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A generalization of the Kelvin–Voigt model that can represent viscoelastic mate-
rials whose moduli depend on the mechanical pressure is derived from an
implicit constitutive relation in which both the Cauchy stress and the lin-
earized strain appear linearly. For consistency with the assumption of small
deformation, a thresholding approach is applied. The proposed mixed vari-
ational problem is investigated for its well-posedness within the context of
maximal monotone and coercive graphs. For isotropic extension or compression,
a semi-analytic solution of the generalization of the Kelvin–Voigt problem under
stress control is presented. The corresponding numerical simulation for mono-
tone and cyclic pressure loading is carried out, and the results then compared
against the linearized model.
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1 INTRODUCTION

Implicit constitutive relations for both fluids and solids have been studied in a systematic manner. The implicit
constitutive relation introduced by Rajagopal [1]:

𝑓 (F,
.
F,T,

.
T) = 0 (1)

is a special sub-class of the implicit functional constitutive relations between the history of the stress T, the history of
the density, and the history of the deformation gradient F (see Průša and Rajagopal [2]). The constitutive relation (1)
represents the response of a class of viscoelastic bodies. A further sub-class of (1) wherein

𝑓 (F,T) = 0
represents the response relation of elastic bodies.
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Recently, a particular sub-class of (1) was introduced by Rajagopal [3] and Rajagopal and Wineman [4] in which both the
Cauchy stress T and the linearized strain 𝜺 ≈ (F⊤F−I)∕2 appear linearly. Such material response is not linear as it contains
the mutual product of stress and strain, but its special structure allows one to have linearly inhomogeneous material
moduli. Well-posedness for the corresponding variational problems was established in Itou et al. [5, 6] by thresholding
the moduli, if they can become unbounded.

Thomson [7] and Voigt [8] independently developed the viscoelastic solid constitutive relation that now bears their
name, which is a sub-class of the constitutive relation (1). Boltzmann [9] was the first to develop a linear integral consti-
tutive relation for the response of viscoelastic bodies. Many models to describe the viscoelastic response of solids using
multiple integral constitutive relations, rate type constitutive relations, and differential type constitutive relations have
been developed since this early works of Kelvin [7], Voigt [8], and Boltzmann [9] (see, e.g., Green and Rivlin [10, 11],
Green et al. [12], Lockett [13], Muliana et al. [14], and Rajagopal and Srinivasa [15]). Implicit constitutive relations for
viscoelasticity, from the view point of mathematical analysis, were carried out by Bulíček et al. [16, 17] and Itou et al.
[18, 19] within the context of strain-limiting models, and in Itou et al. [20, 21] quasi-linear models were used to study the
Boussinesq problem. The reader will find the treatment of nonlinear and unilateral boundary conditions used in
viscoelastic problems in previous studies [22–26].

We shall consider the following generalization of a compressible Kelvin–Voigt material undergoing small deformation
such that both the strain 𝜺 and the time rate of strain .

𝜺 are small:

𝛼1(1 + 𝜆1trT)𝜺 + 𝛼2(1 + 𝜆2trT) .
𝜺 = T + (𝛼3tr𝜺 + 𝛼4tr .

𝜺)I, (2)

where I is the identity transformation, and six moduli𝛼1, … , 𝛼4, 𝜆1, 𝜆2 are constants. The constitutive relation (2) includes
as special cases linearized elastic and compressible linearized Kelvin–Voigt constitutive relations. The constitutive rela-
tion (2) is not a linear constitutive relation since terms involving products of variables 𝜺 or .

𝜺 and T appear, though they
appear linearly. We note that trT is the mechanical pressure (see Rajagopal [27] for a discussion of the notion of pressure):

p = − trT
3

, (3)

and hence, the terms in which the lambdas appear are pressure dependent. We also note that the term multiplying the
identity tensor on the right-hand side of (2) has terms involving the trace of the linearized strain, which in virtue of the
balance of mass implies dependence on the density. Thus, the constitutive relation (2) can be viewed as describing a body
that has material moduli depending on both pressure and density. Such constitutive relations are well suited to describe
porous bodies.

To derive from (2) a particular model more amenable to mathematical analysis, we make the assumptions below. Such
assumptions allow us to gainfully exploit properties of ellipticity and boundedness, and hence, we obtain restrictions on
the coefficients. Decomposing tensors into the deviatoric and spherical parts:

T = T∗ + 1
3
(trT)I, 𝜺 = 𝜺

∗ + 1
3
(tr𝜺)I, .

𝜺 = .
𝜺
∗ + 1

3
(tr .

𝜺)I, (4)

we assume that the nonlinearity in the deviatoric part of (2) is negligible, for example, under isotropic extension or
compression studied in Section 4, such that

𝛼1𝜺
∗ + 𝛼2

.
𝜺
∗ = T∗, 𝛼1(1 + 𝜆1trT)tr𝜺 + 𝛼2(1 + 𝜆2trT)tr .

𝜺 = trT + 3(𝛼3tr𝜺 + 𝛼4tr .
𝜺). (5)

Furthermore, we assume that 𝛼1 ≠ 0, 𝛼2 ≠ 0, 𝛼1 − 3𝛼3 ≠ 0, 𝛼2 − 3𝛼4 ≠ 0, and the following two relations hold between
the moduli:

𝛼1

𝛼1 − 3𝛼3
= 𝛼2

𝛼2 − 3𝛼4
=∶ a, 𝛼1𝜆1

𝛼1 − 3𝛼3
= 𝛼2𝜆2

𝛼2 − 3𝛼4
=∶ b, (6)

which reduces (5) to
𝛼1𝜺

∗ + 𝛼2
.
𝜺
∗ = T∗,

1
a
(1 + btrT) (𝛼1tr𝜺 + 𝛼2tr .

