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ABSTRACT

A class of one-dimensional impact and dynamic contact problems taking into account non-smooth velocities is
studied. The new space-time finite element approximation of dynamic variational inequalities is suggested. The
non-smooth solution for the impact of an obstacle by an elastic bar and its energy conservation under persistency
conditions is proved on partitions of the space-time domain. The explicit solution of the double impact problem
is taken as an analytical benchmark for numerical experiments. For an iterative solution, a primal-dual active set
(PDAS) algorithm stemming from semi-smooth Newton methods is constructed. Numerical experiments compare
the space-time PDAS method with some other existing methods: a mass redistribution method, Paoli-Schatzman
scheme, and a Nitsche-based approximation, highlighting its advantages.

MSC2020 Classification: 35L85, 49M15, 74S05

1 | Introduction

In this paper, we propose a new method for space-time approximation of impact and dynamic contact problems involving
non-smooth velocities. We investigate non-smooth solutions to a dynamic contact problem in a one-dimensional bench-
mark describing multiple impacts of a rigid obstacle by an initially deformed elastic bar, for which a periodic solution is
constructed analytically. The main challenge lies in handling the discontinuities in both the velocity (i.e., time derivative
of the displacement) and the spatial gradient within the weak formulation of the dynamic problem. This framework leads
to a variational space-time approximation. Various discretization techniques employing continuous and discontinuous
finite elements in both space and time have been described in [1-3]. For further applications of space-time methods,
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we refer to [4, 5]. It is worth noting that, in the context of the wave equation, stability typically requires a CFL condition,
as discussed in [6].

The existence of periodic solutions for nonlinear wave equations was established earlier in the works [7, 8]. Further
mathematical results on existence for elastodynamic problems with unilateral constraints, as well as for related hyperbolic
variational inequalities, are provided in [9-12]. For the approximation of elastodynamic contact problems with the help
of finite element method (FEM), the reader is referred to [13]. A discrete element method for contact between deformable
solids is described in [14], while advanced boundary element methods suitable for transmission and contact conditions
are presented in [15]. We cite [16] for semi-analytical methods transforming the contact problem into a system of integral
equations. A Petrov—Galerkin generalization of FEM, based on enrichment of trial functions, can be found in [17].

To efficiently solve complementarity problems closely related to variational inequalities, a Semi-Smooth Newton method
(SSN) was proposed and implemented through the primal-dual active set (PDAS) strategy; see [18, 19]. The treatment
of variational inequalities describing contact of elastic bodies and non-penetrating cracks was developed in [20, 21].
Numerical analysis and simulation of contact problems in mechanics employing the SSN can be found in [22-24]. For
dynamic contact problems treated with the PDAS approach, we refer to [25, 26]. A Nitsche-based approximation rele-
vant to elastodynamic contact is presented in [27]. More recently, Hilber-Hughes-Taylor (HHT-a) time-discretization
schemes generalizing the Newmark family have been incorporated into the SSN method and implemented as the PDAS
algorithm in [28, 29]. These methods are based on the acceleration of a field variable and consequently assume velocity
continuity.

To handle discontinuous velocities, a measure-differential formulation was developed within the framework of sweeping
processes in [30, 31]. It is reminiscent of a velocity-based time-stepping algorithm when reflecting the velocity, which is
multiplied by a restitution coefficient, see [32]. A discontinuous second-order sweeping process in [33] addresses to con-
tact the dynamics by employing a combination of the improved normal compliance and PDAS methods. As computational
alternatives, we refer to the mass redistribution method, which is detailed for a one-dimensional elastodynamic contact
problem in [34-36], and to relevant discrete time integration schemes for non-smooth impact dynamics discussed in [37].
In comparison to the time-stepping methods that are commonly used in the literature, we propose the weak formulation
of time derivatives within a full space-time discretization.

As a motivation, we present an illustrative example of a vibrating unit mass on a spring, initially compressed by u, < 0
and without damping. The oscillatory behavior of the system is described by the following equation of motion:

{u,,(z) +u(®)=0 forz>0, o)

u(0) =u, and u,(0)=0,

def g
where u,, = %’. Note that u(t) = u, cos(?) is the unique solution to problem (1). The corresponding impact of the rigid
obstacle ¢ = 0 leads to the complementarity problem that can be written in the compact form as follows:

u,(t) +u@) = At) fort>0,
0>u(f)LA@) <0 fort>o0, (2)
u(0) =u, and u,(0)=0,

where the Lagrange multiplier A implies the contact force. The orthogonality has the natural meaning: if we have enough
regularity, it means that the product u(-)A(-) vanishes almost everywhere on the boundary. If we do not have enough
regularity, the above inequality is integrated on an appropriate set of test functions, yielding a weak formulation for the
unilateral condition. Note that (2) possesses multiple solutions given below:

u(t) = uycost, A1) =0 forte (o, g),
un) =0, An<0 forre »kad=ef§ +(0,1;) + (1, + m)k,
u(h) = cecos(i 4wk =)= (k+ D), AD=0 fort € I, =5 41, +(0.7) + (1, + 0k,

with arbitrary constants ¢, > 0 and ¢, <0, where k € N, see illustration in Figure 1. This solution is non-smooth since
the velocity is discontinuous, and the acceleration is a distribution. To get the periodic solution as ¢, = u, requires setting
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FIGURE1 | A solution to the multiple impact of an obstacle by unit mass on a spring. [Colour figure can be viewed at
wileyonlinelibrary.com]
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FIGURE2 | The double impact of the rigid obstacle at x =1 by an elastic bar. [Colour figure can be viewed at
wileyonlinelibrary.com]|

extra conditions on 7,, where the constraint is inactive (i.e., u < 0 and A = 0). It takes place between multiple impacts
when u = 0 and A < 0 corresponding to active sets .4,. This consideration motivates our numerical regularization of the
dynamic contact problem through the application of a discrete force balance at time points immediately before or after
impact.

The other specialty of numerical implementation concerns the fact that the stiffness matrix for the non-smooth wave
equation is generally not an M-matrix and fails to be an inverse positive. In this case, the Newton-min algorithm lacks
monotone behavior and may cycle, see [38]. To remedy the monotony, we suggest a numerical procedure of reinitializa-
tion of iterates after each impact. Moreover, since the space-time discretization implies a Petrov-Galerkin FEM obeying
different test and trial functions in the basis, we extend the computational domain by some fictitious time.

This paper is structured as follows. In Section 2, we formulate the one-dimensional non-smooth problem of an initially
deformed elastic bar impacting a rigid obstacle from rest. A weak formulation is proposed in a primal-dual variational
framework that allows discontinuous velocity profiles. An analytical solution is derived over a partition of the space-time
domain, serving as a benchmark for numerical investigations. Energy conservation is ensured under persistent conditions
imposed on the partition. Section 3 introduces the space-time discretization of this benchmark problem using uniform
triangular meshes and piecewise-linear polynomials. For the iterative solution, we employ the PDAS algorithm and pro-
vide insights into addressing the monotonicity of active sets and achieving super-linear convergence. Numerical tests in
Section 4 investigate the displacement field computed on the contact boundary, energy conservation, and a-posteriori
convergence to the analytical solution in the energy norm when decreasing the mesh size parameters. Comparative
results with the known, highly efficient methods show that our approach offers significant advantages and potential
for further improvement. Moreover, the sensitivity of the space-time discretization to variation of the geometry, when
exact times of impact do not coincide with grid points at the contact boundary, is investigated. In this case, we propose
addressing the issue using a mass redistribution technique. The decomposition into sub-PDAS procedures is discussed in
Section 5.

2 | Variational Formulation for the Impact Problem

We consider an elastic bar of length L under tension-compression, with unit mass density and unit elastic modulus. More
precisely, one end of the bar is free to move as long as it does not hit a material obstacle, while the other end is clamped
(see Figure 2a).

We now present the mathematical formulation of the problem. The bar is assumed to be made of a homogeneous material
and to obey the theory of small deformations. Let x denote the spatial coordinate along the bar, with the origin located
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at the material obstacle. Let u(z, x) represent the displacement at time ¢t € [0, T], T > 0, of the material point located at
position x € [0, L]. The mathematical problem is then formulated as follows:

u,(t,x)—u,(t,x)=0 for (t,x) € (0,T)x (0, L), 3)

with Cauchy initial data
u(0,x) = uy(x) and u,(0,x) = vy(x), (4)

fdu

d def ,
where u, = % and u, = ==. We assume that the bar is fixed at one end x = 0, and impacts the rigid obstacle ¢ = 0 at the

other end x = L. The 1mpact is described by pointwise complementarity conditions at the contact boundary:
0>u(, L)LAr) <0 forte(0,T). 5)

In the smooth case of continuously differentiable functions, the contact force 4 can be determined from the balance of
normal reaction:
Mt)=u,(t,L) forte(0,T). (6)

We assume that the initial displacement u, € H'(0, L) in the Sobolev space and satisfies the compatibility conditions, that
is uy(0) = 0 and u,(L) < 0 and the initial velocity v, € L%(0, L). Let us describe the weak formulation associated with our
problem. To this aim, we introduce the following sets:

1 def 1
H} (0.T) = {v € H'(0,T) : v(0) = 0},

HL(0,7) = {0 € H'(O.T) : o(T) = 0},

Vy, £ 120, T3 HL (0, L)) 0 HL (0,75 LX(0, L)),
)

def _ 5 1 2
V= L*(0.T: Hy (0. L)) n HY(0, T; L0, L)).

