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SUMMARY

Here the numerical simulation of some plane Lam�e problem with a rectilinear crack under
non-penetration condition is presented. The corresponding solids are assumed to be isotropic and ho-
mogeneous as well as bonded. The non-linear crack problem is formulated as a variational inequality.
We use penalty iteration and the �nite-element method to calculate numerically its approximate solu-
tion. Applying analytic formulas obtained from shape sensitivity analysis, we calculate then energetic
and stress characteristics of the solution, and describe the quasistatic propagation of the crack under
linear loading. The results are presented in comparison with the classical, linear crack problem, when
interpenetration between the crack faces may occur. Copyright ? 2004 John Wiley & Sons, Ltd.

KEY WORDS: variational inequality; shape sensitivity analysis; fracture; interfacial crack; quasistatic
crack propagation

1. INTRODUCTION

For concepts of cracks and their quasistatic propagation, we refer to the works [1–8]. Their
methods of local asymptotic analysis and singular perturbation are employed, see also Refer-
ence [9]. A corresponding numerical algorithm for the simulation of the propagation of plane
cracks can also be found in References [1,2].
Classically, problems with cracks are formulated as linear problems, based on the stress-free

boundary condition on the crack faces. In this case, the interpenetration between the crack
faces can occur, as we show in the example considered here. The non-linear model of cracks
with the condition of non-penetration between the crack faces was �rst suggested by Khlud-
nev in 1991. For some collection of such non-linear crack problems and their mathematical
analysis, we refer to the recent book [10], which is devoted to the weak formulation of these
problems as variational inequalities in the framework of variational theory and convex analysis.
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164 V. A. KOVTUNENKO

On the other hand, methods of shape sensitivity analysis [11] were applied to the non-linear
crack problems. In Reference [12], the derivative of the potential energy functional with re-
spect to crack perturbation and the corresponding Cherepanov–Rice integral for the crack
under the non-penetration condition have been presented. In the meantime, we extended these
methods of shape sensitivity and optimization to various, linear and non-linear, crack prob-
lems. In References [13–15] we obtained the global asymptotic expansion of the solution, its
stress and energetic characteristics, and suggested the quasistatic model of crack propagation.
Combining analytical formulas deduced in the works mentioned above, here we �rstly

realize the non-linear problem with crack under non-penetration condition numerically for the
�rst time.

2. DATA FOR THE NUMERICAL TREATMENT

Let � be a unit square in R2 with the boundary �. We assume that � consists of two parts
�D and �N . Let � consist of two subdomains �+ and �− with the interface � as shown in
Figure 1. Here

�± = {0¡x1¡1; 0¡±x2¡0:5}; �={0¡x1¡1; x2=0}
�D = {x1=1; −0:5¡x2¡0:5}; �N=�+N1 ∪�+N2 ∪�−

N1 ∪�−
N2

�±
N1 = {x1=0; 0¡±x2¡0:5}; �±

N2={0¡x1¡1; x2= ± 0:5}

Let �l be a part of the interface � of length l. We distinguish two opposite faces �±
l of �l

as shown in Figure 1, i.e.

�±
l ={0¡x1¡l; x2=±0}; 0¡l¡1

Now de�ne the domain �l=�\ ��l in R2 with the boundary �∪ ��+l ∪ ��−
l . We will refer to �l

as a domain with the interfacial crack �l. Namely, in each cross-section x3=const, two solids
occupy the domains �+ and �−, they are bonded at the part �\�l of the interface, and the
bonded solid has the crack �l inside.
We now suppose plane stress distribution for our model. This implies for the displacement

vector u(x1; x2)=(u1(x1; x2); u2(x1; x2)), that the stress and strain tensors have the components

�ij(u) = 2�±�ij(u) + �±(�11(u) + �22(u))�ij

�ij(u) = 1
2(ui; j + uj; i); i; j=1; 2

(1)

Here, the Lam�e parameters become

�±=
E±

2(1 + �±)
; �±=

E±�±

(1 + �±)(1− 2�±) (2)

in each subdomain �±, respectively. For simplicity we assume that �−=�−=� and E±=
(1± b)E in (2). Then (2) takes the symmetric form

�±=(1± b)�; �±(1± b)�; �=
E

2(1 + �)
; �=

E�
(1 + �)(1− 2�)

Copyright ? 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:163–179
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Figure 1. Domain �l with the interfacial crack �l.