𝜺) = trT. (7)

Hereafter, we consider the model (7) and assume that parameters 𝛼1, 𝛼2, a, b satisfying a ≠ 0 are independent. Now, the
second equation in (7) is invertible and can be divided by 1 + btrT ≠ 0, because both 1 + btrT = 0 and trT = 0 in (7) lead
to a contradiction.
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However, it can be observed in (7) that small 1 + btrT implies 𝛼1tr𝜺 + 𝛼2tr .
𝜺 becoming unlimited. To be consistent with

the assumption of small displacement gradient and its time derivative to be bounded, we apply a thresholding approach
used by Itou et al. [5, 6]. For prescribed thresholds,

0 < M ≤ 1 ≤ M, (8)

where M may be small, and the corresponding cut-off function

M[1 + btrT] ∶=
⎧⎪⎨⎪⎩

M, if 1 + btrT < M
1 + btrT, if M ≤ 1 + btrT ≤ M
M, if 1 + btrT > M

, (9)

we suggest the following threshold for equation (7):

𝛼1𝜺
∗ + 𝛼2

.
𝜺
∗ = T∗,

1
a

M[1 + btrT] (𝛼1tr𝜺 + 𝛼2tr .
𝜺) = trT. (10)

This implies that the nonlinear equation (7) holds if M ≤ 1 + btrT ≤ M in (9). Otherwise, the linearized viscoelastic
relations hold if either 1 + btrT < M, then

𝛼1𝜺
∗ + 𝛼2

.
𝜺
∗ = T∗,

M
a

(𝛼1tr𝜺 + 𝛼2tr .
𝜺) = trT, (11)

or 1 + btrT > M, then

𝛼1𝜺
∗ + 𝛼2

.
𝜺
∗ = T∗,

M
a

(𝛼1tr𝜺 + 𝛼2tr .
𝜺) = trT. (12)

In our further considerations, we rely on the approximation (10).
Equation (10) includes the standard models such as the linearized constitutive relation. If b = 0, then M ≡ 1 in (9) in

virtue of (8), and from (10) and (4), we obtain the linear equation

𝛼1𝜺 + 𝛼2
.
𝜺 = T∗ + 1

3
atrT. (13)

In particular, when a = 1, relation (13) implies the linearized compressible Kelvin–Voigt model

𝛼1𝜺 + 𝛼2
.
𝜺 = T, (14)

with the shear modulus 𝛼1 and the viscosity 𝛼2. If b = 0 and 𝛼2 = 0 in (10), then we recover the constitutive equation for
isotropic elasticity

𝛼1𝜺 = T + 𝛼1

(1
3
− 1

3a

)
tr𝜺I, (15)

such that the moduli are determined using the Lamé parameters 𝜆 and 𝜇 as

𝛼1 = 2𝜇 = E
1 + 𝜈

, 𝛼1
a − 1

3a
= −𝜆 = − 2𝜇𝜈

1 − 2𝜈
, a = 1 − 2𝜈

1 + 𝜈
, (16)

where the Young's modulus E > 0 and Poisson's ratio 𝜈 ∈ (0, 0.5). Thus, the parameters 𝛼1 > 0 and a > 0 in (10) are given
by (16), 𝛼2 > 0 is the viscosity, and b together with thresholds M,M satisfying (8) are free model parameters.

From the mathematical point of view, relations (10) define a time-dependent graph 𝔊 between T and 𝛼1𝜺 + 𝛼2
.
𝜺. The

theory of graphs is well suited to study implicit and multi-valued functions. Following the arguments by Bulíček et al. [28,
29], we will prove that𝔊 is maximal monotone and coercive, thus providing existence of a solution for the proposed mixed
variational problem. The concept of maximal monotony for nonlinear operators is exploited by Browder [30] and Minty
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ITOU ET AL.

[31]. We cite the relevant results using pseudo-monotone operators in Itou et al. [32] and hemi-variational inequalities in
Kovtunenko [33] and Sofonea and Migórski [34].

The structure of the paper is the following. In Section 2, we propose a parabolic mixed variational problem with
respect to unknown (T, 𝜺, .

𝜺) describing a nonlinear Kelvin–Voigt model by the thresholded equation (10). We prove its
well-posedness in Section 3 based on the use maximal monotone graphs𝔊. Finally, in Section 4, we present the example of
isotropic extension or compression. In this example, an analytic solution for the Kelvin–Voigt problem is given when con-
trolled by the pressure. The numerical simulation presented under cyclic pressure loading–unloading demonstrates the
creep that such bodies exhibit. The solution for the thresholded model (10), unlike the prototype viscoelastic model (2),
does not blow up under finite pressure when the loading is monotone. Moreover, the thresholded model also allows for
the material moduli to be pressure dependent, which is not a possibility in the case of a simple material (see Noll [35]) of
which the Kelvin–Voigt constitutive relation is a sub-class.