The former set V, has zeros on the bottom and left faces of the space-time domain, while the latter V ; has zeros on the
bottom and right faces of the space-time domain. Then, the weak formulation associated to problem (3-5) is obtained by

def
multiplying (3) by v — u and by integrating formally this result over O = (0,T) % (0, L), we get

Find u — uy, € V,_such that u(z, L) <0 for t € (0,T),
Jo, (—u (v, =) +u (v, =) dx dt > [ vo(0(0,) = 1) dx (7)
forall v —u € V, with v(z, L) < 0 for t € (0, 7).

The unique solvability to (7) is proved in [35]. For the H2-smooth solution u, the problem (7) follows the wave Equation
(3), the Lagrange multiplier A in (6), and the initial velocity u,(0, -) = v,.

With the help of Lagrange multiplier (the dual variable), the variational inequality (7) can be written in the primal-dual
form as dynamic LCP:

Find u —u, € V, and A € L*(0,T) such that
u(-,L)<0, A<0, [ au(-,L)dr=0and (8)
/QT(—u,U, +u,v,) dx dr — fOTﬂv(- ,L) dt = /OLUOU(O, 9 dx forallveV,.

It is worth noting that the gradient u, on the contact boundary at x = L associated to 4 by (6) in general is determined as
a distribution only. We justify non-smooth solutions to (8) based on the following construction.

Assume partition without overlapping of the rectangle Q= Ui]ilfi into polygons K; with boundaries 0K; and outward
normal vectors n'. In the interior int(Qr), denote by I';; the straight edge joining K; and K for j # i with the normal n”
pointed from K; into K as illustrated in Figure 3.
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FIGURE3 | One element K;, and two joint elements K; and K, in a partition. [Colour figure can be viewed at

wileyonlinelibrary.com]|

Introducing the jump of a discontinuous field ¢(z, x) over the edge:

def
l#l =¢|3anr,/ - ¢|aK,nF,,’

We adapt Green’s formula on the partition to get

N N
Z/ (w, —u,,)dxdr = 2/ (—u,v, +u,v,) dx dr + 2 / un dx
i=1 /K i=1 /K y J OKin{x€©.L)}

K,n{1=0,T

- Z / u.nl, dr + Z /[[(—u,n;j+uxn;j)v]] dr, 9)
) dK;n{te(0,1)} I,;nink(Qy) I

K,n{x=0,L
which holds for discontinuous fields u,, u,, v, that are smooth within each element K.

Theorem 2.1. Let a piecewise, twice continuously differentiable, u(t, x) and a piecewise continuous A(t) fulfill the follow-
ing relations on the partition:

u,—u,=0inK, fori=1,...,N,
= [u]n + [uln = 00nT;; € int(Qy),
u=00ndK,Nn{x=0}and0>ulA<00noK,n{x=L}

u=uyand u, = v, on 0K; n {t = 0}.

(10)

Then it justifies the non-smooth solution to (8).

Proof.  Theorem 2.1 follows directly from Green’s formula (9), applied to test functions v € V  that are continuous and
satisfy [[v] = 0. The Lagrange multiplier 4 = u, (-, L) is identified via the force balance condition (6). O

Let us define energy of the bar on the partition:

def 1

EG) = 5 (u? +u) dx for all s € (0, 7). (11)

K;n{r=s} »/K,-n{t=s, xe(0,L)}
The physical model is characterized by its conservation of energy.
Theorem 2.2. Ifsolution to problem (10) satisfies the persistency conditions on the partition:

[]%(ut2 +ul)n} —uun?l] =0onT;; €int(Qy),

12
_ 2z fc)K,n{te(O,T)} uu, dt =0, (12)
K;n{x=L}

then the energy is conserved, that is E(t) = E(0) forallt € [0, T].

