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Sensitivity of cracks in 2D-Lamé problem via material
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Abstract. The Lamé model of a two-dimensional solid with a crack under the stress-free bound-
ary condition of the Neumann type at the crack faces is considered. We investigate the sensitivity
of the problem to the crack perturbation. By constructing the material derivatives of the solution
as iterative solutions of the same elasticity problem with specified right-hand sides, derivatives
of the energy functional and of the stress intensity factors with respect to the crack length of an
arbitrary order are obtained providing the corresponding asymptotic expansions. In particular,
this implies the local optimality condition for finding of the crack length and the quasi-static
model of the local crack propagation by the Griffith rupture criterion.
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1. Introduction

Analysis of the singularities arising near the crack tips in linear models was carried
out in [12], [14], [15], [7]. Non-linear models with unilateral constraints at the crack
were counsidered in [10], [13]. Description of the quasi-static crack propagation
requires involving of a suitable fracture criterion in terms of the energy, such as
the energy release rate or J-integral (see [8], [9], [6]), or in terms of the stress
intensity factors as in [15], [5], [1].

Following the Griffith hypothesis, question of the crack propagation depends on
the derivatives of the energy functional with respect to the crack perturbation. The
first-order variations to the linear crack problems were outlined in [4], [16], [2] and
other works, the high-order variations — in [15] by using the singular perturbations
method. The presented smooth transformation of the cracked domain allows to
adopt the regular perturbations theory to the considered problem. Thus, we apply
the technique of the shape sensitivity analysis developed in [18], [11], [17], [3] to
describe all the derivatives of the energy functional via material derivatives of the
solution. To construct the material derivatives or their stress intensity factors,
the iterations of the same elasticity problem are required. In comparison with the
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asymptotic methods, we use the energetic solutions in the variational sense of the
Hl class.

2. Variation of cracks

Let © c R? be a bounded domain with a boundary T' of the class C%!, and
Q = QUT. Assume that the segment [0,[y] of the z1-axis lies inside 2. We define
the set Ty = (0,1) x {0} in R?, where 0 < [ < lg. The normal vector (0,1) to T fits
its positive and negative faces Fli =Tin{ze R2, +19 > 0}, respectively. Denote
Q) = Q\ T, where I'; = I'; UAT; and OI'; consists of the points (0, 0), (1,0). Then
the boundary of €; is the union of T', I‘li, dT';. We consider the two-dimensional
elastic body occupying the domain §2; with the crack I';.

Let f = (f1,f2) € [C®(Q)]? be a given force. We look for the displacement
vector u = (u1,ug) and use the notation for the linear strains e;;(u) and stresses
oij(w), 4,5 = 1,2, given by the Lamé law

1
eij(u) = 5 (i + uja),  oiy(u) = 2pes(u) + Ady; (e11(u) + e22(u)).
Introduce the space
HI’O(QZ) = {u=(uy,uz) € [HI(QI)F, u=0 onTl},

which includes the jam condition at I". At the crack faces l"li we assume the usual
stress-free condition of the Neumann type o12(u) = o22(u) = 0. The equilibrium
state of the solid corresponds to the minimum of the potential energy

i) = 5 [ oz - [ g 1)
Q

o

and can be described by the variational equality

/Uz‘j(u)fij(v) Z/fivi vo e HY0(Q). (2)

Ql Ql

By the Korn inequality provided that uw = 0 on I, there exists the unique solution
u € HYO(Q) to the problem (2). The corresponding boundary value problem is
of the form:

_Uij,j(u) :fi7 1= 112a in Qla

oi2(u) =0, i=1,2, onT{, u=0 onT.

(3)

One can obtain, in a standard way, the additional H2-smoothness of the solution
u inside ; up to the boundary I and I‘li excepting neighborhoods of oT.
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For a small parameter ¢ > 0, let us consider the perturbed crack I'ly. =
(0,1+¢) x {0}. In the perturbed domain ;4. = Q\TI';4., we also have the unique
solution u® € HY0(Q4.) to the equilibrium problem

/Uv:j(us)é‘ij(’v): / fivi Yoe HYO(Q, ). (4)

Qe Q.