2 A GENERALIZED KELVIN–VOIGT PROBLEM

Let Ω be a bounded domain in an Euclidean space R3 with Lipschitz continuous boundary 𝜕Ω and the unit normal vector
n = (n1,n2,n3)which is directed outward. Let the boundary be comprised of two disjoint sets 𝜕Ω = ΓN∪ΓD corresponding
to the Neumann ΓN and nonempty Dirichlet ΓD parts. For spatial points x = (x1, x2, x3) in the closure Ω = Ω ∪ 𝜕Ω and
times t ∈ [0,T) with some final time T > 0 fixed, the right time-space cylinder will be denoted by ΩT = (0,T) × Ω with
the side consisting of two parts ΓT

N = (0,T) × ΓN and ΓT
D = (0,T) × ΓD.

We look for the displacement vector u = (u1,u2,u3)(t, x) in [0,T) × Ω. In the space R
3×3
sym of second order symmetric

3-by-3 tensors, the displacement determines the linearized strain 𝜺 = {𝜀i𝑗}3
i,𝑗=1(t, x) through

𝜀i𝑗(u) =
1
2

(
𝜕ui

𝜕x𝑗
+

𝜕u𝑗

𝜕xi

)
, i, 𝑗 = 1, 2, 3, (17)

and its time rate .
𝜺 = { .

𝜀i𝑗}3
i,𝑗=1(t, x) through

.
𝜀i𝑗(u) =

1
2

(
𝜕

.ui

𝜕x𝑗
+

𝜕
.u𝑗

𝜕xi

)
, i, 𝑗 = 1, 2, 3. (18)

Let the body force f = (𝑓1, 𝑓2, 𝑓3)(t, x) ∈ L2(ΩT;R3) and the boundary traction g = (g1, g2, g3)(t, x) ∈ L2(ΓT
N;R

3) be
given. On neglecting inertia, the Cauchy stress tensor T = {Ti𝑗}3

i,𝑗=1(t, x) ∈ R
3×3
sym satisfies the quasi-static equilibrium

equation

−
3∑

𝑗=1

𝜕Ti𝑗

𝜕x𝑗
= 𝑓i, i = 1, 2, 3, in ΩT . (19)

We consider (19) with the standard, mixed Dirichlet–Neumann boundary conditions

u = 0 on ΓT
D, (20)

Tn = g on ΓT
N, (21)

where the traction at the boundary is given by Tn =
{∑3

𝑗=1 Ti𝑗n𝑗

}3

i=1
. For the strain rate in (18), we should impose the

initial condition at t = 0:
u(0) = u0 in Ω, (22)

given u0 ∈ H1(Ω;R3) and u0 = 0 on ΓD. The evolutionary equilibrium problem (17)–(22) is completed with a constitutive
relation between the strain, its rate, and stress which can be expressed in the implicit way of the inclusion relation on a
graph in (R3×3

sym)3:
(T, 𝜺, .

𝜺) ∈ 𝔊(0,T), (23)

in which 𝔊 is the specified constitutive relation.
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ITOU ET AL.

Based on the response approximation (10), deviatoric–spherical decomposition of tensors (4), and cut-off function M
in (9), we introduce the time-dependent graph 𝔊 ∶ (0,T) → (R3×3

sym)3 in (23) as follows:

(T, 𝜺, .
𝜺) ∈ 𝔊(0,T) ⇐⇒ for all t ∈ (0,T) 𝛼1𝜺

∗ + 𝛼2
.
𝜺
∗ = T∗,

1
a

M[1 + btrT] (𝛼1tr𝜺 + 𝛼2tr .
𝜺) = trT. (24)

Here and hereafter, we assume a > 0, 𝛼1 > 0, 𝛼2 > 0, free parameters b ∈ R, M and M satisfying (8).

Lemma 1 (Properties of 𝔊(0,T)). The time-dependent graph in (24)

includes the origin: (0, 0, 0) ∈ 𝔊(0,T). (25)

For all tensors (T, 𝜺, .
𝜺) ∈ 𝔊(0,T), the graph is coercive with the uniform estimate:

∫
𝜏

0
(𝛼1𝜺 + 𝛼2

.
𝜺) · Tdt ≥ C(a)∫

𝜏

0
||T||2 dt + C

(
M
)(

∫
𝜏

0

(
𝛼2

1||𝜺||2 + 𝛼2
2|| .
𝜺||2) dt + 𝛼1𝛼2

(||𝜺(𝜏)||2 − ||𝜺(0)||2)) , (26)

for all times 𝜏 ∈ (0,T), where the constant C(a) and C
(

M
)

are defined by

C(𝜉) ∶= 1
2

min
(

1, 𝜉2

aM

)
for 𝜉 ∈ R, (27)

and using the Frobenius norm ||T|| = √
T · T, where the dot implies the scalar product of tensors, for example, 𝜺 · T =∑3

i,𝑗=1 𝜀i𝑗Ti𝑗 . The graph is monotone:

[
𝛼1(𝜺1 − 𝜺

2) + 𝛼2(
.
𝜺

1 − .
𝜺

2)
]
· (T1 − T2) ≥ 0 (28)

holds for all pairs (T1, 𝜺1,
.
𝜺

1), (T2, 𝜺2,
.
𝜺

2) ∈ 𝔊(0,T), moreover, maximal monotone: for some (T1, 𝜺1,
.
𝜺

1) ∈ (R3×3
sym)3,

if
[
𝛼1(𝜺1 − 𝜺

2) + 𝛼2(
.
𝜺

1 − .
𝜺

2)
]
· (T1 − T2) ≥ 0 for all (T2, 𝜺2,

.
𝜺

2) ∈ 𝔊(0,T), then (T1, 𝜺1,
.
𝜺

1) ∈ 𝔊(0,T). (29)

