonnegative eigenvalues 0 and 2, which implies convexity.

It is easy to see that the functional Jα,μ is continuous and proper. To establish the
existence of a minimizer, we need only to show that it is also coercive; i.e., Jα,μ(u, v) →
+∞ as ‖u‖�2 + ‖v‖�2 → ∞. We argue by contraposition. Let {(uk, vk)} ⊂ X ×X be
a sequence such that

(2.1) ‖Kuk − f‖�1 + α ‖∇vk‖�1 +
1

2μ
‖uk − vk‖2�2 ≤ C.

In particular, we deduce that

(2.2) ‖∇vk‖�1 ≤ C.

Now by the discrete Poincaré inequality [5, Prop. 5.2.2, p. 236], there exists a C > 0
such that

‖vk − v̄k‖�2 ≤ C ‖∇vk‖�1 ≤ C

holds, where v̄k is the mean of the vector vk, i.e., v̄k = 1
n2

∑
i,j vk(i, j). Decompose

also uk = ūk + (uk − ūk); then appealing to inequality (2.1) again gives

‖uk − vk‖2�2 = ‖ūk − v̄k + (uk − ūk)− (vk − v̄k)‖2�2 ≤ C,

which together with the identity
∑

i,j(uk(i, j)− ūk) = 0 implies

‖ūk − v̄k‖2�2 + ‖(uk − ūk)− (vk − v̄k)‖2�2 ≤ C.

Therefore, we deduce that

(2.3) ‖ūk − v̄k‖2�2 ≤ C

and

(2.4) ‖uk − ūk‖2�2 ≤ C.

Now the triangle inequality implies

‖Kūk‖�1 ≤ ‖K(uk − ūk)‖�1 + ‖f‖�1 + ‖Kuk − f‖�1
≤ ‖K‖�1,�2 ‖uk − ū‖�2 + ‖f‖�1 + ‖Kuk − f‖�1 ≤ C
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1488 CHRISTIAN CLASON, BANGTI JIN, AND KARL KUNISCH

by appealing again to inequalities (2.1) and (2.4). Here, ‖K‖�1,�2 denotes the operator
norm of K between the normed spaces (X, ‖·‖�1) and (X, ‖·‖�2). By assumption,
constant functions are not in the kernel of K, and thus the above inequality implies
|ūk| ≤ C. Combining this inequality together with inequalities (2.2) and (2.3), we
deduce that

‖uk‖�2 + ‖vk‖�2 ≤ C

for all k. This shows the coercivity of the functional Jα,μ. The existence of a minimizer
now follows directly from coercivity.

The functional Jα,μ is not strictly convex, and thus in general uniqueness of a
minimizer (uμ, vμ) does not hold. However, we can show that the difference uμ − vμ
is uniquely determined.

Proposition 2.2. Let α, μ > 0 be fixed and (u1, v1) and (u2, v2) be two mini-
mizers of the functional Jα,μ. Then u1 − v1 = u2 − v2 holds.

Proof. By Theorem 2.1, Jα,μ is convex, and thus for any t ∈ [0, 1], we have

Jα,μ(tu1 + (1− t)u2, tv1 + (1− t)v2) = tJα,μ(u1, v1) + (1− t)Jα,μ(u2, v2).

Now by the convexity of the functional ‖Ku− f‖�1 and ‖∇v‖�1 , we have

‖K(tu1 + (1− t)u2)− f‖�1 ≤ t‖Ku1 − f‖�1 + (1− t)‖Ku2 − f‖�1,
‖∇(tv1 + (1− t)v2)‖�1 ≤ t‖∇v1‖�1 + (1− t)‖∇v2‖�1 .

Consequently the above identity yields

‖t(u1 − v1) + (1 − t)(u2 − v2)‖2�2 ≥ t‖u1 − v1‖2�2 + (1 − t)‖u2 − v2‖2�2
for any t ∈ [0, 1]. However, by the convexity of the functional ‖ · ‖2�2 , we have

‖t(u1 − v1) + (1− t)(u2 − v2)‖2�2 ≤ t‖u1 − v1‖2�2 + (1− t)‖u2 − v2‖2�2 .
By combining the above two inequalities, we deduce by appealing again to strict
convexity of the functional ‖·‖2�2 that u1−v1 = u2−v2. This concludes the proof.

The next result shows the convergence of (uμ, vμ) as μ tends to zero.
Theorem 2.3. Let {μk} be a sequence tending to zero. Then the sequence

of minimizers {(uμk
, vμk

)} to the functional Jα,μk
has a subsequence converging to

(u∗, v∗) with u∗ = v∗ being a minimizer of the functional Jα.
Proof. Let ũ be a global minimizer of the functional Jα(u). By the minimizing

properties of the pair (uk, vk) ≡ (uμk
, vμk

) to the functional Jα,μk
, we have

(2.5) Jα,μk
(uk, vk) = ‖Kuk − f‖�1 + α ‖∇vk‖�1 +

1

2μk
‖uk − vk‖2�2

≤ ‖Kũ− f‖�1 + α ‖∇ũ‖�1 .
From this and the coercivity of the functional Jα,μk

, we deduce that {(uk, vk)} is
uniformly bounded independently of k. Therefore, there exists a subsequence of
{(uk, vk)}, also denoted by {(uk, vk)} and some (u∗, v∗), such that

(uk, vk) → (u∗, v∗).

By rearranging (2.5), we have

‖uk − vk‖2�2 ≤ 2μk[‖Kũ− f‖�1 + α ‖∇ũ‖�1 − (‖Kuk − f‖�1 + α ‖∇vk‖�1)].
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Taking the limit as k → ∞, we obtain that

‖u∗ − v∗‖2�2 ≤ lim inf
k

‖uk − vk‖2�2
≤ lim

k→∞
2μk[‖Kũ− f‖�1 + α ‖∇ũ‖�1 − (‖Kuk − f‖�1 + α ‖∇vk‖�1)] = 0

by noting that μk → 0. Therefore, we deduce that v∗ = u∗. Moreover, by taking the
limit in (2.5) as k → ∞, we obtain

‖Ku∗ − f‖�1 + α ‖∇u∗‖�1 ≤ lim
k→∞

‖Kuk − f‖�1 + lim
k→∞

α ‖∇vk‖�1

+ lim
k→∞

1

2μk
‖uk − vk‖2�2 ≤ ‖Kũ− f‖�1 + α ‖∇ũ‖�1 .