In such way, the Lam�e parameters are proportional to one parameter, called bond of the
bonding as follows:

�+

�− =
�+

�− =
1+ b
1− b=bond (3)

In the numerical examples below we take the following particular values of material
parameters

�=0:34; E=7:3×104 mPa

Let us consider �rst that the body is homogeneous, i.e. b=0 and bond=1 in (3). The case
of a bonded solid will be treated separately in Section 7.
We investigate the following problem. The equilibrium equations hold inside either domain:

�ij; j(u)=0; i=1; 2 in �± (4)

The transmission conditions are assumed to be ful�lled at the connected part of the interface:

<ui==0; <�i2(u)==0; i=1; 2 on �\�l (5)

Here the brackets < · = denote the jump across the interface. At the part �D of the external
boundary we assume the following mixed conditions:

u1=0; �12(u)=0 on �D (6)

Relations (6) can be interpreted as the condition of symmetry with respect to the edge {x1=1}
for the symmetric prolongation of the solid onto the half-plane {x1¿1}. To neglect rigid
displacements u2=const, which are admissible under the boundary conditions (6), we �x one
point, for instance,

u2(1; 0)=0

Copyright ? 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:163–179
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Figure 2. Traction forces applied at �N .

At the boundary �N we impose symmetric loading by the following traction forces:

g1 =−p1; g2=0 on �±
N1 (7)

g1 = 0; g2=±p2 on �±
N2 (8)

with the piecewise-linear functions

p1(x2)= t0� 13|x2|; p2(x1)= t0� (1− |2x1 − 1|); t0=0:9×10−3 (9)

as shown in Figure 2. The constants chosen give us the dimensional evaluation of the load
in (9) as follows:

max{p1} ≈ 160 mPa; max{p2} ≈ 24:5 mPa
If we apply only the loading p2 from (8), i.e. p1=0 in (7), this leads to an opening of
the crack �l. Inversely, if we apply only the loading p1 from (7) with p2=0 in (8), this
causes the interpenetration between the crack faces �±

l . In our case, we employ a competition
between the two loading p1 and p2. The choice of the constants in (9) implies that max{p2}
is about 15% of max{p1}.
For numerical calculations we apply the �nite-element method. By this we construct the

uniform triangular mesh as shown in Figure 3. Taking H points along each, the x1 and x2
directions, there are de�ned (H − 1)2 equal squares of the size

h=
1

H − 1 (10)

Each of them is split into two triangles. At the crack �l of length l=Ch we have C double
nodes with 26C6H − 3. The splitting of squares is chosen in such a way that there are
10-points of �nite elements near the crack tip. At each triangle we use linear approximation
of displacements u. By testing the whole piecewise-linear �nite-element approximation of
the cracked domain for the exact solution of a corresponding Laplace problem with crack,

Copyright ? 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:163–179
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Figure 3. Triangular mesh on �l for H=5 and C=2.

in Reference [16] we get the speed of convergence of the energy error, which is linear with
respect to the mesh size h from (10).

3. LINEAR PROBLEMS WITH STRESS-FREE CRACK FACES

Let us assume the classical stress-free boundary condition at the crack �l:

�i2(u)=0; i=1; 2 on �±
l (11)

Introduce the space

H̃ 1(�l) ⊂ {u=(u1; u2)∈[H 1(�l)]2; u1 = 0 on �D}
which is orthogonal to rigid displacements {u=(u1; u2); u1≡0; u2≡c}. We de�ne the weak
solution of problem (4)–(8), (11) from the variational equation∫

�l

�ij(ul)�ij(v)=
∫
�N
givi ∀v∈H̃ 1(�l) (12)

By the index l we mark the one-parametric dependence of the solution on the crack length,
that we will investigate in what follows.
From (12), the function P of potential energy of the solid can be de�ned (in cross-section

x3 = const) in dependence on the crack length l, i.e.

