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Abstract

A new class of constrained variational problems, which describe fluid-driven cracks (that are pressurized fractures cre-
ated by pumping fracturing fluids), is considered within the nonlinear theory of coupled poroelastic models stated in the
incremental form. The two-phase medium is constituted by solid particles and fluid-saturated pores; it contains a crack
subjected to non-penetration condition between the opposite crack faces. The inequality-constrained optimization is
expressed as a saddle-point problem with respect to the unknown solid phase displacement, pore pressure, and contact
force. Applying the Lagrange multiplier approach and the Delfour—Zolésio theorem, the shape derivative for the corre-
sponding Lagrangian function is derived using rigorous asymptotic methods. The resulting formula describes the energy
release rate under irreversible crack perturbations, which is useful for application of the Griffith criterion of quasi-static
fracture.
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l. Introduction to poroelastic modeling

In the paper, we proceed the development of constrained optimization theory for a new class of varia-
tional models arising in poroelasticity and motivated by hydrofracking. A two-phase poroelastic body
consisting of solid phase and pores saturated with a Newtonian fluid is considered. We suggest that the
body contains a fluid-driven crack (called fractures) since formed by the pressure of a pumped fluid. For
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physical consistency, the crack is subjected to a non-penetration inequality between opposite faces (the
fracture walls). This description allows a compressive pressure at which the crack might close. Here, it
would be worthwhile to comment that mutual contact of adjacent crack faces admits the phenomenon
of mechanically closed, but hydraulically open cracks (which could arise, e.g., through the presence of
debris in an otherwise fluid-conducting crack).

The poroelastic model is described by governing equations stated in incremental form with respect to
unknown solid phase displacement, pore pressure, and contact force. The system is endowed with the
fluid pressure, which is prescribed inhomogeneous and different on the fracture walls. In the multi-scale
formulation, the pressurized fracture equations are coupled with governing equations for the fluid pres-
sure to a single model. Typically, fluid flow in the fracture is governed by the Reynolds lubrication equa-
tion, which assumes a local cubic law (see Baykin and Golovin [1]). Modeling of the fluid pressure using
a linear diffraction equation was suggested in Mikelic et al. [2]. In our work, we account for the channe-
lized fluid flow as a prescribed boundary condition. In its turn, the boundary data can be achieved by
flow modeling as well as directly from geomechanical data.

The nonlinear theory of solids with non-penetrating cracks and their quasi-static propagation was
developed in the variational framework by Khludnev and co-authors [3,4]. For dynamic modeling of
cracks, we cite the monograph of Bratov et al. [5]. The non-penetration approach was continued for
frictional contact phenomena at the crack in Itou et al. [6] and the limiting small strain in the proceeding
works [7,8]. We cite the study [9] for Timoshenko plates with cracks, and the study [10] addressing opti-
mal control problems. Also anti-cracks, rigid, and soft inclusions were incorporated in the theory (see
Khludnev et al. [11]). For suitable numerical methods, see Hintermiiller et al. [12]. Recently, in
Kovtunenko [13], we derived non-penetration conditions at the fluid-driven crack in two-phase poroe-
lastic medium.

Alternatively to the sharp-interface approach, in a brittle zone, the crack surface can be approximated
by a phase-field function as described in Mikeli¢ et al. [14] which may be beneficial for numerical reason-
ing. Then, the crack and its propagation are determined based on the energy minimization approach to
brittle and quasi-brittle fracture (see Kovtunenko [15]). The readers may find helpful the discrete pertur-
bation of global potentials due to crack extension in the vein of variational eigen-erosion methods from
Schmidt et al. [16].

The concept of soil and poromechanics was established well by Biot and Terzaghi [17,18] and further
developed by Barenblatt et al. [19] and Meirmanov [20] and others. We cite Fellner and Kovtunenko
[21] and Kovtunenko and Zubkova [22] for homogenization of a two-phase medium consisted of solid
phase and pores, and Sazhenkov et al. [23] for the related multi-scale analysis. In our modeling, we fol-
low the hydraulic fracturing formulation given by Golovin and Baykin [24] and Skopintsev et al. [25]
with co-authors as presented next.

For a linear elastic solid phase, the second-order symmetric tensors of linearized strain ¢ and Cauchy
stress o are connected by Hooke’s law

o=As+7°, (1)

with the help of the fourth-order symmetric tensor of elastic coefficients A, which assumed to be elliptic,
and subjected to a prestress 7°. The prestress admits mechanical stresses of geological layers in reservoir
in their natural state as well by fracking (see the influence of the prestress on the failure zone develop-
ment in Valov et al. [26]). Accounting for the pore pressure p, the effective stress is introduced as

T=0 —apl, (2)

where a € (0, 1] is the Biot coefficient, and I is the identity tensor. Omitting inertia terms in equations of
motion and keeping the minus sign, the quasi-static equilibrium equation reads

—divr=0. (3)

After substitution into equation (3) of equations (1) and (2) and the symmetric gradient of the displa-
cement vector u
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e(u) = % (Vu+Vu'), (4)

where T stands for the transposition; it implies the elliptic equation with respect to unknown u
— div(Ag(u) +7° — apl) =0. (5)
The fluid content in pores is constituted by
{=Sp + atre, (6)
where S > 0 is the storativity, and tr ¢ implies dilatation according to equation (4). In the mass balance

o
5 = —dive, (7)

the flow velocity vector q is assumed given by the Darcy flow
q= — Kvpa (8)

where k =k; /7, is determined by the permeability 4, >0 and the effective viscosity m, > 0. Inserting
equations (6) and (8) into equation (7) results in the parabolic equation with respect to dp/dt and du/dt

% (Sp + atre(u)) — div(kVp) =0. 9)

