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Abstract

Motivated by inequality constraints appearing in optimization context, we study non-smooth variational problems
and methods appropriate for their accurate solution. The use of Lagrange multipliers and merit functions leads
to semi-smooth Newton methods and equivalent primal-dual active-set iterative algorithms. For application in
dynamic contact mechanics, we investigate the collision of a rigid obstacle by a one-dimensional elastic bar.
The problem is described by the wave equation subjected to complementarity conditions, which weak solution is
characterized by a discontinuous velocity. The collision problem may have a non-unique solution for a high initial
speed exceeding the propagation speed of elastic waves. Multiple solutions are constructed analytically. For the
unique solution that restores the energy of the bar after rebound, the primal-dual active-set method is implemented
within space-time finite elements.

Keywords Impact contact dynamics - Variational inequality - Discontinuous velocity - Space-time finite element -
Primal-dual active set

Introduction

The theory of dynamic contact problems and their solution belongs to the field of computational and impact mechanics, see
[1, 2]. Based on the method of singular integral equations [3], some of two- and three-dimensional dynamic and crack problems
of the linear elasticity over unbounded domains were reduced to singular integral equations [4—6]. The variational theory of
contact problems stated in non-smooth bounded domains was developed in the monograph [7] and continued further [8—11].
For the related modeling of viscous bodies, we refer the reader to [12—14]. Using the viscosity approach, solvability of dynamic
variational inequalities can be found, e.g., in [15, 16]. We cite [17, 18] for proper numerical methods and computer-based
simulation techniques, to [19-22] for advanced optimization, and to [23-26] for other nonlinear issues related to the theory of
dynamic and constrained models.

The basics of finite element approximation used in the field can be found in [27]. For a time-stepping, implicit numerical
schemes of 6-type, Newmark-8, and Hilber—-Hughes—Taylor (HHT)-« families were developed. There are used Taylor series
approximating acceleration that assumes a continuous velocity. To solve effectively contact problems and the corresponding
variational inequalities, a semi-smooth Newton (SSN) concept was developed [28]. The Newton-type methods obey a locally
super-linear convergence rate and can be implemented in the form of a primal-dual active set (PDAS) algorithm. Its property of
global, moreover, monotone convergence is provided by the M-matrix condition. For a variety of static problems in mechanics,
the complete numerical analysis of SSN-based algorithms was carried out rigorously, see, e.g., [29, 30]. Within the theory of
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dynamic contact problems, numerical simulations with the help of PDAS approach are referred to in [31, 32]. Incorporating the
PDAS concept into HHT-« time-stepping schemes was suggested and implemented in [33, 34].

In the paper, we study a linear elastic bar which starts moving with an initial speed and then collides with a stationary rigid
obstacle. The collision benchmark for an initially undeformed bar dropped against a ground with an initial speed stems from [35,
36]. The other benchmark from [37-39] suggests the ground impacted by an initially deformed bar without initial speed. In both
cases, two bodies have different velocities; hence, elastic response during the impact may produce instabilities. The properties
of dynamic stability are crucial for constructing a numerical solution. For this task, finding an exact solution of the problem is
very much helpful. To treat discontinuous velocities numerically, space-time (ST) methods are well suited, see [40, 41]. We have
incorporated the PDAS concept within a full ST-discretization in [42, 43].

In the latter work [43], the collision with a discontinuous velocity was studied for moderate initial speeds less than the propaga-
tion speed of elastic waves. This provides a unique solution to the problem, which can be constructed along the characteristics in
2D, where the first dimension is time and the second dimension is space. The present contribution deals with non-unique solutions
of the collision problem as a consequence of high initial speeds exceeding the threshold. The novelty consists in construction
of multiple analytical solutions to the wave equation, expressed by piecewise-linear functions over rectangle domains. Further
developments of the ST-PDAS algorithm yield a highly precise numerical solution for the collision benchmark attained in only
few iterates.

For illustration, let us consider a unit point mass located at the deep x = —H < 0. The mass starts motion with an initial speed
vo > 0 without damping until it collides with the obstacle x = 0 at the time t = H /vg. Its trajectory x = u(¢) with respect to the
origin can be described in time r > 0 by the equation of motion, which is supported by initial conditions, and contact conditions
expressed in the complementarity form:

uy()=x), 0=u() L) <0 forr>0,
u)=—-H, u;0)=nuvp.