We vary the shape of the crack by a local coordinate transformation of the
domain like in [10]. Let Bs be a circle of the radius 6 > 0 centered in the crack
tip (1,0), with 6 < min{l;ly — I} and Bs C Q. Choose the smooth cut-off function
X, 0 < x <1, such that supp x C Bs and x = 1 in Bs/3. For small € < §/2, we
construct the one-to-one coordinate transformation

y1 =1 +ex(z1,22), y2=x2, (W1,92) € Vge, (r1,22) €Q, (D)

with the Jacobian J = 1+ ex 1, which transforms €; to €; .. Denote by u(x),
x € , the transformed function u(y), y € Q4+, namely

uly) = uer +ex(@), a2) = (a).

Using (5), rewrite the derivatives

~ 3 ~ .o
ui,j = ui,j - jX,jui,la 1,) = 1727

and therefore,
. € R . 1 ~ ~
gij(u) = €ij(u) — jEij(XE u), Eij(x;u)= 3 (X,iuj,l + X,jui,1)7

€ N
0ij(u) = 03j() — 5 2i; (x; @), (6)
2i; (X 0) = 2uBi5(x: W) 4 Aij (E11(x: @) + Ex(x; 1)).

Applying the transformation (5) to the integrals in (4), we substitute (6) and
obtain the equation

~ N 1y =
[ ou@eito) +eA@ o) + 2B @) = [T voe BO@), @)
Q[ Ql
where the bilinear forms A and BJ[-] are as follows:

A(u,v) = /(X,wz‘j(u)ﬁij(v) — 05 (u) Eij(x;v) — X5 (G U)&‘j(“)),
Qz
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Blul(u,0) = [ w- S50 B (sv).
97

Thus, 2° € HM0(Q;) is the unique solution to the problem (7).
Note that, for small €, the uniform in € estimate follows from (7):

@] 1 () < conmst. (8)
Substituting v = w in (2), one gets the evident relation

/ o / Fous. )

97

3. Material derivatives

We seek for the global expansion of the solution @ of (7) in the form

ﬂezzmu, U = u. (10)

Following [18], the functions (Z), n > 1, are called the material derivatives of the
order n of the solution. First, we write the series in € of 1/J,

1 1 n
7T - o)

and multiply it with (10):
n

% =Y e (Z X,l)"‘k(§)> . (11)
n=0

Second, in accordance with (5), by the infinite differentiability of f, one can deduce
the representation

o0 6 n

F=3 o

(12)

and therefore,

- e nanf 1 8n—1f _ o en nan—lf
Jf= Z o (X oa7 +nx"" X1 6x’f_1 = ; ol B 81:?‘1 1. (13)
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We mean here the relation (aflf/aml_l)’l = f as n = 0. Let us now substitute
(10), (11), (13) in (7) to obtain formally that

e n—‘rl

Z oy /J” w)ei;(v +Z

ent

DI o LIk zn,/( 8f)

or, the same

il i ONS oD
;ggm oo (0) + na("a ) (19
-2
— (n—2)! n—2-k1 (k) SOV \
+n(n_1)];)TB[(_X’1) ](u,v) —({ (X —8.%7111)711]1) =

We should define the functions (Z) € HYO(Q) as the unique solutions of the
following iterative problems

n 8”*1 ] n—1
/ o1y (W)ess (v) = / (x#) lvi—nAG o) (15)

o 97

{ X)l)n_z_k} ((5),1)) vo e HYO (),

=0
with the initial value ( ) u, where u is the solution of (2). For example, for
n=1
/Uij(ﬂ)ﬁzj(v) = /(Xfi),lvi — A(u, v); (16)
Ql Ql
for n = 2:
/O‘ij(’l'],)f:'ij(’l}) = /(X2fi71)111}i — 214(’11,’()) — 23[1](11,,’0); (17)
o Qz
and so on.

Subtracting (2) from (7), we write

/Uz‘j(ﬂs —u)gi;i(v) = /(ﬁ —fi+ sxlfi)vi —eA(Uf,v) — ¢ B[}]](u ).

