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Abstract: Classification of inner processes during loading and unloading tests
in models of hypoplasticity developed by D. Kolymbas for the constitutive behavior
of granular materials is the main aim of this work. We focus on a modified model
proposed by E. Bauer. By introducing a dimensionless time parameter s we transform
the constitutive equation into a rate independent form, and study the stress paths in
different proportional loading regimes.

Introduction

We pursue here the study started in [4] of the asymptotic behavior of stress trajectories
under proportional loading and unloading in granular materials under the hypoplasticity
hypothesis. Note that the idea of rate-independent hypoplasticity goes back to the
works by Kolymbas, see, e. g., [10]. In engineering literature, this concept receives a
lot attention and it is appropriate to cite at least [5, 7, 8, 14, 15, 16, 12]. Its main
purpose was to explain the phenomenon of ratchetting which is very strong in granular
materials, and other existing rate-independent constitutive models do not manifest a
satisfactory agreement with real experiments. Rachetting in granular materials is the
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2 Modified model of granular materials

process of accumulation of permanent deformation during cyclic loading and unloading.
This behaviour is characterised by progressively shifted loops in the strain-stress diagram.

Indeed, ratchetting is present in nonlinear kinematic hardening models of elastoplas-
ticity of Armstrong-Frederick type, see [2], and the mathematical techniques developed
in [6] for proving the well-posedness of these models have motivated the present study.
Another mathematical approach to granular and multiphase media within the variational
theory was proposed in [1, 9, 11].

An analytic identification of the asymptotic states in hypoplasticity whose existence
was established in, e. g., in [13, Chapter 3.4], has been carried out in [4] for a simple one-
parameter model suggested in [3]. Localization of the parameter domain which ensures
Lyapunov stability of proportional strain paths was the main result there. Here, we
obtain similar results for a modified model involving an additional physical parameter
and discussed also in [3].

1 Description of the model

1.1 Original model

Our starting point is the model from [4] for inner processes in granular material under
the strain-stress law

(1) σ̇(t) = c1

(
ε̇(t)a2trσ +

σ

trσ
(σ : ε̇) + a(2σ − 1

3
(trσ)I)‖ε̇‖

)
,

where ε is the strain tensor and σ is the stress tensor, I is the Kronecker tensor trσ =
usi : I is the trace of σ, a > 0 is a model parameter, and c1 < 0 is a scaling parameter
which, as we shall see, has no influence on the asymptotic behavior of the model. We
consider proportional strain paths of the form

(2) ε(t) = ε(t)U, ε̇(t) = ε̇(t)U,

where ε(t) : [0,∞)→ R is a given monotone function, and U is a fixed symmetric tensor

(3) U =

u11 u12 u13
u21 u22 u23
u31 u32 u33

 .

This is what we call a proportional loading .

1.2 Modified model

The modification of equation (1) consists in including an additional physical parameter
b > 0 and considering the equation

(4) σ̇(t) = c1

(
ε̇(t)a2trσ +

σ

trσ
(σ : ε̇) + btrσtr ε̇I + a(2σ − 1

3
trσI)‖ε̇‖

)
Let us denote by 〈·, ·〉 the canonical scalar product in the space of tensors 〈ε,σ〉 = ε : σ.
With this notation and Hypothesis (2), equation (4) is of the form

(5) σ̇(t) = c1ε̇(t)
(
(a2U + b 〈U, I〉 I) 〈σ, I〉+ 〈σ,U〉

〈σ, I〉
σ+ a‖U‖ sign ε̇(t)

(
2σ− 1

3
〈σ, I〉 I

))
.

Our analysis of equation (5) will be carried out under the following hypotheses:
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(i) The material is initially compressed, that is, σ(0) is a given vector such that
〈σ(0), I〉 < 0;

(ii) we investigate below the different dynamics of the model under increasing com-
pression (or loading) corresponding to 〈U, I〉 > 0, decreasing compression (or
unloading) corresponding to 〈U, I〉 < 0, and volume preserving compression
corresponding to 〈U, I〉 = 0;

(iii) ε : [0,∞)→ R is absolutely continuous, ε̇(t) < 0 for a. e. t > 0,
limt→∞ ε(t) = −∞;

By introducing a time transformation s(t) through the formula

ṡ(t) = c1ε̇(t), s(0) = 0, and σ′(s) =
dσ

ds
,

we are able with the above assumptions to transform equation (5) into a rate-independent
form:

σ′ = a2 〈σ, I〉U +
〈σ,U〉
〈σ, I〉

σ − a‖U‖
(

2σ − 1

3
〈σ, I〉 I

)
+ b 〈σ, I〉 〈U, I〉 I

= 〈σ, I〉
(
a2U +

a

3
‖U‖I + b 〈U, I〉 I

)
+ σ

(
〈σ,U〉
〈σ, I〉

− 2a‖U‖
)
.

