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ASYMPTOTIC ANALYSIS OF THE PROBLEM OF EQUILIBRIUM
OF AN INHOMOGENEOUS BODY WITH HINGED RIGID INCLUSIONS
OF VARIOUS WIDTHS
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Abstract: Two models are considered, which describe the equilibrium state of an inhomogeneous
two-dimensional body with two connected rigid inclusions. The first model corresponds to an elastic
body with two-dimensional rigid inclusions located in regions with a constant width (curvilinear
rectangle and trapezoid). The second model involves thin inclusions described by curves. In both
models, it is assumed that there is a crack described by the same curve on the interface between
the elastic matrix and rigid inclusions. The crack boundaries are subjected to a one-sided condition
of non-penetration. The dependence of the solutions of equilibrium problems on the width of two-
dimensional inclusions is studied. It is shown that the solutions of equilibrium problems in the
presence of two-dimensional inclusions in a strong topology are reduced to the solutions of problems
for thin inclusions with the width parameter tending to zero.

Keywords: variational problem, rigid inclusion, non-penetration condition, elastic matrix, hinged
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INTRODUCTION

The interest to studying mathematical models that describe various specific features of inhomogeneous bodies
is caused by numerous applications of composite materials in industry, e.g., in mechanical engineering. The geo-
metric characteristics of structural elements of composite bodies can affect the strength properties of the structure
as a whole. In particular, variation of the geometric parameter in mathematical models can lead to a topolog-
ical change in the dimension. It is known that a change in the dimension of a geometric model is responsible
for difficulties associated with justification of formal asymptotic methods. Therefore, studying limiting transitions
in mathematical models including geometric objects of different dimensions is an urgent problem.

Physical features of inhomogeneous bodies with inclusions, such as the difference in the elasticity moduli
and thermal expansion coefficients for the matrix and inclusions can lead to the formation of cracks at the interface
of different materials. Problems of the crack theory that describe inhomogeneous bodies with rigid inclusions
and linear boundary conditions on the crack were studied, e.g., in [1-4]. Khludnev and Kovtunenko [5] proposed
a variational theory of cracks with nonlinear conditions of non-penetration between their edges. Non-penetration
conditions are applied for a class of problems on composite bodies and composites containing rigid inclusions
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Geometry of a two-dimensional composite body with two-dimensional inclusions.

(see [6-10]). It should be noted that the analysis of nonlinear problems for cracked homogeneous and inhomogeneous
bodies is complicated by the non-smooth character of their boundaries (no Lipschitz properties) [11-15].

The asymptotic analysis of variations of the shape and topology of cracked bodies for variational problems was
performed in [16-22] and other publications. In particular, for models with non-penetration conditions on the crack,
problems of optimal control of the shape and location of a small elastic inclusion, where the quality functional was
determined in accordance with the Griffith fracture criterion, were considered in [23, 24]. The limiting transition
for the elastic inclusion width tending to zero was proved in [25], and an asymptotic model of an elastic body
containing a thin inclusion was developed.

Explicit formulas for the derivative of energy with respect to the parameter of changes in the shape of rigid
inclusions were derived in [26, 27]. Problems of equilibrium for composite bodies with thin elastic of thin rigid
inclusions under the boundary conditions of the Signorini condition type were studied, e.g., in [28-31] (a thin
inclusion is understood as an inclusion whose dimension is smaller by one than the dimension of the body as a whole).

In the present study, we consider a nonlinear model that describes a two-dimensional body with two rigid
inclusions connected by a hinge, i.e., it is assumed that both bodies have a common point where they are hinged.
Moreover, the inclusions separate from the elastic matrix on some part of the boundary, thus, forming a crack. For
problems that describe a body with two two-dimensional inclusions (the dimension of the two-dimensional inclusion
coincides with the body dimension), it was proved that the limiting transition with the inclusion width parameter ¢
tending to zero yields a problem of two hinged thin rigid inclusions. The present study is a continuation of [32-35],
where an asymptotic transition between the models of elastic bodies with manifolds of different dimensions was
justified. In contrast to the models in [32-35], the present model contains two inclusions rather than one.

