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Abstract

The hypoplastic constitutive equations stemming from soil mechanics, which are under
mixed stress-strain control carried out in a biaxial test, are studied with respect to its well-
posedness and non-uniqueness of a solution. The result of theoretical investigation of the
strongly nonlinear dynamic system is supported by computer simulation of numerical tests.
Besides investigating the existence of global solutions, the simulations give an insight about
the numerical convergence and validate the physical consistency of the system of equations
when data is chosen in a domain of parameters satisfying feasibility conditions.
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1 Introduction

We study constitutive relations between stress and strain rate describing granular materials, like
cohesionless soils or broken rocks, within the hypoplastic theory proposed first by Kolymbas [15],
further continued by [26, 27], and extended to barodesy in the recent books [16, 17]. Unlike
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hyper- and hypoelastic material laws, the hypoplastic response differs for loading and unloading,
thus corresponds to inelastic materials. While in classical elastoplastic models the strain is
decomposed into elastic and plastic parts, e.g. [1, 8, 14], our approach relies on hypoplastic
models of the rate type which are incrementally nonlinear. The interested reader is referred
to [25] for a survey on rate-independent processes and hysteresis problems, and to [10–12,22–24]
for an account on mathematical modeling of granular and multiphase media.

Our study considers a simplified version of the hypoplastic constitutive relation that was
originally introduced by Bauer [2] and Gudehus [13]. In the previous works [5, 6, 18, 20, 21] we
considered the stress-strain rate law as a nonlinear differential equation for the stress under
a given proportional strain rate, that we call strain control. Recently, the case of unknown
strain rate that should be derived from a given proportional stress, called stress control, was
investigated within implicit differential equations in [7,19]. In the current study, we investigate
the case of mixed stress-strain control in a so-called plane strain biaxial test.

In particular, for plane strain conditions we study the response of a hypoplastic material
element under constant lateral stress and a monotonic vertical compression/extension. Such
tests are of interest in various fields of applied mechanics to study the onset and evolution of
shear strain localization [3,4,9,29]. Shear strain localization may occur under a particular stress
state where the constitutive equations describe not only continuous homogeneous deformations,
but also non-homogeneous deformations. Thus, the system of constitutive equations exhibits
non-unique solutions and in the case of a shear band bifurcation two symmetric shear bands may
appear. While for the investigation of the onset of strain localization usually the theory of shear-
band localization [28] can be applied, the focus of the present paper is based on possible solutions
of the system of differential equations under the specified plane strain conditions considered.

2 Plan strain biaxial problem

For coaxial and homogeneous deformation, the tensors of Cauchy stress σ and strain rate ε̇ have
the diagonal form

σ =

σ1 0 0
0 σ2 0
0 0 σ3

 , ε̇ =

ε̇1 0 0
0 ε̇2 0
0 0 ε̇3

 . (2.1)

The hypoplastic constitutive equations due to Bauer et al. [6] under the assumption (2.1) are

dσ1
dt

= fstrσ
{
a2ε̇1 +

(σ : ε̇

trσ

) σ1
trσ

+ afd

(2σ1
trσ

− 1

3

)
∥ε̇∥

}
, (2.2)

dσ2
dt

= fstrσ
{
a2ε̇2 +

(σ : ε̇

trσ

) σ2
trσ

+ afd

(2σ2
trσ

− 1

3

)
∥ε̇∥

}
, (2.3)

dσ3
dt

= fstrσ
{
a2ε̇3 +

(σ : ε̇

trσ

) σ3
trσ

+ afd

(2σ3
trσ

− 1

3

)
∥ε̇∥

}
, (2.4)

where the scalar product σ : ε̇ = σ1ε̇1+σ2ε̇2+σ3ε̇3, and the Frobenius norm ∥ε̇∥ =
√
ε̇21 + ε̇22 + ε̇23.

Herein fs(t) < 0 and fd(t) > 0 represent state dependent parameters of the model, and the con-
stant a > 0 is related to the yield strength.