P(l)=
1
2

∫
�l

�ij(ul)�ij(ul)−
∫
�N
giuli mPa m

2 (13)

where 0¡l¡1. To calculate (13), one needs to solve problem (12) for every value of l.
Under the data from Section 1, numerical values of the potential energy P(l) for the linear
problem are presented in Figure 7 for the number H =41 from (10). As mentioned before,
we assume here that the energy error of approximation has the order h.
To calculate the �rst derivative of the potential energy with respect to the perturbation

of the crack length (energy release rate), we apply the analytical formulas from References

Copyright ? 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:163–179
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Figure 4. View from above of the cut-o� function �.

[14,15]. Take some arbitrary cut-o� function �∈W 1;∞(�) with �≡1 near the crack tip, and
�≡0 near the external boundary �. Then the �rst derivative has the representation

P′(l)=
1
2

∫
�l

A1(�; ul; ul) mPa m (14)

where the symmetric bilinear form A1(�; ·; ·) is given by

A1(�; u; v) = �;1�ij(u)�ij(v)− �ij(u)Eij(�; v)− �ij(v)Eij(�; u)
Eij(�; u) = 1

2(�; iuj;1 + �; jui;1); i; j=1; 2 (15)

Its numerical value calculated for H=41 is presented in Figure 8. Note that, integrating by
parts, with the help of relations (4) and (11), the integral over the domain in (14) can be
rewritten in equivalent form of the well-known path-independent Cherepanov–Rice integral

P′(l)=
∫
B

(
−1
2
�ij(ul)�ij(ul)�1 + �ij(ul)�—uli;1

)
(16)

over any closed contour B surrounding the crack tip, with the normal vector (�1; �2) to B.
It has been proved rigorously, that the integral representation (14) does not depend on the
cut-o� function �, like the equivalent representation (16). For the numerical approximation
we take the piecewise-linear functions � as illustrated in Figure 4.
We treat the stress intensity factors (SIF) as some integral form over the solution, too. In

the polar co-ordinates near the crack tip

x1 − l= r cos 	; x2 = r sin 	; r¿0; |	|6

consider the well-known singular functions for the homogeneous body

�1 =
√
r((2� − 1) cos 	

2 − cos 3	
2 ; (2�+ 1) sin

	
2 − sin 3	

2 )

�2 =
√
r((2�+ 3) sin 	

2 + sin
3	
2 ;−(2� − 3) cos 	

2 − cos 3	
2 ); �= 3�+�

�+�
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Figure 5. Jump <ul2= at � for the linear problem.

We have to solve two auxiliary problems with the singular functions �1 and �2 in the right-
hand side and A1 from (15) as follows:∫

�l

�ij(V k(�; l))�ij(v)=−
∫
�l

A1(�; �k ; v) ∀v∈H̃ 1(�l); k=1; 2

to �nd its solutions V k(�; l)∈H̃ 1(�l). This problem is analogous to (12) and di�ers from
it only by the right-hand side, which describes some �ctitious forces. Then the SIFs can
be represented explicitly in the form of integrals, in our case due to �=0 at �, in the
form

Kk(l)=
�+ �

2
√
2
(2�+ �)

∫
�N
giV ki (�; l); k=1; 2 mPa

√
m

which is independent of the cut-o� function �. Executing numerically the formulas shown
above, under the loading from (7)–(8) we have found K2(l)≡0, and K1(l) as presented in
Figure 9. Let us also recall here the well-known physical relation connecting the SIF with
the �rst derivative of the potential energy:

P′(l)=−�(1− �)
2

K(l)2; K(l)=
√
K1(l)2 + K2(l)2 (17)

Mathematically, problem (12) is correct. Let us consider now the jump <ul2= at the inter-
face �, which is numerically calculated for all values of the crack length l and shown in
Figure 5. We can see marked here the interpenetration zone at the crack �l where <ul2=¡0,
that, of course, is unacceptable from the physical point of view. The choice of loading
p1 and p2 from (7) and (8) in our example provides all possible cases depending on
the length of the crack. We �nd full interpenetration between the crack faces for small l:
full opening of the crack close to the edge {x1= 1}; and both interpenetration and opening,
inside.