1. VARIATIONAL PROBLEMS

Let Q@ C R? be a bounded domain with the boundary I' of the class C%!. Let us also assume that
the boundary I' consists of two non-intersecting segments I' = I'g U I';, where meas (I'y) > 0 and meas (I';) > 0.
Let us assume that the curve « is located in the domain {2, which can be divided into two subdomains ; and
Qo with the Lipschitz boundaries 027 and 099, so that the conditions v C 991 N 9Ny and meas (02; NTy) > 0
(i = 1,2) are satisfied. The last condition is necessary to satisfy the Korn inequality in the non-Lipschitz domain
Q, = Q\ 7. In what follows, the curve «y corresponds to a crack.

1.1. Test Case with Two-Dimensional Inclusions
Let us consider two families of subdomains in €. The first family consists of the subdomains w;} C ), each
shaped as a curvilinear rectangle of width ¢ € (0, T):

wi = {(z1,22) ER*: g(a1) < w2 < gla1) +t, w1 € (s1,52)}.

Here g € C%1(s1,s2) is a specified function (s; € R and sy € R, and s; < s3). Let us assume that the common
lower side
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71 ={(z1,22) ER* @y =g(z1), =1 € (51,82)}

of the curvilinear rectangles w; is part of the curve 7 (see the figure). The second family consists of trapezoids

of the form w? C Q whose width is specified by the parameter t. The trapezoids w? have a common fixed lower
side ~s, such that v C v and v9 Ny; = @. Let us assume that the choice of these two families of the domains
ensures the validity of the following geometric conditions for all ¢ € (0, T7:

(1) The closures of the domains and the corresponding curves have one common intersection point

—1 -2 __ =z ~ ok * * .
W Nw; =3 Ny =" = (27, 23);

(2) The curve v can be continued to a certain closed curve I' bounding the domain O, such that O C Q, 90 =T,
and the greatest inclusions are w% C O (i = 1,2). The boundaries of the domains O \ w} Uw? are the Lipschitz
boundaries for all ¢ € (0,T].

For the displacement vector W = (wj,ws), the tensor components that describe the strain and stress
of the elastic inhomogeneous body are expressed as

ei; (W) = (wij +wji)/2, 1,7 =1,2,

oij(W) = cijriei; (W), 1,7 =1,2,
where c;;1; is a specified tensor of the elasticity moduli, which is assumed to be symmetric and positively determined:

Cijkl = Cklij = Cjikl, 4 J,k,1=1,2, Cijkl = const,

cijm€iiéa = col€)® V& & =&, i,j=1,2, co=const, co>0.
Let us introduce the Sobolev space
Hp () = {w e H'(Q,): w=0on Ty}, H(Q,) = H, (2,)°.

In accordance with the assumption that the domain €2, can be divided into the Lipschitz subdomains, the Korn
inequality yields the uniform estimate from below

[oiW)ess (W) do > Wi, ¥ W € H(E,) o
Q'Y

with a constant ¢ > 0 independent of W (see [5, 36]).

Remark 1. Inequality (1) ensures the equivalence of the standard norm in H(),) and the half-norm
determined by its left side, as well as the coercitivity of the energy functional II(W') defined below.

To formulate the problem of equilibrium of an elastic body with hinged two-dimensional inclusions, we fix
the parameter ¢ € (0,7]. Let us assume that the domains w;} and w? correspond to the rigid inclusions, while
the complement O, \ w{ Uw? corresponds to the elastic body. Following the approach [37], we describe the movable
rigid inclusion corresponding to some set @ C ) by setting the fields of displacements on @, so that to satisfy

the condition Wlg = p, p € R(Q), where R(Q) is the space of infinitesimal rigid displacements [37]:

R(Q)={p=(p1,p2): p(z) =b(xe, —x1)+ (c1,¢2); b,c1,c2 €R, z€Q}.