(1.1)

Here the first time derivative u , = du/dt implies velocity, and the second time derivative u ,, = 9%u/dt” yields acceleration.
The inequality # < 0 guarantees non-penetration through the obstacle, and the dual variable A implies a contact force that should
be non-tensile. The system (1.1) possesses multiple solutions:

u() =vo(t — 1), A)=0 fort e (0,1)
u(t) =0, At)=0 fort e (r,1) (1.2)
u(t)y =vi(ty —t), A(t)=0 fort>1n

with an arbitrary time #; > t and a velocity v; > 0 of rebound, see Fig. 1. Here, A(#) = 0 during the second stage corresponds
to a grazing contact. The rebound is commonly quantified with the help of the restitution coefficient:

=0 for perfectly inelastic collision

vy | € (0,1) for inelastic collision
=— . . (1.3)
vo | =1 for perfectly elastic collision

> 1 for superelastic collision

The only case of elastic collision in Eq. 1.3 at the rebound time #; = t in Eq. 1.2 preserves the kinetic energy. This hints us for
construction of an energy restoring numerical scheme prescribing the rebound velocity as v; = vy.

The paper is structured as follows. We formulate the collision problem for a bar moving with a high initial speed in the “Collision
problem withhigh initial speed” section. The corresponding dynamic variational inequality is presented in a space-time rectangle
for a wave equation subject to contact conditions over the obstacle. Its multiple solutions with discontinuous velocities are

Fig. 1 Collision of a mass with T T
an obstacle (left); multiple - tl
jectories x = u(r) (ri I
trajectories x = u(t) (right) 0 0 t
vo ]
! : e<1
| |
I I
—-H —H | l e=1
| |
I I
: : e>1
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constructed analytically in the “Multiple solutions with discontinuous velocities” section. The solutions are expressed by piece-
wise linear functions over suitable partitions of the rectangle, which do not coincide with characteristics of the wave equation.
In the “ST-PDAS solution algorithm restoring energy” section, the problem is approximated by piecewise-linear functions on
a uniform triangle grid. A particular numerical solution prescribed by the specific rebound velocity restoring the bar energy is
presented in the “Numerical tests” section by the use of a ST-PDAS algorithm of SSN-type. Numerical tests of the collision
benchmark demonstrate its high precision compared to the exact solution on grid points, super-linear convergence in very few
iterates, and no oscillations of the discrete energy under grid refinement.

Collision problem with high initial speed

Let an isotropic linear elastic bar of the unit rigidity and density have the length L > 0. We assume that the bar is located
below the originatx — L +u € (—H — L, —H), with H > 0, in the reference configuration. Its motion starts when forced by
an initial speed vp > 0 at time ¢+ = O without the gravity and initial deformation. See an illustration of the collision of the bar
with an obstacle x = 0 in the left plot (a) of Fig. 2, which is drawn for L = 1, H = 0.5, and vy = 2.

For a final time T > 0 fixed, let us consider the time-space rectangle Q = (0, T') x (0, L) with the boundary 9 Q. We assume
that the bar displacement u(z, x) for ST-points z := (¢, x) is described by the wave equation with the unit propagation speed of
elastic waves:

u(z) —uxx(z) = Az) forze Q, 2.1)

where A is a contact force, which is expressed at the contact boundary by
At,L):=u(t, L) fort e (0,T). (2.2)

Here, the first spatial derivative u y = du/dx corresponds to strain, and the second spatial derivative u ,y = 8%u/9x? is related
to curvature. The lower bar end is free of stress at x = 0, that is:

A,0) :=u,(t,0)=0 forr e (0,7), (2.3)

whereas the upper bar end collides with the obstacle. To guarantee non-penetration of all bar points x — L 4+ u(t, x), x € [0, L],
over the obstacle in all times ¢ > 0, we impose the complementarity conditions:

uw@+x—L<0, Axz)<0, A (u(x)+x—L)=0

- _ _ 24
forz =(t,x) € Q := Q\ {t =0}, where Q := QU Q.
The evolutionary equation is supported by the initial conditions at ¢ = 0:
u,x)=—H, u;0,x)=v9 forx e (0,L). 2.5)

We give a variational formulation to the collision problem. By the Petrov—Galerkin method using the linear sub-spaces
prescribed either by initial or final data [41]:

Hy,(0.T):={v e H'(0.T), v(0) =0}, H(0.T):={ve H'0.T), o(T) =0},
we look for a weak solution in the trial space
Vox = L*(0, T; H'(0, L)) N Hy, (0, T; L*(0, L)),

which differs from the test space:
Vio = L*(0, T; H'(0, L)) N Hy(0, T; L*(0, L)).