In a biaxial test, the following three quantities are prescribed:

ε̇1 = D1, σ2 = σ0
2, ε̇3 = 0, (2.5)

with constant D1 and σ0
2 < 0. In the constitutive relations σ1(t) < 0, σ3(t) < 0, and ε̇2(t) are

three unknown functions of time t ≥ 0. We insert the assumption (2.5) into the hypoplastic
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equations such that (2.2)–(2.4) become

dσ1
dt

=fstrσ
{
a2D1+

(σ1D1 + σ0
2 ε̇2

trσ

) σ1
trσ

+ afd

(2σ1
trσ

− 1

3

)√
D2

1 + ε̇22

}
, (2.6)

0 =fstrσ
{
a2ε̇2 +

(σ1D1 + σ0
2 ε̇2

trσ

) σ0
2

trσ
+ afd

(2σ0
2

trσ
− 1

3

)√
D2

1 + ε̇22

}
, (2.7)

dσ3
dt

=fstrσ
{ (σ1D1 + σ0

2 ε̇2
trσ

) σ3
trσ

+ afd

(2σ3
trσ

− 1

3

)√
D2

1 + ε̇22

}
. (2.8)

The sum of (2.6)–(2.8) implies the following differential equation for the trace

d(trσ)

dt
= fstrσ

{
a2(D1 + ε̇2) +

σ1D1 + σ0
2 ε̇2

trσ
+ afd

√
D2

1 + ε̇22

}
. (2.9)

Denoting for brevity the ratio of the stress tensor scaled with its trace by

σ̂1 =
σ1
trσ

, σ̂2 =
σ0
2

trσ
, σ̂3 =

σ3
trσ

, trσ = σ1 + σ0
2 + σ3, (2.10)

we get the following expression for its derivative

dσ̂n
dt

=
1

trσ

dσn
dt

− σ̂n
trσ

d(trσ)

dt
, n = 1, 3.

Hence, from equations (2.9), (2.6) and (2.8) we infer that

dσ̂1
dt

=fs

{
a2D1−a2(D1 + ε̇2)σ̂1 + afd

(
σ̂1 −

1

3

)√
D2

1 + ε̇22

}
, (2.11)

dσ̂3
dt

=fs

{
−a2(D1 + ε̇2)σ̂3 + afd

(
σ̂3 −

1

3

)√
D2

1 + ε̇22

}
. (2.12)

After summation of (2.11) and (2.12), the identity σ̂1 + σ̂2 + σ̂3 = 1 leads to

dσ̂2
dt

= fs

{
a2ε̇2 − a2(D1 + ε̇2)σ̂2 + afd

(
σ̂2 −

1

3

)√
D2

1 + ε̇22

}
. (2.13)

Whereas the algebraic equation (2.7) can be rewritten using (2.10) as

D1σ̂1σ̂2 + (a2 + σ̂2
2)ε̇2 + afd

(
2σ̂2 −

1

3

)√
D2

1 + ε̇22 = 0. (2.14)

Note that σ̂3 does not enter (2.14), and (2.12) can be deduced from the governing equations.
The coupled system (2.11), (2.13), and (2.14) has to be solve with respect to three unknowns
σ̂1, σ̂2, and ε̇2, endowed with the initial conditions:

σ̂1(0) =
σ0
1

σ0
1 + σ0

2 + σ0
3

, σ̂2(0) =
σ0
2

σ0
1 + σ0

2 + σ0
3

, (2.15)

for prescribed σ0
1 < 0, σ0

3 < 0, and σ0
2 from (2.5).

Theorem 2.1 (Solution). A solution to the linear Cauchy system (2.11) and (2.13) under initial
conditions (2.15) and constrained by (2.14) can be written in the integral form:

σ̂1(t)−
1

3
= e

t∫
0

ϕ3(τ) dτ[
σ̂1(0)−

1

3
+

∫ t

0
ϕ1(ξ)e

−
ξ∫
0

ϕ3(τ) dτ
dξ

]
, (2.16)

σ̂2(t)−
1

3
= e

t∫
0

ϕ3(τ) dτ[
σ̂2(0)−

1

3
+

∫ t

0
ϕ2(ξ)e

−
ξ∫
0

ϕ3(τ) dτ
dξ

]
, (2.17)
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where the integrands are