The presence of two two-dimensional rigid inclusions that occupy the domains w} and w? is modeled by the relations

W| =p', peRWw), i=12

i
Wi

Remark 2. The conditions W € H({2,) and W

wi = pt, pt € R(w}) (i =1,2) mean that the functions
pl=0b" (2, —21) + (¢}, ), (z1,2) € w}
can be continued to the boundary of the sets @} and @? with the previous values

pl(m) :bi(ﬂiz,—lil)—F(Ci,Cé), (2131,2132) €@i7
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thus, obtaining the equality at the hinge point
pl(a*) = p?(z"),
where

W| =y, peER@), i=1.2
wi

The condition of mutual non-penetration on two opposite edges of the crack v [above the curve 7 (see
the figure)] and v~ [below the curve v (see the figure)] is imposed according to [5]

W]y >0 on +. (2)
Here v = (v1,12) is the unit vector of the normal to = directed inward the inclusions (see the figure), and
[v] = v|y+ —v|,- is the jump of the function v on 5. The uniform Dirichlet condition is set on the segment I'g
of the external boundary I'. Let us introduce the energy functional
1
2/0'”(W)€U(W) d{E—/FWd{E,

Qy

(W) =

Q’Y
where F' = (f1, f2) € L*(,)? is the specified vector of external forces. The problem of the equilibrium state
of a cracked body can be formulated in the form of the minimization problem: it is necessary to find the values
of U; € K; such that

I(Uy) = jnf II(W), (3)
where K is the set of admissible displacements:
K, ={WeH®,): W| =p, peRw),

t

i=1,2}.
It can be easily demonstrated that the set K; is convex and closed; hence, it is weakly closed. The coerci-
tivity of the quadratic energy functional II(W) (1) guarantees that problem (3) has a unique solution. Moreover,

(see [5]):

the functional II(W) is Gateaux-differentiable, and problem (3) is equivalent to the following variational inequality

U, € Ky, /aij(Ut)gij(W —U)dx > /F(W —U)dx VW €K, (4)
Q, Q.

Following [6], we can demonstrate that the variational problem (3) with a sufficiently smooth solution is equivalent
to the problem in the differential formulation

—04;(U)=fi in Q\wlUw? i=12,
o7 (Uy) =(0,0), [Uev>0, o0, (U) <0, o, (U)([UJv)=0 on =,

UtZO on F(),

L =0 P ER(W), i=1,2,
wi

dw}
= (p1,p3) € R(w;) and p* = (p},p3) € R(w7).
n3) is the external normal to w?, and

for all p!
n? = (n?,

o, (Uz) = 04 (Us)vvy;

(5)
0-(Up) = (01 (Uy),02(Ur)) = (015 (Ur)vs, 025(Ur)vj) — 00, (Up)v.
914



1.2. Test Case of Thin Inclusions

In addition to the problems on the equilibrium state of an elastic body with two-dimensional rigid inclusions,
we also formulate a problem of the equilibrium state of an elastic body with two hinged thin inclusions. These in-
clusions correspond to the curves v; and 7,. Similar to the test case considered above (see Section 1.1), we assume
that the body contains a crack located at the interface of different materials. In the undeformed state, the crack is
described by the same curve . For the case of thin inclusions, we determine the convex and closed set of admissible
displacements

Ko={WeHQ,): W| =p', p'cR(v), i=12}.
Vi

Similar to that in Remark 2, we can continue the functions p* € R(;) (i = 1,2) to the closed sets ¥; (i = 1,2)

and write the equality at the hinge point

where

w| . =o', pER®), i=12
The same properties Ky and II(W) as those for problem (3) allow us to prove the existence and uniqueness
of the solution Uy of the following variational problem:

II(Up) = ngf{g II(W). (7)
We can show that this problem is equivalent to the variational inequality (see [6])
Uy € Ky, /Uij (Uo)Eij(W — UQ) dr > /F(W — Uo) de VYW € K. (8)
Q, Q,

The following statement is also valid: if the solution Uy is sufficiently smooth, problem (5) is equivalent to the fol-
lowing problem in the differential formulation [6]:

—0i;;(Uo) = f; in Q,, i=12,

o, (Uo) = (0,0), [Uolv 20, o, (Up) <0, o, (Uo)([Uo]v) =0 on 7,

Uy=0 on Ty,
UO = péa UO = pga P(Z) S R(’Y’L)? 1= 17 2)
71 V2
o5 @awilol + [loWawlot =0
Y1 Y2

for all p! = (pi,p3) € R(y1) and p* = (p?,p3) € R(72). The functions o, (Up) and o, (Up) are determined in the
same way as the functions o, (U;) and o, (U;) in Egs. (5) and (6).

2. LIMITING TRANSITION

Let us show that problem (8) can be obtained as a limiting problem for problems with two-dimensional
inclusions (4) as t — 0. Let us prove that the solutions {U;} of problems (4) strongly converge to Uy as t — 0
in H(Q,).