Proof. Since the cut-off function M > 0 according to (8) and (9), we can divide by M[1+btrT] the last equation in (24).
In this way, using the deviatoric–spherical decomposition of tensors (4), from (24), we derive the explicit relation

𝛼1𝜺 + 𝛼2
.
𝜺 = T∗ + 1

3
 [trT]I, (30)

with the thresholding function

 [trT] ∶= atrT
M[1 + btrT]

=
⎧⎪⎨⎪⎩

a
M

trT, if 1 + btrT < M
atrT

1+btrT
, if M ≤ 1 + btrT ≤ M

a
M

trT, if 1 + btrT > M

. (31)

Using differentiation, the function  ∶ R → R in (31) is Lipschitz continuous:

||| [trT1] −  [trT2]||| ≤ a
M2

|||tr(T1 − T2)||| , (32)

for all T1,T2 ∈ R
3×3
sym, and strongly monotone:

( [trT1] −  [trT2]
)

tr(T1 − T2) ≥ a

M
2 tr2(T1 − T2). (33)
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ITOU ET AL.

Directly from (31) boundedness follows: | [trT]| ≤ a
M

|trT|
and coercivity:

 [trT]trT ≥ a
M

tr2T.

Forming the scalar product of (30) with the stress T, using the upper and lower bounds, then expressing T from (30),
we obtain

(𝛼1𝜺 + 𝛼2
.
𝜺) · T = ||T∗||2 + 1

3
 [trT]trT ≥ ||T∗||2 + a

3M
tr2T

≥ 1
2
(||T∗||2 + ||𝛼1𝜺

∗ + 𝛼2
.
𝜺
∗||2) + a

6M

(
tr2T +

(M
a
 [trT]

)2
)

≥ 1
2

min
(

1, a
M

)(||T∗||2 + 1
3

tr2T
)
+ 1

2
min

(
1,

M2

aM

)(||𝛼1𝜺
∗ + 𝛼2

.
𝜺
∗||2 + 1

3
tr2(𝛼1𝜺 + 𝛼2

.
𝜺)
)
.

After rearranging the terms, using the norm identity ||T||2 = ||T∗||2 + tr2T∕3 for the decomposition (4) and using the
notation (27), the following inequality holds:

(𝛼1𝜺 + 𝛼2
.
𝜺) · T ≥ C(a)||T||2 + C

(
M
) (

𝛼2
1||𝜺||2 + 𝛼2

2|| .
𝜺||2 + 2𝛼1𝛼2(𝜺 ·

.
𝜺)
)
. (34)

The integration of (34) over t ∈ (0, 𝜏) for arbitrarily fixed time 𝜏 ∈ (0,T) with the help of the chain rule d(||𝜺||2)∕dt =
2𝜺 · .

𝜺 results in the lower estimate (26).
For two points on the graph (T1, 𝜺1,

.
𝜺

1), (T2, 𝜺2,
.
𝜺

2) ∈ 𝔊(0,T), this implies that relation (30) holds between their
coordinates:

𝛼1𝜺
n + 𝛼2

.
𝜺

n = (Tn)∗ + 1
3
 [trTn]I, n = 1, 2. (35)

Subtracting (35) for n = 1 and n = 2, we form the corresponding scalar product

[
𝛼1(𝜺1 − 𝜺

2) + 𝛼2(
.
𝜺

1 − .
𝜺

2)
]
· (T1 − T2) = ||(T1 − T2)∗||2 + 1

3
( [trT1] −  [trT2]

)
tr(T1 − T2) ≥ min

(
1, a

M
2

)||T1 − T2||2,
which is estimated as a consequence of the strong monotony of  in (33). Thus, the monotone property (28) is justified
for 𝔊(0,T).

Now, for some (T1, 𝜺1,
.
𝜺

1) ∈ (R3×3
sym)3, let the inequality in (29) hold for all (T2, 𝜺2,

.
𝜺

2) ∈ 𝔊(0,T), that satisfies (35).
For arbitrary T ∈ R

3×3
sym and small 𝛿 > 0, we set T𝛿 = T1 ± 𝛿T ∈ R

3×3
sym and solve the first-order linear inhomogeneous

ODE system with respect to 𝜺
𝛿 ∈ R

3×3
sym:

𝛼1𝜺
𝛿 + 𝛼2

.
𝜺
𝛿 = (T𝛿)∗ + 1

3
 [trT𝛿]I, (36)

which is called a selection with respect to the graph because (T𝛿, 𝜺𝛿,
.
𝜺
𝛿) ∈ 𝔊(0,T). Then, testing (29) with (T2, 𝜺2,

.
𝜺

2) =
(T𝛿, 𝜺𝛿,

.
𝜺
𝛿) and inserting (36), we derive

0 ≤ [
𝛼1(𝜺1 − 𝜺

𝛿) + 𝛼2(
.
𝜺

1 − .
𝜺
𝛿)
]
· (T1 − T𝛿) = ∓𝛿

(
𝛼1𝜺

1 + 𝛼2
.
𝜺

1 − (T1 ± 𝛿T)∗ − 1
3
 [tr(T1 ± 𝛿T)]I

)
· T,

which after division by 𝛿 yields

∓
(
𝛼1𝜺

1 + 𝛼2
.
𝜺

1 − (T1)∗ ∓ 𝛿T∗ − 1
3
 [tr(T1 ± 𝛿T)]I

)
· T ≥ 0.
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ITOU ET AL.