Copyright ? 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:163–179
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4. NON-LINEAR PROBLEMS WITH NON-PENETRATION CONDITION

We now formulate the model providing non-penetration between crack faces, i.e.

<u2=¿0 on �l (18)

Let us introduce the set of admissible displacements

Kl= {u=(u1; u2)∈H̃ 1(�l); u satis�es (18)}
and consider the variational inequality∫

�l

�ij(ul)�ij(v− ul)¿
∫
�N
gi(vi − uli) ∀v∈Kl (19)

Its solution ul∈Kl describes the equilibrium problem (4)–(8) with the boundary condition at
the crack as follows:

<�i2(ul)==0; i=1; 2; �12(ul)=0 on �l

<ul2=¿ 0; �22(ul)60; <ul2= �22(ul)=0 on �l (20)

In what follows we will consider non-penetration conditions (20) instead of the stress-free
condition (11), and the corresponding non-linear problem (19) instead of the linear problem
(12).
To �nd an approximate solution of the variational inequality (19), we apply the iteration

penalty method and use theoretical results, presented in Reference [10]. First, for small pa-
rameter �¿0, we consider the non-linear penalty equation∫

�l

�ij(ul(�))�ij(v)− 1
�

∫
�t
<ul2(�)=−<v2==

∫
�N
givi ∀v∈H̃ 1(�l) (21)

where the upper minus denotes the negative part of the corresponding function, namely,

<u=−= max{0;−<u=}=
{
0 if <u=¿0

−<u= if <u=¡0

Then solutions of problem (21) converge to the solution of problem (19), see Reference [10]:

‖ul(�)− ul‖H 1 → 0 as �→ 0

with the order
√
� of the convergence. Second, we linearize (21) with the help of iterations

as follows: ∫
�l

�ij(ul(�; n))�ij(v) +
1
�

∫
�l

<ul2(�; n)− ul2(�; n− 1)= <v2=

=
∫
�N
givi +

1
�

∫
�l

<ul2(�; n− 1)=−<v2= ∀v∈ H̃ 1(�l) (22)

Copyright ? 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:163–179
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Figure 6. Jump <ul2= at � for the non-linear problem.

The following estimate was proved in Reference [10]:

‖ul(�; n)− ul(�)‖H 16
(

1
1 + c�

)n=2
‖ul(�; 0)− ul(�)‖H 1

which provides the convergence of the solutions of problem (22) to the solution of
problem (21) as n→ ∞. Thus, we can use the two-level approximate model (22) for seeking
the approximate solution of the variational inequality (19). In our numerical computations,
we use such values of parameters of the approximation, which suggest theoretically an error
within 5% in the H 1-norm.
Realizing numerical calculations of problem (19) by the above scheme, we found the jump

<ul2= at the crack �l as presented in Figure 6 (compare with Figure 5). We see here the full
contact for small crack length l, full opening for l close to 1, and both contact and opening,
inside. Of course, such picture is physically more preferable to the situation in Figure 5.

5. POTENTIAL ENERGY AND ITS DERIVATIVE

Let us de�ne the function P of potential energy from the solution ul of the non-linear
problem (19) by

P(l)=
1
2

∫
�l

�ij(ul)�ij(ul)−
∫
�N
giuli mPa m

2 (23)

Its numerical values calculated for various numbers H =11; 21; 41 from (10) are presented
in Figure 7. Here we see the relative convergence of the energy when re�ning the mesh,
i.e. increasing H . Supposing linear speed of convergence in h, in what follows we choose
H =41 (i.e. the mesh size h=0:025) which provides us enough accuracy of our calculations.
For comparison, we also present the potential energy from (13) for the linear problem with
crack.