Therefore, u∗ is a minimizer of the functional Jα since ũ is a global minimizer.
The preceding result suggests a continuation strategy in μ, where we solve the

problem (Pμ) for fixed μk and take these solutions as an initial guess for solving
problem (Pμ) for a μk+1 < μk.

2.2. Dual problem. While problem (Pμ) is challenging to solve directly due
to the nonsmoothness of the two �1 terms, we will show that the corresponding dual
problem is a quadratic minimization problem over a convex set:

(P∗
μ)

⎧⎨
⎩

min
p∈X,q∈Y

μ

4
‖K∗p‖2�2 +

μ

4
‖div q‖2�2 − 〈p, f〉

s.t. ‖p‖�∞ ≤ 1, ‖q‖�∞ ≤ α,K∗p− div q = 0.

Theorem 2.4. The dual problem of (Pμ) is (P∗
μ). Problem (P∗

μ) has at least one
minimizer (pμ, qμ) ∈ X × Y . Moreover, any minimizer (pμ, qμ) of (P∗

μ) is related to
minimizers (uμ, vμ) of (Pμ) by the extremality relations

(2.6)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

μK∗pμ = uμ − vμ,

−μ div qμ = −uμ + vμ,

0 ≤ 〈Kuμ − f, p− pμ〉,
0 ≤ 〈∇vμ, q − qμ〉

for all p ∈ X with ‖p‖�∞ ≤ 1 and all q ∈ Y with ‖q‖�∞ ≤ α.
Proof. We apply Fenchel duality [12], setting

F : X ×X → R, F(u, v) =
1

2μ
‖u− v‖2�2 ,

G : X × Y → R, G(u, v) = ‖u− f‖�1 + α ‖v‖�1 ,
Λ : X ×X → X × Y, Λ(u, v) = (Ku,∇v).

We first calculate the Fenchel conjugate F∗ : X ×X → R ∪ {∞},

F∗(p, q) = sup
(u,v)

〈u, p〉+ 〈v, q〉 − 1

2μ
‖u− v‖2�2 .

If p = −q, then we have

F∗(p, q) = sup
(u,v)

〈u− v, p〉 − 1

2μ
‖u− v‖2�2 ,
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1490 CHRISTIAN CLASON, BANGTI JIN, AND KARL KUNISCH

where the supremum is attained for p = 1
μ (u− v), yielding

F∗(p, q) =
μ

2
‖p‖2�2 =

μ

4
‖p‖2�2 +

μ

4
‖q‖2�2 .

On the other hand, if p �= −q, then we can choose a sequence (uk, vk) for which
uk = vk, so that F∗(p, q) is unbounded. Hence,

F∗(p, q) =

{
μ
4 ‖p‖2�2 + μ

4 ‖q‖2�2 if p+ q = 0,

∞ otherwise.

The Fenchel conjugate of G can be computed term by term and is given by

G∗ : X × Y → R ∪ {∞}, G∗(p, q) = 〈p, f〉+ I{‖p‖�∞≤1} + I{‖q‖�∞≤α},

where IS denotes the indicator function of the set S.
The adjoint of the operator Λ is

Λ∗ : X × Y → X ×X, Λ∗(p, q) = (K∗p,− div q).

Since the functionals F and G are convex lower semicontinuous, proper, and
continuous at 0, and K is a continuous linear operator, the Fenchel duality theorem
states that

(2.7) inf
(u,v)

F(u, v) + G(Λ(u, v)) = sup
(p,q)

−F∗(Λ∗(p, q))− G∗(−p,−q)

holds and that the right-hand side of (2.7) has at least one solution.
Furthermore, the equality in (2.7) is attained at (uμ, vμ), (pμ, qμ) if and only if{

Λ∗(pμ, qμ) ∈ ∂F(uμ, vμ),

−(pμ, qμ) ∈ ∂G(Λ(uμ, vμ)).

Since F is Fréchet-differentiable, the first relation of (2.7) follows by direct calculation.
From the definition of the subgradient, we immediately have that

−(pμ, qμ) ∈ ∂G(Λ(uμ, vμ)) ⇔ Λ(uμ, vμ) ∈ ∂G∗(−pμ,−qμ).

Subdifferential calculus then yields

Kuμ − f ∈ ∂I{‖−pμ‖�∞≤1},

∇vμ ∈ ∂I{‖−qμ‖�∞≤α}.

Recall that the subdifferential of the indicator function IS of a set S coincides with
the normal cone at S (cf., e.g., [18, Ex. 4.21]). We thus obtain that

0 ≥ 〈Kuμ − f, p+ pμ〉,
0 ≥ 〈∇vμ, q + qμ〉

for all p with ‖p‖�∞ ≤ 1 and all q with ‖q‖�∞ ≤ α, from which the second set of
relations follows.

Regarding uniqueness of minimizers for the dual problem, we have the following
proposition.
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Proposition 2.5. Assume that f ∈ rangeK and that the solution (pμ, qμ) to
problem (P∗

μ) is such that qμ is biactive. Then qμ is unique.

Proof. Let f̄ be such that Kf̄ = f . Then the dual problem (P∗
μ) can equivalently

be expressed as ⎧⎨
⎩ min

p∈X,q∈Y

1

2

∥∥∥√μ div q − 1√
μ f̄

∥∥∥
�2
− 1

2μ

∥∥f̄∥∥2
�2

s.t. ‖p‖�∞ ≤ 1, ‖q‖�∞ ≤ α,K∗p− div q = 0.

This is an optimization problem with convex cost and convex constraint, so the q
component of the minimizer must be of the form qμ = q̃ + c for some q̃ ∈ Y , where
c is a constant. Since qμ is biactive by assumption, this constant must necessarily be
unique.

3. Computation of minimizers. To compute a minimizer of the dual problem
(P∗

μ) for fixed μ > 0, we use a projected gradient descent-ascent method of Arrow–
Hurwicz type. While the projection onto the set given by the box constraints is easy
to compute, this is more difficult for the linear equality constraint K∗p − div q = 0.
Therefore, we consider an augmented Lagrangian formulation of this constraint. The
augmented Lagrangian for any c > 0 is defined as

L(p, q, λ) := μ

4
‖K∗p‖2�2+

μ

4
‖div q‖2�2−〈p, f〉+〈λ,K∗p− div q〉+ c

2
‖K∗p− div q‖2�2 .