For smooth in @ functions u, v the Green formula holds:

/ (u,tt - u,xx)v dz = / (_u,tv,t + u,xv,x)dz
0 0

L . T . (2.6)
+/ u,,vdx|t=0—/ u_xvdt|x=0.
0 0
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Inserting here relations (2.1)—(2.3) and (2.5), we get the equation:

/kvdzz/(—u,tv,z+u,xv,x)d2
0 0

L L T
+/ uvdx| _ —/ vov|, dx—/ lvdt| .
0 |t_T 0 |t_0 0 |x_L

Together with the complementarity conditions (2.4) this yields the primal-dual system for function pairs: Find (u + H, 1) €
Vox X L2(Q) such that

u@ +x—L<0, A(z) <0forz=(tx)e 0,

T
A(u—L—I—x)dz—}—/ Audt| _, =0,
fQ A oot 2.7)

T L
f Avdz-i—/ adt| _, :/(—u,,v,,-l—u,xv,x)dz—/ vov|, _o dx
0 0 o 0

for all test functions v € V. The smooth variational solution u € H2(Q) to Eq.2.7 guarantees that traces u  existatx =0, L
and follows the point-wise relations (2.1)—(2.5) by converse arguments.
Using another representation following from Green’s formula (2.6) tested with v — u and accounting for relations (2.1)—(2.5):

/ A —u)dz = / (s —ug) +uxy —uy))dz
0 0

L L T
+f u,t(v—u)dx|I=T—/ vg(v|t=0+H)dx—/ AMv—wydt| _,
0 0 0

by the virtue of decomposition v —u = v +x — L — (u +x — L) reduces (2.7) to variational inequality: Find u + H € Vo, such
that u(z) + x — L < 0 for z € Q and justifies

L
0< fQ(—u,t(v,t —u) +ux(y—uy))dz — /0 vw(l|,_,+ H)dx 2.8)

forallv —u € Vygsuchthatv(z) + x — L <Oforz = (t,x) € é

The contact force A can be reconstructed in é from solution u of the variational inequality (2.8) by solving the following equation:

T L
/Avdz—}—/ Avdt|x=L :/(—u,,v,,—i—u,xv,x)dz—/ va‘,zodx (2.9)
0 0 0 0

for all test functions v € V.

Multiple solutions with discontinuous velocities

In the following, we construct solutions u to the variational inequality (2.8) and A to Eq.2.9, hence weak solutions (u, A) to
the boundary-value problem (2.1)—(2.5). The construction depends crucially on the initial speed vp > 0 in Eq.2.5 compared to
the propagation speed of elastic waves, which is taken 1 in the wave equation (2.1).

For moderate initial speeds vp < 1, a piece-wise linear solution to the variational inequality (2.8) was constructed early in the
work [43]. The discontinuities take place across the characteristics x — L = t —t and x + L = t — t of the wave equation, where
we recall the collision time © = H /vg. The unique solution is given by the displacement u(z) (left), velocity u,(z) (center), and
strain u, (z) (right) depicted for z € Q in the three plots of Fig. 3.

For high initial speeds vp > 1, we construct multiple piecewise-linear solutions to the variational inequality (2.8) as presented
in the three plots (a), (b), and (c) of Fig. 4 corresponding to u, u;, and u,. The first discontinuity begins at the collision time
t = 7 across the line (x — L)/vg = t — ¢ that is prescribed uniquely by the initial speed. Whereas the second discontinuity is
free across any line x/v; + L/vg = t — t with an arbitrary speed v; > 1 starting from the rebound time t = 7 + L /vg. These
lines of discontinuity do not coincide with characteristics of the wave equation (2.1). Below, we prove this result rigorously.