To justify the above-mentioned limiting transition, we construct converging sequences of the test functions
from the admissible sets K; and K.

Lemma 1. Let {t,} C (0,T] be a sequence of real numbers converging to zero as n — oco. Then, for an
arbitrary function W € Ky, there exists a subsequence {t;} = {tn,} C {t»} and a sequence of the functions {Wy},
such that Wy, € K;, (k € N), and Wy, — W strongly in H(Q),) as k — occ.
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Proof. If the subsequence is t,, = 0, then, Lemma 1 is valid for W, = W (k € N). Thus, it is sufficient
to consider the case with ¢, > 0 for sufficiently large n. Let us use p' = (b'way + i, —b'x1 + cb) to denote the
rigid displacements on v; (i = 1,2) and extend the domains of definition of p! and p? to the greatest domains w?,
(i = 1,2) with the equalities

pt = (bwy +cl, —b'ay +cb), x=(r1,72) €Wl (i=1,2).

To construct the sought subsequence {W}, }, we consider auxiliary problems with special boundary conditions
and conditions for the displacements on w;} and w?, t € (0, T]. Let us fix an arbitrary value of t € (0, T'] and formulate
the following auxiliary variational problems: we have to find the values of W; € KJ, such that

p(We) = inf p(x), (9)
xXEK;
where

p00 = [ oul = Wess (- W) .
Q.
K= {x €H(y): x=W on TyuyTuUy", x| =p i= 1,2}.
wi
By virtue of the Korn inequality (1), the quadratic functional p(x) is coercive and weakly semi-continuous from
below in the space H(€,). It can be easily shown that the set K] is convex and closed in H(€,). In view of the
rigorous convexity of p(x), these properties ensure the existence of the unique solution W; of problem (9), which is
equivalent to the following variational inequality (see [5]):

W, € K, /O'ij(Wt —W)eij(x = Wy)de >0 V x € K. (10)
Q’Y
Let us construct a test function W that belongs to the sets K for all ¢t € (0,T]. Using the lifting operators

for the Lipschitz domains O \ wi-Uw? and 2\ O, we define a function W e H(,), such that W = p' in Wi
(i=1,2) and W =W on I't UyT U~~. Substituting W as test functions into Eq. (10), we obtain

/ 033 (Wi — Wew, (W) dar + / 033 (W)ew (W3) da > / o0 (Wo)ews (W) da ¥t € (0,T].
Q, Q, Q,

In view of the Korn inequality, this inequality yields a uniform estimate with respect to ¢:
Wil <e¢ Vite(0,T).

Thus, from the sequence {W;, }, we can choose a subsequence {W;}, which is determined by the equalities W; = W, s
[ € N (in what follows, the subsequence elements are denoted by t; = t,,) and weakly converges to a certain limit
Win H (Q4). Let us now demonstrate that W = W coincides with the specified function.

As W, —W € H}(,)? due to construction, by virtue of the weak closedness of H}(€2,)?, the function W —W
belongs to the space Hg (). Let us consider combinations of the form xi¥ = W; + ¢, where ¢ is an arbitrary
function in the space of smooth finite functions C§°(£2,)?. Note that Xli € K, for sufficiently large values of I. Let
us substitute the elements of the sequences Xl+ and x; as test functions in inequalities (10) corresponding to the

parameters t;. As a result, we obtain

W, € K;l, /O’ij(Wl — W)Eij((p) dr = 0. (11)
Qy

Let us fix the function . Passing to the limit [ — co in Eq. (11), we find

/%‘(W = Weij () dx = /%(W ~Weij(p)dz =0 Yo e C5o(Q,)°

Q. Q,
As the space C5°(Q,) is dense in H}(9,), we obtain W — W = 0 in H}(Q,)?. Thus, the equality W = W is valid
in H(S2,). Therefore, there exists a subsequence {W;}, such that W; € K;, (I € N) and W; — W weakly in H(2,)
as [ — oo.
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Let us prove strong convergence W; — W. According to the Mazur theorem, there exists a function

N: N — N and a sequence of real numbers {a(n);: i =n,...,N(n)} with the properties
N(n)
a(n); >0, i=mn,...,N(n), Za(n)izl,

such that the sequence {W,,} defined by the convex combination
N(n)
Wn = Z a(n)zwl

converges to W strongly in H(€2,). Let us define the sought sequence {W},} as follows:
Wi =Wnay, We=Wnway, - We=Wnea,

The constructed function W belongs to the set K, corresponding to the subsequence {tyx)} of the se-

Nk(1)
quence {t,}.

