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Abstract: Two models are considered, which describe the equilibrium state of an inhomogeneous

two-dimensional body with two connected rigid inclusions. The first model corresponds to an elastic

body with two-dimensional rigid inclusions located in regions with a constant width (curvilinear

rectangle and trapezoid). The second model involves thin inclusions described by curves. In both

models, it is assumed that there is a crack described by the same curve on the interface between

the elastic matrix and rigid inclusions. The crack boundaries are subjected to a one-sided condition

of non-penetration. The dependence of the solutions of equilibrium problems on the width of two-

dimensional inclusions is studied. It is shown that the solutions of equilibrium problems in the

presence of two-dimensional inclusions in a strong topology are reduced to the solutions of problems

for thin inclusions with the width parameter tending to zero.

Keywords: variational problem, rigid inclusion, non-penetration condition, elastic matrix, hinged

connection.
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INTRODUCTION

The interest to studying mathematical models that describe various specific features of inhomogeneous bodies

is caused by numerous applications of composite materials in industry, e.g., in mechanical engineering. The geo-

metric characteristics of structural elements of composite bodies can affect the strength properties of the structure

as a whole. In particular, variation of the geometric parameter in mathematical models can lead to a topolog-

ical change in the dimension. It is known that a change in the dimension of a geometric model is responsible

for difficulties associated with justification of formal asymptotic methods. Therefore, studying limiting transitions

in mathematical models including geometric objects of different dimensions is an urgent problem.

Physical features of inhomogeneous bodies with inclusions, such as the difference in the elasticity moduli

and thermal expansion coefficients for the matrix and inclusions can lead to the formation of cracks at the interface

of different materials. Problems of the crack theory that describe inhomogeneous bodies with rigid inclusions

and linear boundary conditions on the crack were studied, e.g., in [1–4]. Khludnev and Kovtunenko [5] proposed

a variational theory of cracks with nonlinear conditions of non-penetration between their edges. Non-penetration

conditions are applied for a class of problems on composite bodies and composites containing rigid inclusions
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Geometry of a two-dimensional composite body with two-dimensional inclusions.

(see [6–10]). It should be noted that the analysis of nonlinear problems for cracked homogeneous and inhomogeneous

bodies is complicated by the non-smooth character of their boundaries (no Lipschitz properties) [11–15].

The asymptotic analysis of variations of the shape and topology of cracked bodies for variational problems was

performed in [16–22] and other publications. In particular, for models with non-penetration conditions on the crack,

problems of optimal control of the shape and location of a small elastic inclusion, where the quality functional was

determined in accordance with the Griffith fracture criterion, were considered in [23, 24]. The limiting transition

for the elastic inclusion width tending to zero was proved in [25], and an asymptotic model of an elastic body

containing a thin inclusion was developed.

Explicit formulas for the derivative of energy with respect to the parameter of changes in the shape of rigid

inclusions were derived in [26, 27]. Problems of equilibrium for composite bodies with thin elastic of thin rigid

inclusions under the boundary conditions of the Signorini condition type were studied, e.g., in [28–31] (a thin

inclusion is understood as an inclusion whose dimension is smaller by one than the dimension of the body as a whole).

In the present study, we consider a nonlinear model that describes a two-dimensional body with two rigid

inclusions connected by a hinge, i.e., it is assumed that both bodies have a common point where they are hinged.

Moreover, the inclusions separate from the elastic matrix on some part of the boundary, thus, forming a crack. For

problems that describe a body with two two-dimensional inclusions (the dimension of the two-dimensional inclusion

coincides with the body dimension), it was proved that the limiting transition with the inclusion width parameter t

tending to zero yields a problem of two hinged thin rigid inclusions. The present study is a continuation of [32–35],

where an asymptotic transition between the models of elastic bodies with manifolds of different dimensions was

justified. In contrast to the models in [32–35], the present model contains two inclusions rather than one.

1. VARIATIONAL PROBLEMS

Let Ω ⊂ R
2 be a bounded domain with the boundary Γ of the class C0,1. Let us also assume that

the boundary Γ consists of two non-intersecting segments Γ = Γ0 ∪ Γ1, where meas (Γ0) > 0 and meas (Γ1) > 0.