ϕ1 = a2fs
2D1 − ε̇2

3
, ϕ2 = a2fs

2ε̇2 −D1

3
, ϕ3 = a2fs

{
−(D1 + ε̇2) +

fd
a

√
D2

1 + ε̇22

}
. (2.18)

Moreover, under the solvability condition

D := a2f2
dD

2
1

(
2σ̂2 −

1

3

)2{
σ̂2
1σ̂

2
2 +

(
a2 + σ̂2

2

)2 − a2f2
d

(
2σ̂2 −

1

3

)2}
≥ 0 (2.19)

(where the discriminant D becomes zero for σ̂2 = 1/6), from the algebraic equation (2.14) we
deduce two possible expressions for ε̇2, namely

(ε̇2)± =
D1σ̂1σ̂2(a

2 + σ̂2
2)±

√
D

a2f2
d

(
2σ̂2 − 1

3

)2 − (
a2 + σ̂2

2

)2 . (2.20)

Proof. Using the notation (2.18) we can rewrite (2.11) and (2.13) in a unified way as

d

dt

(
σ̂n − 1

3

)
= ϕn + ϕ3

(
σ̂n − 1

3

)
, n = 1, 2. (2.21)

The multiplication of (2.21) by the factor exp(−
∫ t
0 ϕ3(τ) dτ) yields the equivalent equation

d

dt

[(
σ̂n(t)−

1

3

)
e
−

t∫
0

ϕ3(τ) dτ]
= ϕn(t)e

−
t∫
0

ϕ3(τ) dτ
, n = 1, 2.

Thus, formulas (2.16) and (2.17) can be obtained by simple integration over the interval [0, t]
and taking into account the initial values given in (2.15).

Considering the aforementioned σ̂1 and σ̂2, from (2.14) we deduce a quadratic equation for
the unknown ε̇2 as follows:[

a2f2
d

(
2σ̂2 −

1

3

)2
−
(
a2 + σ̂2

2

)2]
ε̇22 − 2D1σ̂1σ̂2(a

2 + σ̂2
2)ε̇2

+D2
1

[
a2f2

d

(
2σ̂2 −

1

3

)2
− σ̂2

1σ̂
2
2

]
= 0, (2.22)

whose discriminant D is given in (2.19), and consequently we have two possible solutions (ε̇2)±
as in (2.20). Note that (2.19) ensures that D is non-negative independently of the sign of D1.
The proof is completed.

For a physically consistent model relevant for cohesionless granular materials, only negative
normal stresses are admissible. Therefore, trσ < 0, and formula (2.10) leads to the restriction
σ̂n = σn/trσ > 0 for n = 1, 2, 3.

3 Numerical simulations

Based on Theorem 2.1, we analyze the existence of numerical solutions for two systems with
unknowns σ̂1, σ̂2, and ε̇2 and accounting for the plain strain biaxial model in the form of Cauchy
problem (2.11), (2.13)–(2.15). Note that the normalized stresses σ̂1, σ̂2 ∈ (0, 1) as unknown
variables in the linear equations (2.11), (2.13) are numerically advantageous over the stresses
σ1, σ3 in the nonlinear equations (2.6), (2.8), which are unbounded in general. After finding the
solution, we can determine the quantities σ̂3 and trσ in (2.9) and (2.12) which are implicitly
given by

σ̂3 = 1− σ̂1 − σ̂2, trσ =
σ0
2

σ̂2
. (3.1)
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To make our presentation of the numerical scheme more precise, we distinguish the two
systems comprehending equations (2.11), (2.13), and (2.20) taking into account the discriminant
as in (2.19), which are gathered as follows:

D = a2f2
dD

2
1

(
2σ̂2 −

1

3

)2{
σ̂2
1σ̂

2
2 +

(
a2 + σ̂2

2

)2 − a2f2
d

(
2σ̂2 −

1

3

)2}
,

ε̇2 =
D1σ̂1σ̂2(a

2 + σ̂2
2)−

√
D

a2f2
d

(
2σ̂2 − 1

3

)2 − (
a2 + σ̂2

2

)2 , (−
√
D)

dσ̂1
dt

= fs

{
a2D1 − a2(D1 + ε̇2)σ̂1 + afd

(
σ̂1 −

1

3

)√
D2

1 + ε̇22

}
,

dσ̂2
dt

= fs

{
a2ε̇2 − a2(D1 + ε̇2)σ̂2 + afd

(
σ̂2 −

1

3

)√
D2

1 + ε̇22

}
,

and

D = a2f2
dD

2
1

(
2σ̂2 −

1

3

)2{
σ̂2
1σ̂

2
2 +

(
a2 + σ̂2

2

)2 − a2f2
d

(
2σ̂2 −

1

3

)2}
,

ε̇2 =
D1σ̂1σ̂2(a

2 + σ̂2
2) +

√
D

a2f2
d

(
2σ̂2 − 1

3

)2 − (
a2 + σ̂2

2

)2 , (+
√
D)

dσ̂1
dt

= fs

{
a2D1 − a2(D1 + ε̇2)σ̂1 + afd

(
σ̂1 −

1

3

)√
D2

1 + ε̇22

}
,

dσ̂2
dt

= fs

{
a2ε̇2 − a2(D1 + ε̇2)σ̂2 + afd

(
σ̂2 −

1

3

)√
D2

1 + ε̇22

}
.

In both cases we consider the initial conditions in (2.15) with the constant parameters yet to be
prescribed.

The local solutions to (−
√
D) and (+

√
D) might be ensured for t ∈ [0, t0] with small t0 > 0.

However, our interest concerns global solutions for arbitrary t ≥ 0, and, if a global solution to
either (−

√
D) or (+

√
D) exists, in its asymptotic behavior for growing t.

To measure an error of numerical schemes applied, we suggest to estimate the residual of the
algebraic equation (2.7):

Res := fstrσ
{
a2ε̇2 +

(σ1D1 + σ0
2 ε̇2

trσ

) σ0
2

trσ
+ afd

(2σ0
2

trσ
− 1

3

)√
D2

1 + ε̇22

}
. (3.2)

From our numerical tests we can report the following features. Refining the uniform time mesh,
numerical iterations may diverge or leave a region of the physical consistency, the residual error
may remain large or converge very slow, thus theoretical solution be numerically unattainable.
Typically we observe only one numerically reasonable and physically consistent solution.

3.1 Biaxial extension test

For a first simulation test, we prescribe the initial stresses and the constant strain rate ε̇1 to be

σ0
1 = σ0

2 = σ0
3 = −100, and D1 = 1, (3.3)

which implies an isotropic state in a domain of parameters satisfying the feasibility conditions.
In view of (2.5) and taking into account the sign convention of rational mechanics, the choice
D1 = 1 describes a state of vertical extension with a constant strain rate 1. The material
parameters for the hypoplastic equations (2.2)–(2.4) are taken from [18]:

a = 0.33, fd = 1, fs = −550.

These data satisfy the solvability condition (2.19) at t = 0 and, by continuity, the condition also
holds true, at least, in an interval [0, t0], with some t0 > 0.
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Since the constitutive equations are rate independent, we opted for the representation of
numerical results with respect to the vertical strain rather than the time evolution. The numer-
ical result for solution (σ1(t), ε2(t), σ3(t)) of (+

√
D) under data set (3.3) and a constant lateral

stress σ2 obtained with a MAPLE code is depicted versus the vertical strain ε1(t) = D1t from
(2.5) for t ∈ (0, 0.04) in the four plots of Figure 1.

Vic_Biaxial extension alternative discriminant - minimum deviation.mw

The factor in front of the square root (Eq. (2.20) from the manuscript by Victor from 
24.02.2023) is now included in the discriminant!

The solution for D2 is related to the solution of D2 fulfilling the requirement tT22=0

<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<
<<<<<<<<<<<<<<
#  PLOTS

Figure 1: The simulation test of biaxial extension under data set (3.3).