From the mathematical point of view, the fully coupled poroelastic equations (5) and (9) present a
degenerate elliptic-parabolic system; thus, standard existence theorems are not applicable here. After dif-
ferentiation of the elliptic equation (5) with respect to time, the system turns into a pure parabolic prob-
lem. Its solvability was established by applying the theory of implicit evolution equations (see Showalter
[27]). However, the parabolic problem does not conform to the unilateral conditions. On the other side,
the governing equations formally coincide with thermoelastic equations when replacing the pore pres-
sure p for temperature. From the literature on thermoelasticity, existence results utilizing the pseudo-
monotonone theory were known (see Khludnev and Kovtunenko [3], section 3.3), however, restricted to
small coupling coefficients @. Avoiding these restrictive assumptions, in Kovtunenko [13] we proved the
well-posedness based on Rothe’s semi-discretization in time of parabolic equation (9), which reduces it
to the elliptic equation with respect to unknown p at fixed time 1> 6 >0

S(p — pi—s) + atre(u —u,_s) — 8div(kVp) =0, (10)

for given p;_s :=p(t — 6) and u,_s :=u(z — 8), then passing the time step é to zero.

In the current contribution, we investigate shape differentiability of the poroelastic problem with non-
penetrating crack under irreversible shape perturbations. For this task, we consider the problem in the
incremental form (5) and (10), and endow it with a saddle-point formulation. Based on the Lagrange
multiplier approach, we apply the formalism of directional differentiability for Lagrangians (see Delfour
and Zolésio [28]) and use rigorous asymptotic methods (see Gonzalez et al. [29]) to derive a shape deriva-
tive for the underlying Lagrangian function implying a free energy. The resulting formula describes the
energy release rate under irreversible crack perturbations, which is useful for the Griffith criterion of
quasi-static crack evolution (see Charlotte et al. [30]). Other shape derivatives were derived in a series of
works for non-penetrating cracks and inclusions in linear elastic bodies by Khludnev and his colleagues
[3,4] in Khludnev and Shcherbakov [31] within the Euler—Bernoulli beam theory, in Rudoy and
Shcherbakov [32] for Kirchhoff-Love plates, in Lazarev [33], Lazarev and Rudoy [34] for Timoshenko
plates, and so on.

The structure of the paper is the following one. In section 2, we state the poroelastic problem with
non-penetrating crack in the incremental form. In section 3, variational principle is given for a
Lagrangian function, and well-posedness of the corresponding saddle-point problem is established.
Also, we formulate the Griffith fracture criterion for the crack quasi-static evolution. In section 4, the
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Figure I. Example geometry of a poroelastic body with evolving crack in 2D.

shape differentiability of the Lagrangian is proven using the asymptotic methods of analysis based on
regular perturbations, thus providing us with a semi-analytic formula for the energy release rate. Special
cases of the formula are discussed in section 5; its relation to well-known path-independent integrals
(called Cherepanov—Rice, or J-integrals) is presented.

2. Formulation of poroelastic problem with non-penetrating crack

We start with a description of geometry as illustrated for 2D in Figure 1.

Let Q be a reference domain in the Euclidean space of points x = (x, cox) T eRY, d=2,3. We
assume the Lipschitz continuous boundary 9Q with outward normal vector n= (ni, ...,n,)", and the
disjoint union 9Q = FDUFN with I'p # . Let an oriented manifold of co-dimension one 2, split Q into
two sub-domains Q* with Lipschitz continuous boundaries 3Q* such that

QT NI =3 Q=0"UQ U, O NIp#J. (11)
For a time parameter ¢ € (0, 7], T > 0, we look for a crack evolution along the interface
t—T, C3, (12)
which is assumed to be C!*!-smooth and irreversible such that
Icliyy Vse (0,7 —1). (13)

We distinguish the crack faces l"f C 3" and chose the normal vector n, at T, outward to Q~, thus
inward to Q7. Physically, I, represents fractures, whereas the complement

0, =O\T,, (14)

implies a reservoir.
For every fixed ¢ € (0, 7] and x € Q; in the time-dependent domain from equations (11) to (14), the
poroelastic medium is described by the pore pressure p(f,x) and the solid displacement

u=(uy, ...,uy) (t,x). The latter is involved in the strain &(u) = {sij(u)};{ -1 according to equation (4)
ijl. The stress az{aij}ijzl(t, x) and the
effective stress 7= {’T,j}ld ;—1(#,x) are introduced in equations (1) and (2), respectively, and the prestress
is given by the symmetric tensor

with the entries u; ; := du;/dx; of the gradient Vu={u; ;}

20— {79}d (x) € H'(Q)x 4= 1! (Q;Rdxd>.

ij=1 sym sym
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For the reason of analysis, we do not consider here the so-called 2.5D models when physical strain
and stress are 3 x 3-tensors defined over a 2D-domain Q. The system is governed by equations (5)

and (10), where componentwisely (div 7);:= 2;1:1 75, for i=1,...,d, and the ftrace
tre(uw) =divu = Zle u; ;. The elastic coefficients in equation (5)

d o0
A= {Aijkl}i,j,k,l:1<x) S Wl’ (Q)dXdXdXd,

sym
are symmetric: Ay = Ajiy = Ay for i,j,k,I=1, ...,d, and build a self-adjoint bilinear form
d
J Ag(u): &(v)dx = Z J Ajjer(u)g;(v) dx, (15)
: ik l=17%

for all u,v € H'(Q,)?, which is uniformly elliptic and bounded: there exists 0 <a <@ such that

@l u = | Astwsotu)dx,

t

JAWHM&

t

<a | ullmw) | vz @) (16)

holds for all ¢ € [0, T] according to Korn and Poincaré inequalities if u=0 on I'p. In equation (10), the
transport coefficient k € W'*(Q) is assumed uniformly positive and bounded

0<k <k(x) =<K, (17)

and the time-delayed data in Q, 5 for ¢ € (6, T) are given by functions
o= ((0-8)ps o (Ws),) (1X) € HAQi5)", prs(t.X) € HX Q).
such that the irreversibility of crack evolutions (13) provides the inclusion H?(Q,_s) C H*(Q,), hence

u_s € HX(Q)", pi_s € H*(Q,) forallse (8,T). (18)

