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OPTIMIZATION FORMULATION OF THE EVOLUTIONARY PROBLEM

OF CRACK PROPAGATION UNDER QUASIBRITTLE FRACTURE

UDC 517.97+539.375V. A. Kovtunenko and I. V. Sukhorukov

For the evolutionary problem describing crack propagation in a solid with allowance for the irreversible
work of plastic deformation due to the crack propagation, a general optimization formulation is
proposed and investigated. For the optimum crack, data on the H2-smoothnesses of the displacement
field in the solid and, hence, on the finiteness of the stress at the crack tip, are obtained. The
solvability of the optimization problem (i.e., the existence of an optimum crack) is proved for a
curvilinear crack propagation path specified a priori. For the particular case of a straight path, a
generalized criterion of crack growth is proposed. The question of the choice of a crack propagation
path is discussed and a comparison with existing fracture criteria is made.

Key words: crack, quasibrittle fracture, variational problem with a constraint, nonpenetration
condition, optimization problem.

Introduction. For an elastic solid body with a crack whose faces are free of stress, Leonov and Panasyuk [1]
and Dugdale [2] proposed a crack model that, unlike the classical Griffith theory of brittle fracture, includes a plastic
area modeled by coupling forces between the faces of this crack. Various physical mechanisms of interaction in the
vicinity of the crack tip are postulated in [3, 4]. A detailed analysis of nonlinear fracture models is presented in [5–7].

A characteristic feature of the Leonov and Panasyuk and Dugdale crack model is the assumption that the
crack faces are smoothly closed at its tip and the stresses are finite, unlike in the classical hypothesis, which
postulates a

√
r-singularity for the displacement field and a 1/

√
r-singularity for the stresses (r is the distance to

the crack tip). The closure of the crack faces under plasticity conditions was also analyzed in [8].
Although the mechanical model of a quasibrittle fracture crack is widely used, up to now there is no accurate

mathematical model that is described by a certain variational optimization problem and thus ensures the existence
of cracks with specified properties for an arbitrary complex stress state. The present paper deals with constructing
such a mathematical model and studying its properties.

In the variational problem considered, the total-energy function of a solid with a crack is represented in as
the sum of the potential energy of the solid and the “surface energy” on the crack taking into account the irreversible
work of plastic deformation. The distribution of the latter (the density function) depends on the crack opening by
a characteristic elastoplastic diagram (see [9]). This leads to the requirement of nonnegativeness of the opening
function (introduced previously in [10, 11]), which expresses the condition of mutual nonpenetration of the crack
faces. The static variational problem of minimizing the total-energy function with a constraint was first formulated
in [12]. The fundamental mathematical difficulty of this problem is that the minimized functional is nonconvex and
nondifferentiable.

The novelty of the present work is the use of an optimization approach within the framework of a quasistatic
formulation of the elasticity problem. It turns out that the static stress state found by solving the variational problem
of minimizing the objective function of the total energy of the solid with an arbitrarily fixed crack is insufficient to
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validate the model. To ensure stress finiteness at the crack tip, it is necessary to additionally minimize the objective
functional over all possible cracks. As a result, we obtain the evolutionary problem of optimizing the total-energy
function with respect to the admissible crack displacements and shapes. The solution of this problem contains the
crack growth (or closure) criterion and describes quasibrittle fracture.

The foundations of the optimization approach to describing the problem of Griffith crack propagation are
formulated in [13]. The solvability of this problem for an anti-plane shear crack within the framework of continuous
and time differentiable processes is analyzed in [14]. Nevertheless, the question of the solvability of the problem
for an arbitrary crack topology and, hence, the question of the choice of a crack propagation path remain open.
Time-discontinuous solutions of the problem of the quasistatic growth of an interface crack in a composite were
obtained in [15] using numerical methods of path tracking.

1. Evolutionary Problem of Crack Propagation. We consider a bounded region Ω ⊂ R
2 with a

smooth boundary ∂Ω which contains a crack Γ. We assume that Γ is a certain curve in R
2 and that the case

Γ = Ø is possible. In the region of with the crack Ω \ Γ, we consider the displacement vector u = (u1, u2)t(x) with
x = (x1, x2)t ∈ R

2. The standard linear stress and strain tensors are defined by

σij(u) = cijklεkl(u), εij(u) = 0, 5(ui,j + uj,i) (i, j = 1, 2)

with a positive definite symmetric tensor of the elastic coefficients cijkl , which can correspond to both homogeneous
and inhomogeneous materials (the summation is performed over repeated indices i, j, k, l = 1, 2 and the index after
the comma denotes differentiation with respect to the corresponding spatial coordinate). Assuming that the normal
vector ν = (ν1, ν2)t to the curve Γ is chosen, it is possible to distinguish the crack face Γ+ and Γ− so that its
opening should be nonnegative:

[uν ] = uiνi

∣∣∣
Γ+

− uiνi

∣∣∣
Γ−

� 0 on Γ. (1)

The condition of mutual nonpenetration of the crack faces (1) is described in detail in [11].
For the specified load f = (f1, f2)t in Ω, we determine the total-energy function

E(f , u, Γ) = P (f , u, Ω \ Γ) + S([uν], Γ), (2)

where

P (f , u, Ω \ Γ) =
1
2

∫
Ω\Γ

(σij(u)εij(u) − fiui) dx; (3)

S([uν ], Γ) =
∫
Γ

2γ0

δ0
min (δ0, [uν ]) ds; (4)

γ0 > 0 and δ0 > 0 are specified material parameters. The functional P in (3) describes the potential energy of the
solid with the crack, and the “surface energy” functional S in (4) depends on the crack opening defined in (1) and
characterizes the irreversible work of plastic deformation. This model take into account a certain plastic zone Y on
the crack Γ where 0 < [uν ] < δ0 and the normal surface stresses σν(u) = σij(u)νjνi reach the specified yield stress
2γ0/δ0.

Instead of the functional (4), the classical Griffith crack model uses the functional

S([uν ], Γ) =
∫
Γ

2γ0 ds, (5)

which does not depend on the crack opening and characterizes its brittle fracture. Here the quantity γ0 has the
mechanical meaning of the specific surface energy of the two face Γ+ and Γ− of the crack Γ.

The crack model considered can be given the following mechanical interpretation. Let a slit Σ separates
a compound solid body Ω into parts consisting of the same material. In the undeformed state, the slit faces are
closely adjacent to one another. The friction between the adjacent surfaces is negligible. It is assumed that the
slit faces Σ are drawn to one another by adhesion forces. The action of the load f determines the area Γ ⊆ Σ on
which opening of the slit occurs. In this case, Γ is separated into two nonintersecting sets: G (the opening [uν ] is
larger than the critical opening δ0 when the adhesion forces disappear) and Y (the opening [uν ] is smaller than the
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critical opening δ0 when the adhesion forces draw the slit faces to one another). It is important to note that the
formulation of the problem described here is urgent from the viewpoint of problems of modern nanomechanics.

We formulate the evolutionary problem for describing the crack propagation with time t � 0 as the opti-
mization problem for each fixed t > 0: It is required to find Γ(t) ∈ Σ(Ω) that satisfies the relations

u(Γ(t)) ∈ H(Ω \ Γ(t)) such that [uν(Γ(t))] � 0 on Γ(t),

E(f(t), u(Γ(t)), Γ(t)) � E(f(t), v, Γ(t)) for all v ∈ H(Ω \ Γ(t))
such that [vν ] � 0 on Γ(t);

(6)

Γ(t) ⊃
⋃
s<t

Γ(s),

E(f(t), u(Γ(t)), Γ(t)) � E(f(t), u(Γ), Γ) for all Γ ∈ Σ(Ω)

such that Γ ⊃
⋃
s<t

Γ(s),

(7)

where

u(Γ) ∈ H(Ω \ Γ) such that [uν(Γ)] � 0 on Γ,

E(f(t), u(Γ), Γ) � E(f(t), v, Γ) for all v ∈ H(Ω \ Γ)
such that [vν ] � 0 on Γ;

(8)

Γ(0) = Γ0. (9)

Equality (9) is the initial condition at t = 0 with a specified initial crack Γ0 ∈ Σ(Ω) (it is admissible that Γ0 = Ø).
Inequality (8) describes the true displacements for an arbitrary fixed crack Γ ∈ Σ(Ω). Inequalities (6) and (7)
include the energetic criterion of crack growth (or closure).

The formulated optimization problem (6)–(9) contains great arbitrariness in the choice of admissible cracks
Γ ∈ Σ(Ω) and, hence, it remains generally unsolved. The most general data on the existence of solutions of
evolutionary problems of type (6)–(9) were obtained for a Griffith antiplane shear crack [14]. In Sec. 2, the issues
related to the well-posedness of the problem (6)–(9) for a fixed crack Γ are investigated. In Sec. 3, the solvability
of this problem [i.e., the existence of an optimum crack Γ(t) ⊂ Σ] is proved for the case of crack propagation along
a curvilinear path Σ ∈ Σ(Ω) specified a priori.

2. Static Problem for a Fixed Crack. For a fixed crack Γ ∈ Σ(Ω), we consider the static problem of
finding the true displacements u(Γ) among the admissible displacements v ∈ H(Ω \ Γ) such that [vν ] � 0 on Γ.
This problem is contained in formulations (6) and (8).