By setting

B(1) := {p ∈ X : ‖p‖�∞ ≤ 1} , B(α) := {q ∈ Y : ‖q‖�∞ ≤ α},

we therefore have to solve the saddle point problem

(3.1) min
p∈B(1),q∈B(α)

sup
λ∈X

L(p, q, λ).

The existence of a solution of the constrained problem (P∗
μ) immediately ensures

existence of a saddle point (p∗, q∗, λ∗) for (3.1), which can be computed using a variant
of the classical Arrow–Hurwicz method proposed by Popov [22]. Popov’s variant was
designed for finding a saddle point of general convexoconcave functions on a closed
convex domain. The main idea is to compute at each iteration a “leading” point
(p̄k, q̄k, λ̄k), which can ensure the convergence of the algorithm. We employ a modified
variant, which uses different step lengths for the leading point in order to allow more
aggressive updates for the Lagrange multiplier.

To give the algorithm, we denote by PB(c) for c > 0 the projection on the ball
B(c) in X (respectively, Y ), which is given pointwise via

PB(c)(x)(i, j) = c
x(i, j)

max(c, |x(i, j)|r) ,

where r = 2 in the isotropic case and r = ∞ in the anisotropic case. We denote by
Lp the Fréchet derivative of L with respect to p, and similarly Lq and Lλ.

The complete procedure is given in Algorithm 1, where we have set c = μ for
computational simplicity.

We have the following convergence result. The (technical) proof of this theorem
can be found in the appendix.
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1492 CHRISTIAN CLASON, BANGTI JIN, AND KARL KUNISCH

Algorithm 1. Extrapolated gradient algorithm.

1: Set p0 = λ0 = p̄0 = λ̄0 = 0 and q0 = q̄0 = 0; set step sizes γp, γq, γλ, ρ
2: for k = 1, . . . , N do
3: ηkp = Lp(p̄

k−1, q̄k−1, λ̄k−1)

4: ηkq = Lq(p̄
k−1, q̄k−1, λ̄k−1)

5: ηkλ = Lλ(p̄
k−1, q̄k−1, λ̄k−1)

6: pk = PB(1)(p
k−1 − γpη

k
p )

7: qk = PB(α)(q
k−1 − γqη

k
q )

8: λk = λk−1 + γλη
k
λ

9: p̄k = PB(1)(p
k − γpη

k
p )

10: q̄k = PB(α)(q
k − γqη

k
q )

11: λ̄k = λk + ργλη
k
λ

12: end for
13: Set uN = λN + μ

2K
∗pN , vN = λN − μ

2 div qN ,
14: OUTPUT Approximate minimizer uN , vN

Theorem 3.1. For each ρ ∈ (12 ,+∞), there exists a positive number γ0 > 0 such
that for all γp, γq, γλ ∈ (0, γ0), the sequence {(pk, qk, λk)} generated by Algorithm 1
converges to a saddle point of the functional L(p, q, λ).

Once a saddle point (p∗, q∗, λ∗) has been computed, the corresponding primal
variable u∗ (or v∗) can be obtained using the extremality relations for the augmented
Lagrangian: Setting

F(p, q) =
μ

4
‖p‖2�2 +

μ

4
‖q‖2�2 + 〈λ∗, p+ q〉+ c

2
‖p+ q‖2�2 ,

we have that (u∗, v∗) = ∂F(K∗p∗,− div q∗) and K∗p∗ = div q∗, from which it follows
that

u∗ = λ∗ +
μ

2
K∗p∗,

v∗ = λ∗ +
μ

2
(− div q∗).

To see that this indeed yields the desired solution, we subtract these equalities to
obtain

u∗ − v∗ =
μ

2
(K∗p∗ + div q∗).

Using again the fact that K∗p∗ = div q∗, we have that

u∗ − v∗ = μK∗p∗ = μ div q∗;

i.e., (u∗, v∗), (p∗, q∗) satisfies the extremality relations (2.6), and (u∗, v∗) is therefore
a solution of problem (Pμ).

4. Parameter choice rule. Our parameter choice rule is based on the following
balancing principle, recently derived by the authors using the model function approach
[9]:

(4.1) (σ − 1) ‖Kuα − f‖�1 − α ‖∇uα‖�1 = 0.
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The underlying idea of the principle is to balance the data fitting term with the
regularization term, and the parameter σ > 1 controls the trade-off between them.
We point out that this principle does not require knowledge of the noise level. This
kind of balancing idea underlies a number of existing parameter choice rules for �2-�2

formulations [13], e.g., the local minimum criterion and the L-curve criterion.
We shall denote by r(α) = (σ − 1) ‖Kuα − f‖�1 − α ‖∇uα‖�1 the equation error.

We propose computing a solution α∗ to the balancing equation (4.1) by the following
simple fixed point algorithm:

(4.2) αk+1 = (σ − 1)
‖Kuαk

− f‖�1
‖∇uαk

‖�1
.

To show its convergence, the following monotonicity result is useful.
Lemma 4.1. The functions ‖Kuα − f‖�1 and ‖∇uα‖�1 are monotonic in α in the

sense that for α1, α2 > 0, there hold

(‖Kuα1 − f‖�1 − ‖Kuα2 − f‖�1)(α1 − α2) ≥ 0

and

(‖∇uα1‖�1 − ‖∇uα2‖�1)(α1 − α2) ≤ 0.

Proof. The minimizing property of uα1 and uα2 yields

‖Kuα1 − f‖�1 + α1 ‖∇uα1‖�1 ≤ ‖Kuα2 − f‖�1 + α1 ‖∇uα2‖�1 ,
‖Kuα2 − f‖�1 + α2 ‖∇uα2‖�1 ≤ ‖Kuα1 − f‖�1 + α2 ‖∇uα1‖�1 .

Adding these two inequalities together gives the second estimate. The first one can
be obtained by dividing the two inequalities by α1 and α2 and then adding them
together.

The next lemma shows the theoretically interesting and practically desirable
monotonicity of the iteration (4.2).

Lemma 4.2. The sequence of regularization parameters {αk} by the fixed point
algorithm is monotonic. Moreover, it is monotonically increasing if r(α0) > 0 and
monotonically decreasing if r(α0) < 0.