We decompose the displacement u and the stress mn := (Zfl:l TRy - - s ZJ‘.IZI denj)T at the boundary

. . J
into its normal components
d d
IlTll = E n;u;, llTTIl = E n;iTin;,
i=1 i,j=1

implying the vector—vector and matrix—vector multiplications, and tangential components as follows
u=(n"u)n+ (u— (n"u)n), 7n=(n"mn)n+ (7n — (n"mn)n).
Let the following time-dependent data are prescribed in the reservoir for all ¢ € (0, T)
g= (g1 ... (t.x) € (TN, preltix) € H (). (19)
With its help, we state mixed inhomogeneous boundary conditions on the outer boundary

u=0 onlp, 7n=g onlNn, p=p. on Q. (20)

The assumed regularity of the data will be used further for asymptotic expansions in sections 4 and 5.
Across the crack I';, functions defined in Q, allow discontinuity by the mean of jump

(] =ulps =l (7]l =7l =7l [Pl =Pl = Plr,-
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We suggest no tangential effective stress at the crack faces
™m; — (nth'n,)n, =0 on Fti, (21)

and continuity of the fluid pressure over the fracture walls
p=p. only. (22)

The fluid pressure pre prescribed in equation (19) is different on F , coincide at the crack-tip,
respectively, crack-front in 3D, and can be determined from the lubrlcatlon equations in fractures (see
Golovin and Baykin [24]).

Assuming at I’ ti the standard boundary condition in the normal direction

n/mn, +p,. =0, (23)

would lead to interpenetration between the opposite crack faces under compressive stress. For the physi-
cal consistency, non-penetration at the crack is suggested

n'[[u]=0 onT, (24)

t

see Figure 1. The inequality constraint (24) leads to complementary conditions

[[nf7n +pr]] =0, nfen,+pe<0, (nfmn,+pe)(n/[[u]])=0 onT,. (25)
Conditions (25) imply that equahty (23) holds at those points where the crack is open, i.c., n, TTu]] > 0.
Otherwise, the closed crack n![[u]] =0 in equation (25) has the compressive stress n}7n, + pye < <0.

3. Variational principle for the crack problem

In the domain with crack defined in equation (14), we have the following generalized Green’s formula
(see Khludnev and Kovtunenko [3], section 1.4) for the elasticity operator

_ J (divs) 'vdx = J 7 g(V)dX — (0, V)p + (70, V) pe — (70, V), (26)
Q, Q

for all 7 € L*(Q)%5! and divr € L2(9)", v € H'(Q)? with v=0 on I'p. Here, the boundary stresses 7n
on I'y and 7n; on F are distributions deﬁned in a generalized sense by duality mappings (-, -)r, and
(-, >r , which turn 1nto usual integrals for functions. For the stationary transport operator, Green’s
formula

—J div(kVp)gdx = J kVp'Vqdx, (27)
Q

't

holds for all functions p € H'(Q,),Ap € L*(Q;), and g € H} (Q,).

Inserting into equation (26) the equilibrium equation (5), using the Neumann condition sn=g on I'y
from equation (20), and 7n, = (n] 7n,)n, at the crack due to the zero tangential stress in equation (21), we
obtain

0= J 7 &(v)dx — J g'vdSy+ (n/mn,n/v)., — (n/7n,n/v) .
Q, I'n ! '

By the virtue of [[nf7n, + p]] = 0 in equation (25), adding and subtracting p,. follows the variational
equation with respect to 7

JQ T e(v)dx — L gTvds, — J ! [[pre¥]] Sy + (017 1, + pres T W]}y, =0, (28)

t
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for all test functions v € H'(Q,)? with v=0 on I'p. The jump at the crack I'; is well defined

n![[V]] € Hoy (T),

t

in the Lions-Magenes space of functions, which continuation by zero in 3 belongs to H'/?(2). Its
counter-part in the duality (-, -)r, is determined in the adjoint space of linear continuous functionals

A= ntTTnt + Pre € H(}({z (Ft)*' (29)
Then, the complementarity conditions (24) and (25) take the weak form

nf ()] =0, (A&—n[[u)]), <0 forall & € Hy) () such that £=0, (30)
and newly introduced variable A in equation (29) implies the contact force. Inserting the transport equa-
tion (10) into Green’s formula (27) and using equation (18) results in the variational equation with
respect to p

J (S(p — pr-s) + atre(u — u,_5)lg + 8xVp'Vq) dx =0, (31)

1

for all test functions g € H} (Q,).
Gathering the weak variational formulation (28)—(31) and recalling 7 = Ag(u) +7° — apl, for the tri-

ple (u,p,A), we define a Lagrange function ¢ : H'(Q)? x H'(Q,) x H&éz T)*—R by

“upnif) = [ { (G042 ot = [$(30 - ) 4ot sta—ual]p SV o (32)

_ LN gTuds, — J T [[preu]JdS, + (A, n7 [u]])y..

t

accounting for the identity apl: &(u) = atr ¢(u)p and multiplying the quadratic terms by 1/2. With its help
existence of a weak solution to the problem is established in the next.

Theorem | (solution existence). There exists a triple (u,, p; — pre, A;) € K(Q,) in the feasible set
K(Q,) = {(v, g. 1) € H(Q)" x H Q) x H*(T)*| v=0onTpandu< o},

solving uniquely the saddle-point problem
(g, ;1) < (g, pr, A Ty) < & (v, p, Ay T), (33)

for all test functions (v, g, u) € K(€),). Then, it solves the poroelastic problem with non-penetrating crack
stated in the weak form of equations (28)—(31), and vice versa.