QL Ql
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One can substitute v = u° — u here and easily deduce, due to (8), (12) and Korn’s
inequality, that
18—l < e (18)

Analogously, subtracting (2) and the corresponding equations in (15) from (7), we
can write in view of the decomposition (14) the next relation

k

/aij(as_zi:o;(k)>5w( v) = /((fz Zn: 3 ,cax];)

Q - Q

n—1 g k n—-1 g
n 0" fi P (k)
+€X,1(fi— EO%Xk f)>vi—€A(u - e—u,v)
k=

ax’f = k!
n—2 m g
n—2-m] (~¢ e” (k) n 1 n—17  ~¢
_EQW;B{(‘EXJ) @ ‘kzoﬁ“ﬂ’) — B[ < ()" @)

k (k)

n
and substitute v = u® — > %7 w as a test function to obtain, due to (8) and (18),
k=0 "
the estimates for n > 0:

lu® — Z o u HH1 )< ce™ L, (19)

Thus, the following theorem is proved.

(n)

Theorem 1. There exist the material derivatives u, i,..., u ,... given as the
solutions of the problems (15), such that the expansion (10) holds with the estimate
(19) for any n > 0.

The integration by parts in (15)—(17) is meaningful because of the local H?-
smoothness of the solutions in Bs \ Bs/2, and x = 1 in the neighborhood Bs /2
of the considered crack tip, x = 0 outside Bs. Therefore it implies with (3) the
following boundary value problems for the material derivatives. For n = 1, using

(3):
—0ij(0) = xfix — X joi1(u) = X ;(x;u) = —oij5(xu1), i=1,2, iny,

or2() = p(x2u11 — xau12), o22() = (A +2u) (x 2u21 — x1u2,2) on I,
u=0 onl}

for n = 2:

—0ij, (i) = (X fi1) 1T 2(x,1045,5(0) — X joij1 () — Sij,;(x; @)
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+2(X7j2ij(X;u)) o= i,

o12(it) = 2u(x 2011 — X,1,2), 022(it) = 2(A + 2u) (x 212, — X,112,2) on T},
=0 onl}

and for the arbitrary n:

(n) (Xnan—lﬂ

(n-1) (n—1)
—oiji(u) = n_1> +n(x 100, u ) = x 01 u ) =206 uw )
oxy 1

n—2
—-2)! n—2— k . .
+TL(TL - 1) Z (n k! ) |:(7X,1) 2 kX,jzzj(Xv (u)):| 15 1= 17 27 mn Ql7
k=0 ’ ’
n n—1 n—1
012((u)) = HM(X,Q( u )1,1 - X,1( u )1,2), (20)

1) 1)

(n) (n— n—
ooa(u)=nA+2u)(x2 u 21—Xx1 u 22) onTf,

(n)

=0 onT.
One can see from the above that, if u € [H?()]? then @ = xu;, if u €

[H™H1())? then (Z) = x"0"u/0z}, n € N, that corresponds to the represen-
tation (12).

4. Derivatives of the energy functional

Let us substitute the solution u of (2) in (1) and define the potential energy as
the function P : (0,1ly) — R depending on the crack length [. In view of (9), this
function has the form

P =5 [ fu (21)
Qz

For the solution u® of the equation (4), applying the transformation (5), we also
get

Pﬂ+d:4é./ij:*%/Jﬁﬁ- (22)

Q. 7]

One can substitute the representations (10), (13) in (22) to obtain the formula

/ (Xn_kan—k—lfi> .
oxy 1 )

Ql ’

1= .« 1
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Therefore, thanks to Theorem 1, using (21) we get the expansion
X n
Pli+e) =Y. =P, PO =P, (23)
o

where the derivatives of P at the point [ are as follows:

1 & n! okl (k)
’])(”) )= —= 4/ n—kZ ___Jt U . 24
© 2 z;) El(n — k)!Qz <X axrlszfl | (24)
In particular, we have
/ 1 .
PO == [(0cfaus+ fi). (25)
Q

P = =5 [((6Cha) i+ 2000 i + S

o

Using equations (15)—(17), we can reduce the order n of the material derivatives
in (24) to n — 1. Indeed, substitute v = @ in (2) and v = w in (16), then

[ i = [ owst@esto = [ouf au - At ),
Q

9 o

and therefore (25) takes the form

P'(l) =~ /(Xfi),lui + %A(u,u) (26)