Proof. By the definition of the iteration, we have

αk+1 − αk = (σ − 1)
‖Kuαk

− f‖�1
‖∇uαk

‖�1
− (σ − 1)

∥∥Kuαk−1
− f

∥∥
�1∥∥∇uαk−1

∥∥
�1

=
(σ − 1)∥∥∇uαk−1

∥∥
�1
‖∇uαk

‖�1
[‖Kuαk

− f‖�1 (‖∇uαk−1
‖�1 − ‖∇uαk

‖�1)

+ (‖Kuαk
− f‖�1 − ‖Kuαk−1

− f‖�1) ‖∇uαk
‖�1

]
.

By Lemma 4.1, the two terms both have the sign of (αk−αk−1), and thus the sequence
is monotonic. Now if r(α0) > 0, then by the definition of the iteration, we have

α1 = (σ − 1)
‖Kuα0 − f‖�1
‖∇uα0‖�1

> α0.

This concludes the proof of the lemma.

D
ow

nl
oa

de
d 

03
/2

5/
14

 to
 1

43
.5

0.
47

.5
7.

 R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

://
w

w
w

.s
ia

m
.o

rg
/jo

ur
na

ls
/o

js
a.

ph
p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1494 CHRISTIAN CLASON, BANGTI JIN, AND KARL KUNISCH

Theorem 4.3. If the initial guess α0 satisfies r(α0) < 0, the sequence {αk}
converges.

Proof. By Lemma 4.2, if r(α0) < 0, the sequence {αk} is monotonically decreas-
ing, and it is also bounded from below by zero, from which convergence follows.

Finally, we remark that the noise level can be estimated using the residual

δest =
‖Ku− f‖�1

n2
.

5. Numerical results. We now illustrate the efficiency of the proposed method
and the parameter choice rule (referred to as balancing principle hereafter) for image
restoration problems. The algorithms described above were implemented in MAT-
LAB. For the operator K, the standard Gaussian low-pass filter provided by the
MATLAB Image Processing Toolbox (imfilter) was used. Unless stated otherwise,
the window size of the blurring kernel was fixed at 7 × 7 and the standard deviation
at 5. Although our approach applies to both isotropic and anisotropic TV penalty
terms, we shall present only results for the former, as the restoration results for the
latter are quite similar in all subsequent examples.

In addition to the corruption percentage d defined below, we also measure the
degradation of the blurred and noisy image using the noise level

δ =
‖Kut − f‖�1

n2
.

To facilitate comparison, the quality of the restoration uα is measured by relative
error erel and peak signal-to-noise ratio (PSNR), which are, respectively, defined by

erel =
‖uα − ut‖�2

‖ut‖�2
, PSNR = −20 log10

‖ut − uα‖�2
n

.

We consider two types of impulsive noise. A very common noise model is salt-
and-pepper noise, where the noisy image f is given pixelwise as

f(i, j) =

⎧⎪⎨
⎪⎩
1 with probability d/2,

0 with probability d/2,

(Kut)(i, j) with probability 1− d.

A more realistic noise model for many applications (e.g., charge-coupled device (CCD)
sensor pixels which are subject to possible cosmic ray bombardment of varying en-
ergy) is positive Gaussian random-valued additive noise. In this model, if a pixel is
corrupted, then the absolute value of a normally distributed random variable ξ(i, j)
with zero mean and standard deviation 0.5 is added to the data:

f(i, j) =

{
(Kut)(i, j) + |ξ(i, j)| with probability d,

(Kut)(i, j) with probability 1− d.

The step sizes in all experiments were fixed as follows: γp = (μLK)−1, γq =
(μLdiv)

−1, γλ = .9μ, and ρ = 1
2 , where LK = 1 and Ldiv = 8 denote the Lipschitz

constants of the discrete operators K and div. This choice of γλ is based on the
Lagrange multiplier update in the decomposition approach for the augmented La-
grangian method (cf. [15, Chap. VI]), while the choice of γp and γq is motivated by
their role in Nesterov’s optimal first-order gradient descent method [20]. Since the
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(a) Ramp (n = 256) (b) Cameraman (n = 256) (c) Lena (n = 512)

Fig. 5.1. Test images.

algorithm is nonmonotonic, it was terminated after a fixed number of iterations. In all
our experiments, 40 gradient descent (ascent) iterations and 4 continuation iterations
proved sufficient for the desired results. The continuation parameters were chosen as
μ0 = 1, μk+1 = μk/10. In this way, the final relaxation parameter μ is comparable
with that used in [28]. In all experiments, the final iterates in the continuation scheme
for μ satisfied ‖uμ − vμ‖�2/‖uμ‖�2 ≈ 2× 10−5.

The choice of the relative weight σ in the fixed point iteration (4.2) is important.
The optimal choice depends on the noise type; i.e., for salt-and-pepper and impulsive
random valued noise, different choices can be advantageous. However, it should be
pointed out that in our experiments the choice was very robust with respect to the
noise level and the strength of the blurring. For the results presented below, it was
set as σ = 1.01 for salt-and-pepper noise and σ = 1.04 for impulsive Gaussian noise.
The fixed point iteration was started with α0 = 1 and stopped if the relative change
was smaller than 1× 10−2.

All computations were performed with MATLAB version 2009a on a single core
of a 2.4GHz workstation with 4 GByte RAM. MATLAB codes implementing the al-
gorithm presented in this paper can be downloaded from http://www.uni-graz.at/
∼clason/codes/l1tvsplitting.zip. We compared the proposed method to the fast total
variation deconvolution (FTVd) described in [28], using the freely available implemen-
tation from http://www.caam.rice.edu/∼optimization/L1/ftvd/ (v3.01). For FTVd,
the default parameters set by the developers were taken.

5.1. Restoration quality and parameter choice. To show the capabilities
of the method, we first consider an academic test example for which a TV penalty
term is appropriate. The image consists of a flat box and a linear ramp (cf. Figure
5.1(a)).