On taking the limit as 𝛿 → 0, due to the continuity of  in (32) leads to the two opposite inequalities with the plus
and minus signs providing the equality(

𝛼1𝜺
1 + 𝛼2

.
𝜺

1 − (T1)∗ − 1
3
 [trT1]I

)
· T = 0, (37)

for all T ∈ R
3×3
sym. The variational equation (37) implies that (35) holds for (T1, 𝜺1,

.
𝜺

1). Hence, (T1, 𝜺1,
.
𝜺

1) ∈ 𝔊(0,T)
according to the definition of the graph (24), thus fulfilling the maximal monotone property (29).

The assertion (25) is evident. The proof is completed. □

Next, we state a variational formulation for the parabolic–elliptic problem (17)–(22) and (24). After forming the scalar
product of the equilibrium equation (19) with v = (v1, v2, v3)(x) and integration by parts over the time-space cylinder ΩT

with the help of the well-known Green's formula, we obtain

−∫Ω

3∑
i,𝑗=1

𝜕Ti𝑗

𝜕x𝑗
vi dx = ∫Ω

T · 𝜺(v)dx − ∫
𝜕Ω

Tn · v dSx,

where 𝜺(v) is defined according to (17), and using the Neumann boundary condition (21), we arrive at

∫ΩT
T · 𝜺(v)dxdt = ∫ΩT

f · v dxdt + ∫ΓT
N

g · v dSxdt, (38)

for all test functions v ∈ H1(Ω;R3) such that v = 0 onΓD. Conversely, if x → T is H1-smooth, then pointwise relations (19)
and (21) follow from (38).

We make a selection on the graph 𝔊(0,T) for the stress T ∈ L2(ΩT ;R3×3
sym), linearized strain (17) and its rate (18) deter-

mined by the displacement u ∈ H1(0,T;H1(Ω;R3)) such that u = 0 on ΓT
D, which fulfill the inclusion in (24) in the weak

form:
(T, 𝜺(u), .

𝜺(u)) ∈ 𝔊(0,T) ⇐⇒ ∫ΩT
(𝜺(𝛼1u + 𝛼2

.u) − T)∗ · 𝜼∗ dxdt = 0,

∫ΩT

(1
a

M[1 + btrT]tr𝜺(𝛼1u + 𝛼2
.u) − trT

)
tr𝜼dxdt = 0

(39)

for all test functions 𝜼 ∈ L2(Ω;R3×3
sym).

A weak solution satisfying the variational relations (38) and (39) will be provided in the next section.

3 WELL-POSEDNESS ANALYSIS BASED ON MAXIMAL MONOTONE
GRAPHS

We begin with preliminaries: the well-known Korn–Poincaré inequality

||𝜺(u)||L2(Ω) ≤ ||u||H1(Ω) ≤ CKP||𝜺(u)||L2(Ω) if u = 0 on ΓD, (40)

and the theorem on boundary trace ||u||L2(𝜕Ω) ≤ Ctr||u||H1(Ω). (41)

Theorem 1 (Existence of solution). The weak solution T ∈ L2(ΩT ;R3×3
sym) and u ∈ H1(0,T;H1(Ω;R3)) satisfying the

Dirichlet boundary condition (20), initial condition (22), and variational relations (38) and (39) exists, it is unique and
fulfills the following a priori estimate:

C(a)||T||2L2(ΩT ) +
C
(

M
)

2C2
KP

(
𝛼2

1||u||2L2(0,T;H1(Ω)) + 𝛼2
2|| .u||2L2(0,T;H1(Ω))

+ 2𝛼1𝛼2||u||2L∞(0,T;H1(Ω))

) ≤ C
(

M
)
𝛼1𝛼2||u0||2H1(Ω) +

C2
KP

C
(

M
)C2(f , g),

(42)
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ITOU ET AL.

where C(a) and C
(

M
)

are defined in (27), and the prescribed forces determine

C(f , g) ∶= ||f||L2(ΩT ) + Ctr||g||L2(ΓT
N)
. (43)

We remark that ||u||L∞(0,T;H1(Ω)) can be skipped in the estimate (42) since it is bounded by the stronger norm||u||H1(0,T;H1(Ω)) in virtue of the continuous embedding.

Proof. We prove the assertion in three subsequent steps: Galerkin approximation, uniform estimate, and passage to
the limit.

Galerkin approximation
Let a sequence of subspaces Sk = span{𝜼m}k

m=1 and V k = span{vm}k
m=1 of finite dimensions k ∈ N build the

conforming approximation of the admissible stress T and displacement u preserving u = 0 on ΓD. We assume that
∪∞

k=1Sk is dense in L2(Ω;R3×3
sym), the union ∪∞

k=1V k is dense in H1(Ω;R3), and vm ∈ V k implies 𝜺(vm) ∈ Sk.
We look for a weak solution Tk ∈ L2(0,T; Sk) and uk ∈ H1(0,T;V k) as

Tk =
k∑

m=1
Tk

m(t)𝜼m(x), uk =
k∑

m=1
Uk

m(t)vm(x), (44)

satisfying the semi-discrete in space problem given in the variational form:

∫ΩT
Tk · 𝜺(vm)dxdt = ∫ΩT

f · vm dxdt + ∫ΓT
N

g · vm dSxdt, (45)

which is endowed with the constitutive equation according to (30):

∫ΩT
𝜺(𝛼1uk + 𝛼2

.uk) · 𝜼m dxdt = ∫ΩT

(
(Tk)∗ + 1

3
 [trTk]I

)
· 𝜼m dxdt, (46)

for all basis functions vm ∈ V k and 𝜼
m ∈ Sk, under the initial condition

uk(0) =
k∑

m=1
Uk

m(0)vm, Uk
m(0) ∶= ∫Ω

u0 · vm dx. (47)

Inserting the ansatz (44), the quasi-static system of Equations (45) and (46) can be solved with respect to the
time-dependent coefficients Tk

m and Fk
m ∶= 𝛼1Uk

m + 𝛼2
.