Formulation of the Problem and Its Well-Posedness. We assume that the crack Γ is specified in the form of
a smooth curve. According to (1), we determine the set of admissible displacements

K(Ω \ Γ) = {v ∈ H(Ω \ Γ), [vν ] � 0 on Γ},
where the space

H(Ω \ Γ) ⊂ {v = (v1, v2)t ∈ H1(Ω \ Γ)2}
includes the condition v = 0 of fastening of the solid body on the outer boundary ∂Ω. For f ∈ L2(Ω)2, we consider
the minimization problem: it is requited to find u(Γ) ∈ K(Ω \ Γ) such that

E(f , u(Γ), Γ) � E(f , v, Γ) for all v ∈ K(Ω \ Γ) (10)

[the function of the energy E is defined in (2) as the sum of P and S]. The first term is a positive definite quadratic
(hence, convex and differentiable) function u �→ P (u), and the second term S([uν ]) is a nondifferentiable and
nonconvex (concave) function. This is the reason for the difficulty of the analysis of (10).

Using the obvious nonnegativeness and Lipschitz continuity properties of the function [uν ] �→ S([uν ]) in (4)
for [uν ] � 0, Kovtunenko [15] proved the following theorem.

Theorem 1. There exists a solution u(Γ) ∈ K(Ω \ Γ) of the nonconvex minimization problem with a

constraint (10).
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It should be noted that: 1) the solution is not unique; 2) there are no optimality conditions (necessary and
sufficient). Because of the absence of optimality conditions, we derive only the necessary conditions characterizing
solution (10) in the form of a boundary-value problem.

Necessary Boundary Conditions. We introduce the following notation for the tangent vectors on Γ:

[uτ ] = [u] − [uν ]ν, στ (u)i = σij(u)νj − σν(u)νi (i = 1, 2).

Theorem 2. The solution of the problem (10) satisfies the relations

−σij,j(u(Γ)) = fi (i = 1, 2) in Ω, (11)

u(Γ) = 0 on ∂Ω (12)

and the following relations on the crack Γ:

[σν(u(Γ))] = 0, [στ (u(Γ))] = 0, στ (u(Γ)) = 0; (13)

σν(u(Γ)) � 2γ0/δ0 at [uν(Γ)] = 0,

σν(u(Γ)) = 2γ0/δ0 at 0 < [uν(Γ)] < δ0,

σν(u(Γ)) = 0 at [uν(Γ)] > δ0.

(14)

Proof. The solution is assumed to be smooth enough. In (10), we take a trial function of the form
v = u(Γ) ± ξ with an arbitrary smooth function ξ such that ξ = 0 on ∂Ω and [ξν ] = 0 on Γ. Then, from (10) it
follows that ∫

Ω\Γ

(
σij(u(Γ))εij(ξ) − fiξi

)
dx = 0.

Using Green’s formula ∫
Ω\Γ

σij(u(Γ))εij(ξ) dx = −
∫

Ω\Γ

σij,j(u(Γ))ξi dx +
∫

∂Ω

σij(u(Γ))njξi ds

−
∫
Γ

[σν(u(Γ))ξν + στi(u(Γ))ξτi] ds (15)

[n = (n1, n2)t is the outward normal to ∂Ω], by virtue of the arbitrariness of the traces ξ+
ν = ξ−ν and ξ±

τ on Γ±, we
obtain equalities (11) and (13).

According to the solution of the problem u(Γ), we separate the crack Γ = Y (u(Γ)) ∪ G(u(Γ)) into two
nonintersecting sets

Y (u(Γ)) = {x ∈ Γ, 0 � [uν(Γ)](x) < δ0}, G(u(Γ)) = {x ∈ Γ, [uν(Γ)](x) � δ0}. (16)

From the definition (16), it follows that u(Γ) ∈ Ku(Γ)(Ω \ Γ) and satisfies the inequality

E(f , u(Γ), Γ) � P (f , v, Ω \ Γ) + S([vν ], Y (u(Γ))) + S([vν ], G(u(Γ)))

for all v ∈ Ku(Γ)(Ω \ Γ).
(17)

Here

Ku(Γ)(Ω \ Γ) = {v ∈ K(Ω \ Γ), 0 � [vν ] � δ0 on Y (u(Γ)), [vν ] � δ0 on G(u(Γ))}.
Inequality (17) represents the minimization problem with a constraint for a convex differentiable functional that has
a unique solution characterized by the following necessary and sufficient optimality condition for all v ∈ Ku(Γ)(Ω\Γ):∫

Ω\Γ

(
σij(u(Γ))εij(v − u(Γ)) − fi(vi − ui(Γ))

)
dx +

∫
Y (u(Γ))

2γ0

δ0
[vν − uν(Γ)] ds � 0. (18)

Using Green’s (15) formula and the relations (11)–(13) proved above, and integrating the volume integral (18) by
parts, we obtain the following inequality for all v ∈ Ku(Γ)(Ω \ Γ):
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∫
Y (u(Γ))