Salt-and-pepper noise with corruption percentage d ∈ {0.3, . . . , 0.6} is added to
the blurred image, and the reconstruction for the parameter αb chosen by the balanc-
ing principle is compared to the optimal parameter αo, which is chosen by sampling
the interval [0.01, 1] uniformly in a logarithmic scale at 100 points and then selecting
the parameter with the lowest relative error erel. The results are given in Table 5.1(a)
for a kernel size 7 × 7 and in Table 5.1(b) for a kernel size 15 × 15. The results for
impulsive Gaussian noise are given in Tables 5.1(c) and 5.1(d) for a kernel size 7× 7
and 15 × 15, respectively. In the table, tspl and tftv refer to the computing time for
the proposed method and FTVd, respectively. The noisy data, reconstructions using
the proposed method, and reconstructions using FTVd are shown in Figure 5.2 for
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Table 5.1

Results for ramp.

(a) Salt-and-pepper noise, kernel size 7× 7

Noise Balancing parameter Optimal parameter FTVd (optimal) CPU time
d δ α erel PSNR α erel PSNR erel PSNR tspl tftv

0.3 0.150 0.165 2.66e-3 56.83 0.156 2.65e-3 56.86 4.14e-3 52.99 4.19 5.30
0.4 0.200 0.217 4.18e-3 52.91 0.148 3.92e-3 53.47 7.02e-3 48.40 4.18 5.53
0.5 0.248 0.266 1.29e-2 43.11 0.376 1.16e-2 44.08 2.46e-2 37.51 4.24 5.08
0.6 0.302 0.321 1.63e-2 41.09 0.376 1.58e-2 41.37 3.48e-2 34.50 4.59 7.69

(b) Salt-and-pepper noise, kernel size 15 × 15

Noise Balancing parameter Optimal parameter FTVd (optimal) CPU time
d δ α erel PSNR α erel PSNR erel PSNR tspl tftv

0.3 0.150 0.166 1.96e-2 39.50 0.272 1.65e-2 40.99 4.76e-2 31.79 4.84 8.39
0.4 0.198 0.217 2.00e-2 39.30 0.298 1.87e-2 39.91 5.17e-2 31.06 4.85 8.42
0.5 0.250 0.271 2.12e-2 38.81 0.313 2.09e-2 38.95 5.72e-2 30.18 4.85 8.59
0.6 0.298 0.320 2.61e-2 37.00 0.298 2.60e-2 37.05 5.57e-2 30.42 4.89 9.57

(c) Gaussian noise, kernel size 7× 7

Noise Balancing parameter Optimal parameter FTVd (optimal) CPU time
d δ α erel PSNR α erel PSNR erel PSNR tspl tftv

0.3 0.119 0.490 5.95e-3 49.84 0.260 4.98e-3 51.38 1.03e-2 45.09 4.57 5.79
0.4 0.160 0.639 2.26e-2 38.25 0.599 2.22e-2 38.40 3.55e-2 34.33 4.59 7.20
0.5 0.197 0.799 6.34e-2 29.29 0.599 6.08e-2 29.67 8.40e-2 26.85 4.38 10.72
0.6 0.241 0.969 2.12e-1 18.80 0.870 2.12e-1 18.81 2.20e-1 18.48 4.39 10.52

(d) Gaussian noise, kernel size 15× 15

Noise Balancing parameter Optimal parameter FTVd (optimal) CPU time
d δ α erel PSNR α erel PSNR erel PSNR tspl tftv

0.3 0.121 0.500 3.25e-2 35.10 0.260 1.84e-2 40.04 4.86e-2 31.60 4.85 9.48
0.4 0.159 0.646 6.82e-2 28.66 0.285 3.13e-2 35.42 5.07e-2 31.24 4.92 16.55
0.5 0.200 0.845 9.74e-2 25.57 0.327 8.20e-2 27.06 1.03e-1 25.05 5.02 27.10
0.6 0.239 0.987 2.29e-1 18.12 1.000 2.29e-1 18.12 2.34e-1 17.95 5.28 25.71

the maximal noise level, d = 0.6. In the figure, αb and αo indicate the reconstructions
by the proposed method with the regularization parameter given by the balancing
principle and the optimal parameter, respectively, and FTVd refers to the restoration
obtained by FTVd with the optimal parameter.

Several observations on the numerical results are in order. First, as the noise
level δ decreases, the accuracy of the reconstruction improves, which is the case for
both automatically determined and optimal regularization parameters. Second, the
automatically determined regularization parameter αb is close to the optimal one
αo for all the cases under consideration, and thus the resulting restored images are
comparable with those obtained with the optimal parameters. Therefore, the proposed
choice rule is indeed reasonable and practically useful. Furthermore, the experiments
indicate that one fixed value of σ can give reasonable restorations for noisy images with
from 7× 7 to 15× 15 blur and d = 0.3 to d = 0.6 corruption percentage, and thus the
choice of σ seems insensitive to noise levels and size of blurring kernels. In practice, the
convergence of the fixed point iteration (4.2) is usually achieved within five iterations.
Although not presented, the estimate δest in all cases was very close to the exact
noise level δ. Third, with the same α value, the accuracy of the proposed method is
slightly better than that of FTVd for both salt-and-pepper and impulsive Gaussian
noise. The differences can be clearly observed in the flat region. We point out that
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(a) blurred and noisy (b) restoration (αb) (c) restoration (αo) (d) restoration (FTVd)

(e) blurred and noisy (f) restoration (αb) (g) restoration (αo) (h) restoration (FTVd)

(i) blurred and noisy (j) restoration (αb) (k) restoration (αo) (l) restoration (FTVd)

Fig. 5.2. Restorations of ramp with d = 0.6. (a)–(d): Salt-and-pepper noise, kernel size 7× 7;
(e)–(h): Salt-and-pepper noise, kernel size 15× 15; (i)–(l): Gaussian noise, kernel size 7× 7.

the case of 60% Gaussian random-valued noise is very challenging and requires a very
large regularization parameter, rendering staircasing in the reconstruction inevitable.

By comparing Table 5.1(a) with Table 5.1(b), we observe that as the blurring
window size increases, the restorations deteriorate accordingly. The computing time
for our approach is relatively independent of the kernel size as a consequence of the
fixed number of iterations; see Tables 5.1(c) and 5.1(d).

5.2. Application to natural images. We next illustrate the performance of
our method for two benchmark realistic images.

The first real image is cameraman (n = 256; cf. Figure 5.1(b)). Reconstructions
using our method and FTVd are given in Table 5.2(a) for salt-and-pepper noise and in
Table 5.2(b) for impulsive Gaussian noise. Figure 5.3 shows the results for a represen-
tative noise level for each noise model. Again we observe that the reconstructions by
the automatically determined regularization parameter αb and those by the optimal
parameter αo are fairly close.