Proof. With respect to the primal variable w— & (u,p,A;I';), the Lagrangian in equation (32) builds a
quadratic bilinear form, which is bounded and positive definite due to the estimates (16) of A. With
respect to the dual variable, the quadratic bilinear form p— & (u, p,A;T’;) is bounded and negative defi-
nite because of estimates (17) of k. The mapping A— & (u,p,A; ") is linear. Therefore, the unique
saddle-point in equation (33) exists by the virtue of minimax theorems.

Based on the optimality condition for equation (33), we calculate the Gateaux derivative of the
Lagrangian

N ;
lim — ((\/(ut + 8V, pr, Ay Ft) - (’\/(Ur,pn)\z; rr)) =0,

s—0 8
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and get the variational equation (28) for u=u,, the stress 7, := A&(u,) + 7° — ap,1, and the contact force
n!7n, + pe = A, according to equation (29). Conversely, from equation (28), it follows by convexity the
minimum in equation (33)

(g pr A U) < & (v, pu A Ty).

Similarly, computing the limit

.1
llm—(ﬂ(u[,p,—ksq,)\,;n) — Q(ut,p,,)xt;rt)) :O,

s—0§

results in equation (31) for p =p, and u=u,. The converse assertion that equation (31) implies the
maximum

Q(ut, q,)\t; Ft) = Q'(utspl’ /\t’ rl)’

is true by the concavity of p— & (u, p, A;T';). The maximum in equation (33) with respect to u taken at
q = p: implies the dual complementarity conditions

A <0, (m-— )‘t’“rTH“t]Dr, <0 forall pe H(l)(/)z(f‘t)*such that u <0, (34)

which are equivalent to equation (30) for A =A, and u=u,. The proof is complete.
For a perturbation parameter s € (0, T — ), we consider an irreversible crack perturbation I', , ; satis-
fying equation (13) (see illustration in Figure 1) and the perturbed domain with crack

QI+S = Q\FI+S9 (35)

according to equation (14). Let space points y= (v, ...,ys)" be related to the perturbed geometry

Q.. The perturbed Lagrangian & :H'(Q, )¢ x H'(Q, ) H(%Z(I‘,H)*HR is defined according
to equation (32) as

1 1 )
v, g, Tiys) = JQ { <5As(v) + 7°>: g(v) — [S (Eq —pts) +atr g(v — u,g)] q— EK\Vqlz}dy

- | evas, - | ol el + (unl VD,
(36)
The perturbed saddle-point problem (33) reads
S5, @ i Uris) S LW, priss Ai5i Ui s) S LV prsss Aisi Ui s),s (37)
for all test functions (v,q, u) € K(€);, ) in the perturbed feasible set
K(Q )= {(v, g 10) € H'(Quy ) x HA (O, s) x HY*(T,.)*] v=0on T'pandu< o}.

According to Theorem 1, there exists the unique solution (W4, P45 — Prel,; o Aits) € K(Q44) to
equation (37). It is also the solution to the perturbed poroelastic problem with non-penetrating crack
from equations (28)—31)

JQ T s(v)dy—J gTvdSy—j 0 llpreVlldSy + Ay somyy [V, =0, (38)

N t+s
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for all test functions ve H'(Q,,.,)¢ with v=0 on I'p, where 7, ,=As(u, ;) +7° — ap, I and
Aiyg= ntT +sTi+sM 45 + Pre; the perturbed complementarity conditions

n'ua]=0, (Ao é— “tT+sH“t+SH>r,H <0 for all £ € Hy*(T' ;) such that £=0; (39)

and the perturbed stationary transport equation
J ([S(ptﬂ — pr—s) tatr g(u, s — u,,5)]q+5KthT+SVq) dy=0, (40)
Qt+s

for all test functions g € H} (Q+ ).

With the help of reduced Lagrangian & in equation (32) calculated on the saddle-point from equation
(33), and its perturbation in equation (36) calculated on the saddle-point from equation (37), we define a
directional derivative (called the shape derivative) as the one-sided limit

s—0t §

0 o1
EQ(uz,Pt,)\t;rz) = lm — (L (W45 prysMigs; Tigs) = £, p A1), (41)

Physically, equation (41) implies the energy release rate by extension of the crack. For a constant sur-
face energy density y > 0, let us denote the increase in surface energy due to creation of the new crack by

1
G, = lim - <2yJ dSy — ZyJ de> >0. (42)
FH»S Fl

s—0t s

Based on equations (41) and (42), Griffith’s fracture criterion can be stated as the following condition
a
Fod =0 (5 @il + G ) (L = ) 20 @

Together with irreversibility (13), the inequalities in equation (43) imply the two cases:

o ifd/t (u,pr, ;) + G, <0, then I',, ; =T, and crack does not grow;
e ifd/t (us,pr,Ap; ) + G, =0, then |I', | > |I';] and crack will begin to grow.

For the reason of fracture criterion (43), the main aim of our further consideration will be to provide
a formula for calculating the shape derivative 3¢/ /dt in equation (41) (also the limit G; in equation (42)).

4. Energy release rate by fluid-driven fracture

The crack perturbation can be carried out either in explicit or implicit form. In the explicit case, given a
kinematic flow

T _ 1y \ T o
(X0 be= (D)1 - (8)0) " & = (&) -0 (7)) ] ec' (0. @), (44)
associates a coordinate transformation y = ¢, (x) and its inverse x = ¢, ' (y) such that
(b b J(x)=x. [, °¢"](v) =Y.
We suppose that it builds a diffeomorphism of the cracked domains in equations (14) and (35)
b, Q=0 g, XYy, d’;l 1y 0, yX. (45)

From equation (44), a time-dependent kinematic velocity is defined as A|, , ; == [d¢,/ds]°¢; .
In the implicit case, let a vector of kinematic velocity
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A=A ..., A) (1,x) € c([o, T); W1’°°(Q)d>, (46)

be given such that
A=0 ondQ, A'm,=0 onT,, (47)

preserving the outer boundary and irreversible cracks in equation (13). This determines the flow in equa-
tion (45) by means of solutions to the Cauchy problem for non-autonomous and nonlinear ordinary dif-
ferential equation (ODE) system

d
$¢s:A(t+s,d)S) fors e (0, T—t), ¢,=x ass=0, (48)
and to the initial problem for a linear transport equation
0
S+ (Ve AL =0 for (5¥) € (0T —0)xQ, ¢l =y ass=0, (49)

where the gradient qubs_l = (8(¢;1)i/8yj)l‘?fj:1, and A[,, (y) =A(t+s,y). We assume the both equa-
tions (44) and (46) hold.
The following Traits 1-4 are needed to prove the shape differentiability of the Lagrangian.