Let us assume that the curve γ is located in the domain Ω, which can be divided into two subdomains Ω1 and

Ω2 with the Lipschitz boundaries ∂Ω1 and ∂Ω2, so that the conditions γ ⊂ ∂Ω1 ∩ ∂Ω2 and meas (∂Ωi ∩ Γ0) > 0

(i = 1, 2) are satisfied. The last condition is necessary to satisfy the Korn inequality in the non-Lipschitz domain

Ωγ = Ω \ γ̄. In what follows, the curve γ corresponds to a crack.

1.1. Test Case with Two-Dimensional Inclusions

Let us consider two families of subdomains in Ω. The first family consists of the subdomains ω1
t ⊂ Ω, each

shaped as a curvilinear rectangle of width t ∈ (0, T ]:

ω1
t = {(x1, x2) ∈ R

2: g(x1) < x2 < g(x1) + t, x1 ∈ (s1, s2)}.
Here g ∈ C0,1(s1, s2) is a specified function (s1 ∈ R and s2 ∈ R, and s1 < s2). Let us assume that the common

lower side
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γ1 = {(x1, x2) ∈ R
2: x2 = g(x1), x1 ∈ (s1, s2)}

of the curvilinear rectangles ω1
t is part of the curve γ (see the figure). The second family consists of trapezoids

of the form ω2
t ⊂ Ω whose width is specified by the parameter t. The trapezoids ω2

t have a common fixed lower

side γ2, such that γ2 ⊂ γ and γ2 ∩ γ1 = ∅. Let us assume that the choice of these two families of the domains

ensures the validity of the following geometric conditions for all t ∈ (0, T ]:

(1) The closures of the domains and the corresponding curves have one common intersection point

ω̄1
t ∩ ω̄2

t = γ̄2 ∩ γ̄1 = x∗ = (x∗
1, x

∗
2);

(2) The curve γ can be continued to a certain closed curve Γ bounding the domain O , such that O ⊂ Ω, ∂O = Γ,

and the greatest inclusions are ωi
T ⊂ O (i = 1, 2). The boundaries of the domains O \ ω1

t ∪ ω2
t are the Lipschitz

boundaries for all t ∈ (0, T ].

For the displacement vector W = (w1, w2), the tensor components that describe the strain and stress

of the elastic inhomogeneous body are expressed as

εij(W ) = (wi,j + wj,i)/2, i, j = 1, 2,

σij(W ) = cijklεij(W ), i, j = 1, 2,

where cijkl is a specified tensor of the elasticity moduli, which is assumed to be symmetric and positively determined:

cijkl = cklij = cjikl, i, j, k, l = 1, 2, cijkl = const,

cijklξijξkl ≥ c0|ξ|2 ∀ξ: ξij = ξji, i, j = 1, 2, c0 = const, c0 > 0.

Let us introduce the Sobolev space

H1
Γ0

(Ωγ) = {w ∈ H1(Ωγ): w = 0 on Γ0}, H(Ωγ) = H1
Γ0

(Ωγ)2.

In accordance with the assumption that the domain Ωγ can be divided into the Lipschitz subdomains, the Korn

inequality yields the uniform estimate from below∫

Ωγ

σij(W )εij(W ) dx ≥ c‖W‖2H(Ωγ)
∀ W ∈ H(Ωγ) (1)

with a constant c > 0 independent of W (see [5, 36]).

Remark 1. Inequality (1) ensures the equivalence of the standard norm in H(Ωγ) and the half-norm

determined by its left side, as well as the coercitivity of the energy functional Π(W ) defined below.

To formulate the problem of equilibrium of an elastic body with hinged two-dimensional inclusions, we fix

the parameter t ∈ (0, T ]. Let us assume that the domains ω1
t and ω2

t correspond to the rigid inclusions, while

the complement Ωγ \ ω1
t ∪ ω2

t corresponds to the elastic body. Following the approach [37], we describe the movable

rigid inclusion corresponding to some set Q ⊂ Ω by setting the fields of displacements on Q, so that to satisfy

the condition W |Q = ρ, ρ ∈ R(Q), where R(Q) is the space of infinitesimal rigid displacements [37]:

R(Q) = {ρ = (ρ1, ρ2): ρ(x) = b(x2,−x1) + (c1, c2); b, c1, c2 ∈ R, x ∈ Q}.
The presence of two two-dimensional rigid inclusions that occupy the domains ω1

t and ω2
t is modeled by the relations

W
∣∣∣
ωi

t

= ρi, ρi ∈ R(ωi
t), i = 1, 2.