Copyright ? 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:163–179
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Figure 7. Function P(l) of the potential energy.

In References [10,12,13] the integral representation of the �rst derivative of the potential
energy with respect to the perturbation of the crack length l is given in the form

P′(l)=
1
2

∫
�l

A1(�; ul; ul) mPam (24)

with the symmetric bilinear form A1(�; ·; ·) from (15). Formula (24) appears to be analogous
to (14) for the linear problem. Again, there was proved the independence of representa-
tion (24) of the cut-o� function � and its equivalence to the path-independent integral over
contour of form (16). The numerically calculated values of P′(l) are presented in Figure 8
when re�ning the mesh and in comparison with the corresponding values from (14) for the
linear problem. Up to a small error of approximation, in Figure 8 we can see the interval
0¡l¡l∗; l∗ ≈ 0:25, where P′(l)=0.
Formula (24) remains valid for bonded solids, too, due to the di�erentiation along the

interface.
In spite of the seemingly full analogy with the linear problem, we fail to attain the derivative

P′(l) for curvilinear cracks under the non-penetration conditions.

6. SIF-SIZED PARAMETER

For the non-linear crack problem (19), the non-positiveness property of P′(l) can be easily
proved. Therefore, we can formally de�ne the SIF-sized parameter K(l)¿0 from the derivative

Copyright ? 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:163–179
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Figure 8. First derivative P′(l) of the potential energy.

of potential energy, which yields the equality (17), namely

K(l)=

√
−2P′(l)
�(1− �) mPa

√
m (25)

For the linear problem from Section 2, due to K2(l)≡ 0, the SIF-sized parameter K(l) de�ned
by (25) is exactly equal to K1(l). Both these parameters for our example for the data from
Section 1 are presented in Figure 9.
Again, in Figure 9, we see the negative values of K1(l) for the linear problem, which have

no physical meaning.

7. QUASISTATIC PROPAGATION OF CRACKS

Fix some initial crack length l0 with 0¡l0¡1. For the dimensionless loading parameter t,
suppose the linear loading process

g1(t)= t g1; g2(t)= t g2; t¿0 (26)

with functions g1 and g2 from (7), (8). In analogy with (19), let us consider the quasistatic
equilibrium problem under loading from (26):∫

�l0

�ij(ul0 (t))�ij(v− ul0 (t))¿
∫
�N
gi(t)(vi − ul0i (t)) ∀v∈Kl0 (27)

Copyright ? 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:163–179



174 V. A. KOVTUNENKO

Figure 9. SIF-sized parameter K(l).

Due to the cone property of the set Kl0 , we have

ul0 (t)= tul0 ∈Kl0 (28)

for the solution of (27). Thanks to (28), it follows evidently from (23) and (24) that the
potential energy corresponding to (27) and its derivative have the values

P(l0; t)= t2P(l0); P′(l0; t)= t2P′(l0) (29)

The Gri	th fracture criterion implies that

�+ P′(l0; t)¿0⇒ no crack growth (30)

�+ P′(l0; t)=0⇒ initiating of growth (31)

where the positive constant �¿0 means the doubled density of the surface energy at the crack.
For numerical calculations we take the following value of �:

�=
K 23 cr
2�

mPam; K3 cr = 25 mPa
√
m; �≈ 0:011

that corresponds to the mode-3 case treated in Reference [16]. Due to (29) and P′(l0)¡0,
we have �+ P′(l0; t)= �+ t2P′(l0) which is a decreasing function of t.
Therefore, it follows from (30) that the crack of initial length l0 does not grow under the

linear loading (26) inside 06t¡tcr(l0). This critical value of t can be found from (31) by
solving the equation

�+ t2cr(l0)P
′(l0)=0

Copyright ? 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:163–179
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Figure 10. Quasistatic propagation of the crack.