Trait | (bijection of feasible sets). The function composition with ¢, forms is a bijective map between the
feasible sets

(V’ q, I’L)'_)(v’ éa I:L) = (Vod)s: qod)s: /-Lo(bs) : K(QlJré)'_}K(Qt) (50)

Indeed, equation (50) follows straightforwardly from the diffeomorphism in equation (45). Trait 1
allows us to transform one-to-one the perturbed Lagrangian & from equation (36) to the reference geo-
metry by setting

(.9, 1 T) = L (eq.uTres). Z0.9.4.5T) = < F.4. 5T, (51)

for all (v,q, u) € K(Q, ). Applying equation (51) to the perturbed saddle-point problem (37), we have
(8,040 G 5 T) S L (5,080 Pry oA i T) < L (5.5, 5, 4 0 s s 1), (52)

for all test functions (v, g, i) € K(Q,), and (W, 1, Prs s —pre,Xt+S) € K(€,) is the unique solution to equa-

tion (52). Thus, the next trait holds.

Trait 2 (existence of saddle point). The set of saddle-points (@ s, P; s — PresAs1s) 1IN €quation (52) is a single-
ton for every s € [0, 7 — 1]. 5

We write the s-dependent Lagrangian ¢ defined in equation (51) in the explicit form following from
equation (36)

~ 1 -~ - -
& (s5,%,q, ;1)) = J {<2AE(V¢ST,v) +%°>: E(V,".7)
1 . 5 -
— {S <521 —im) +atrE(Ve, T, ¥ — ﬁta)] q— §R|V¢S_TVQ|2}Jde (53)

- JF gTVde - JF ﬁtTﬂ[Lﬁrevastx + </1’ ﬁ;r+s[[‘~l]]w5>F,'

Here, we have used the chain rule Vyv = V&;TVV, the notation of d-by-d symmetric tensor
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1
E(M.7) =5 (MV¥ + Vi'™MT)  for M € RY*¢, (54)

such that E(I, ¥) = &(¥) according to equation (4), the Jacobian determinant
Jy = det(Ve,)in Q, w, =|Ve, nlJ at T, (55)

and the fact that ¢, is the identity transformation at I'y.

Trait 3 (asymptotic expansion). The asymptotic expansion of ¢ from equation (53) as s — 0T holds
-~ ~ o~ o~ ~ o~ o~ 8 -~ ~ o~ o~
(s, %, q, )=« ,q, ;1) + S3 &(0,9,q, ;') 4+ o(s). (56)

The partial derivative 3¢/ /ds in equation (56) is a continuous function of the first argument given by
the explicit representation for 7 € [0, 7 — ¢)

~ 1 1
a% G(r9,3, Ty = J {div Al <§As(€) b0 azﬂ); e(@) + AT, . <§ VAs(¥) + v7°>; &(7)
Q
1
— (Ae(¥) +7° — agl): E<VA|,T+T,V> —divA|, [S (521 —p,_a) — atr s(ut_(s)] q
i 1 i ~ 1 ~
+ Al V(Sprs +atre(u,_s))g — 8 [K (5de|,+T|vq,|2 - VqTVA|t+TVq> + EA|,T+va<|vq|2] }dx

- j ((dive, Al o + AL V00 ) [pe¥l) + AL, [[Vped ™) s,

t

+ <,1, (divrtA\HTntT + A!LTVHT) [[VH> ;

I

(57)

where the tangential divergence divr, A :=divA — n,TAn, atI';.

Proof. Ass — 0, the following asymptotic expansion of the terms entering equations (53)—(55) takes place
(see, e.g., Sokolowski and Zolesio [35], Chapter 2)
A=A+sATVA + o(s), F =7+ sATVF + o(s), My y=n+sVnA+o(s), K=K+ sATVk + o(s),
Pre =Pre +SA Vpre +0(5),  p,s=pis+sA'Vp,_s+0(s), Jy=14+sdivA+o(s),
w;=1+sdivi,A+o(s), Vo, =1-sVAT+o(s), E(Ve,",¥)=¢() —sE(VA",¥) +0(s),
U,_s=u_s+sVu_sA+o(s), tr E(V(]);T, ﬁ,_5) =tr g(u,_s) + sATV[tr g(u_s)] + ols).
(58)
Inserting representations (58) into the Lagrangian ¢ given by equation (53), we derive its expansions
(56) in the first argument. Since A|, . is a continuous function of the argument ¢+ 7, then the partial
derivative 7—09& /ds(r, - ) in equation (57) is continuous and implies A|,, .= A at 7=0. This finishes

the proof.
The last trait is rather involved and proven in Appendix 1.

Trait 4 (strong convergence). There exists a subsequence of saddle—points (i, 4, pr+s, — Dres A t+5) 1N equation
(52) converging for s; — 0 as k — o to the saddle-point (u,, p; — pre, A;) in equation (33)

(@ 1 500 Py s gohr i) — (WpiA;)  strongly in H'(Q)Y x H'(Q)) x Hy) (T)*. (59)
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Traits 1-4 satisfy all assumptions in Delfour and Zolésio [28] (Chapter 10, Theorem 5.1), thus provide
the following theorem (see the detailed proof in Gonzalez et al. [29]).