Remark 2. The conditions W ∈ H(Ωγ) and W |ωi
t

= ρi, ρi ∈ R(ωi
t) (i = 1, 2) mean that the functions

ρi = bi(x2,−x1) + (ci1, c
i
2), (x1, x2) ∈ ωi

t

can be continued to the boundary of the sets ω̄1
t and ω̄2

t with the previous values

ρi(x) = bi(x2,−x1) + (ci1, c
i
2), (x1, x2) ∈ ω̄i

t,
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thus, obtaining the equality at the hinge point

ρ1(x∗) = ρ2(x∗),

where

W
∣∣∣
ωi

t

= ρi, ρi ∈ R(ω̄i
t), i = 1, 2.

The condition of mutual non-penetration on two opposite edges of the crack γ+ [above the curve γ (see

the figure)] and γ− [below the curve γ (see the figure)] is imposed according to [5]:

[W ]ν ≥ 0 on γ. (2)

Here ν = (ν1, ν2) is the unit vector of the normal to γ directed inward the inclusions (see the figure), and

[v] = v|γ+ − v|γ− is the jump of the function v on γ. The uniform Dirichlet condition is set on the segment Γ0

of the external boundary Γ. Let us introduce the energy functional

Π(W ) =
1

2

∫

Ωγ

σij(W )εij(W ) dx−
∫

Ωγ

FW dx,

where F = (f1, f2) ∈ L2(Ωγ)2 is the specified vector of external forces. The problem of the equilibrium state

of a cracked body can be formulated in the form of the minimization problem: it is necessary to find the values

of Ut ∈ Kt such that

Π(Ut) = inf
W∈Kt

Π(W ), (3)

where Kt is the set of admissible displacements:

Kt = {W ∈ H(Ωγ): W
∣∣∣
ωi

t

= ρi, ρi ∈ R(ωi
t), i = 1, 2}.

It can be easily demonstrated that the set Kt is convex and closed; hence, it is weakly closed. The coerci-

tivity of the quadratic energy functional Π(W ) (1) guarantees that problem (3) has a unique solution. Moreover,

the functional Π(W ) is Gateaux-differentiable, and problem (3) is equivalent to the following variational inequality

(see [5]):

Ut ∈ Kt,

∫

Ωγ

σij(Ut)εij(W − Ut) dx ≥
∫

Ωγ

F (W − Ut) dx ∀W ∈ Kt. (4)

Following [6], we can demonstrate that the variational problem (3) with a sufficiently smooth solution is equivalent

to the problem in the differential formulation

−σij,j(Ut) = fi in Ω \ ω1
t ∪ ω2

t , i = 1, 2,

σ−
τ (Ut) = (0, 0), [Ut]ν ≥ 0, σ−

ν (Ut) ≤ 0, σ−
ν (Ut)([Ut]ν) = 0 on γ,

Ut = 0 on Γ0,

Ut

∣∣∣
ω2

t

= ρ1t , Ut

∣∣∣
ω2

t

= ρ2t , ρit ∈ R(ωi
t), i = 1, 2,

−
∫

∂ω1
t

σij(Ut)n
1
jρ

1
i −

∫

∂ω2
t

σij(Ut)n
2
jρ

2
i =

∫

ω1
t

Fρ1 +

∫

ω2
t

Fρ2

for all ρ1 = (ρ11, ρ
1
2) ∈ R(ω1

t ) and ρ2 = (ρ21, ρ
2
2) ∈ R(ω2

t ). Here n1 = (n1
1, n

1
2) is the external normal to ω1

t ,

n2 = (n2
1, n

2
2) is the external normal to ω2

t , and

σν(Ut) = σij(Ut)νiνj ; (5)

στ (Ut) = (σ1
τ (Ut), σ

2
τ (Ut)) = (σ1j(Ut)νj , σ2j(Ut)νj) − σν(Ut)ν. (6)
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1.2. Test Case of Thin Inclusions

In addition to the problems on the equilibrium state of an elastic body with two-dimensional rigid inclusions,

we also formulate a problem of the equilibrium state of an elastic body with two hinged thin inclusions. These in-

clusions correspond to the curves γ1 and γ2. Similar to the test case considered above (see Section 1.1), we assume

that the body contains a crack located at the interface of different materials. In the undeformed state, the crack is

described by the same curve γ. For the case of thin inclusions, we determine the convex and closed set of admissible

displacements

K0 = {W ∈ H(Ωγ): W
∣∣∣
γ+
i

= ρi, ρi ∈ R(γi), i = 1, 2}.