Journal of Mathematical Sciences

Fig. 3 Unique solution for (a) displacement (b) velocity (c) strain
vg < l: displacement u (left); z z z
velocity u; (center); strain uy T T+ 2L T T+ 2L T T+ 2L
(right) L . / R / \ 7
\Uo(L _ l‘)// L . // L N //
\\ / \\ O / \\ _,UO ,
\ / N / . ,
/ / /
vO(t_T) \\ // UO(T R t UO \\ // _v O \\ // 0
v, +2L) v, 0 v,
W t V] t A t
0 T+ L T 0 T+ L T 0 T+ L T

Theorem 1 Let T > t + L/vg. For the initial speed vo > 1 fixed, multiple solutions to the primal-dual variational problem
(2.7) are given by

vo(t — 1) inK1:={ze§:x;UL§r—t}
u(@z)=4{L—x inKQ::{zeé:X_L>r—t,i+£>t—r} 3.1
v — U] vy —
L, Ly — 0 - L
v =145+ 50) mK3.—{z€Q.Uil+%§t—f}
with arbitrary vy > 1. The contact force in é is represented by a discontinuous function:
—1 forz e KoyN{x =L}
=71—1t}

-1/2 —

vo + ) (1 UI(Z)) ! forz e Q {XUOL
—1/2

+U]*12) / forze QO {lf—l—l—%——t—‘r}

0 otherwise.

3.2)

Proof Let '}, be the interface between neighbor elements K| and K, with the normal vector (1, 1/vo)/,/1 + 1/ vé, and let I'y3

be the joint side between elements K> and K3 with the normal vector (1, —1/vy)/,/1 4+ 1/ v% in the partition K, K2, K3 of 0.
For short, we denote jumps of a field w(z) over the interfaces by

Tl =wlyenr, = Wlhkar, W= [0 a0, = w]h0an,,:
The continuous, piece-wise linear function from Eq. 3.1 justifies equations:
Uy =0, uy,=0 in Ky, K», K3,
[u,l=-vo, [u,]=-1 onI'y»
[w 1= -vi, [ul=1 on I'p3
ul_og=—H. wil,_g=v0. us,_4=0 ondQ (3.3)
u(t,L)y =vo(t — 1), u,(t,L)y=0 fort € [0, 7]
u(, L) =0, wu (@ L)=-1 forte[t,r—l—%—}—%]
ut, Ly=vit —t+L+L), u,t,L)=0 forrelr+ L+ LTI

Fig.4 Non-unique solutions for (a) displacement (b) velocity (c) strain
vg > 1: displacement u (left); T L |, L z L, L T L, L
velocity u; (center); strain ux T T+ Vo + v1 T T+ Vo + vy T T+ Vo + vy
(right) L \ / L \ / L \ /

\ L — X \ / \ /

\‘ // \\ 0 // \\ -1 //

vo(t — T)\\ Sui(r—t " / \ K
0 \\ , I . (%) \\ , _— 0 \\ h 0
\ // +% + E) t \ // t \ // t

0 T4 L T 0 4L T 0 ra L T
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From Green’s formula (2.6) applied to piecewise-smooth functions u, v in K1, K>, K3, which derivatives have jumps across
I'12 and I'23, we have the equation

Z/ (u, n—um)vdz—z ( Uvy+uv,y)dz
[Ge— 5201 T +%5 )] L r
_/ ST — =0 dI — / o ’ dF—i—/ u,,vdx}tT_O—/ uﬁxvdl|i‘_0.
Iz /lJr '3 jz 0 - 0 -

3.4

Let us insert (3.3) into (3 4) with smooth functions v such that [v]] = 0. Using [(«,; — %)v]] = [u; — —]]v on I'12 and
M, + = vl = [, + x]]v on I'p3 yields

0:/(—u,,v,t+u,xv,x)dz—/ vdl — /
1] T2 /1+ I3 /1+
3.5)

L L

L T+ o+
0 V1
—/0 vov|t:0dx+/ v|X:Ldt
T

for all test functions v € V. By the virtue of formula (2.9), from Eq. 3.5, we determine the contact force in Eq. 3.2. The multiplier
is non-positive for vg > 1 and v > 1.
The gap between the obstacle and the displacement in Eq. 3.3 can be expressed on the partition as follows:

vo(t - X_OL) for z € K,
u(iz) +x—L =130 forz € K» 3.6)
vl(r—t—i—vL—O—i—lf—]) for z € K3,

hence the non-penetration condition u +x — L < 0 holds everywhere in é . From Eqgs. 3.2 and 3.6, it follows the complementarity
conditions in Eq.2.7. The proof is completed. O

For the reason of thermodynamics, we introduce in the consideration a time-dependent function of the bar energy:

L
E(t) ::%/0 W’ +u*)dx, t€l0,7). 3.7)

As a consequence of Theorem 1, we deduce the following.