(6)

2 Loading

2.1 Isotropic loading

First, we consider the case of the isotropic loading, that is, U = I Then ‖U‖ =
√

3 and
〈U, I〉 = 3. In this case, equation (6) reduces to

(7) σ′ = 〈σ, I〉
(
a2 + a√

3
+ 3b

)
I + σ

(
1− 2a

√
3
)
.

The scalar product of (7) with I yields

(8)
〈
σ′, I

〉
= λ 〈σ, I〉 , with λ = 3a2 − a

√
3 + 1 + 9b,

where 3a2 − a
√

3 + 1 ≥ 3
4 and b > 0, therefore λ > 0. Hence

〈σ(s), I〉 = 〈σ(0), I〉 eλs ,

and equation (7) can thus be written as

σ′ = −µσ +ReλsI ,

where

µ = 2a
√

3− 1 , R =
〈σ(0), I〉

3
(λ+ µ) > 0.

The solution of (10) is

(9) σ(s) = e−µsσ(0) +
〈σ(0), I〉

3

(
eλs − e−µs

)
I .

In other words, we have

(10) σ(s)− 〈σ(0), I〉
3

eλsI = e−µs
(
σ(0)− 〈σ(0), I〉

3
I

)
.
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The physically relevant case observed in experiments is µ > 0, that is,

(11) a >
1

2
√

3
≈ 0.289 .

Then (10) means that the trajectory of σ(s) exponentially converges to the linear tra-

jectory 〈σ(0),I〉
3 eλsI along the unit tensor I with initial condition given by the orthogonal

projection of the initial condition σ(0) onto the line spanned by I. The phenomenon that
the influence of the initial condition is exponentially decreasing is typical for hypoplastic
materials.

2.2 Anisotropic loading

Let now U ∈ R3×3 be arbitrary. As mentioned above, loading corresponds to 〈U, I〉 > 0.

It follows from (6) that the term 〈σ,U〉
〈σ,I〉 satisfies a linear ODE

(12)

(
〈σ,U〉
〈σ, I〉

)′
= A− η 〈σ,U〉

〈σ, I〉
with

A = a2‖U‖2 +
a

3
‖U‖ 〈U, I〉+ b 〈U, I〉2 , η = a‖U‖+ (a2 + 3b) 〈U, I〉 .

The solution of (12) is of the form

〈σ(s),U〉
〈σ(s), I〉

= B + Ce−ηs,

with

B =
A

η
, C =

〈σ(0),U〉
〈σ(0), I〉

−B,

Equation (6) is therefore equivalent to a linear equation

(13) σ′ = 〈σ, I〉
(
a2U +

a

3
‖U‖I + b 〈U, I〉 I

)
+ σ

(
B − 2a‖U‖+ Ce−ηs

)
.

To solve equation (13), we proceed as in the isotropic case taking the scalar product of
(13) with I, which yields 〈

σ′, I
〉

=
(
D + Ce−ηs

)
〈σ, I〉 ,

where

D = (a2 + 3b) 〈U, I〉 − a‖U‖+B =
1

η

(
(a2 + 3b)2 〈U, I〉2 +

a

3
‖U‖ 〈U, I〉+ b 〈U, I〉2

)
> 0.

Hence,

〈σ(s), I〉 = 〈σ(0), I〉 ef(s), f(s) = Ds+
C

η
(1− e−ηs),

and we can rewrite (13) as

(14) σ′(s) = 〈σ(0), I〉 ef(s)V + g′(s)σ(s),

where

V = a2U +
a

3
‖U‖I + b 〈U, I〉 I, g(s) = (B − 2a‖U‖)s+

C

η
(1− e−ηs).

From (14) it follows that(
e−g(s)σ(s)

)′
= 〈σ(0), I〉 ef(s)−g(s)V = 〈σ(0), I〉 e(D+2a‖U‖−B)sV,
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hence

e−g(s)σ(s) = σ(0) +
〈σ(0), I〉

D + 2a‖U‖ −B
e(D+2a‖U‖−B)s − 1)V,

provided D + 2a‖U‖ −B 6= 0. We note that

B =
〈V,U〉
〈V, I〉

, η = 〈V, I〉 , C =
〈σ(0),U〉
〈σ(0), I〉

− 〈V,U〉
〈V, I〉

,

and

(15) D + 2a‖U‖ −B = a‖U‖+ a2 〈U, I〉+ 3b 〈U, I〉 = 〈V, I〉 = η.