= /[*(Xfi),luvz + <1X,10ij(u) - Zij(x;u))eij(u)}-

2
9
Analogously, the substitution of v = (,Z) in (2) and of v = u in (15) gives

n n anfl : n—
Q/fi(u)i = /Uij((u))Eij(U) = / (Xn 8x7fji )J U; —nA(( Ul)au) (27)

Ql Ql
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n—1
Moreover, let us take v = ( u ) in (16), then

”/Uz‘j((nil))%(ﬂ) = n/(Xfi),l(nal)i —nA(u, (nﬂl)). (28)

Ql Ql

Combining (24), (27), (28) together, we deduce the following formula

n—1 ¢
PO = [ <x”8 "f) u
oz’ 1

o
L SN / (X"’“—anklf’) W, (20)
2 & (n—k:)!k!QL oay Y )
n—2
(n—1) -1 —2)! n—2— k
=2 [ + M S BB ) (W
QL k:0

In particular, for n = 2:

PO = [ (03 i) g = oo () + Bl

o

= /(_ (X2f¢71))1ui —oij()esj () + Bij (x:u) Eij (x; U))-

9

Theorem 2. There exist the derivatives of the potential energy functional with
respect to the crack length in expansion (23) given by formulas (24) or (29).

Note that integrals in (21) and (22) do not depend on Y, therefore all values of
the derivatives in expansion (23) are also independent on the cut-off function.

5. Stress intensity factors

In fracture mechanics the crack propagation is usually interpreted with the help
of the stress intensity factors (SIF). We remind its definition in connection with
the material derivatives considered.
Introduce the local polar coordinates in a neighborhood of the crack tip (I,0)
as
x1—l=rcosd, mp=rsing, r>0, |¢ <.
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The crack faces I‘li correspond to the values ¢ = =+m, respectively. The normal
n = (n1,n2) to the boundary of the circle Bs centered in (/,0) is (cos ¢, sin ¢).
Let us define the smooth vector-functions ®!, ®2, which in the Descartes basis
(21, 29) are given as follows:

<I>1(¢) = ((2n -1 COS% - COS% (2 + 1)sm§ — sin %)
<I>2(¢5) = ((2n+3)sin§ +Sin%»*(2ﬂf3)cos§ _ cos %)’ . );\J;g:

The functions ®™, m = 1,2, possess the properties 04 ;(v/r®™) =0 as |¢| < 7
and o;0(y/r®™) =0 as ¢ = +m, i = 1,2. Assume also that the cut-off function x
depends on r only. It is well known that the solution u of the Lamé system (2)
admits the unique representation in the form (see [7]):

= X("VrKn®™ () +w, w e [H* ()] (30)

The coefficients K71, Ko here are called SIF. To obtain them, construct the func-
tions following the idea of [15]:

M =x(Wre™ 1 +V", m=12, (31)
where
¢ 5¢ ¢ . 5o
(Vrel) 2\/_((2/$ 3)cos2+cos2, (2;@—4—3)sm2—|—sm2)7
2 n? sin®® (9~ 1)cos 2 1 cos 22
(Vrd) 1 2\/_( (2/<a+1)s1n2 sin = (2k 1)cosZ+cos2),
and V'™ € H9(Q) are the unique solutions of the problems
/Uij(Vm)eij(v) = A(Vr®™,v) Ywe HYOQ), m=1,2 (32)

Qz

In view of the properties 0y;,; ((v/7®™)1) = 0 as |¢| < 7 and o2 ((v/7®™),1) =0
as ¢ = +m, ¢ = 1,2, by the local regularity of the constructed functions outside
By, one can see from (31), (32) that ¢"™, m = 1,2, are the nontrivial functions
satisfying the homogeneous relations

~045,;(¢M) =0, i=12 inQ,

33
o2(¢™) =0, i=12 onT{, ("=0 onT. (33)
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Again, because (™ are of the H!-class outside a neighborhood of the crack tip
(1,0), one can apply the Green formula in the domain ; \ By, 0 < t < 6/2. Using
(3) and (33), we get then

/ fi¢it = — / 05,5 (W¢" = /(Uz‘j(u)nj@m—Uz‘j(Cm)”jui)- (34)
alB, QB 0B,

The substitution of (30), (31) in the right hand-side of (34) reduces it to the

relation
_ 16mpu(A +2p)