The following theorem is derived.

Theorem 1. Let U; be solutions of the minimization problem with two-dimensional inclusions (3) corre-
sponding to the parameters t € (0,T], and let Uy be a solution of the problem with thin inclusions (7). Then,
U: — Uy strongly in H(Q,) ast — 0.

Proof. Let us prove the theorem by means of reductio ad absurdum. Let us assume that there exists
a number ¢y > 0 and a sequence {t,} C (0,77, such that t,, — 0, [|[Up — Uo|| () > €0, where Uy, = Uy, (n € N) are
solutions of problem (3) corresponding to t,. As W% = 0 € K; for all t € (0,7], we substitute W = W0 into
the variational inequality (4) for a fixed value of ¢ € (0,7 and obtain

U; € Ky, /Uij (Ut)é‘ij (Ut) dx < /FUt de Vte (0, T].
o Q,
Thus, it follows from here that, for all ¢ € (0, 7], one can use the uniform estimate
Ul zea,) <c

with a certain constant ¢ > 0 independent of ¢. Replacing the sequence {U,} by its subsequence, we find that {U,}
weakly converges to a certain function U in H(2,).
Let us demonstrate that U € Ky. We have U,

trace theorem (see [5]), we have

wi = ph, € R(wf ), i =1,2. In accordance with Sobolev’s

Un

— U‘ strongly in = La(y")? and La(y7)? as n — oo. (12)
v ¥

Choosing the subsequence, we assume that U,, — U almost everywhere as n — oo both on v+ and on y~. This fact
allows us to conclude that the absolute value of each of the numerical sequences {b%,}, {ci,}, and {c},} determining
the structure of the rigid displacements p!, on v; (i = 1,2) is limited. Identifying subsequences for which the
previous notations with the subscript n are retained, we find

bl = b, =l e, =y (i=1,2) as n— oo,
In view of the discussion above and by virtue of Eq. (12), we can conclude that the trace on the upper edge

of the crack is a function with a specified linear structure

U o pl = (bxg + ¢, —bizy + b)) on i,
ie., p' € R(;), i = 1,2. The validity of the non-penetration condition (2) for the limiting function U follows
from the existence of a subsequence such that {U,, } — U almost everywhere on 7 (see, e.g., [5, 32]). Thus, we
have U € K.

Let us prove that the limit U = Uy coincides with the solution of problem (7). For this purpose, we demon-
strate the possibility of the limiting transition in inequalities (4). According to Lemma 1, for any W € K there
exists a subsequence {tr} = {tn,} C {t»} and a sequence of the functions {W}}, such that Wy, € K;, and W, - W
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strongly in H(,) as k — co. Because of the weak convergence U, — U, we can pass to the limit as k¥ — oo
in inequality (4) for ¢t = ¢, and the test functions

/ 013 (Un Very (W, — Un,) da > / F(W,, — Uy, da.
Q

Q’Y v

In the limit, we obtain the variational inequality

/Uij(U)Eij(W—U)d$Z/F(W—U)da: YW e Ko.
Q- Qy

Unique solvability of this inequality proves the identity U="U,.
Let us prove strong convergence U, — Uy in H(,). From the variational inequality (4), for a certain
t € (0,71, using the substitution W = 2U; and W = 0, we obtain the equality

U; € Ky, /Uij(Ut)6ij(Ut) dr = /FUt dr Vte (O,T] (13)
Q. O,

In addition to weak convergence U,, — Up in H(2,) as n — 00, it follows from Eq. (13) that

n—oo n—oo

lim O'ij(Un)Eij(Un) dr = lim FUn dr = /FUQ dr = /Uij(Uo)Eij(Uo) dzx.
Q"r Q’v Q"r Q’v

With allowance for the equivalence of the norms (see Remark 1), the last equality means strong convergence U,, — Uy
in H(Q,) as n — oo.