In the upper left and right plots of Figure 1 the first (vertical) and the third (horizontal)
stress components are depicted. We observe that the evolution is physically consistent: σ1 < 0
and σ3 < 0 stress components remain negative during extension and tend from below towards
asymptotic values which are related to the parameter a for the stress limit state. In the lower
left plot of Figure 1, the horizontal strain component ε2(t) is calculated from its rate ε̇2(t) and
the initial value ε2(0) = 0. We remark that the strain ε2 ≤ 0 in this case, that is, when extension
takes place. Evolution of the discriminant D is presented in the lower right plot of Figure 1. We
can observe that the discriminant is strictly positive and tends towards an asymptotic value.

To check if the solutions converge or diverge by the time discretization, the system of dif-
ferential algebraic equation is solved in MATLAB using the standard solver RK4. In Figure 2
we show in the log-log scale the absolute value of the residual for the numerical solution of the
system (+

√
D) when decreasing the time mesh size as {10−5, 10−4, 10−3, 10−2}. For this we

calculate the average of |Res| in (3.2) over time for the current states under equdistant meshing
by 101, 1001, 10001, 100001 time points, respectively. In Figure 2 a high rate of convergence
of the solution (+

√
D) when refining the mesh is clearly observed. The evolution of the system

(−
√
D) is not presented here, since its residual is large of order 104 and converges very slowly

such that the limit (if exists) is numerically unattainable.
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(3)(3)

Figure 2: Log-log plot of the residual for (+
√
D) versus time step size.

3.2 Biaxial compression test

Now let us consider the initial values as defined above but changing the sign of the strain rate,
that is,

σ0
1 = σ0

2 = σ0
3 = −100, and D1 = −1, (3.4)

which describes a state of vertical compression with a constant strain rate −1.
In this test, the standard numerical schemes are not well behaved. Therefore, from the two

possible solutions ε̇2 we select the one which minimizes the value of |Res| in (3.2). The general
idea of the such selection procedure is commonly used in many numerical methods in which the
solution is based on the minimum of a defined residual. Indeed, if we look at the evolution of the
residual Res calculated from (+

√
D) and (−

√
D) as drawn in the left and right plots of Figure 3,

respectively, we observe a point approximately ε1 = −0.01324, where the zero residual switches
from (+

√
D) to (−

√
D).

(1)(1)

(2)(2)

#<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<

Figure 3: The residual Res in (3.2) for (+
√
D) and (−

√
D).

The corresponding numerical solution is depicted versus the vertical strain ε1 = D1t for
t ∈ (0, 0.08) in Figure 4. We can see in the upper left and right plots that σ1 < 0 and σ3 < 0.
Under the axial compression, the amount of both the vertical stress and the horizontal stress
increases, which is physically consistent. Moreover, the stress components show an asymptotical
behaviour with continued vertical compression. Note that in the lower left plot ε2 ≥ 0 during
the whole evolution. In contrast to the extension test, in the lower right plot the discriminant
D decreases at the beginning of vertical compression, becomes zero at the vertical strain of
approximately ε1 = −0.01324, and afterwards it slightly increases and reaches an almost constant
value. Exactly this state is relevant to switch for the solution of ε̇2 from (+

√
D) to (−

√
D).
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Vic_Biaxial compression alternative discriminant - minimum deviation.
mw

The factor in front of the square root (Eq. (2.20) from the manuscript by Victor from 
24.02.2023) is now included in the discriminant!

The solution for D2 is related to the solution of D2 fulfilling the requirement tT22=0

<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<<
<<<<<<<<<
#  PLOTS

Figure 4: The simulation test of biaxial compression under data set (3.4).

4 Conclusion

We have studied well-posedness of the hypoplastic constitutive equations carried out in a plane
strain biaxial test. Under mixed stress-strain control, we construct two systems of differential
algebraic equations, corresponding to the strain rate obtained by solving a quadratic equation.
In numerical simulations we find a single feasible solution, provided that the data are chosen in a
domain of parameters satisfying the proposed solvability conditions. More detailed investigations
are still under way and the results are the topic of an future publication.
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