Uk
m by the Browder–Minty theorem, due to the Lipschitz con-

tinuity (32) and strong monotony (33) properties of the nonlinear function  . Then, the coefficient Uk
m ∈ H1(0,T)

solving the first-order ODE system 𝛼1Uk
m + 𝛼2

.
Uk

m = Fk
m can be written explicitly by the convolution Volterra integral:

Uk
m(t) = Uk

m(0) exp
(
−𝛼1t
𝛼2

)
+ 1

𝛼2

t

∫
0

Fk
m(s) exp

(
−𝛼1(t − s)

𝛼2

)
ds. (48)

Uniform estimate
The stress T = Tk, strain 𝜺 = 𝜺(uk), and strain rate .

𝜺 = 𝜺( .uk) are connected by the constitutive equation (46), hence
the selection (Tk, 𝜺(uk), 𝜺( .uk)) ∈ 𝔊(0,T). Therefore, we can apply the coercivity property (26) which holds on the
graph. Integrating over domain Ω, taking the maximum over 𝜏 ∈ (0,T), and using the Korn–Poincaré inequality (40)
yields the lower bound

∫ΩT
𝜺(𝛼1uk + 𝛼2

.uk) · Tk dxdt ≥ C(a)||Tk||2L2(ΩT ) − C
(

M
)
𝛼1𝛼2||u0||2H1(Ω)

+
C
(

M
)

C2
KP

(
𝛼2

1||uk||2L2(0,T;H1(Ω)) + 𝛼2
2|| .uk||2L2(0,T;H1(Ω)) + 𝛼1𝛼2||uk||2L∞(0,T;H1(Ω))

)
,

(49)
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ITOU ET AL.

with constant C(a) and C
(

M
)

from (27). Here, the initial value uk(0) was estimated by u0 in virtue of (47). On the
other side, we test the variational equation (45) with vm = 𝛼1uk + 𝛼2

.uk, apply the Cauchy–Schwarz, weighted Young,
and trace (41) inequalities, which provide the upper bound with constant C(f , g) from (43):

∫ΩT
Tk · 𝜺(𝛼1uk + 𝛼2

.uk)dxdt ≤ C(f , g)||𝛼1uk + 𝛼2
.uk||L2(0,T;H1(Ω))

≤ C
(

M
)

2C2
KP

(
𝛼2

1||uk||2L2(0,T;H1(Ω)) + 𝛼2
2|| .uk||2L2(0,T;H1(Ω))

)
+

C2
KP

C
(

M
)C2(f , g).

(50)

Combining together (49) and (50) leads to the uniform estimate

C(a)||Tk||2L2(ΩT ) +
C
(

M
)

2C2
KP

(
𝛼2

1||uk||2L2(0,T;H1(Ω)) + 𝛼2
2|| .uk||2L2(0,T;H1(Ω))

+ 2𝛼1𝛼2||uk||2L∞(0,T;H1(Ω))

) ≤ C
(

M
)
𝛼1𝛼2||u0||2H1(Ω) +

C2
KP

C
(

M
)C2(f , g).

(51)

Passage to the limit
On the basis of the boundedness (51), we conclude with a weakly convergent subsequence still denoted by k such

that

Tk ⇀ T in L2(ΩT ;R3×3
sym), uk ⋆

⇀u in L∞(0,T;H1(Ω;R3)), .uk ⇀
.u in L2(0,T;H1(Ω;R3)) as k → ∞. (52)

Taking the limit of the linear relations (45) and (47), we get the equilibrium equation (38) and initial condition (22)
for T and u from (52). Next, we derive (39).

Testing the limit equation (38) with v = 𝛼1u + 𝛼2
.u, we find that

∫ΩT
T · 𝜺(𝛼1u + 𝛼2

.u)dxdt = ∫ΩT
f · (𝛼1u + 𝛼2

.u)dxdt + ∫ΓT
N

g · (𝛼1u + 𝛼2
.u)dSxdt. (53)

For finite k, using the ansatz (44) in (45) leads to

∫ΩT
Tk · 𝜺(𝛼1uk + 𝛼2

.uk)dxdt = ∫ΩT
f · (𝛼1uk + 𝛼2

.uk)dxdt + ∫ΓT
N

g · (𝛼1uk + 𝛼2
.uk)dSxdt. (54)

By the virtue of weak convergences in (52), from (53) and (54), we conclude that

lim
k→∞∫ΩT

Tk · 𝜺(𝛼1uk + 𝛼2
.uk)dxdt = ∫ΩT

T · 𝜺(𝛼1u + 𝛼2
.u)dxdt. (55)

For arbitrary (T2, 𝜺2,
.
𝜺

2) ∈ L2(ΩT;R3×3
sym)3 on the graph, using the monotony[

𝜺(𝛼1uk + 𝛼2
.uk) − 𝛼1𝜺

2 − 𝛼2
.
𝜺

2
]
· (Tk − T2) ≥ 0,

according to (28), we estimate from below the scalar product

∫ΩT

[
𝜺(𝛼1u + 𝛼2

.u) − 𝛼1𝜺
2 − 𝛼2

.
𝜺

2] · (T − T2)dxdt

≥ ∫ΩT

([
𝜺(𝛼1uk + 𝛼2

.uk) − 𝛼1𝜺
2 − 𝛼2

.
𝜺

2
]
· (T − Tk) + 𝜺

(
𝛼1u + 𝛼2

.u − 𝛼1uk − 𝛼2
.uk
)
· (T − T2)

)
dxdt.