(2γ0

δ0
− σν(u(Γ))

)
[vν − uν(Γ)] ds −

∫
G(u(Γ))

σν(u(Γ))[vν − uν(Γ)] ds � 0. (19)

We fix a small number 0 < ε < δ0. Let [uν(Γ)](x) = 0 at a certain point of the crack x ∈ Γ. Setting
0 � [uν(Γ)] � ε in a vicinity O ⊂ Γ of the point x, we choose a function χ on the crack Γ such that χ = 0 on Γ \O

and 0 � χ � δ0 − ε on O. Then, substituting the expression [vν ] = [uν(Γ)] + χ into (19), we obtain the inequality∫
O

(2γ0

δ0
− σν(u(Γ))

)
χ ds � 0 for all χ � 0 (20)

and, hence, the first line in the boundary conditions on the crack (14).
We define the set

Yε = {x ∈ Γ, ε < [uν(Γ)](x) < δ0 − ε}.
On the crack we choose a function χ such that χ = 0 on Γ \ Yε and 0 � χ � 1 on Yε. Then, 0 � [uν(Γ)] ± εχ � δ0

on Yε. Substituting [vν ] = [uν(Γ)] ± εχ as a trial function into (19), we obtain the equality∫
Yε

(2γ0

δ0
− σν(u(Γ))

)
χ ds = 0 for all χ

and the second line in conditions (14).
Similarly, on the set

Gε = {x ∈ Γ, [uν(Γ)](x) > δ0 + ε}
we construct a patch function χ with the properties χ = 0 on Γ \ Gε and 0 � χ � 1 on Gε. Then, substituting the
trial function [vν ] = [uν(Γ)] ± εχ with [uν(Γ)] ± εχ � δ0 on Gε into (19), we obtain the equality

−
∫
Gε

σν(u(Γ))χ ds = 0 for all χ

and the last line in (14).
Conditions (14) are used in the consideration of cracks according to the Leonov–Panasyuk and Dugdale

models. We also note that conditions (11)–(14) are not sufficient for (10).
Additional Smoothness of the Solution on the Crack. We first obtain the necessary optimality conditions for

the minimization problem (10). For this, we use the Lipschitz continuity property for the surface-energy functional

S([vν ], Γ) − S([uν ], Γ) �
∫
Γ

2γ0

δ0

∣∣∣[vν − uν ]
∣∣∣ ds (21)

with arbitrary functions u and v ∈ K(Ω\Γ). Substituting v = (1−α)u(Γ)+αξ as a trial function with an arbitrary
ξ ∈ K(Ω \ Γ) and the parameter 0 < α < 1 into inequality (10) divided by α and using estimate (21), by virtue of
the differentiability of u �→ P (u), we have the following inequality for all ξ ∈ K(Ω \ Γ):∫

Ω\Γ

(
σij(u(Γ))εij(ξ − u(Γ)) − fi(ξi − ui(Γ))

)
dx +

∫
Γ

2γ0

δ0

∣∣∣[ξν − uν(Γ)]
∣∣∣ ds � 0. (22)

We use relation (22) to obtain the following result on the additional local smoothness of the solution u(Γ) outside
the vicinity of the tips of the crack Γ.

Theorem 3. For a smooth patch function ρ with 0 � ρ(x) � 1 and the support in the vicinity of B(x0) of

any strictly interior point x0 ∈ Γ of the crack, the inclusion ρu(Γ) ∈ H2(Ω \ Γ)2 is valid.

Proof. For a smooth crack of the C2,1-class there exists a local rectification function Γ in the vicinity of
B(x0) that can be represented as x2 = ϕ(x1) [x1 ∈ I, ϕ ∈ C2,1(I)]. We define the discrete operators of tangential
shear along the crack in B(x0):

D±h
τ p =

pϕ
±h − p

hSϕ
±h

, Sϕ
±h(x1) =

√
1 +

(ϕ(x1 ± h) − ϕ(x1))2

h2
,
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pϕ
±h(x1, x2) = p(x1 ± h, x2 + ϕ(x1 ± h) − ϕ(x1)) (h > 0).

For a sufficiently small parameter h, the function

ξ = u(Γ) − (h2/2)Sϕ
−hSϕ

h ρD−h
τ Dh

τ (ρu(Γ)) (23)

belongs to the set K(Ω \ Γ) because, by virtue of [uν(Γ)](x1, ϕ(x1)) � 0 and [uν(Γ)](x1 ± h, ϕ(x1 ± h)) � 0, the
following inequality holds on Γ:

[ξν ] = (1 − ρ2)[uν(Γ)] + (1/2)ρ
(
ρϕ

h [uν(Γ)]ϕh + ρϕ
−h[uν(Γ)]ϕ−h

)
� 0.