Theorem 2 (shape differentiability of Lagrangian). The shape derivative from equation (41) exists expressed by

J N N - ~ ‘
8_Q(ul7pl‘aAl‘;F[): hm _(EZ(Slﬁut+Sk7pt+Sk7/\[+Sk;F[) - £Z<lll‘9plvl\l;l_‘l‘))
t s (60)
9 -
= _Q O: s a/\ 7F s
3 (0,us,pr, A3 T)

where (u, p;, A;) is the solution to the poroelastic problem with non-penetrating crack (28)—(31), and for-
mula for the partial derivative 9/ds & is given in equation (57).

In the following, we specify our main result stated in Theorem 2 with respect to the so-called J-inte-
grals well-known in brittle fracture for linear elastic bodies with cracks.

5. Representation of the energy release rate as J-integral

For the kinematic velocity A from equations (46) and (47), let there exists a d-dimensional set O C Q
with the C!'-smooth boundary 0 and outward normal n such that outside it the solution to equations
(28)—(31) is regular

(. i, Ar) € HA(Q\O)! x H*(Q)\O) x L*(T\O). (61)

Typically, O surrounds crack-tip, crack-front, kinks, and other singular points, where singular solu-
tions are locally admissible. Inside O, we assume the velocity constant, e.g., equal to one, such that

VA=0 inO. (62)

We denote for short O, := O\I',. Based on properties (61) and (62), in the following, we will integrate
by parts the expression in equation (57).

Theorem 3 (J-integral). Under assumptions (61) and (62), the shape derivative in equation (60) for the
solution of the poroelastic problem with non-penetrating crack (28)<(31) admits equivalent
representation by the following sum

9
3 < (0,u, pi, Ai; T'y) =Jo, +Jsorr, +Jr,no +Jrp\o +Jsonr,» (63)

where the integrals are

t

1 1
Jaor, = J {(ATn) [(E Ag(u) +7° — apJ): g(u,) — <S (Ep, —p,_5> — atr s(ut_3)>p,]
AO\T,
1
— A"Vl 7 — 8k (5 (A™n)[Vp > — (ATVp,) (nTVp,)> }de,

1 0
Jo, = [ {AT (E VAs(u,) + V1'0>: e(u;) + ATV(Sp, s +atre(u,_s))p, — EATVK|th|2 } dx, (64)
O
(65)

Jrro = (e ATV ([, — L AT (0 ]+ [[Tpeu o) S,
" (66)

using the notation (A,, A"Vn/ [[u/]])

o= (AT )y [ AT s,
r\o
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Jryo = —96 L o ATK[[Vp,Vpﬂ]nt dSy, (67)
J o (ATt) 0! [[prew]]z0nr, in 2D, (68)
ont IaOml", (ATbl) ntT[LDre“tHde in 3D,

and the effective stress 7, = Ae(u;) + 7° — ap,1. In equation (68) t, is a tangential vector at d', positive
oriented to n, in 2D, and b, =t; X n, is a binomial vector within the moving frame at 9", in 3D.

Proof. We rearrange the terms in formula (57) on the solution (w;, p;,A,) in the sum
3 ~ 6
5 (0.0, A T) = k;lk. (69)
The terms not including VA are gathered in
1 )
I = J {AT (E VAs(u,) + vf‘)): e(u) + ATV(Sps +atre(u_s))p, — 5ATvK|vpt|2 } dx
Q

- J AT (Vn] [[prew]] + [[Vorew] ] n) dSx + (A, ATVR [[u]]),

t

t

Since the assumptions of regularity (61) and (62), the complementarity conditions in equation (25)
hold pointwise at I',\ O, therefore

o = (A dive, An[u )y, = J v Al fu]jas, =0
I'’\o

In I, ..., I, we integrating by parts with respect to VA. Using 7, = Ae(u,) + 7° — ap,I, we calculate

L= JQ,\O divA G Ag(u;) +7° — aptl>: e(u,)dx = J { (A'n) (% Ag(u,) +7° — aptl): g(u,) } dSy

AO\T,

1
+ J {—AT (5 VAsg(u,) + V70>: e(u,) + aATVp,tre(u,) — ATVe(u,): T,} dx,
Q\0

where the last term ATVe(u,): 7, will be shortened when adding

d
L= — J T E(VAT, ut) dx = J {Z ATV(u,)i(diVT,)i —I-ATVS(UI): 7;} dx
Q\O Q\O i=1

—J ATVutTT,ndSX+J AT [[Vul7]]n.dSy,
dO\T, r\o

and div 7, = 0 due to the equilibrium equation (3), then
. 1
[4 = - J le A<S (Ept _p15> — atI‘ 8(“;6))ptdx = J {ATvpt(S(pt _ptfa) — a'[l‘ 8(“;,5))
Q\O Q\O
1
_ATV(SpHs + atr g(u,_s))p; }dx — J \ (ATn) (S (Ept —pt3> — atr s(ut3)>p,de,
JO\T,

which due to equation (10) constitutes the zeroth term

ATV [S(p — pios) + atre(u; — u,_s) — 8div(kVp,)] =0,
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together with I, and
1 1
Is = — J 8k <— div A|Vp,|* — VplTVAth> dx = J 8 (— ATVk|Vp,|* — ATvp,div(Kvp,)> dx
avo  \2 o\0 \2

[ e G (An)| Vi — (ATVp) (nTvp,)> as.— | okAT[Vp T s
BO\T, rn\o

For I, differentiating along the crack gets

Ig = — J divrtAn,T[[preu,]]de = J AT(HVpreu,THnt + Vn,T[&areu,]] + [[VutTpreHn,) dSy
r\o r\o

— (A"t)nf [[preu]]jonrin 2D, or  — J (A"b/)n/ [[pre]] dL in 3D,
60T,

where in 2D a tangential vector t; at oI, is positive oriented to n,, and in 3D a binomial vector b, =t; X n;
builds the moving frame at ol’;.