The second image, Lena, has size n = 512 (cf. Figure 5.1(c)). Here, we investigate
the effect of the blurring kernel size on the reconstruction accuracy and speed. Table
5.3(a) summarizes the results for a kernel size 7 × 7, and Table 5.3(b) for a kernel
size 15× 15. See Figure 5.4 for the different reconstructions in case of d = 0.5. Note
that while FTVd gives slightly more accurate results for the larger kernel size, the
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Table 5.2

Results for cameraman.

(a) Salt-and-pepper noise, kernel size 7× 7

Noise Balancing parameter Optimal parameter FTVd (optimal) CPU time
d δ α erel PSNR α erel PSNR erel PSNR tspl tftv

0.3 0.149 0.046 8.51e-2 27.08 0.032 8.26e-2 27.34 7.40e-2 28.29 4.48 11.79
0.4 0.199 0.074 9.80e-2 25.85 0.042 9.25e-2 26.35 8.78e-2 26.81 4.46 10.74
0.5 0.251 0.109 1.13e-1 24.59 0.056 1.07e-1 25.08 1.04e-1 25.30 4.48 12.81
0.6 0.298 0.139 1.23e-1 23.86 0.107 1.22e-1 23.96 1.24e-1 23.83 4.45 12.01

(b) Gaussian noise, kernel size 7× 7

Noise Balancing parameter Optimal parameter FTVd (optimal) CPU time
d δ α erel PSNR α erel PSNR erel PSNR tspl tftv

0.3 0.119 0.237 1.18e-1 24.21 0.049 9.71e-2 25.93 9.33e-2 26.28 4.38 9.30
0.4 0.158 0.374 1.41e-1 22.72 0.142 1.29e-1 23.47 1.33e-1 23.20 4.47 9.46
0.5 0.195 0.638 1.84e-1 20.37 0.359 1.76e-1 20.78 1.81e-1 20.51 4.40 12.63
0.6 0.238 0.996 2.92e-1 16.37 0.498 2.82e-1 16.67 2.87e-1 16.53 4.40 11.18

(a) blurred and noisy (b) restoration (αb) (c) restoration (αo) (d) restoration (FTVd)

(e) blurred and noisy (f) restoration (αb) (g) restoration (αo) (h) restoration (FTVd)

Fig. 5.3. Restorations of cameraman with kernel size 7 × 7. (a)–(d): Salt-and-pepper noise,
d = 0.5; (e)–(h): Gaussian noise, d = 0.3.

performance in terms of computing time is worse by a factor of three to five.

5.3. Restoration of large images. In many scientific and engineering imaging
applications, relevant images are of very large size and call for fast algorithms. To show
the feasibility of using the proposed method for large-scale image restoration problems,
we consider denoising of scanning transmission electron microscopy (STEM) images.
Figure 5.5 shows a STEM image of a lingual nerve (size n = 2048), the same image
corrupted by impulsive Gaussian noise (d = 0.3, δ = 0.120), and its reconstruction
using our method (α = 0.9, CPU time 180 seconds). The restored image agrees well
with the exact one, with a relative error erel = 9.02 × 10−2 and PSNR = 27.30. A
close inspection of the restoration (Figures 5.5(d)–5.5(f)) indicates that the details of
the STEM image are excellently preserved, which is especially important in medical
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Table 5.3

Results for Lena.

(a) Salt-and-pepper noise, kernel size 7× 7

Noise Balancing parameter Optimal parameter FTVd (optimal) CPU time
d δ α erel PSNR α erel PSNR erel PSNR tspl tftv

0.3 0.151 0.063 6.29e-2 31.01 0.037 6.05e-2 31.35 5.43e-2 32.29 19.65 58.76
0.4 0.199 0.091 7.03e-2 30.05 0.049 6.71e-2 30.45 6.28e-2 31.03 19.48 51.37
0.5 0.250 0.123 7.81e-2 29.13 0.074 7.60e-2 29.37 7.36e-2 29.64 19.73 57.54
0.6 0.299 0.157 8.80e-2 28.10 0.135 8.76e-2 28.14 8.86e-2 28.04 19.64 54.96

(b) Salt-and-pepper noise, kernel size 15 × 15

Noise Balancing parameter Optimal parameter FTVd (optimal) CPU time
d δ α erel PSNR α erel PSNR erel PSNR tspl tftv

0.3 0.150 0.093 1.02e-1 26.84 0.024 9.59e-2 27.35 7.94e-2 28.99 22.09 72.50
0.4 0.201 0.131 1.07e-1 26.42 0.029 9.94e-2 27.03 8.40e-2 28.50 22.44 75.11
0.5 0.249 0.168 1.11e-1 26.06 0.035 1.04e-1 26.69 8.88e-2 28.02 22.13 85.13
0.6 0.300 0.210 1.16e-1 25.72 0.042 1.09e-1 26.26 9.54e-2 27.39 22.09 74.68

(a) blurred and noisy (b) restoration (αb) (c) restoration (αo) (d) restoration (FTVd)

(e) blurred and noisy (f) restoration (αb) (g) restoration (αo) (h) restoration (FTVd)

Fig. 5.4. Restorations of Lena with salt-and-pepper noise and d = 0.5. (a)–(d): Kernel size
7× 7; (e)–(h): Kernel size 15× 15.

applications.

Remark 5.1. After the preparation of the original manuscript, the authors of the
package FTVd released a new version (version 4.0) [26], which replaces the penaliza-
tion approach for treating the constraints with an augmented Lagrangian approach
and applies the classical alternating direction method. This circumvents certain draw-
backs of the algorithm, thereby improving its computational efficiency. In our tests
(again, with the default parameters), the new version is faster than version 3.01, but
the margin depends on the noise level. For low noise levels, the performance is much
improved from version 3.01 to 4.0 and is largely comparable with our algorithm. For
higher noise levels, especially for impulsive Gaussian noise, the results achieved by
the newer version remain close to version 3.01, and thus our method still compares
favorably with version 4.0 in these situations.
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(a) true image (b) noisy image (c) restoration

(d) true image (detail) (e) noisy image (detail) (f) restoration (detail)

Fig. 5.5. Denoising of STEM image.