Theorem 2 [f the assumptions of Theorem I hold, then the bar energy (3.7) is given by a continuous, piece-wise linear function
such that

%Lv(z) fort €10, 1)

E) = %Lv(z) — %vo(vg - D@ —-1) fort elr, T+ UL—O) (3.8)
§L(1 — g—t‘)(v]2 — 1)) + %vl(v]2 —D(t—1) forte[t+ v%’ T+ UL—O + 5‘—])
1Lv? fortE[T—l—v%-i—l{‘j,T)-

Proof We calculate straightforwardly the bar energy (3.7) according to the solution formula (3.3). For ¢ € [0, 7), we have

L
2E(1) :/ W dx = Lvg;
0

fort € [t, T+ L/vp):

L+vo(t—1) L
2E(1) :/ u%,dx+/ (=1)?dx = Lv§ — vo(v3 — D)(t — 1);
0 L+vo(t—1)
fort € [t + L/vy, T+ L/vyg + L/vy):
vi(t—t)—Lvi/vo L
2E(1) :/ (—vl)zdx+f (-=1)%dx
0 vi(t—t)—Lvi/vo

= L(1=20f = D) + w0} - D -0
0
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andfort € [t + L/vo+ L/v1,T):
L
2E(1) :/ (—v1)?dx = Lv?.
0

This completes the proof. o

We will use the analytical formulas obtained in Theorems 1 and 2 as a benchmark for the derivation of a numerical solution
algorithm that restores the bar energy after rebound. It is based on the ST-FEM discretization of the collision problem on a
uniform triangular grid and on the PDAS iteration of the complementarity conditions.

ST-PDAS solution algorithm restoring energy

We consider a partition U;e; T; = Q of the space-time rectangle into equivalent elements given by right triangles 7;, i € I. Tt
composes a uniform triangulation with the temporal size h; = T /(N; — 1) in t-direction, and the spatial size hy = L/(Ny — 1)
in x-direction, where integers N;, N, > 2. Moreover, we assume the relation #; = h, /vo according to the initial speed. The grid
has the number N; N, of nodes in Q corresponding to degrees of freedom DOF, and a number M = (N, — 1) N, of constrained
nodal points in 0. An example grid for Ny = 5 and N; = 13 is illustrated in the center plot (b) of Fig. 2. We set the vector-valued
mesh-size parameter h = (hy, hy).

On this partition, a full ST-discretization will be implemented in the standard space of continuous, piece-wise linear functions
for displacements:

Vi ={u, € C(0). vhly, € P1(Ty) fori € I},

The trial Vj, and test V,o spaces are approximated by respective finite-element spaces:

Ve =o€ V', up(0, ) =0}, Vi ={u e V", u(T, ) =0}
We associate ST-nodal points zj, := (#,, x;,) € Q with usual hat-type functions ¢, building a nodal basis of the dimension DOF
in V”. For the contact force, we will use a piece-wise constant Pp-approximation. To fit the discontinuous function A in the
analytical formula (3.2), this leads to a nodal representation by the Lagrange multiplier A, in M constrained nodes over Q. Then,
we approximate the primal-dual system (2.7): Find (uy + H, Ap,) € Voh* x RM such that

up(zn) +xp —L <0, dp <0, Ap(un(zp) + x5 — L) = 0forzy € O,

L 4.1)
A = / (—tn,iPn,e + UnxPnx) dz —/ v ,_odx
o 0
for all basis functions ¢y, € V*ho-
For r > 0 fixed, let us define complementary, primal-dual active .4 and inactive Z sets splitting the constrained nodes:
AGun, M) = {zn € O+ ran — up(zn) — xp + L < 0} 42)
T(up, ) = {zn € 0: rip — up(zn) —xp + L = 0}. .
As a consequence of the complementarity conditions in Eq.4.1, two options follow:
up(zp) +xp =L =0, Ay <0 on Aup, An) 43)
up(zp) +x, —L <0, Ay =0 onZ(uy,Ap). ’