Similar to that in Remark 2, we can continue the functions ρi ∈ R(γi) (i = 1, 2) to the closed sets γ̄i (i = 1, 2)

and write the equality at the hinge point

ρ1(x∗) = ρ2(x∗),

where

W
∣∣∣
γ+
i

= ρi, ρi ∈ R(γ̄i), i = 1, 2.

The same properties K0 and Π(W ) as those for problem (3) allow us to prove the existence and uniqueness

of the solution U0 of the following variational problem:

Π(U0) = inf
W∈K0

Π(W ). (7)

We can show that this problem is equivalent to the variational inequality (see [6])

U0 ∈ K0,

∫

Ωγ

σij(U0)εij(W − U0) dx ≥
∫

Ωγ

F (W − U0) dx ∀W ∈ K0. (8)

The following statement is also valid: if the solution U0 is sufficiently smooth, problem (5) is equivalent to the fol-

lowing problem in the differential formulation [6]:

−σij,j(U0) = fi in Ωγ , i = 1, 2,

σ−
τ (U0) = (0, 0), [U0]ν ≥ 0, σ−

ν (U0) ≤ 0, σ−
ν (U0)([U0]ν) = 0 on γ,

U0 = 0 on Γ0,

U0

∣∣∣
γ1

= ρ10, U0

∣∣∣
γ2

= ρ20, ρi0 ∈ R(γi), i = 1, 2,

∫

γ1

[σij(U0)νj ]ρ
1
i +

∫

γ2

[σij(U0)νj ]ρ
2
i = 0

for all ρ1 = (ρ11, ρ
1
2) ∈ R(γ1) and ρ2 = (ρ21, ρ

2
2) ∈ R(γ2). The functions σ−

ν (U0) and σ−
τ (U0) are determined in the

same way as the functions σ−
ν (Ut) and σ−

τ (Ut) in Eqs. (5) and (6).

2. LIMITING TRANSITION

Let us show that problem (8) can be obtained as a limiting problem for problems with two-dimensional

inclusions (4) as t → 0. Let us prove that the solutions {Ut} of problems (4) strongly converge to U0 as t → 0

in H(Ωγ).

To justify the above-mentioned limiting transition, we construct converging sequences of the test functions

from the admissible sets Kt and K0.

Lemma 1. Let {tn} ⊂ (0, T ] be a sequence of real numbers converging to zero as n → ∞. Then, for an

arbitrary function W ∈ K0, there exists a subsequence {tk} = {tnk
} ⊂ {tn} and a sequence of the functions {Wk},

such that Wk ∈ Ktk (k ∈ N), and Wk → W strongly in H(Ωγ) as k → ∞.
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Proof. If the subsequence is tnk
= 0, then, Lemma 1 is valid for Wk ≡ W (k ∈ N). Thus, it is sufficient

to consider the case with tn > 0 for sufficiently large n. Let us use ρi = (bix2 + ci1,−bix1 + ci2) to denote the

rigid displacements on γi (i = 1, 2) and extend the domains of definition of ρ1 and ρ2 to the greatest domains ωi
T

(i = 1, 2) with the equalities

ρi = (bix2 + ci1,−bix1 + ci2), x = (x1, x2) ∈ ωi
T (i = 1, 2).

To construct the sought subsequence {Wk}, we consider auxiliary problems with special boundary conditions

and conditions for the displacements on ω1
t and ω2

t , t ∈ (0, T ]. Let us fix an arbitrary value of t ∈ (0, T ] and formulate

the following auxiliary variational problems: we have to find the values of Wt ∈ K ′
t, such that

p(Wt) = inf
χ∈K′

t

p(χ), (9)

where

p(χ) =

∫

Ωγ

σij(χ−W )εij(χ−W ) dx,

K ′
t =

{
χ ∈ H(Ωγ): χ = W on Γ1 ∪ γ+ ∪ γ−, χ

∣∣∣
ωi

t

= ρi, i = 1, 2
}
.