6. Conclusion. We have presented a novel splitting approach for �1-TV restora-
tion of blurred and noisy images, together with an automatic parameter choice rule.
Our numerical results indicate that the algorithm is very efficient and can deliver per-
formance competitive with state-of-the-art methods such as FTVd. Since other recent
methods [16, 10] are reported to yield results close to FTVd, our method compares
favorably to those as well. The main advantage of the proposed approach is the good
scaling with respect to problem size and difficulty, which makes it suitable for the
restoration of very large images, such as those occurring, for example, in microscopy
applications.

To the best of the authors’ knowledge, the proposed parameter choice rule is the
first such rule for �1-TV image restoration. Furthermore, it is very easy to implement,
does not require knowledge of the noise level, and can yield results very close to or
only slightly worse than the optimal one.

The combination of splitting and duality techniques seems promising for the effi-
cient solution of a wide class of nonsmooth problems in image restoration. In partic-
ular, current work is concerned with its application to models with Poisson data.

Finally, it should be remarked that variants of the proposed algorithm, such as
using the leading point for the Lagrange multiplier update, or dispensing with leading
points altogether, could in some cases give better accuracy or performance, but their
theoretical convergence could not be ensured. It would be interesting to develop
convergence results for these more aggressive algorithms.

Appendix. Proof of Theorem 3.1.

Using the property of the projection operator PK on a convex set K ⊂ X , we
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have for all h ∈ K and for all z ∈ X that

(A.1) 〈z − PKz, h− PKz〉 ≤ 0

holds, from which it follows easily that

‖h− PKz‖2�2 ≤ ‖z − h‖2�2 − ‖z − PKz‖2�2.

Let (p∗, q∗, λ∗) be any saddle point of the functional L(p, q, λ). To simplify notation,
let z̄k = (p̄k, q̄k, λ̄k). By taking h = p∗ and z = pk − γpLp(z̄

k), we find that

‖pk+1 − p∗‖2�2 ≤ ‖pk − γpLp(z̄
k)− p∗‖2�2 − ‖pk − γpLp(z̄

k)− pk+1‖2�2
= ‖pk − p∗‖2�2 − ‖pk − pk+1‖2�2 − 2γp〈Lp(z̄

k), pk+1 − p∗〉.

Analogously, we can derive that

‖qk+1 − q∗‖2�2 ≤ ‖qk − q∗‖2�2 − ‖qk − qk+1‖2�2 − 2γq〈Lq(z̄
k), qk+1 − q∗〉

and

‖λk+1 − λ∗‖2�2 = ‖λk − λ∗‖2�2 − ‖λk+1 − λk‖2�2 + 2γλ〈Lλ(z̄
k), λk+1 − λ∗〉.

Let

D(p, q, λ) = γqγλ‖p− p∗‖2�2 + γpγλ‖q − q∗‖2�2 + γpγq‖λ− λ∗‖2�2 .

Then from the preceding three relations we have that
(A.2)
D(pk+1, qk+1, λk+1)−D(pk, qk, λk)

≤− γqγλ‖pk+1 − pk‖2�2 − γpγλ‖qk+1 − qk‖2�2 − γpγq‖λk+1 − λk‖2�2
− γpγqγλ

[〈Lp(z̄
k), pk+1 − p∗〉+ 〈Lq(z̄

k), qk+1 − q∗〉 − 〈Lλ(z̄
k), λk+1 − λ∗〉]

≤− γqγλ‖pk+1 − pk‖2�2 − γpγλ‖qk+1 − qk‖2�2 − γpγq‖λk+1 − λk‖2�2
− 2γpγqγλ

[〈Lp(z̄
k), pk+1 − p̄k〉+ 〈Lq(z̄

k), qk+1 − q̄k〉 − 〈Lλ(z̄
k), λk+1 − λ̄k〉]

=− γqγλ
[‖pk+1 − p̄k‖2�2 + ‖p̄k − pk‖2�2 − 2〈pk − γpLp(z̄

k−1)− p̄k, pk+1 − p̄k〉]
− γpγλ

[‖qk+1 − q̄k‖2�2 + ‖qk − q̄k‖2�2 − 2〈qk − γqLq(z̄
k−1)− q̄k, qk+1 − q̄k〉]

− γpγq

[
‖λk+1 − λ̄k‖2�2 + ‖λ̄k − λk‖2�2 −

2

ρ
〈λk + ργλLλ(z̄

k−1)− λ̄k, λk+1 − λ̄k〉

−
(
2− 2

ρ

)
〈λk − λ̄k, λk+1 − λ̄k〉

]
+ γpγqγλ

[〈Lp(z̄
k−1)− Lp(z̄

k), pk+1 − p̄k〉+ 〈Lq(z̄
k−1)− Lq(z̄

k), qk+1 − q̄k〉
−〈Lλ(z̄

k−1)− Lλ(z̄
k), λk+1 − λ̄k〉],

where, in deriving the second inequality, we have made use of the inequality
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〈Lp(z̄
k), p̄k − p∗〉+ 〈Lq(z̄

k), q̄k − q∗〉 − 〈Lλ(z̄
k), λ̄k − λ∗〉 ≥ 0.

Appealing again to inequality (A.1) with z = pk − γpLp(z̄
k−1) and h = pk+1, we

obtain that

〈pk − γpLp(z̄
k−1)− p̄k, pk+1 − p̄k〉 ≤ 0.

Similarly, we find that

〈qk − γqLq(z̄
k−1)− q̄k, qk+1 − q̄k〉 ≤ 0,

and, by the definition of λ̄k,

〈λk + ργλLλ(z̄
k−1)− λ̄k, λk+1 − λ̄k〉 = 0.

Note also the elementary inequality

2|〈λk − λ̄k, λk+1 − λ̄k〉| ≤ ‖λk − λ̄k‖2�2 + ‖λk+1 − λ̄k‖2�2 .