The limit passage based on convergences in (52) and (55) leads to

∫ΩT

[
𝜺(𝛼1u + 𝛼2

.u) − 𝛼1𝜺
2 − 𝛼2

.
𝜺

2] · (T − T2)dxdt ≥ lim sup
k→∞ ∫ΩT

𝜺(𝛼1uk + 𝛼2
.uk) · (T − Tk)dxdt = 0.
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ITOU ET AL.

Then, the maximal monotone property (29) of the graph guarantees that the limit functions from (52) fulfill
(T, 𝜺(u), 𝜺( .u)) ∈ 𝔊(0,T), hence (39) holds.

The uniqueness follows from the strong monotony of  in (33). This completes the proof. □

4 SEMI-ANALYTICAL EXAMPLE OF ISOTROPIC, UNIFORM, EXTENSION,
OR COMPRESSION

In this section, we simplify our consideration under the assumption of isotropic extension or compression when

T = −p(t)I, 𝜺 = 1
3

e(t)I, .
𝜺 = 1

3
ė(t)I. (56)

Formula (56) implies that the deviatoric parts T∗ = 𝜺
∗ = .

𝜺
∗ = 0, and the unknown scalar functions are the pres-

sure p (henceforth, by pressure, we refer to mechanical pressure) from (3) and the dilatation e = tr𝜺 according to the
deviatoric–spherical decomposition (4). The sign p < 0 implies extension, and p > 0 compression. Since the stress, lin-
earized strain, and rate of the linearized strain tensors are space independent by (56), the equilibrium equation (19) is
satisfied identically with f ≡ 0.

We will compare the underlying viscoelastic models introduced in Section 1. Under the assumption (56), the reference
constitutive response (2) is equivalent to (7) given implicitly as

1
a
(1 − 3bp)(𝛼1e + 𝛼2ė) = −3p,

or after division by 1 − 3bp ≠ 0, explicitly with respect to e as

𝛼1e + 𝛼2ė =
−3ap

1 − 3bp
. (57)

The thresholding approximation (10) in its explicit form (30) using the thresholding function  from (31) reads

𝛼1e + 𝛼2ė =  [−3p] =

⎧⎪⎪⎨⎪⎪⎩

−3a
M

p, if 1 − 3bp < M
−3ap
1−3bp

, if M ≤ 1 − 3bp ≤ M
−3a
M

p, if 1 − 3bp > M

. (58)

For bounded M ≤ 1 − 3bp ≤ M, Equation (58) coincides with (57). In the case of interest, if 1 − 3bp < M, then (58)
reduces to the linearized Kelvin–Voigt model

𝛼1e + 𝛼2ė = −3a
M

p. (59)

We study the stress-control case, namely, we look for the evolution of dilatation under time-dependent pressure. Let
the pressure be prescribed by an affine function

p(t) = p0 + g(t − t0) for t0 ≤ t ≤ 𝜏, (60)

with constant p0 and g. Inserting (60) into (59), we form the right-hand side

F(t) = −3a
M

p(t) = F0 + G0(t − t0), F0 = −3a
M

p0, G0 = −3a
M

g, (61)
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ITOU ET AL.

and express a closed-form solution e(t) to the linear first-order ODE (59) on the time interval t ∈ [t0, 𝜏] with the help of
the convolution Volterra integral (48) as

e(t) = e(t0) exp
(
−𝛼1(t − t0)

𝛼2

)
+ 1

𝛼2 ∫
t

t0

F(s) exp
(
−𝛼1(t − s)

𝛼2

)
ds

= 1
𝛼1

[
F0 + G0

(
t − t0 −

𝛼2

𝛼1

)
+
(
𝛼1e(t0) − F0 + G0

𝛼2

𝛼1

)
exp

(
𝛼1(t0 − t)

𝛼2

)]
.

(62)

For the nonlinear equation (57), we split [t0, 𝜏] by equidistant points tk = t0 + k𝛿t for k = 0, 1, … ,N into N intervals of
the time step 𝛿t = (𝜏 − t0)∕N. The right-hand side F(t) ∶= −3ap(t)∕(1 − 3bp(t)) is approximated piecewise linearly by

FN(t) = Fk + Gk(t − tk), Fk ∶= F(tk), Gk ∶= F(tk+1) − F(tk)
𝛿t

, (63)

for t ∈ [tk, tk+1] as k = 0, … ,N − 1. Then, a discrete solution eN to (57) can be found by the numerical quadrature based
on the formula (62) for F = FN from (63) under subsequent iterations t ∈ [tk, tk+1] as k = 0, … ,N − 1:

eN(t) = 1
𝛼1

[
Fk + Gk

(
t − tk −

𝛼2

𝛼1

)
+
(
𝛼1eN(tk) − Fk + Gk

𝛼2

𝛼1

)
exp

(
𝛼1(tk − t)

𝛼2

)]
. (64)

We note that it turns into (62) at k = 0 for N = 1.
We use the formulae (62)–(64) to carry out the numerical integration to present the result of our numerical tests under

monotone and cyclic pressure loading.