Substituting inequality (23) as a trial function into (22) divided by h2Sϕ
−hSϕ

h /2, we obtain∫
Ω\Γ

σij

(
Dh

τ (ρu(Γ))
)
εij

(
Dh

τ (ρu(Γ))
)

dx � I1 + I2 + I3, (24)

where

I1 =
∫

Ω\Γ

(
σij

(
Dh

τ (ρu(Γ))
)
εij

(
Dh

τ (ρu(Γ))
)
− σij(u(Γ))εij

(
ρD−h

τ Dh
τ (ρu(Γ))

))
dx,

I2 =
∫

Ω\Γ

ρfiD
−h
τ Dh

τ (ρui(Γ)) dx, I3 =
2γ0

δ0

∫
Γ

∣∣∣ρD−h
τ Dh

τ (ρ[uν(Γ)])
∣∣∣ ds.

Using the standard arguments of the shear operator [11], the integrals I1, I2, and I3 can be estimated as follows:

I1 � const ‖u(Γ)‖H1(Ω\Γ)2‖Dh
τ (ρu(Γ))‖H1(Ω\Γ)2 ,

I2, I3 � const ‖Dh
τ (ρu(Γ))‖H1(Ω\Γ)2 .

Then, Eq. (24) leads to the following estimate, which is uniform in h:

‖Dh
τ (ρu(Γ))‖H1(Ω\Γ)2 � const.

This implies that D2
ττ (ρu(Γ)), D2

ντ (ρu(Γ)), and D2
τν(ρu(Γ)) ∈ L2(Ω \ Γ)2, where Dτ and Dν are derivatives that

are tangential and normal to the crack Γ. Accordingly,

Dτp =
p,1 + ϕ′p,2√

1 + (ϕ′)2
, Dνp =

p,2 − ϕ′p,1√
1 + (ϕ′)2

.

In B(x0), Eq. (11) is locally representable as

D2
ννu(Γ) = L(D2

ττu(Γ), D2
ντu(Γ), D2

τνu(Γ), Dνu(Γ), Dτu(Γ), fν , fτ ).

Then, D2
νν(ρu(Γ)) ∈ L2(Ω \ Γ)2, whence the statement of the theorem follows.

A corollary of Theorem 3 is the following lemma.
Lemma 1. If in the vicinity of the crack tips [uν(Γ)] = 0 and [uτ (Γ)] = 0, then u(Γ) ∈ H2(Ω \ Γ)2.
A proof of Lemma 1 is given in [11].
Smoothness of the Solution of the Evolutionary Problem. To obtain the smoothness of the solution in the

vicinity of the crack tip, it is not sufficient to study the static problem (10) but it is necessary to consider the
evolutionary optimization problem (6)–(9).

Theorem 4. If a solution Γ(t) of the problem (6)–(9) exists, then u(Γ(t)) ∈ H2(Ω \ Γ(t))2.
Proof. We assume that there is a smooth continuation Γ ∈ Σ(Ω) of the crack Γ(t) into the region Ω, i.e.,

Γ(t) ⊂ Γ. Because K(Ω \ Γ(t)) ⊂ K(Ω \ Γ), it follows that

E(f(t), u(Γ), Γ) � E(f(t), u(Γ(t)), Γ(t)).

At the same time, the inverse inequality (7) holds, from which it follows that

E(f(t), u(Γ(t)), Γ(t)) = E(f(t), u(Γ), Γ). (25)

Equality (25) implies that u(Γ(t)) ∈ K(Ω \Γ) is a solution of the stationary problem (10) with f = f(t) for fixed t;
[uν(Γ(t))] = 0 and [uτ (Γ(t))] = 0 on Γ \ Γ(t). Therefore, Lemma 1 implies the statement of the theorem.
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If the tip of the crack Γ(t) is on ∂Ω, the smoothness of the solution u(Γ(t)) of the problem (6) at the tip
follows from the corresponding boundary conditions specified on the outer boundary. Thus, Theorem 4 is proved.

3. Crack Propagation along a Specified Curvilinear Path. We consider the case of the optimization
problem (6)–(9) where the crack path is specified a priori in the form of a certain smooth line Σ ∈ Σ(Ω). For
example, if the data of the problem are symmetric about a certain straight line, it can be argued that the crack will
propagate along this straight line.