The integrals from 73 and Is over I',\O, where the stress is determined pointwisely, can be combined
using the boundary conditions (21), (23), definition of A, in equation (29), and the following calculation

L\ ATV Tu] + [[Vaf =] ]n,+ [[Vupee] ;) dSy = JF\ AT AV ]+ [[Va/]]Am,) dS,
A9 A0 (70)

_ J ATAY (T [[u]]) dSy = [ ATAY (0 [u,]]) Sy =0,
r\o r\o

by decomposing the vectors into normal and tangential components and using A'n, = 0 at the crack T,.
The pointwise product in equation (70) is zero due to the complementarity conditions (25) after applica-
tion of the tangential differentiation Vr, :=V — n,(n/ V) to n/[[u/]] =0. Finally, collecting the integral
terms /,—Is in equation (69) together with equation (70) provides the expressions (63)—(68).

We present several concluding remarks as follows:

e With the help of tangential gradient and A'n,=0 at T,, formula (66) can be expressed
equivalently

Jrno={Au ATVEN [[u]])r,n0 — L AT (V] [[prew]] + [[Vrpret; ] ] n;) dSy.
NO

® Applying the coordinate transformation ¢, using expansion of wy in equation (58), and differen-
tiating along the crack, we calculate the limit in equation (42)

A't|y  in 2D,
Jor, ATbdLy  in 3D.

s—0t §

.1
G;=2y lim J (w5 — 1) dSx :27{
T

e It is worth noting that Jyo\r, from equation (66) is related to J-integrals known for linear elastic
bodies. We clarify the relation in the following corollary.

Corollary | (non-penetrating crack in linear elastic body under fluid-driven fracture). If the factors S =a =« =0, then the
Lagrangian ¢ in equation (32) implies the strain energy
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SlupriT,) = J gTuds, — j o [[preul)dSs + (L [l) . (71)

N I,

G Ae(u) + T°>: o(u) dx — L

The strain energy release rate is given according to equation (57) by

t

o ~ ) 1
3 (0,4, pr, A Ty) = J {le A <§As(ut) 4 1-0); &(uy)

t

+AT <% VAe(u,) + V70>: e(u,) — (Ae(u,) +7°): E(VA", u) } dx

- J ((divr,An} + ATV [[prew]] + AT [[Vpreu/]]n,) Sy + (A, (divr,An/ + ATVn] ) [[u]]). .

t

Let the elasticity coefficients A and prestress 7° be constant. Then, under assumptions (61) and (62),
the shape derivative is expressed equivalently by the integrals from equations (63)—(68)

9 -
g (\/(Oautapta/\t;rt) - J

{ (A"n) <§ Ag(u,) + 70>: &(u;) — ATVutTT,n} dSx
dO\,

+Jr,n0 + Jsorr, -

(72)

If pre 1s constant and the crack I'; is plane in O, then Vp,e =Vn, =0 at I', N O such that Jr,no =0, and
the strain energy release rate in equation (72) implies the path-independent sum

~ 1
8% & (0,u, pr, A Ty) = J { (ATn) <§As(u,) + 70): g(uy) — ATVutTT,n} dSx + Jyorr, - (73)

AO\T,

e  We finish the paper by emphasizing that formulas of the shape derivative obtained in the paper
are of practical use to predict when fluid-driven fractures will begin to grow.
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Appendix |
Proof of the strong convergence in Trait 4
We split the proof in five subsequent steps.

Uniform estimate of (0, 1 s, P;+ )

Applying Theorem 1 to the s-dependent problem (52), its saddle-point (i, s, pr s — pre,)LH) € K(Qp)
satisfies the necessary and sufficient optimality conditions like (38)—(40)

J(AE(V(]&ST,@H)—%T apH_S) E(Ve, ", ¥)Jdx

’ (74)
—~ L g'vdS — L iy, ([P, ¥]] @S + (& iy, [[T]]ws)y, =0,
N t
JQ ([S(Prys —Prs) +atr E(V; T 0.5 —ii5)]|q+ kYD), Vo, 'V, V) Jdx =0, (75)

i, [l =0, (s €— ITH[[utH]]wQ <0 for all £ € H))*(T)such that £=0, (76)
for all test functions (¥, ) € H'(Q)? x H{} (Q,) such that V=0 on I'p. With the help of asymptotic expan-

sion (56) and (57) in Trait 3 and applying Taylor’s theorem, we can decompose equations (74)—(76) as
s — 07 akin to the reference problem (28)—(31)

U 0 - 1§ - T v X ik, [[¥]]ew,
LI(As<ut+s>+f —ap,, 1): s(¥)dx LNg s, jtn,mvre Jasct Qs [Bloy,

=sBy (S, (ﬁt+saﬁt+s)’v)’
JQ ([S(i)t—O—S _Pt—ﬁ) +atre(l, . — lltfé)]é +5KV[~%T+SV6) dx =sB, (S’ (ﬁ“fs"bf“‘s)’ é)’ (78)

ooty [[Flos)p, = Ao [Fl])g, +5Ba (5414, 9), (79)

where the remainders in the form of Lagrange build the bilinear forms

Buls, (B4 005y, ).7) = _J [ATE, 0, (VAs(i ) + V5°): e(9)

t

+ (Ae(i ) + 70— ap, ) - (divAL%s(v) - E(VA|ITH0“, v)) }dx (80)

- j ((dive, Al s go,07 + AL 0, 907 ) [ee¥]) + AL, [ V] e ) i,

BP(S’ (ﬁtﬂaﬁtﬂ)’q) = JQ {diVA’t+50p [S(i’tﬂ _pt—B) +atre(d, 1 — “t—b‘)]‘? 1)
+ AL g, VISpis +atre(us)]g — 8V, (KdiVA|t+S0pI — (Kl - vKT)A\tHOP)vz]}dx,
Bu(s.Ars¥) = (s (dive Al 4,07 + Al o, 907 ) [¥]]) (82)

which are bounded for the parameters 6y, 6,,6, € [0, 1].
We test the variational equation (77) with V=1, ¢ and use <)\,+S, ,TJFS[[u,JrS]]wQF =0 from equation
(76)
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J (Aa(ﬁm>+7°—aﬁ,ﬂl):a(ﬁ,ﬂ)dx:j gTﬁz+stx+J 0 [[prefi +.]] S
s I'n I, (83)