With the help of Eqs.4.2 and 4.3, problem (4.1) is equivalent to an implicit variational equation on a linear subspace: Find
u, + H e V(f'* such that

up(zp) +xp — L = 0on A(uy, Ap),

L

/ (—tn,1Pn,i + wn,xPnx) dz — / vodn,_gdx =0 (4.4)
0 0

for all ¢y, € Vfo with ¢, = 0 on A(up, Ap),

and A, € RM such that
rnon A(up, Ap)

A= !O onZ(up, ), (45)
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where the residual rj, € RPOF:

L
rp = / (—Uh,i®hi + whxPh,x) dz —/ Vo [,_o dx (4.6)
Q 0

for all basis functions ¢y, € Vfo.
Following [29, 30], we iterate the equations (4.2), (4.4)—(4.6) over the primal-dual active sets in the following algorithm.

Algorithm 1 ST-PDAS

1: Initialize active set .A? = @ and set iteration number k = 0.
2: Solve the linear system with respect to uﬁ +H e Voh*:

uk (z) +xp — L = 0 on AX,

L
fQ (—ufy  Gns + ub pnx) dz — /0 v |,y dx =0 4.7

for all ¢y, € V*h0 with ¢, =0 on .A’;,.

3: Compute the residual r} € RPOF:

L
= / (—uf o +up bnx)dz — /0 V0| ,_g dx for all ¢, € V1. (4.8)
Qo
4: Compute the Lagrange multiplier )\1}‘, e RYM:

k k

r, onA
V) h 4.9
. [0 on I;". “.9)

5: Update the primal-dual active and inactive sets:

[AI;[-H ={zme 0 raf —uk@) — 81 — (1 - 82)(x, — L) <0} 4.10)
T = {2y € O rAk —uk(z) — 81 — (1 = 82)(x, — L) = O}.
6: Terminate iteration if it cycles, or the termination condition holds:

Al gk 4.11)

otherwise increase iteration number k = k 4 1 and go to step 2.
The discrete problem (4.1) may obey multiple solutions as well as the continuous problem (2.7). In this case, basic iterations 1:—6: would cycle or diverge. Therefore,
we specify the ST-PDAS algorithm in such a way to get a unique solution corresponding to the restitution coefficient e = 1 in Eq. 1.3. It is thermodynamically
reasonable since the velocity vy = vg restores the energy E after rebound according to the analytical formula (3.8). The below heuristics were helpful in our
numerical tests for stable convergence of the ST-PDAS algorithm without cycling.
7: Small parameters 8; and 8, in Eq. 4.10 regularize grazing contact in Q. There are taken §; = 8, = 10710, and r = 1072.
8: We extend the final time to match the trial V(f’* and the test V*ho spaces by widening Q to the computational domain (0, 7 + 2h;) x (0, L).
9: At the contact interface {x = L}, we say that collision starts at a node where (t;lc —hy, L) € I;f and (t,lz‘, L) € .Alfl (that corresponds to t for the analytical
solution). Just before the collision and for the extended times, the stress-free condition uﬁ_x (tn, L) = 0in Eq. 3.3 is realized by the finite difference:

uk (ty, L) — ul (tn, L —hy) =0 fort, € {tf —hy, T +hy, T +2h,)}. (4.12)

10: In Q \ {x = L}, collision starts at a set 1"’1‘2h where (t,’;' — hy, x{l‘) € I,’: and Zl;: = (t,’l‘, x{l‘) S .Aﬁ (corresponding to I'12 in Eq. 3.3). Therefore, just after the
collision, we impose zero velocity uﬁ{, (z’;;) = 0 using the finite difference:

Wb @k 4 hy xfy —uk @k xfy =0 fork ek, (4.13)