Proof.  From Green’s formula (9) (without integration by parts over time) applied to the non-smooth solution u of (10)
and discontinuous test function v = u, in the moving domain Q,, thanks to equations in (10) we have:

Mathematical Methods in the Applied Sciences, 2026 5901

85UB017 SUOLILLIOD BAIFER1D) 8|l dde au Aq pauRA0b a8 S3[o e WO ‘88N JO S3NJ 0 AX21q 1T 8UIIUO 43| 1M UO (SUORPUOD-PUE-SWUS)W0D A8 | 1M AeIq 1[ou 1 JUO//StY) SUORIPUOD PUe Swie | 8U388S *[9202/70/ST] U0 A%iqiaulluo A3|IM e 1snyaURIG00D AQ 0LE0LBWW/Z00T OT/I0p/W0o A im AReiq Ul juo//sdny Wwody papeojumod ‘. ‘9202 ‘927 T660T


http://wileyonlinelibrary.com

(a) field u(t, x) (b) velocity u¢(t, ) (c) gradient u,(t, x)
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FIGURE4 | Analytical solution for periodic impact: Displacement (a); velocity (b); gradient (c). [Colour figure can be viewed at
wileyonlinelibrary.com]

1
0= Z/ (uy —uyJu, dx dt = 2/ (—(utz)t + uxu,x> dx dr
K JKintt<s) T JKinti<s) V2
_ Z / uu, dt + Z/ [qun;ju,]] dr,
JoKinlie©.9) T, Jr,niniQ,)

En{x:L

where u, = 0 at x = 0 was used. Integrating by parts over time with the help of assumptions (12) it follows:

1 ..
0== / W +u), dx dr + / [ + u?)n]] AT’
2 (; Knfi<s) ' ; I;nint(Q,) ' !

ij

= E(s) — E(0),

which proves the theorem. O

Following Theorem 2.1, we construct explicitly a time-periodic solution to the impact problem (8) in a particular case
corresponding to that in [34]. Namely, let L = 1, the initial field u, = —x/2 and velocity v, = 0. For the period T = 3, the
analytical solution reads:

-

—’2-‘ fort >0, r+x<1,

% forl<i+x<2 t—-x<1,

z forl<t+x<2, t—x>1,
u(t,x) =91_

T fOI't+X22,t—XS1,

% fort+x>2 1<t—x<2,

—’2—‘ fort—x>2, t<3.

The solution u, its velocity u,, and its gradient u, are shown on Figure 4.
It is worth noting that both the velocity and the spatial gradient exhibit discontinuities in space and time on the partition
into six elements. The persistency condition (12) holds because of u? + u> = 0.25is constant and u,u, = 0in every element.

Consequently, by Theorem 2.2, the energy of the bar given in (11), is constant over time and equal to E(¢) = 0.125. This
non-smooth solution will be used as a benchmark for numerical analysis in the next section.

3 | Numerical Resolution of an Impact Problem

We introduce the space-time discretization on regular triangular meshes 7,,, see an example in Figure 2b, given by standard
piecewise-linear polynomials:

Vi {, € CO10,TT X [0, L), v,lx € Py(K) forall K € Ty, v,(-,0) =0},
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respectively for trial and test functions:
def def
Vi = {v, €Vh 0,0, )=0}, VE={v, eV, (T, )=0}.
The basis functions ¢y, ..., ¢por € V" in the space-time domain are given by standard piecewise-linear “hat’-functions
on a 6-point patch of triangles. Here, DOF is the number of degrees of freedom. The triangular elements are employed to
align with characteristics x + ¢ = const and x — ¢ = const of the wave equation.
Let the mesh 7, on the contact boundary at x = L be represented by distinct time points 0= <! <-.- <M =T

. def . . . . L . -
with z,, = " — 1. The discontinuous gradient u, (- , L) of a function u, € V" is piecewise constant on the partition

— def
[0, T]= UmleTm, where T, = (#™=1,t™), given by the trace:

up (-, D)y = | for K € T, such that /"', 1" € K.

Then the integral over the contact boundary for the P,-approximation reads:

T M m—1 m
0, ("1, L) + v, (1", L)
/ UpxUp dtlx:L = z ,uhx(' > L)le " 2 " Tims (13)
0 m=1

for functions u,,, v, € V".

Using (13) and introducing the discrete Lagrange multiplier intended to represent the contact stress on intervals according
to (6), we set the space-time discretized variational problem (8) in the form:

Find u, — Uy, € V2 and 1, € RM such that on 7, we have

uply <0, 4

0’

m

M m—1 m
"1 L)+ u, (1", L
<o, Z/lme up( ) +up@™ L)
m=1 2
L (14)
/ (—up, Uy, + Uy Uy,) dx df — / Uon0,(0, +) dx
. 0

v, ("1, L) + v,(t"™, L)

Mz

forall v, € Vf(l),

m=1

where u,,, (respectively v,,) is an approximation in V" of the field u, (respectively, the initial velocity v, at t = 0). Reducing
A, from (14), it can be expressed as the discretized variational inequality (7). We construct its solution using the iterative
procedure described below.