A+

Ql\Bt

where the the last term denotes the integral

In(® =t [ (o (VAT + Ka®)n, V" + oy wn, (V0T 1+ V™)

lp|<m

=05 (Vre®™) 1)njw; — Jz‘j(Vm)nj(\/;(Kl‘I’il+K2@?)+wi))‘r=td¢'

One can see that I,,,(t) — 0 as t — 0, m = 1,2. Therefore, the passing to the limit
in (34) as t — 0 leads finally to the relation

:__/flz7 m:172

For the material derivatives (Z) as the solutions of the Lamé problem (15), the
same as (30) representation is valid for n > 1,
(n) n n
= X)W e o)+ W, W
) (n) (n)
To find the corresponding SIF K1, K, we use the same arguments as for (34)

with the next Green formula for non-homogeneous Neumann boundary conditions
at [
1>

W € [H2 (). (35)

n) o n) m m n n) o
= [ ouher = [ @D ascmn )+ [ oD,
Q\ B OBy I \B;

where the thick brackets denote the jump at I'y, i.e. [u] = u|p+ — ulp-. In view
l l

(n)
of (20), the analogous formula hold for finding K ,,

(n) 1 2O (n—1) (n—1) (n—1)
m=—5/(<x ax,ll_l)JJrn(X,lUij,j( u ) =xj0i1(0 u ) =i506 u )
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(G S R o HEE ) I ECR €Y

n—1 n—1 -1 -1
+g/|[,u(x,2( u )1,1 _X,l( u )1,2)41 + (A +2p) (x, 2( u )21 _Xl( u )2 2)(2]]

I

In particular, (36) as n =1 is of the form:

. 1
K, = a/aij,j (Xu,l)Cim

971

1
+ /[[u(x,2u1,1 — X,1u1,2)¢7" F (A 2p) (x 2u21 — X 1u2,2)¢5]-
I,

Summing together (30) and (35) with the corresponding multipliers, thanks to
Theorem 1, we deduce the following representation to the solution u® of (7),

@ = x(r)VrKL®™(9) + W, W € [H* ()], (37)
with
= ORI ()
K’H’L: X;)HK”“ K=K, m=1,2 (38)

(n)

where K ,,, are given by (36). Because the transformation (5) does not change the
constant SIF, the same formula is also true for the solution u® of (4),

ut = KT () + wt, wf € [HP ()], (39)

with the coefficients K7, K5 from (38) and the polar coordinates (r.,¢.) at the
crack tip (0,1 + ¢).

6. Derivatives of SIF

Let us define the vector-function K : (0,1y) — R? by the equality k(1) = (K1, K2)
with Kp,, m = 1,2, from (30). It follows from (39) that K(I +¢) = (K5, K5), and,
by (38), we get the asymptotic formula

Kl +e) = i_f . KO =k, /c(">(l)=((nK)1,(fn()2), (40)

with the derivatives (") () of the order n at the point I of SIF. We formulate this
result as the following theorem.
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Theorem 3. There exist the derivatives of SIF with respect to the crack length in
expansion (40) given by the formula (36).

Let us now rewrite the derivatives of the potential energy using the derivatives
of SIF in the following way. First, by the smoothness of the solution u of (2)
outside a neighborhood of the crack tip (,0), we can integrate (26) by parts in
Q \ Bs/2 to obtain that

P(1) = / (0355 (0) + fiusy + / Vo]

Q\Bs 2 T\Bs /2

1
+ / (_50'1']‘(“)51’]’(“)”1+Uij(u)njui7l+fiuinl)+ / fiuin — / fiuiny
9Bs /2 Bg/g\F}, 0Bs 2
1
= / fiug + / (Uij(u)njui,l—gaij(u)fij(U)nl)
Bs2\I' 0Bs/2

due to the relations (3). Again, substituting the representation (30) in the last
formula, we deduce

P'(l) = *M / (K3 sin® ¢ + K3 cos® ¢) do + 1(9), (41)
i lol<m
where
I(0) = g / fiui 1 drdo + g / (Uij (\/F(K1(I>1 + K2<I>2))njwi’1
Ir|<$,lgl<m |p|<m

1
+0i;(w)n; (\/F(K1<I>i1 + Ky®?) + wi)’1 — Eaij(ﬁ(Kﬂbl + K2¢2))5ij(w)n1

—10'1']' (w)eij (\/’F(Kl@l + K2‘1)2) + w)nl)

: do.