By virtue of the Korn inequality (1), the quadratic functional p(χ) is coercive and weakly semi-continuous from

below in the space H(Ωγ). It can be easily shown that the set K ′
t is convex and closed in H(Ωγ). In view of the

rigorous convexity of p(χ), these properties ensure the existence of the unique solution Wt of problem (9), which is

equivalent to the following variational inequality (see [5]):

Wt ∈ K ′
t,

∫

Ωγ

σij(Wt −W )εij(χ−Wt) dx ≥ 0 ∀ χ ∈ K ′
t. (10)

Let us construct a test function Ŵ that belongs to the sets K ′
t for all t ∈ (0, T ]. Using the lifting operators

for the Lipschitz domains O \ ω1
T ∪ ω2

T and Ω \ O , we define a function Ŵ ∈ H(Ωγ), such that Ŵ = ρi in ωi
T

(i = 1, 2) and Ŵ = W on Γ1 ∪ γ+ ∪ γ−. Substituting Ŵ as test functions into Eq. (10), we obtain∫

Ωγ

σij(Wt −W )εij(Ŵ ) dx +

∫

Ωγ

σij(W )εij(Wt) dx ≥
∫

Ωγ

σij(Wt)εij(Wt) dx ∀ t ∈ (0, T ].

In view of the Korn inequality, this inequality yields a uniform estimate with respect to t:

‖Wt‖ ≤ c ∀ t ∈ (0, T ].

Thus, from the sequence {Wtn}, we can choose a subsequence {Wl}, which is determined by the equalities Wl = Wtnl
,

l ∈ N (in what follows, the subsequence elements are denoted by tl = tnl
) and weakly converges to a certain limit

W̃ in H(Ωγ). Let us now demonstrate that W̃ = W coincides with the specified function.

As Wl−W ∈ H1
0 (Ωγ)2 due to construction, by virtue of the weak closedness of H1

0 (Ωγ)2, the function W̃−W

belongs to the space H1
0 (Ωγ)2. Let us consider combinations of the form χ±

l = Wl ± ϕ, where ϕ is an arbitrary

function in the space of smooth finite functions C∞
0 (Ωγ)2. Note that χ±

l ∈ K ′
tl for sufficiently large values of l. Let

us substitute the elements of the sequences χ+
l and χ−

l as test functions in inequalities (10) corresponding to the

parameters tl. As a result, we obtain

Wl ∈ K ′
tl ,

∫

Ωγ

σij(Wl −W )εij(ϕ) dx = 0. (11)

Let us fix the function ϕ. Passing to the limit l → ∞ in Eq. (11), we find∫

Ωγ

σij(W̃ −W )εij(ϕ) dx =

∫

Ωγ

σij(W̃ −W )εij(ϕ) dx = 0 ∀ϕ ∈ C∞
0 (Ωγ)2.

As the space C∞
0 (Ωγ) is dense in H1

0 (Ωγ), we obtain W̃ −W = 0 in H1
0 (Ωγ)2. Thus, the equality W̃ = W is valid

in H(Ωγ). Therefore, there exists a subsequence {Wl}, such that Wl ∈ K ′
tl (l ∈ N) and Wl → W weakly in H(Ωγ)

as l → ∞.
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Let us prove strong convergence Wl → W . According to the Mazur theorem, there exists a function

N : N → N and a sequence of real numbers {α(n)i: i = n, . . . , N(n)} with the properties

α(n)i ≥ 0, i = n, . . . , N(n),

N(n)∑
i=n

α(n)i = 1,

such that the sequence {Wn} defined by the convex combination

Wn =

N(n)∑
i=n

α(n)iWi

converges to W strongly in H(Ωγ). Let us define the sought sequence {Wk} as follows:

W1 = WN(1), W2 = WN(N(1)), . . . , Wk = WNk(1), . . . .

The constructed function Wk belongs to the set Kt
Nk(1)

corresponding to the subsequence {tNk(1)} of the se-

quence {tn}.

The following theorem is derived.

Theorem 1. Let Ut be solutions of the minimization problem with two-dimensional inclusions (3) corre-

sponding to the parameters t ∈ (0, T ], and let U0 be a solution of the problem with thin inclusions (7). Then,

Ut → U0 strongly in H(Ωγ) as t → 0.

Proof. Let us prove the theorem by means of reductio ad absurdum. Let us assume that there exists

a number ε0 > 0 and a sequence {tn} ⊂ (0, T ], such that tn → 0, ‖Un−U0‖H(Ωγ ) ≥ ε0, where Un = Utn (n ∈ N) are

solutions of problem (3) corresponding to tn. As W 0 ≡ 0 ∈ Kt for all t ∈ (0, T ], we substitute W = W 0 into

the variational inequality (4) for a fixed value of t ∈ (0, T ] and obtain

Ut ∈ Kt,

∫

Ωγ

σij(Ut)εij(Ut) dx ≤
∫

Ωγ

FUt dx ∀ t ∈ (0, T ].