Formulation of the One-Parameter Optimization Problem and Its Solvability. Let 0 � s � L be the arch
length parameter along the curve Σ. We assume that one crack tip is fixed at s = 0 and that the position of the
second tip s = l defines the entire crack Γ(l) ⊂ Σ as a function of the crack length parameter 0 � l � L. In this
case, the problem (6)–(9) becomes the one-parameter optimization problem: To find l(t) ∈ [0, L] such that

u(l(t)) ∈ K(Ω \ Γ(l(t))), E(f(t), u(l(t)), Γ(l(t))) � E(f(t), v, Γ(l(t)))
for all v ∈ K(Ω \ Γ(l(t)));

(26)

E(f(t), u(Γ(l(t))), Γ(l(t))) � E(f(t), u(l), Γ(l)) for all l ∈ [0, L], (27)

where
u(l) ∈ K(Ω \ Γ(l)), E(f(t), u(l), Γ(l)) � E(f(t), v, Γ(l))
for all v ∈ K(Ω \ Γ(l));

(28)

l(0) = l0 (29)

for the specified initial crack Γ0 of length l0 ∈ [0, L].
Lemma 2. For fixed t > 0, the function of the reduced energy E as a function of the crack length l is

semicontinuous from below, uniformly bounded, and monotonically decreasing:

l �→ E(f(t), u(l), Γ(l)) ∈ C([0, L)); (30)

E(f(t), u(0), Γ(0)) � E(f(t), u(l1), Γ(l1)) � E(f(t), u(l2), Γ(l2)

� E(f(t), u(L), Γ(L)) for all 0 � l1 � l2 � L. (31)

Proof. Inequality (31) follows from the embeddings

K(Ω \ Γ(0)) ⊆ K(Ω \ Γ(l1)) ⊆ K(Ω \ Γ(l2)) ⊆ K(Ω \ Γ(L))

and inequality (28).
Let us prove the statement (30). We fix an arbitrary 0 � l < L and s0 > 0 such that l + s0 � L. According

to Theorem 1, for any 0 � s � s0 there exists u(l + s) ∈ K(Ω \ Γ(l + s)) that satisfies the inequality

E(f(t), u(l + s), Γ(l + s)) � E(f(t), v, Γ(l + s)) for all v ∈ K(Ω \ Γ(l + s)). (32)

Because u(l + s) ∈ K(Ω \ Γ(l + s0)), substituting v = 0 into (32) and using S([uν(l + s)], Γ(l + s)) � 0 according
to (4), we obtain the following estimate, which is uniform for all 0 � s � s0:

‖u(l + s)‖H1(Ω\Γ(l+s0))2 � const. (33)

From the estimate (33), we derive the existence of a weak limit of the subsequence as s → 0:

u(l + s) → u∗ weak in H(Ω \ Γ(l + s0)); (34)

[uν(l + s)] → [u∗
ν] strong in L2(Ω \ Γ(l + s0)). (35)

By virtue of [uν(l + s)] = 0 on Γ(l + s0) \ Γ(l + s), from (35) it follows that [u∗
ν ] = 0 on Γ(l + s0) \ Γ(l) and

u∗ ∈ K(Ω\Γ(l)). We take an arbitrary v ∈ K(Ω\Γ(l)) as a trial function in (32) and pass to the lower limit as s → 0,
using the weak semicontinuity from below of the positive definite quadratic functional P (f(t), u(l + s), Ω \Γ(l + s))
from (3). By virtue of (34) and (35) for all v ∈ K(Ω \ Γ(l)), we obtain

E(f(t), u∗, Γ(l)) � lim inf
s→0

E(f(t), u(l + s), Γ(l + s))

� E(f(t), v, Γ(l + s)) = E(f(t), v, Γ(l)). (36)
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According to (36), u(l) = u∗ is a solution of the minimization problem (28). Inequality (31) implies the inequality

E(f(t), u(l), Γ(l)) � lim sup
s→0

E(f(t), u(l + s), Γ(l + s)). (37)

From inequalities (37) and (36), it follows that

E(f(t), u(l), Γ(l)) = lim
s→0

E(f(t), u(l + s), Γ(l + s)) for any 0 � l < L. (38)

Thus, Eq. (38) implies the proof of Lemma 2.
A corollary of Lemma 2 is the following theorem.
Theorem 5. For any initial l0 ∈ [0, L] at each t > 0 there exists a solution l(t) ∈ [0, L] of the optimization

problem (26)–(29).
By virtue of equality (25), Theorem 5 implies Lemma 3, which as an appendum to Lemma 2.
Lemma 3. For the solution l(t) of the optimization problem (26)–(29), the reduced-energy function satisfies

the equality

E(f(t), u(l(t)), Γ(l(t))) = E(f(t), u(l), Γ(l)) for all l(t) � l � L. (39)

Case of a Straight Path. For the case of a straight (ν = const) crack path Σ, the differentiability of the
reduced-energy functional with respect to the crack length parameter [12] is proved:

l �→ ∂E

∂l
(f(t), u(l), Γ(l)) ∈ C(0, L). (40)