Let us order the first ¢, ..., ¢,, “hat’-basis functions on 7, with nonzero support on the contact boundary such that
¢,,(t", L) = 6,,,- We test equations in (14) by v, = ¢,, € V% and define residuals r, ..., r),_; € R as follows:

L
rm d:ef/ (_uht¢mr + uhxd)mx) dx dt - / U0h¢m(0s ) dx' (15)
Or 0

Then (14) follows equations for r, € RM:

M _ AT+ A1 Ting

ro=—andr,= ————,
0 2 m 2

which can be inverted for A, € RM recursively via the residual:

2F 2r — A, T
== 4, ="""" form=1,....,M —1. (16)
T T+l

The representation of Lagrange multipliers in (16) is advantageous since it does not employ any regularity assumptions
on the solution.
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The complementarity conditions on T3, ..., T, in (14) can be expressed as nonlinear equations:
w, ("N, LY 4+ u, (1", L
4, = min (0, o — nl )2 nl )> , (17)

provided by the same sign of u, (", L), u, (", LYon T,,. Indeed, if 4,, — (u,(t"*, L) + u,(t", L))/2 > 0, then 4,, = 0 follows
u, (™1, L) + u,(t", L) < 0. Otherwise, A, — (u,(t"', L) + u,(t™, L))/2 < 0 yields u, ("', L) + u,(t", L) = 0 and A, < 0.
According to (17) we define active and inactive intervals 7,

def — m— m
Ay, ) = {int(U Tm) [ - DD <o},

(18)
def — m— m
L) = {UT,, 4, — bl > o,

such that either u,(tr, L) =0fort € T, as T,, C A(uy, 4;), or 4,, = 0 for complementary 7,, C I(u,, 4,). Using active and
inactive sets given in (18) the following complementarity problem stems from (14):

-

Find u, — uy, € Vi and A, € R such that on T,, we have

u, =0on A(u,, 4,), A, =0on I(u,, 4,),

L
y / (=t Uy + Uy V) dx df — / VopUp(0, +) dx 19)
Or 0
M m—1 m
v, , L)+ v,@", L
= Z/Imrm n )2 ALY for all v, € V.

m=1

The PDAS algorithm iterates (19) over active sets and employs residuals from (15), (16) as follows.

Algorithm 3.1 (space-time PDAS). Initialization step: Initialize active set A° = (§ and inactive set I° = [0, T, set
iteration number k = 0.

Iteration step: Solve the linear system of equations on the linear subspace:

Find u} — ug, € Vg’ such that  uf =0 on Ak,
L
/Q (—uy, vy + ty vy dx di — /0 UonUp(0, ) dx =0 (20)
-

forall v, € V" with v, =0 on AX,

where v, are spanned by the basis functions ¢, that belong to the linear subspace. Compute the residual r’;l € RM and
Lagrange multiplier A} € RM:

L
ry = / (—uy e+, Byy) dx di — / Von®s (0, +) dx,
Or 0

(21)

. 2rf . 2rk — k7,

M=— Ap,=——— form=1,...,M-1

7 T+l
Update active and inactive sets:
— k¢ em—1 k (em
Akt = {int(U Tm> L Al A tol},
2

(22)

k -1 k
k(" L+l (1 L)

I;:+1 = {Ufm . )’fn_ f > tOl},
Termination step: Exit if A¥*! = A* or cycling, else increase iteration number k = k + 1 and go to the iteration step.

The unique solvability of space-time discretized variational problems for linear wave equations (20) can be found in [6].
The behavior of the PDAS algorithm that is attained is demonstrated in Figure 5.
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FIGURES5 | PDAS iterates: displacement u’;l(t, 1) (a); multiplier A’;l(z, 1) (b); active set A’;l (c). [Colour figure can be viewed at
wileyonlinelibrary.com]|

Here the displacement u h(t 1) (left), Lagrange multiplier A 4, 1) (center), and active set Ak (right) are depicted along the
contact boundary with M = 300 time points. The algorlthm terminates as AS A4 in only k =0,...,4 iterates at the
discrete solution (u4 /14) = (uy, 4;,) to the dynamic impact problem (19). Below we h1nt (i)-(iv) to the 1mp1ementat10n of
the generic Algorlthm 3.1.

i.

ii.

iii.

To avoid numerical instabilities caused by grazing contact when the both variables u* and 4% are almost zeros on

T,,, we use a small tolerance tol = —10~° to split between active and inactive sets in (22).