CONCLUSIONS

A family of variational problems (3) that describe the equilibrium state of elastic bodies with two hinged two-
dimensional inclusions of varied width ¢ € (0,7] is analyzed. The nonlinearity of the examined problems is caused
by the fact that non-penetration conditions of the inequality type are imposed on the curve that describes the crack
at the interface between the inclusions. It is proved that the problem for a body with hinged thin inclusions (7)
can be represented as a limiting family of problems (3) for two hinged two-dimensional inclusions. It is found that
the solutions U; of problem (3) strongly converge to the solution Uy of problem (7) as t — 0.

This study was supported by the Ministry of Science and Higher Education of the Russian Federation
(Agreement No. 075-02-2023-947 dated 16.02.2023).

REFERENCES

1. F. Dal Corso, D. Bigoni, and M. Gei; “The Stress Concentration near a Rigid Line Inclusion in a Prestressed,
Elastic Material. Pt 1. Full-Field Solution and Asymptotics,” J. Mech. Phys. Solids 56 (3), 815-838 (2008).

2. I. I. I’ina and V. V. Sil’vestrov, “The Problem of a thin Interfacial Inclusion Detached from the Medium along
One Side,” Mech. Solids 40 (3), 123-133 (2005).

3. H. Itou, A. M. Khludnev, E. M. Rudoy, and A. Tani, “Asymptotic Behaviour at a Tip of a Rigid Line Inclusion
in Linearized Elasticity,” Z. angew. Math. Mech. 92 (9), 716-730 (2012).

4. Z. M. Xiao and B. J. Chen, “Stress Intensity Factor for a Griffith Crack Interacting with a Coated Inclusion,”
Int. J. Fracture 108, 193-205 (2001).

5. A. M. Khludnev, Analysis of Cracks in Solids, Ed. by A. M. Khludnev, and V. A. Kovtunenko (WIT Press,
Southampton-Boston, 2000).

6. A. Khludnev and G. Leugering, “On Elastic Bodies with Thin Rigid Inclusions and Cracks,” Math. Meth. Appl.
Sci. 33 (16), 1955-1967 (2010).

7. N. P. Lazarev and E. M. Rudoy, “Optimal Size of a Rigid Thin Stiffener Reinforcing an Elastic Plate on the
Outer Edge,” Z. angew. Math. Mech. 97 (9), 1120-1127 (2017).

918



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

N. Lazarev, “Existence of an Optimal Size of a Delaminated Rigid Inclusion Embedded in the Kirchhoff-Love
Plate,” Bound. Value Probl. 2015, 180 (2015).

E. M. Rudoy, “The Griffith Formula and Cherepanov—Rice Integral for a Plate with a Rigid Inclusion and a
Crack,” J. Math. Sci. 186 (3), 511-529 (2012).

E. M. Rudoy, “Numerical Solution of an Equilibrium Problem for an Elastic Body with a Thin Delaminated
Rigid Inclusion,” J. Appl. Indust. Math. 10 (2), 264-276 (2016).

L. Faella and A. Khludnev, “Junction Problem for Elastic and Rigid Inclusions in Elastic Bodies,” Math. Meth.
Appl. Sci. 39 (12), 3381-3390 (2016).

A. M. Khludnev, L. Faella, and T. S. Popova, “Junction Problem for Rigid and Timoshenko Elastic Inclusions
in Elastic Bodies,” Math. Mech. Solids 22 (4), 737-750 (2017).

V. V. Shcherbakov, “The Griffith Formula and J-Integral for Elastic Bodies with Timoshenko Inclusions,”
Z. angew. Math. Mech. 96 (11), 1306-1317 (2016).

V. V. Shcherbakov, “Shape Optimization of Rigid Inclusions for Elastic Plates with Cracks,” Z. angew. Math.
Phys. 67 (3), 71 (2016).

H. Ttou, V. A. Kovtunenko, and K. R. Rajagopal, “Nonlinear Elasticity with Limiting Small Strain for Cracks
Subject to Non-Penetration,” Math. Mech. Solids 22 (6), 1334-1346 (2017).

J. Sokotowski and A. Zochowski, “Topological Derivatives for Optimization of Plane Elasticity Contact Prob-
lems,” Eng. Anal. Boundary Elements 32, 900-908 (2008).

J. Sokotowski, Introduction to Shape Optimization. Shape Sensitivity Analysis, Ed. by J. Sokotowski and
J. P. Zolésio (Springer, Berlin, 1992).