Thus, it follows from here that, for all t ∈ (0, T ], one can use the uniform estimate

‖Ut‖H(Ωγ) ≤ c

with a certain constant c > 0 independent of t. Replacing the sequence {Un} by its subsequence, we find that {Un}
weakly converges to a certain function Ũ in H(Ωγ).

Let us demonstrate that Ũ ∈ K0. We have Un|ωi
tn

= ρin ∈ R(ωi
tn), i = 1, 2. In accordance with Sobolev’s

trace theorem (see [5]), we have

Un

∣∣∣
γ
→ Ũ

∣∣∣
γ

strongly in L2(γ+)2 and L2(γ−)2 as n → ∞. (12)

Choosing the subsequence, we assume that Un → Ũ almost everywhere as n → ∞ both on γ+ and on γ−. This fact

allows us to conclude that the absolute value of each of the numerical sequences {bin}, {ci1n}, and {ci2n} determining

the structure of the rigid displacements ρin on γi (i = 1, 2) is limited. Identifying subsequences for which the

previous notations with the subscript n are retained, we find

bin → bi, ci1n → ci1, ci2n → ci2 (i = 1, 2) as n → ∞.

In view of the discussion above and by virtue of Eq. (12), we can conclude that the trace on the upper edge

of the crack is a function with a specified linear structure

Ũ
∣∣∣
γ+
i

= ρi = (bix2 + ci1,−bix1 + ci2) on γi,

i.e., ρi ∈ R(γi), i = 1, 2. The validity of the non-penetration condition (2) for the limiting function Ũ follows

from the existence of a subsequence such that {Unk
} → Ũ almost everywhere on γ (see, e.g., [5, 32]). Thus, we

have Ũ ∈ K0.

Let us prove that the limit Ũ = U0 coincides with the solution of problem (7). For this purpose, we demon-

strate the possibility of the limiting transition in inequalities (4). According to Lemma 1, for any W ∈ K0 there

exists a subsequence {tk} = {tnk
} ⊂ {tn} and a sequence of the functions {Wk}, such that Wk ∈ Ktk and Wk → W

917



strongly in H(Ωγ) as k → ∞. Because of the weak convergence Un → Ũ , we can pass to the limit as k → ∞
in inequality (4) for t = tk and the test functions∫

Ωγ

σij(Unk
)εij(Wnk

− Unk
) dx ≥

∫

Ωγ

F (Wnk
− Unk

) dx.

In the limit, we obtain the variational inequality∫

Ωγ

σij(Ũ)εij(W − Ũ) dx ≥
∫

Ωγ

F (W − Ũ) dx ∀W ∈ K0.

Unique solvability of this inequality proves the identity Ũ ≡ U0.

Let us prove strong convergence Un → U0 in H(Ωγ). From the variational inequality (4), for a certain

t ∈ (0, T ], using the substitution W = 2Ut and W = 0, we obtain the equality

Ut ∈ Kt,

∫

Ωγ

σij(Ut)εij(Ut) dx =

∫

Ωγ

FUt dx ∀ t ∈ (0, T ]. (13)

In addition to weak convergence Un → U0 in H(Ωγ) as n → ∞, it follows from Eq. (13) that

lim
n→∞

∫

Ωγ

σij(Un)εij(Un) dx = lim
n→∞

∫

Ωγ

FUn dx =

∫

Ωγ

FU0 dx =

∫

Ωγ

σij(U0)εij(U0) dx.

With allowance for the equivalence of the norms (see Remark 1), the last equality means strong convergence Un → U0

in H(Ωγ) as n → ∞.

CONCLUSIONS

A family of variational problems (3) that describe the equilibrium state of elastic bodies with two hinged two-

dimensional inclusions of varied width t ∈ (0, T ] is analyzed. The nonlinearity of the examined problems is caused

by the fact that non-penetration conditions of the inequality type are imposed on the curve that describes the crack

at the interface between the inclusions. It is proved that the problem for a body with hinged thin inclusions (7)

can be represented as a limiting family of problems (3) for two hinged two-dimensional inclusions. It is found that

the solutions Ut of problem (3) strongly converge to the solution U0 of problem (7) as t → 0.

This study was supported by the Ministry of Science and Higher Education of the Russian Federation
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