Since the linear span of the basis functions in the trial space V" differs from the test space V” at initial # = 0 and
finalf = T times, we extend °, ..., ™ by two fictitious time steps #**+! and tM*2 composing one addltlonal patch. In
the extended computation domaln (0,M+2) x (0, L), test functions v, = 0 at r = rM+2 and they agree trial functions
att = T. In the extension we impose the inactive condition 4,, = 0 in (6) hold pointwise form = M + 1, M + 2:

Uy, (1", L) = 0. (23)
In practice, the stiffness matrix at a fixed iterate is expressed in the reduced form as follows:
Myu, (1", L) + My,u, (", L — h) = F,,
{ My u, (1", L) + Myu, (1", L — h) = F.
The first equation is replaced according to (23) by
u,(t", L) —u,(t", L — h) =
For redistribution in (26), the second equation is then replaced by:
(M, + My)u,(t", L) + (M1, + My,)u,t", L — h) = F, + F,.

Since the stiffness matrix associated with the non-smooth wave equation is generally not an M-matrix, we propose
reinitializing (22) with inactive intervals in order to remedy the monotonic behavior of the PDAS algorithm iterates.

~ def ef —
A E A Al and TS T, \ A4S

at that the iteration k where repeated active sets increase:
k+1 k k k-1
(A nAy) o (AN AT,

The purpose of this strategy is to preserve the active sets over time and to avoid fluctuations. An example of such
reinitialization at Iterations 2 and 4 is illustrated in Figure 5c. Following the first impact at iteration for k = 1 (setting
A;l = (), the sets Af, and complementary Ii in (22) were replaced by reinitialized ones th, and 7 2 then the iteration
step continued. The next reinitialization occurred at k = 3, following the second impact.
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(b) velocity ut(t,x) (c) gradient ux(t,x)

(a) displacement u(t,x)

0.25

—0.25
—0.5

FIGURE 6 | Discrete solution as N = 4: displacement u,, (a); velocity u,, (b); gradient u,, (c). [Colour figure can be viewed at
wileyonlinelibrary.com]

iv. To treat multiple impacts (more than one), motivated by the example of non-uniqueness in the Introduction, we
impose pointwise condition (23) exceptionally at that times # = ™ ~! on the inactive intervals T,,. which are fol-
lowed by the active intervals T, ;. The reason is to keep the force balance violated here when setting 1" = 0.

In the following section, we validate the behavior of Algorithm 3.1 on the benchmark given in Figure 4 and compare it
with other numerical schemes.

4 | Benchmark for the Double Impact Problem

A uniform space-time mesh is generated over the rectangular domain Q = (0, 6) X (0, 1), as depicted in Figure 2 (b). For
integer N, we set the mesh size 2 = 1/N equal to the step size r = 6/N for M = 6N time points. The double impact
problem (19) is computed numerically using the PDAS algorithm. For N = 4, the algorithm converged successfully after 5
iterations. The resulting discrete solution is shown in Figure 6, displaying the displacement field u,, (7, x) (left), the velocity
field u,, (¢, x) (center), and the gradient field u,,, (¢, x) (right). The corresponding deformed domain (¢, x + u(t, x)) for (¢, x) €
Q is shown in Figure 2c.

Our analysis focuses on the discrete displacement u, (¢, 1) at the contact boundary for ¢ € (0, 6), and on the discrete energy
E,, evaluated via the following formula:

1
E, = > Z / (w, +u; ) dx, (24)
KeT,n{t=r"} Kn{r=t", xe(0,1)}

as well as the relative energy error, expressed in percents:

M
Z(Em — E)2 x 100%, (25)

m=1

where the exact energy E = 1/8. The numerical results corresponding to (19), (24), and (25) are shown, respec-
tively, in the left, center, and right panels of Figure 7 for N € {10, 20, 30,40, 50}, which correspond to mesh sizes
h =0.1,0.05,0.03,0.025, 0.02, respectively. In the left plot, we observe that numerical values in grid points are visually
indistinguishable from the exact solution even on the coarse mesh. The energy plot in the center exhibits some bounded
piecewise constant behavior. From the right plot, we may conclude with a super-linear convergence of the solution as
h — 0in the energy norm. No oscillations are observed.

For comparison, we consider three of the most efficient methods reported in the literature: the Nitsche-based Verlet time
integration method from [27], the restitution coefficient based method proposed by Paoli and Schatzman [39], and the
mass redistribution method introduced in [36].