With the help of these inequalities, the Cauchy–Schwarz inequality, the Lipschitz
continuity of the Fréchet derivatives (with their Lipschitz constants denoted by Lp, Lq,
and Lλ, respectively, and L = max{Lp, Lq, Lλ}), and Young’s inequality 2ab ≤ a2+b2,
inequality (A.2) can be simplified to (with c(ρ) = 1− |1− 1

ρ | > 0 for ρ > 1/2)

D(pk+1, qk+1, λk+1)−D(pk, qk, λk)

≤− γqγλ
[‖pk+1 − p̄k‖2�2 + ‖p̄k − pk‖2�2

]− γpγλ
[‖qk+1 − q̄k‖2�2 + ‖qk − q̄k‖2�2

]
− c(ρ)γpγq

[‖λk+1 − λ̄k‖2�2 + ‖λ̄k − λk‖2�2
]

+ 2γpγqγλ
[‖Lp(z̄

k−1)− Lp(z̄
k)‖�2‖pk+1 − p̄k‖�2

+ ‖Lq(z̄
k−1)− Lq(z̄

k)‖�2‖qk+1 − q̄k‖�2
+ ‖Lλ(z̄

k−1)− Lλ(z̄
k)‖�2‖λk+1 − λ̄k‖�2

]
≤− γqγλ

[‖pk+1 − p̄k‖2�2 + ‖p̄k − pk‖2�2
]− γpγλ

[‖qk+1 − q̄k‖2�2 + ‖qk − q̄k‖2�2
]

− c(ρ)γpγq
[‖λk+1 − λ̄k‖2�2 + ‖λ̄k − λk‖2�2

]
+ 2γpγqγλ

[
(‖pk − p̄k−1‖�2 + ‖pk − p̄k‖�2

+ ‖qk − q̄k−1‖�2 + ‖qk − q̄k‖�2 + ‖λk − λ̄k−1‖�2 + ‖λk − λ̄k‖�2)
· (Lp‖pk+1 − p̄k‖�2 + Lq‖qk+1 − q̄k‖�2 + Lλ‖λk+1 − λ̄k‖�2)

]
≤− γqγλ

[
(1− 6γpL)‖pk+1 − p̄k‖2�2 + (1 − 3γpL)‖p̄k − pk‖2�2

]
− γpγλ

[
(1 − 6γqL)‖qk+1 − q̄k‖2�2 + (1− 3γqL)‖qk − q̄k‖2�2

]
− c(ρ)γpγq

[(
1− 6γλ

L

c(ρ)

)
‖λk+1 − λ̄k‖2�2 +

(
1− 3γλ

L

c(ρ)

)
‖λ̄k − λk‖2�2

]
+ 3γpγqγλL

[‖pk − p̄k−1‖2�2 + ‖qk − q̄k−1‖2�2 + ‖λk − λ̄k−1‖2�2
]
.
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Summing the above inequality from N to M > N gives
(A.3)
D(pM+1, qM+1, λM+1)−D(pN , qN , λN )

≤− γqγλ

[
(1 − 9γpL)

M−1∑
k=N

‖pk+1 − p̄k‖2�2 + (1 − 3γpL)

M∑
k=N

‖p̄k − pk‖2�2
]

− γpγλ

[
(1− 9γqL)

M−1∑
k=N

‖qk+1 − q̄k‖2�2 + (1− 3γqL)
M∑

k=N

‖qk − q̄k‖2�2
]

− c(ρ)γpγq

[(
1− 9

γλL

c(ρ)

)M−1∑
k=N

‖λk+1 − λ̄k‖2�2 +
(
1− 3

γλL

c(ρ)

) M∑
k=N

‖λ̄k − λk‖2�2
]

+ 3γpγqγλL
[‖pN − p̄N−1‖2�2 + ‖qN − q̄N−1‖2�2 + ‖λN − λ̄N−1‖2�2

]
− γqγλ(1− 6γpL)‖pM+1 − p̄M‖2�2 − γpγλ(1 − 6γqL)‖qM+1 − q̄M‖2�2
− c(ρ)γpγq

(
1− 6

γλL

c(ρ)

)
‖λM+1 − λ̄M‖2�2.

If the step sizes γp, γq, and γλ satisfy the condition 9L
c(ρ) max{γp, γq, γλ} < 1 (i.e.,

γ0 = c(ρ)
9L ), then the sequence {D(pM+1, qM+1, λM+1)} is uniformly bounded. Thus

the sequence of iterates {(pM+1, qM+1, λM+1)} is uniformly bounded, and it contains
a convergent subsequence {(pki , qki , λki)} → (p̃, q̃, λ̃). We prove that (p̃, q̃, λ̃) is a
saddle point. To this end, we first observe that it follows from inequality (A.3) that
the sequence {(pk+1 − p̄k, qk+1 − q̄k, λk+1 − λ̄k)} converges to zero. Therefore, on
taking the limit as ki → +∞, we get

p̃ = PB(1)(p̃− γpLp(p̃, q̃, λ̃)),(A.4)

q̃ = PB(α)(q̃ − γqLq(p̃, q̃, λ̃)),(A.5)

λ̃ = λ̃+ ργλLλ(p̃, q̃, λ̃).(A.6)

Since z = PK(x) if and only if 〈x− z, v − z〉 ≤ 0 for all v ∈ K (cf. [25, Lem. 2.11]), we
find that (A.4) is equivalent to 〈Lp(p̃, q̃, λ̃), p− p̃〉 ≥ 0 for all p ∈ B(1). Analogously,

it follows from (A.5) and (A.6) that 〈Lq(p̃, q̃, λ̃), q − q̃〉 ≥ 0 for all q ∈ B(α) and

Lλ(p̃, q̃, λ̃) = 0. These are the necessary and sufficient conditions for the point (p̃, q̃, λ̃)
to be a saddle point of the functional L(p, q, λ). Since the point (p∗, q∗, λ∗) has been
chosen from the set of saddle points arbitrarily, we can assume that (p∗, q∗, λ∗) =
(p̃, q̃, λ̃). The whole sequence converges to this point. Indeed, for any ε > 0 there
exists Nε such that

D(pNε , qNε , λNε) ≤ ε

2
,

3γpγqγλL
[‖pNε − p̄Nε−1‖2�2 + ‖qNε − q̄Nε−1‖2�2 + ‖λNε − λ̄Nε−1‖2�2

] ≤ ε

2
.

Consequently, it follows from inequality (A.3) that D(pM+1, qM+1, λM+1) < ε for all
M > Nε + 1. This proves the theorem.
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[23] P. Rodŕıguez and B. Wohlberg, Efficient minimization method for a generalized total vari-
ation functional, IEEE Trans. Image Process., 18 (2009), pp. 322–332.

[24] L. I. Rudin, S. Osher, and E. Fatemi, Nonlinear total variation based noise removal algo-
rithms, Phys. D, 60 (1992), pp. 259–268.
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