The formula for σ(s) then reads

(16) σ(s) = eg(s)σ(0) +
〈σ(0), I〉
〈V, I〉

(
ef(s) − eg(s)

)
V .

We are in the same situation as in (9) provided

(17) lim
s→∞

g(s) = −∞ , lim
s→∞

f(s) = +∞.

This condition can be reformulated in terms of the parameters a, b, c, where

c =
〈U, I〉√
3‖U‖

is the cosine of the angle between the loading direction U and the isotropic direction I.
It can be stated as follows.

Theorem 1 The stability condition (17) is satisfied if and only if

(18) 3b(c2 − 2
√

3ac) <

(
2a2 − 1

3

)√
3ac+ a2.

Proof. We have D > 0 according to (15), then the fact that lims→∞ f(s) = +∞ follows
immediately. It remains to find conditions on U and a under which

(19) B < 2a‖U‖

in order to obtain lims→∞ g(s) = −∞. A straightforward computation yields that (19)
is fulfilled if and only if

(20) −a2 +
a 〈U, I〉
3‖U‖

− 2a3 〈U, I〉
‖U‖

− 6ab 〈U, I〉
‖U‖

+
b 〈U, I〉2

‖U‖2
< 0 ,

which we wanted to prove. �

Rewriting (16) as

(21) σ(s)− 〈σ(0), I〉
〈V, I〉

ef(s)V = eg(s)
(
σ(0)− 〈σ(0), I〉

〈V, I〉
V

)
,

we see that the trajectory of σ(s) exponentially converges to the linear trajectory
〈σ(0),I〉
〈V,I〉 ef(s)V propagating along V with initial condition given by the projection of σ(0)

orthogonal to I onto the line spanned by V.
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Remark 2 The stability condition in Theorem 1 admits a geometric intepretation in
the parameter space. A more detailed discussion will be made in a forthcoming paper.
Notice only that if inequality (11) holds, then (20) holds for every U ∈ R3×3. Indeed,
we have c ≤ 1, hence c2 − 2

√
3ac < 0 for all a satisfying (11). This means in particular

that the interval of the parameters a which ensure the stability of the proportional path
is minimal in case of isotropic loading, while for the “almost volume preserving loading”
〈U, I〉 /‖U‖ → 0 it becomes maximal.

3 Unloading

3.1 Isotropic unloading

Isotropic loading can be describes by U = −I. In comparison with the isotropic loading
case, in the equation (10) the coefficients λ = −3a2−a

√
3−9b−1 < 0 and µ = 1+2

√
3a >

0. The condition µ > 0 is satisfied for all a > 0.

3.2 Anisotropic unloading

The case of the anisotropic loading described by 〈U, I〉 < 0. Asymptotic convergence to
the asymptotic direction V− is guaranteed by the condition g(s) → 0 and f(s) → −∞
in the equation (16). It is satisfied when the constants

D < 0, η > 0, B − 2a‖U‖ < 0.

The last condition coincides with the case (18) of anisotropic loading. Here, however,
additional conditions come into play, namely η > 0, which is equivalent to

D + 2a‖U‖ −B > 0,

and in terms of c it can be rewritten as
√

3c > − a

a2 + 3b
.

The condition D < 0 holds provided 3((a2 + 3b)2 + b)c2 + ac√
3
< 0.

Conclusion

The modified model for constitutive behaviour of granular materials proposed by Bauer
[3] was studied in here for the particular case of proportional loading and unloading. We
have determined the parameter range in which asymptotic stability of the proportional
loading and unloading processes are guaranteed.
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[6] M. Brokate and P. Krejč́ı, Wellposedness of kinematic hardening models in elastoplasticity,
RAIRO Modél. Math. Anal. Numér., (1998), 177–209.

[7] G. Gudehus, Physical Soil Mechanics, Springer, Berlin, Heidelberg, 2011.
[8] W. Huang and E. Bauer, Numerical investigations of shear localization in a micro-polar hypoplas-

tic material, Int. J. Numer. Anal. Meth. Geomech., 27 (2003), pp. 325–352.
[9] A.M. Khludnev and V.A. Kovtunenko, Analysis of Cracks in Solids, WIT-Press, Southampton,

Boston, 2000.
[10] D. Kolymbas, Introduction to Hypoplasticity, A.A. Balkema, Rotterdam, 2000.
[11] V.A. Kovtunenko and A.V. Zubkova, Mathematical modeling of a discontinuous solution of the

generalized Poisson–Nernst–Planck problem in a two-phase medium, Kinet. Relat. Mod., 11 (2018),
pp.119–135.
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