In Figure 8, the numerical solution by Nitsche-based Verlet method is presented for N space points of mesh size
h=1/N and M = 14N time points of step size r = 3h/7 that is required to satisfy CFL condition. For the values
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(a) displacement u(t,1) (b) energy E(t) (c) energy error %
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FIGURE 7 | Discrete displacement u,(-,1) (a); energy E, (b); energy error Err, (c). [Colour figure can be viewed at
wileyonlinelibrary.com]|

(a) displacement u(t,1) (b) energy E(t) (c) energy error %
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FIGURE 8 | Nitsche-Verlet method: displacement u,(- ,1) (a); energy E, (b); error Err;, (c). [Colour figure can be viewed at
wileyonlinelibrary.com]

N € {10, 20, 30,40, 50} with » = 0.1,0.05,0.03,0.025,0.02 and 7 = 0.043,0.021,0.014,0.011, 0.009, the discrete displace-
ment u,(f,1) at the contact boundary (left), discrete energy E, (center), and the relative energy error Err, (right) are
depicted in Figure 8 in comparison with the numerical solution by PDAS method. In the left plot, we clearly observe that
PDAS provides a more accurate approximation of the displacement at the contact boundary for comparable mesh sizes
h and 7. The center and right plots show that the Nitsche—Verlet method offers a slightly better approximation of the
energy; however, it exhibits instability (notably at N = 30) and spurious oscillations.

A similar comparison with the restitution method is illustrated in Figure 9. The displacement u, (- , 1) obtained using the
restitution-based method exhibits no oscillations but remains less accurate than the PDAS solution, as shown in the left
plot. The center and right plots further indicate that the PDAS method yields a more accurate approximation of the energy
E,, as measured by Err,,, for comparable time steps .

Figure 10 shows the numerical solution computed by the mass redistribution method for the same discretization parame-
ters as before. It is compared with the discrete solution of (19) computed by Algorithm 3.1 with respect to the error in the
maximum norm as well as in the energy norm in (24) and (25). Once again, all three plots confirm the superior accuracy
of the PDAS method. We remark that the largest inaccuracies in the Nitsche-Verlet, restitution, and mass redistribution
methods occur at the singular time ¢ = 3 when the velocity changes at the contact boundary from u,,(t,1) = —0.5for ¢ < 3
to uy,(t,1) = 0.5for¢ > 3.

It is worth noting that, although the discrete contact boundary is aligned with the impact times, the space-time mesh
does not align with the discontinuities that propagate along the characteristic lines x + ¢ = const and x — ¢ = const inside
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FIGUREY9 | Restitution-based method: displacement u,(- ,1) (a); energy E,, (b); error Err, (c). [Colour figure can be viewed at

wileyonlinelibrary.com]
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0
/ — — — redistribution t=0.043, h=0.1 6
[ 0.145| - — - — - redistribution t=0.021, h=0.05 x
-0.1 redistribution t=0.014, h=0.033 5 /
\ / 014| _ _  redistribution t=0.011, h=0.025 /
-02 0135 ~ — redistribution t=0.009, h=0.02 4 ,
— — — redistribution T:0.021, h=0.05 ) PDAS 1=h=0.02 /
——— PDAS t=h=0.02 3 /
03 0.13 B )
04 R e /
0.12f o 1 X — » — redistribution
T T T —<— PDAS
-0.5 0.115 0
2 4 6 0 2 4 6 0 0.02 0.04 0.06 0.08 0.1
time t time t timestep ©

FIGURE 10 | Redistribution method: displacement u,(-,1) (a); energy E, (b); error Err, (c). [Colour figure can be viewed at
wileyonlinelibrary.com]

the domain (see Figure 4). As a result, the exact solution does not lie within the finite element approximation space. In
order to investigate this effect in more detail, we perturb the characteristics by x + xt = const and x — xt = const. In this
setting, the exact impact times no longer coincide with the mesh points at the contact boundary. To this end, we introduce
a perturbation to the wave Equation (3) by

u, —x*u, =0 inQ,

with » = 0.99 close to 1. The observed instability indicates a lack of convergence in the iteration process. To ensure con-
vergence of the PDAS iterations, we enforce the inactive condition (23) at the inactive time points #":

u,(t",1) = u, (1", 1 — h). (26)

In doing so, the mass is redistributed by transferring the stiffness contributions from the inactive boundary at x =1 to
the corresponding nodes at x = 1 — h. In three plots of Figure 11 the corresponding displacement u,(- , 1), energy E,,, and
energy error Err, are depicted. In this case, spurious oscillations can be seen in the center plot, and a slight instability can
be observed in the right plot, in comparison with Figure 7. However, the displacement at the contact boundary, shown in
the left plot, remains free of oscillations and is indistinguishable from the analytical solution, even at the singular time.