It gets the value

tcr(l0)=
√

�
−P′(l0)

(32)

due to P′(l0)¡0. Following (9), let us now de�ne from (32) the dimensional function of
critical loading pcr in dependence on the initial crack length l0 by

pcr(l0)= t0�
√

�
−P′(l0)

mPa (33)

This physical value is equal to the maximum of the applied loading p2, while the maximum
of the corresponding loading p1 is 6.5 times more in view of de�nition (9). Using numerical
values of the derivative P′(l) from (24) as H =41, we construct the function p=pcr(l)
from (33) as presented in Figure 10 and marked by L.
Having the whole curve L of the critical loading, we can now describe the global process

of quasistatic crack propagation which we base on two main assumptions: the loading grows
linearly; and the crack can extend only in view of the Gri	th fracture hypothesis. This process
is illustrated in Figure 10 for the initial crack length l0 = 0:5. At the �rst step there is no
growth until max{p2(t)}= max{p1(t)}=6:5=pcr(l0), in Figure 10 see pcr(0:5)≈ 37:5 mPa.
Then the crack growth with in�nite velocity occurs at pcr(l0), which should mean immediate
breaking of the solid along the interface. This situation takes place for initial crack lengths
l0¿l∗, in Figure 10 see l∗ ≈ 0:25. The other case 0¡l0¡l∗ corresponds to the interval in
Figure 8 where P′(l0)=0. In view of (33), for l0¡l∗ we have no growth at all, the crack
�l0 remains closed.

Copyright ? 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:163–179
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Thus, the propagation of cracks with possible contact between the crack faces and under
linear loading can be in our example either unstable with breaking, or does not occur at all,
depending on the initial crack length.
Note, property (28) also implies that the zone of contact between the crack faces, where

<ul2==0, remains unchanged until the crack begins to grow.

8. BONDED SOLID

Now we consider a bonded solid �l with an interfacial crack �l between di�erent homo-
geneous isotropic materials in �±. We distinguish these materials with the help of the pa-
rameter bond introduced in (3). In particular, we vary the value bond =1; 1:5; 2; 2:5; 3. For
comparison, the case bond =1 corresponds to the homogeneous body investigated in previous
sections.
First, consider the function of potential energy P(l) introduced in (23) and its derivative.

All formulas from Section 4 remain valid for the bonded solid due to the di�erentiation along
the interface. Solving numerically problem (19) with H =41 for various numbers of bond
and for all discrete values of the crack length l, we substitute the corresponding solutions
into integral (23) to see the curves of potential energy P(l) in Figure 11.
The analytic formula (24) gives us the �rst derivative P′(l) of the corresponding curves

from Figure 11, which are presented in Figure 12.
By applying formula (25), from the �rst derivative P′(l) we calculate the SIF-sized

parameter K(l) presented in Figure 13.

Figure 11. Potential energy P(l) for a bonded solid.

Copyright ? 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:163–179
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Figure 12. First derivative P′(l) for a bonded solid.

Figure 13. SIF-sized parameter K(l) for a bonded solid.

Assuming that the delamination process takes place in the bonded solid, we �nd the curves
of critical loading for the straight-line crack propagation from (33), which are calculated in
Figure 14.

Copyright ? 2004 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2004; 27:163–179
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Figure 14. Critical loading pcr(l) for delamination.

9. CONCLUSION

When we suppose the classical stress-free boundary condition at the crack, the interpenetration
between crack faces can occur as in the example considered, which is unacceptable from
physic’s point of view. The linear model can be corrected by assuming that the non-penetration
condition is ful�lled at the crack. Applying the shape sensitivity and optimization methods, for
rectilinear cracks we �nd the functions of potential energy and its �rst derivative, SIF-sized
parameters depending on the crack length, and describing the quasistatic propagation of the
crack along the straight-line interface. In our example, the crack does not grow, or, its growth
is unstable with breaking, depending on the initial length of crack. Bonded solids with crack
along the interface can be treated within this approach, too.
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