The definition of the derivative in (40) is specified by the limit

∂E

∂l
(f(t), u(l), Γ(l)) = lim

s→0

E(f(t), u(l + s), Γ(l + s)) − E(f(t), u(l), Γ(l))
s

. (41)

The representation of the derivative (41) is obtained in the form of two equivalent formulas. First, for an arbitrary
(smooth) field of the kinematic velocity V = (V1, V2)t which is defined in Ω and V = 0 on ∂Ω and tangential to
the crack (Viνi = 0 on Σ), the following integral representation is valid:

∂E

∂l
(f(t), u(l), Γ(l)) =

∫
Ω\Γ(l)

(
− div (V fi)ui(l) +

1
2

div (V cijkl)εkl(u(l))εij(u(l))

− 1
2

σij(u(l))(ui,k(l)Vk,j + uj,k(l)Vk,i)
)

dx +
∫

Γ(l)

div (V )
2γ0

δ0
min (δ0, [uν(l)]) ds. (42)

Second, integration of (42) by parts outside the vicinity B of the crack tip yields an equivalent representation that
does not depend on the choice of B:

∂E

∂l
(f(t), u(l), Γ(l)) = I1(u(l), Ω \ B) − I(u(l), ∂B) +

2γ0

δ0
min (δ0, [uν(l)])|∂B∩Γ(l). (43)

Here the first term

I1(u(l), Ω \ B) =
∫

Ω\B

(1
2

Dτ (cijkl)εkl(u(l))εij(u(l)) − fiDτ (ui(l))
)

dx

can be set equal to zero under the assumption that cijkl = const and f = 0 in B. The second term

I(u(l), ∂B) =
∫

∂B

σij(u(l))
(1

2
εij(u(l))(qkVk) − Dτ (ui(l))qj

)
ds (44)

[q = (q1, q2)t is the outward normal to ∂B] is the Cherepanov–Rice integral, which is well-known in brittle fracture
theory. The third term is defined at the point ∂B ∩ Γ(l) of intersection of the contour with the crack.

We note that in the case of a Griffith crack, according to (5), we have I(u(l), ∂B) = const irrespective of the
integration path. In the case considered, Lemma 3 [equality (39)] and relation (43) imply the following theorem.

Theorem 6. For a straight crack path Σ, the derivative (41) vanishes on the solution l(t) of the optimization

problem (26)–(29):
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∂E

∂l
(f(t), u(l(t)), Γ(l(t))) = 0; (45)

by virtue of (45), the equality

I(u(l(t)), ∂B) =
2γ0

δ0
min (δ0, [uν(l(t))])

∣∣∣
∂B∩Γ(l(t))

(46)

is valid; the integral I is defined in (44) over an arbitrary smooth contour ∂B around the tip of a straight crack

Γ(l(t)).
From formula (46), it is possible to derive a generalized crack growth (or closure) criterion. Indeed, if

[uν(l(t))] � δ0 at a certain point ∂B ∩ Γ(l(t)), then we have the equality I(u(l(t)), ∂B) = 2γ0, which coincides
with the Cherepanov–Rice criterion for brittle fracture (where I is constant irrespective of the choice of the contour
∂B). Generally, from (46) it follows that I depends on ∂B, and it is possible to estimate 0 � I(u(l(t)), ∂B) � 2γ0.
Therefore, we determine the end point x0 of the plastic zone in the vicinity of the crack tip, where [uν(l(t))](x0) = δ0,
and formulate the fracture criterion in the form

I(u(l(t)), ∂B) = 2γ0

for an arbitrary contour ∂B such that ∂B ∩ Γ(l(t)) = x0. It should be noted that the condition [uν(l(t))](x0) = δ0

at a certain fixed point x0 of the crack is also used as a crack growth criterion [5].
On the Choice of the Crack Propagation Path. We fix a certain t > 0. Let Γ(t) be a solution of the

optimization problem (6)–(9). According to (13), the propagation path Σ ∈ Σ(Ω) of the crack Γ(t) ⊂ Σ differs from
its arbitrary smooth continuation into the region Ω by the condition of no tangential stresses

στ (u(Γ(t))) = 0 on Σ. (47)
This is a necessary condition for the choice of the crack propagation path Σ. In the particular case of the problem
symmetric about a certain straight line Σ, the condition of the absence of tangential stresses is satisfied automatically
for all Γ ⊂ Σ.