D. Ghilli, K. Kunisch, and V. A. Kovtunenko, “Inverse Problem of Breaking Line Identification by Shape
Optimization,” J. Inverse Ill-Posed Problems 28 (1), 119-135 (2020).

F. Cakoni and V. A. Kovtunenko, “Topological Optimality Condition for the Identification of the Center of an
Inhomogeneity,” Inverse Problems 34 (3), 035009 (2018).

A. A. Novotny, Topological Derivatives in Shape Optimization. Ser. Interaction of Mechanics and Mathematics,
Ed. by A. A. Novotny and J. Sokolowski (Springer-Verlag, Berlin, 2013).

M. Hintermiiller and A. Laurain, “Optimal Shape Design Subject to Variational Inequalities,” STAM J. Control
Optim. 49, 1015-1047 (2011).

A. Furtsev and E. Rudoy, “Variational Approach to Modeling Soft and Stiff Interfaces in the Kirchhoff-Love
Theory of Plates,” Int. J. Solids Struct. 202, 562-574 (2020).

G. Leugering, J. Sokolowski and A. Zochowski, “Control of Crack Propagation by Shape-Topological Optimiza-
tion,” Discrete Cont. Dyn. Syst., Ser. A 35 (6), 2625-2657 (2015).

V. A. Kovtunenko and G. Leugering, “A Shape-Topological Control Problem for Nonlinear Crack-Defect Inter-
action: The Antiplane Variational Model,” SIAM J. Control Optim. 54 (3), 1329-1351 (2016).

E. M. Rudoy, H. Itou and N. P. Lazarev, “Asymptotic Justification of the Models of Thin Inclusions in an
Elastic Body in the Antiplane Shear Problem,” J. Appl. Indust. Math. 15, 129-140 (2021).

E. M. Rudoy, “Shape Derivative of the Energy Functional in a Problem for a Thin Rigid Inclusion in an Elastic
Body,” Z. angew. Math. Phys. 66 (4), 1923-1937 (2015).

E. Rudoy and V. Shcherbakov, “First-Order Shape Derivative of the Energy for Elastic Plates with Rigid
Inclusions and Interfacial Cracks,” Appl. Math. Optimiz. 84, 2775-2802 (2021).

A. Khludnev, A. C. Esposito, and L. Faella, “Optimal Control of Parameters for Elastic Body with Thin
Inclusions,” J. Optimiz. Theory App. 184, 293-314 (2020).

A. M. Khludnev and T. S. Popova, “On Junction Problem with Damage Parameter for Timoshenko and Rigid
Inclusions Inside Elastic Body,” Z. angew. Math. Mech. 100 (8), 202000063 (2020).

A. M. Khludnev, “Inverse Problems for Elastic Body with Closely Located Thin Inclusions,” Z. angew. Math.
Phys. 70 (5), 134 (2019).

A. M. Khludnev and V. V. Shcherbakov, “Singular Path-Independent Energy Integrals for Elastic Bodies with
Euler-Bernoulli Inclusions,” Math. Mech. Solids 22 (11), 2180-2195 (2017).

N. P. Lazarev, “Optimal Control of the Thickness of a Rigid Inclusion in Equilibrium Problems for Inhomoge-
neous Two-Dimensional Bodies with a Crack,” Z. angew. Math. Mech. 96 (4), 509-518 (2016).

A. M. Khludnev, “Problem of a Crack on the Boundary of a Rigid Inclusion in an Elastic Plate,” Mech. Solids
45 (5), 733-742 (2010).

N. V. Neustroeva, “A Rigid Inclusion in the Contact Problem for Elastic Plates,” J. Appl. Indust. Math. 4 (4),
526-538 (2010).

919



35. A. M. Khludnev, “On Bending an Elastic Plate with a Delaminated Thin Rigid Inclusion,” J. Appl. Indust.
Math. 5, 582-594 (2011).

36. I. Hlavacek, Solution of Variational Inequalities in Mechanics, Ed. by 1. Hlavacek, J. Haslinger, J. Necas, and
J. Lovisek (Springer-Verlag, New York, 1988).

37. A. M. Khludnev, “Optimal Control of Crack Growth in Elastic Body with Inclusions,” Europ. J. Mech. A. Solids
29 (3), 392-399 (2010).

920




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