)
=3

One can easily see that I(§) — 0 as § — 0. Because the derivative P’(l) does not
depend on §, we can pass to the limit in (41) as § — 0 and obtain

(1) ==K, K*() = K7 + K3, (42)

By Theorems 2 and 3, using the representations (23) and (40), it follows from (42)
that

Plte)=Y %P(”“)(Z) = -SK(+e) =3 (KFa+e)+ K30 +9))
n=0
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_oy (Z T (P ) + zcé“(zmé"‘”(w)) :
n=0 \k=0 '

The comparison of the terms with the similar power of € leads to
Pl = -2 Z ATl UL SEURY S ROTE Sl U) R C

In particular, for n = 1, formulas (43) together with (38) give
PH(Z) = —a(K1K1 + KQKQ)
and so on. Thus, the next theorem follows.

Theorem 4. The derivatives of the potential energy with respect to the crack
length in expansion (23) can be calculated with the help of the formulas (42), (43),
where SIF are taken from (36).

7. Locally optimal cracks

By adding the surface energy to (1), let us introduce the function 7 : (0,lp) — R
of the total potential energy as

T() =P(l) + ymeasT;, >0, measl; =1.

Then we get from Theorem 2 and (23) that
T(l+e)=TWU) +e(y+P( +Z 7> (44)

By the Griffith criterion of the crack propagation, the total potential energy turns
out to be minimal. The extremality condition of (44) in e implies

dT
(n+1)
0=""= +Z n,P (1).

In particular, we can use the linear in € condition
Y+P(1)+eP'(1)=0 (45)

to seek the locally optimal crack length [ 4+ ¢ minimizing the quadratic approxi-
mation of the total potential energy:

T(l+e)=TW) +e(v+P'1) + 79”()

T(e). (46)



Vol. 52 (2001) Sensitivity of cracks in 2D-Lamé problem 1085

Minimum in (46) is provided by the positiveness of the second derivative,
P’ (1) > 0. (47)

We formulate the quasi-static model of the local crack propagation under the
assumption (47). Let t > 0 be a loading parameter. We consider the load f(t) =

tf, that leads to the fact that u(t) = tu, (Z)(t) = t(Z), n =1,2,..., are the solutions
of equilibrium problems (2), (15), respectively. Therefore, the multiplier t? appears
in derivatives of the potential energy given by (26), (29), and the functional (46)

reduces to 2
T(e) = T() +(r + 2P (1) + SEP" ().

We look for the propagating crack, i.e. for the value £(t) > 0 of the crack length [+
e(t) minimizing T} for each ¢ > 0. Due to the positiveness requirement constrained
e(t), instead of (45) we obtain the algebraic variational inequality

e(t) >0, (v+2P'(1) +*P"(De(t))(E—<(t) >0 V&> 0. (48)

If P’(I) > 0, then e(t) = 0 is a solution of (48) because v > 0, that means
stationarity of the crack. For P’(l) < 0, by the same reason we have

€(t) =0, 0<1 < feriticals  teritical = (49)

_7
_'p/(l) :
The crack growth starts only after reaching this critical value, and the solution of
(48) is given then by

)y 1
6(t) = P//(l) - PT(Z) ! ﬁ? t > tCI‘itiCal? (50)

which has the finite asymptotic —P’(1)/P" (1) for t big. Thus, the continuous func-
tion e(t) written in (49), (50) shows us the quasi-static, local crack propagation.

8. Conclusion

For the 2D-problem describing solids with cracks, we have constructed the global
expansion (10) of the solution with the material derivatives of an arbitrary order
given by formulas (15) or (20), and their stress intensity factors — by (36). This
allows us to find all the derivatives of the potential energy in respect to variation
of the crack length with the help of formulas (24), or (29), or (43), and to describe
the local crack propagation by the Griffith rupture criterion.

Note, for iterative calculations of the material derivatives or their SIF, in view
of the above consideration one needs only to be able to find the solutions of the
linear elasticity problem in the week sense

[outwes) = Fe)
&
with the corresponding right-hand sides F'.
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