Let us illustrate the necessary conditions for the problem of nucleation of a curvilinear crack in a continuous
solid Ω, i.e., Γ0 = Ø. We choose a monotonically increasing load

f(t) = tf0 (48)
and assume that the solution of the problem (6)–(9) is

Γ(t) = Ø for all 0 � t < t∗, (49)
i.e., the solid remains continuous, without the occurrence of plastic zones, to a certain critical value t = t∗. We fix
an arbitrary t < t∗. Then, from (6) it follows that u(Γ(t)) ∈ H1

0 (Ω)2 and satisfies the inequality
E(tf0, u(Γ(t)), Ø) � E(tf0, v, Ø) for all v ∈ K(Ω \ Ø). (50)

Obviously, the solution of the problem (50) is unique and, by virtue of (48), it can be represented in the form
u(Γ(t)) = tu0, which is linear in t and in which the function u0 ∈ K(Ω \ Ø) = H1

0 (Ω)2 satisfies the inequality
E(f0, u0, Ø) � E(f0, v, Ø) for all v ∈ K(Ω \ Ø). (51)

For an arbitrary smooth crack Ø ⊂ Γ ⊂ Σ, from (25) it follows that t u0 ∈ K(Ω \Γ) also satisfies (8). According to
Theorem 2 applied to (51), and in view of (13), it is necessary that the following equality be satisfied:

στ (u0) = 0 on Σ; (52)
in addition, from (20) with O = Σ, it necessarily follows that tσν(u0) � 2γ0/δ0 on Σ, i.e.,

t∗ � 2γ0

δ0

1
max (0, max

x∈Σ
σν(u0)(x))

. (53)

Therefore, the following theorem is valid.
Theorem 7. Under monotonic loading (48), the necessary condition (52) [as a special case of (47)] charac-

terizes the crack nucleation path Σ and inequality (53) is the upper-bound estimate of the critical time 0 � t∗ � ∞
before the occurrence of a plastic zone (or a cracks ) in an initially continuous solid according to (49).

Based on equality (47), it is also possible to seek the set Σ(Ω) of possible propagation paths Σ of a crack
that is already available in the solid body Γ0, after which condition (7) determines the true crack propagation path
Γ(t) ∈ Σ, Γ(0) = Γ0.

This work was supported by the Russian Foundation for Basic Research (Grant Nos. 05-01-00673 and 06-01-
00209), the INTAS Foundation (Grant No. 03-51-6046), and a reference grant of the Austrian Science Fund (FWF)
(grant No. P18267-N12).

712



REFERENCES

1. M. Ya. Leonov and V. V. Panasyuk, “Propagation of small cracks in a solid,” Prikl. Mekh., 5, No. 4, 797–812
(1959).

2. D. S. Dugdale, “Yielding steel sheets containing slits,” J. Mech. Phys. Solids, 23, 100–104 (1960).
3. G. I. Barenblatt, “On some general concepts of the mathematical theory of brittle fracture,” Prikl. Mat. Mekh.,

28, No. 4, 630–643 (1964).
4. V. V. Novozhilov, “On the foundations of the theory of equilibrium cracks in elastic bodies,” Prikl. Mat. Mekh.,

33, No. 5, 797–812 (1969).
5. N. F. Morozov, Mathematical Problems of the Theory of Cracks [in Russian], Nauka, Moscow (1984).
6. V. I. Astaf’ev, Yu. N. Radaev, and L. V. Stepanova, Nonlinear Fracture Mechanics [in Russian], Samar. Gos.

Univ., Samara (2001).
7. V. A. Levin, E. M. Morozov, and Yu. G. Matvienko, Selected Nonlinear Problems of Fracture Mechanics [in

Russian], Fizmatlit, Moscow (2004).
8. L. G. Zhao, J. Tong, and J. Byrne, “The evolution of the stress–strain fields near a fatigue crack tip and

plasticity-induced crack closure revisited,” Fatigue Fract. Eng. Mater. Struc., 27, 19–29 (2004).
9. J.-J. Marigo and L. Truskinovsky, “Initiation and propagation of fracture in the models of Griffith and Baren-

blatt,” Continuum Mech. Thermodyn., 16, 391–409 (2004).
10. J. Sokolowski and A. M. Khludnev, “Differentiation of energy functionals in crack theory with possible contact

of sides,” Dokl. Phys., 45, No. 10, 565–568 (2000).
11. A. M. Khludnev and V. A. Kovtunenko, Analysis of Cracks in Solids, WIT-Press, Boston, Southampton (2000).
12. V. A. Kovtunenko, “Nonconvex problems for crack with nonpenetration,” Z. Angew. Math. Mech., 85, No. 4,

242–251 (2005).
13. G. A. Francfort and J.-J. Marigo, “Revisiting brittle fracture as an energy minimization problem,” J. Mech.

Phys. Solids, 46, No. 8, 1319–1342 (1998).
14. G. Dal Maso and R. Toader, “A model for the quasistatic growth of brittle fractures: Existence and approxi-

mation results,” Arch. Rational Mech. Anal., 162, 101–135 (2002).
15. V. A. Kovtunenko “Interface cracks in composite orthotropic materials and their delamination via global shape

optimization,” Optim. Eng., 7, 173–199 (2006).

713



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