4.1 Monotone pressure loading
Let the pressure be prescribed by a linear function

p(t) = gt for t ∈ [0,T], (65)

with the constant gradient g. To outline admissible mechanical pressures, we remark that attaining the critical pressure
pcr ∶= 1∕(3b), the right-hand side of the reference response equation (57) becomes infinite, whereas this singularity is
avoided within the thresholding (58) and the linearized equation (59).

For definiteness, we set the values of parameters for concrete from Murru et al. [36]: Young's modulus E = 30 (GPa)
and Poisson's ratio 𝜈 = 0.2 such that according to (16), the shear modulus 𝛼1 = 25 (GPa) and a = 0.5; the viscosity 𝛼2 = 10
(GPa·h), b = 0.01 (1/GPa) such that pcr = 33.(3) (GPa), and the lower threshold M = 0.2.

The pressure loading (65) is shown by the straight line versus time t ∈ [0, 1.3] (h) in the plot (A) of Figure 1. The loading
gradient g = 33.(3) (GPa/h) is chosen such that in time t = 1 h, the critical pressure pcr will be attained. The corresponding
discrete solution eN to the nonlinear equation (57) calculated with the time step 𝛿t = 0.02 is portrayed versus pressure
p ∈ [0, pcr) in the plot (C) of Figure 1. We observe that approaching pcr, marked by the vertical dashed line, the solution eN

blows up to minus infinity. In marked contrast, analytic solution e to the linearized Kelvin–Voigt equation (59) continues
after pcr = 33.(3) as portrayed versus p ∈ [0, 43.(3)] in the plot (B) of Figure 1.

To overcome the difficulty of blow-up, the thresholding solution to Equation (58) first follows the nonlinear
equation (57) within p ∈

[
0, pcr

(
1 − M

)]
, where the denominator 1−p∕pcr is bounded by M from zero. After the threshold

pressure pcr
(
1 − M

)
= 26.(6) (GPa), the solution switches to the linearized Kelvin–Voigt equation (59). The corresponding

function  [−3p] is shown in the plot (B) of Figure 2 by the solid line in comparison with the pressure without threshold-
ing presented here by the dashed line. The thresholding dilatation e versus p ∈ [0, 43.(3)] is depicted by the solid line in
the plot (C) of Figure 2.
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ITOU ET AL.

FIGURE 1 Corresponding to pressure p(t) in plot (A), the corresponding response dilatation e(p) in plot (B) for linearized model (59), and
in plot (C) for nonlinear (57) viscoelastic model. [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 2 Corresponding to the pressure p(t) in plot (A) and thresholding  [−3p] in plot (B) and the corresponding response dilatation
e(p) for thresholding viscoelastic model (58) in plot (C). [Colour figure can be viewed at wileyonlinelibrary.com]

4.2 Cyclic pressure loading–unloading
Let the cyclic pressure be prescribed by a triangular function p with the constant gradient g as before:

p(t) =
{

gt for t ∈ [0,T∕2]
g(T − t) for t ∈ [T∕2,T] , (66)

which implies loading in the first phase t ∈ [0,T∕2], then unloading during t ∈ [T∕2,T].
First, we choose the period of the cycle T = 1.6 (h) such that the switching at T∕2 = 0.8 (h) occurs at the pressure

p = pcr
(
1 − M

)
before the blow-up as shown in the plot (A) of Figure 1. The corresponding solutions to the linearized

Kelvin–Voigt equation (59) and nonlinear equation (57) are portrayed versus pressure, respectively, in the plots (B) and
(C) of Figure 1. In the figures, the loading is marked by a solid line, whereas the unloading by a dash-dotted line. The both
cyclic solutions present an open loop. For comparison, the continuation after the switching point pcr

(
1 − M

)
= 26.(6) by

the monotone loading from (59) is marked here by a dashed line.
For the thresholding equation (58), we can choose in (66) the pressure cycle of period T = 2.6 (h), when loading switches

to unloading at T∕2 = 1.3 (h) corresponding to p = 43.(3) after the critical pressure, as shown in the plot (A) of Figure 2.
The thresholding solution to (58) is presented by a looped path portrayed versus cyclic pressure in the plot (C) of Figure 2.
Again, the loading here is marked by a solid line and unloading by a dash-dotted line. By unloading, the thresholding
function  [−3p] in the plot (B) of Figure 2 follows the same path as by loading.
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5 CONCLUSION

The numerical simulation under cyclic pressure was carried out in order to compare the solutions for the nonlinear, lin-
earized, and thresholding viscoelastic models. In all the cases that were tested, the pressure-controlled dilatation exhibits
an open loop in the loading–unloading cycle.

The thresholding model exhibits more reasonable response than the nonlinear viscoelastic model, in the sense that in
the latter model, the solution may blow up under finite pressure under monotonically increasing or decreasing load. The
material moduli in a linearized Kelvin–Voigt model (or for that matter the nonlinear Kelvin–Voigt) are constant. However,
we expect most porous materials like concrete, rock, porous metals, bone, and ceramics, to have pressure-dependent
material moduli, which was the reason for our carrying out the study for the constitutive relation (7).
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