5 | Decomposition Into Sub-PDAS Procedures

Another important aspect involves decomposing the problem in sub-PDAS procedures by splitting the rectangle
0= Uf=1Qn into .§ > 1 subsequent time sub-domains Q, := (t,_;,t,) X (0,1) by points 0 =t, <--- <ty =T. This

n

5908 Mathematical Methods in the Applied Sciences, 2026

85UB017 SUOLILLIOD BAIFER1D) 8|l dde au Aq pauRA0b a8 S3[o e WO ‘88N JO S3NJ 0 AX21q 1T 8UIIUO 43| 1M UO (SUORPUOD-PUE-SWUS)W0D A8 | 1M AeIq 1[ou 1 JUO//StY) SUORIPUOD PUe Swie | 8U388S *[9202/70/ST] U0 A%iqiaulluo A3|IM e 1snyaURIG00D AQ 0LE0LBWW/Z00T OT/I0p/W0o A im AReiq Ul juo//sdny Wwody papeojumod ‘. ‘9202 ‘927 T660T


http://wileyonlinelibrary.com
http://wileyonlinelibrary.com

(a) displacement u(t,1) (b) energy E(t) (c) energy error %
0
h=0.05 6
0151 |-~ _ho0033 ‘
0.1 ~ — h=0.025 5
0.14 - - —h=0.02 4
-0.2 I — h=0.017 . =
exact solution T \ :
0.135 P TR A Y
numerical ‘Fv f ". NI I'l“v' e ) 3
-0.3 b Iy W/[u o '»\!11 !
0.13 L ”!\ﬂ‘. A TN 2
{ UI\ ("
-0.4 1
0.125
-0.5 0
0 2 4 6 0 2 4 6 0 0.01 0.02 0.03 0.04 0.05
time t time t timestep h

FIGURE 11 | Perturbed by » = 0.99 displacement u,(- ,1) (a); energy E, (b); error Err, (c). [Colour figure can be viewed at
wileyonlinelibrary.com]|

TABLE1 | Sub-PDAS procedure by split into equal time sub-domains for N = 50. Total number of iterations and the maximum
difference with respect to the non-splitted procedure.

# Sub-domains 1 2 3 4
# Iterates 7 8 8 11
% Difference 0 2x 10712 4% 10712 2 x 10712

approach requires a space-time mesh that is conforming to the decomposition; that is, no elements crossed by the lines
t=t fori=1,...,5 — 1. Such a strategy could make the scheme competitive even for 3D problems, where it may be
advantageous to assign one sub-domain per time step.

We perform this decomposition into sub-PDAS procedures through successive partial solves of the displacement and
contact multipliers over the sub-domains Q, to Q. In each sub-domain Q,, the relevant displacement degrees of freedom
are those associated with nodes for which7,_; <t <1¢,, asthedisplacementat? = ¢,_, isalready determined in either Q,_,
or by the initial condition. The multiplier degrees of freedom involved are those whose shape function supports lie within
Q,. Finally, the solution within each sub-domain Q, is computed using the equations associated with displacement test
functions being the shape functions whose nodes satisfy #,_; <t < t,, in accordance with the Petrov-Galerkin strategy.

A typical result of numerical experiments is presented in Table 1 for N = 50, where Q is split into S =1,2,3,4
sub-domains, with the equidistant time points ¢, = 6n/S,n =0, ..., S. The difference compared to the PDAS procedure
without decomposition is on the order of machine precision, confirming that the decomposition does not affect the numer-
ical solution. The increase in the number of PDAS iterations remains moderate and is offset by the reduced size of the
individual systems being solved.

6 | Conclusion

We propose in this work a new method for space-time approximation of impact and dynamic contact problems involving
non-smooth velocities. Discontinuous Galerkin methods employ a similar approach for time integration, as discussed in
[40]. Our implementation is based on the PDAS iterative approach. We tested the method on a one-dimensional bench-
mark problem of double impact, for which an explicit analytical solution is available. From numerical experiments, we
observe that the solution obtained using the space-time PDAS algorithm coincides with the analytical solution at grid
points, particularly at singular time points when the non-smooth velocity changes at the contact boundary. The solu-
tion error, measured in the integral norm of energy, primarily arises from the piecewise-linear approximation within
the elements. This error can be improved through the use of specifically structured grids, such as crisscross or adap-
tive meshing. The energy is non-dissipative and presented by a piecewise constant line. Certainly advantageous is the
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fact that the numerical solution is free of spurious oscillations. For further development, multidimensional problems are
foreseen.
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