+SBII (S7 (ﬁt+Avaﬁt+s)aﬁl+Av)a
then insert g = p, .y — pre into equation (78) such that
J ([S(laws _pt—ﬁ) +atre(l, ., — “t—S)]IN’Hs +6K|vl~71+s’2) dx = J (S(i?t+s _pt—ﬁ)
Q, Q (84)
+ atr 8(ﬁt+s - ut78)pre + 8Kv]~7tT+stre) dx +sB, (Sa (ﬁt+saﬁz+s)’ﬁt+s _pre) :

After summation of equations (83) and (84), the term ap, . (I: &(ii, . ;) = atr&(Qi; , ;)p; 1 s 1S shortened
and

[ (Astiso) o) 557+ 061V ) dx= | (<o i) + (5o + atr stus)lp
Q, Q

+ [S(Brys — Pis) +atr &(@4 5 — W) | pre + OKVD,, Vpre)dx + J g"ii, ., ,dSy + J N [[prell; + 5] dSx

I'n t
+SBII(S9 (ﬁt+Sal3t+s)’ﬁt+s) +SBp(S7 (ﬁt+S7ﬁt+s)7ﬁt+s _pre)'
(85)

Applying Young’s inequality, for elliptic A from equation (16) and positive k from equation (17), the
uniform estimate holds

|| Uy s H%p(g,) + || Di+s ||12'11(Ql) <C, >0, (86)

for s < s with sufficiently small 5y > 0.

Uniform estimate of A, 4
From equations (77) and (79), we express the duality
(R s 0T 7). = —J (Ae(iirss) +7° — apy, 1): &(F)dx + j g1V dS, + J 0 [[pre¥]] S
! Q I'n ; (87)
+ SBU (S, (ﬁ""s’ﬁl%ks) , ;’) — SB)l (S, At-‘y—Sa {’) .
Dividing the equality (87) by the norm of nl[[V]], taking supremum over ¥, using the Cauchy—

Schwartz inequality and the bound (86), by the surjectivity of the trace operator we estimate the dual
norm

. Aiss, L [[¥
I Aeisllyprgye = sup ( . ¥, <G, G>0. (88)
00 YeH! Q) | m [[VHHH(;({Z(F,)

for s < s( and sufficiently small sy > 0.

Weak convergence

By the virtue of uniform estimates (86) and (88), there exists a subsequence s; — 01 as k — o and an
accumulation point such that (u,, p; — pre, A;) € K(Q,) and

(@4 5o Py o i) — (Wpind,)  weakly in H'(Q)? x H'(Q) x Hyy (T)*. (89)

By the compactness of embedding of the boundary traces, it follows that
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i, —u stronglyin L*(Tn U] UT, )as s — 0. (90)

Taking the limit in the s;-dependent problem (74)—(76) as s — 0 due to the expansions (77)—79) and
the convergences (89) and (90), the limit (u,, p;,A;) solves the reference variational problem (28)—(31).

Strong convergence of (U; 4 ,, Ds+s,)

Testing the reference equations (28) with v=u,, where (A,,n![[u]]); =0, and inserting ¢ =p, — pr. into

equation (31), after summation the term ap.l: &(u,) = atre(u,)p, is sflortened, and similarly to equation
(85), we obtain

J (As(u,): e(u,) +Sp? + 8K|Vp,|2) dx = J (=7 () + [Spi—s + atr e(u,_s) |,
t , (91

+ [S(pr — prs) +atre(u;, — u,_s)|pre +5KthTVpre) dx + J glu,dS, + J ntT[bpreu,]] dSy.
I'n '

We subtract equation (91) from equation (85) and rearrange the terms as follows

J (As(ﬁt+s — llt): S(ﬁt+s - ut) +S(ﬁt+s —pt)z +8K‘v(ﬁt+s —p;)‘z) dx= JF gT(ﬁt+S - ut)de

Q N

+ J n;r[bre(ﬁtﬁ*s - ut)“dSX +SBU(S9 (ﬁf+sapt+s)aﬁt+s) +SB]7(S5 (ﬁt+sal§t+s)7ﬁt+s _pre)

+ JQ ([szfa +atre(u_s)] (B, s —pr) + [S(Br4s — pi) +atre(ly s — w)|pre + 86V (P, 4 —pt)TVpre
—70 (il — ) — 2[Ae(w,): &(l; 4 —w) +Spi (Py s — 1) +6KthTV(ﬁ,+S —pi)])dx.
(92)

On taking the limit as s; — 0" in equation (92) due to the boundedness (86) and convergences (89)
and (90), it follows

(ﬁ,ﬂk,ﬁtﬂk) — (u,p;) strongly in Hl(Qt)Cl X Hl(Qt), (93)

for elliptic A from equation (16) and positive k from equation (17).

Strong convergence of A t+ 50
Subtracting the reference equation (28) from equation (87) such that
(evs — A7), = — J (Ae(iirss — w) — (B, . — p)1): 8(¥) dx
‘ Q (94)
+SBII(Sa (ﬁl‘+saij[+s)av) - SB)\ (Sa/\t+sa V)’
dividing it by the norm of n/[[¥]], and taking supremum over ¥, applying the Cauchy-Schwartz inequal-

ity by the virtue of the boundedness (86) and (88) and the convergence (93), from equation (94) we con-
clude that
Xiys, — A, strongly in Holgz(l“t)*.

Together with equation (93), this finishes the proof of the strong convergence (59) in Trait 4.