11: In Q \ {x = L}, the bar rebounds at a set I"2‘3h where zfl = (t,’l‘, x;,‘) € A’;, and (t,’l‘ + hy, x;l‘) € Iﬁ (corresponding to '3 in Eq. 3.3). Following the restitution
e = 1, we impose the velocity u;‘;’t (zﬁ) = —uvyp, which is expressed by the finite difference:

Wbk 4 by xf) —uk (@ <k = =k, forzk e T, (4.14)
12: In the case of intersection z’,j = (tf]‘, xﬁ) € 1"/2‘3/, n F’2‘3h, we have v; = vy. In this node, Eqs. 4.13 and 4.14 should be replaced with the finite difference:
— b = e, ) 20 <) — ik @ 4 b, b = 2n,. (4.15)
13: To preserve a monotone decrease of active sets over rebound time for k > 1, we re-initialize (4.10) if repeated active sets increase:
A= AR [z, € TA3) such that z;, € AFTE M Af butz, ¢ AF NAlTL (4.16)

14: Implementing conditions 10:-13: over the set 0 \ {x = L}, this needs to relax the Dirichlet condition stated in Eq. 4.7 on A’;, to the contact boundary
Afn(x=L).




Journal of Mathematical Sciences

L=*Nsez=0a(10) x(STQ)=0u wv\. = ¢V Y7 S198 9ANOR JO SRIN SVARLS S I

1 awn
SL G20 O

¥ ojelayl € 9jeJ9yl ¢ djessyl
}own } oy } awy
¢l G0 O Gl 6.0 or gL 6.0 or
ecccodoccce G0 x G0 x
0 0

azjjepul-al | Sjessy 0 SjeJs)l



Journal of Mathematical Sciences

Table 1 Discretization_ Ny hy Nt hy DOF M

parameters corresponding to the

number Ny 5 0.25 13 0.125 65 60
7 0.16.. 19 0.083.. 133 126

0.125 25 0.0625 225 216

11 0.1 31 0.05 341 330
21 0.05 61 0.025 1281 1260
31 0.03.. 91 0.016.. 2821 2790
41 0.025 121 0.0125 4961 4950
51 0.02 151 0.01 7701 7650

See the example of re-initialization at k = 2 in Fig. 5 presenting the numerical solution in Q = [0, 1.5] x [0, 1]. The problem
is discretized by the numbers N, = 7, and N; = 19 as the initial speed vg = 2, thus DOF= 133 with M = 126 constrained nodes
in @ = (0, 1.5] x [0, 1]. The figure shows history of active points during the iterates k = 0, .. ., 4 along with the filled triangle
presenting the true active set {(x —1)/2 > 1/2—1, (x4+1)/2 > t — 1 /4} for which the exact solution satisfies rA —u —x+ L < 0.

In the next section, we validate in details the ST-PDAS algorithm implemented between the lines 1:-14: for the collision
benchmark given in Theorem 1.

Numerical tests

In further numerical tests, we set the bar length L = 1 and final time 7 = 1.5 such that the reference rectangle O =
(0, 1.5) x (0, 1), the initial depth H = 0.5 and initial speed vy = 2 with the collision time T = 2, portrayed in Fig. 2.
Further discretization numbers N, in x-direction are varied in the range of 5,...,51. The values N; = 3(N, — 1) + 1

corresponding to ¢-direction are provided by vg = 2. The numbers of DOF and constraints M are gathered in Table 1 along with
the mesh sizes h; and h,.

Table 2 collects the number of iterations #it that are required for termination of the ST-PDAS algorithm and presented versus
discretization numbers. It clearly demonstrates that the growth of #it is very moderate under increasing N, .

For N, = 7, the history of displacement iterates ug, RN uZ is depicted in Fig. 6. Iterates of the Lagrange multiplier A7, . . ., )‘2
are portrayed in Fig. 7.

We compare discrete displacements u; with the exact solution u# along the contact boundary x = 1. Figure 8 presents the
result of comparison by varying step-sizes &, selected in the range of 0.01, ..., 0.05. In the left plot (a), the functions u;, (¢, 1)
and u(t, 1) are depicted with respect to time ¢ € (0, 1.5), and they all are visually indistinguishable. The right plot (b) shows the
maximum error:

max |up(t, 1) —u(t, 1)|
te(0,1.5)

versus h;, which is less that 1013 for all step-sizes.
Finally, we calculate the exact energy E of the bar given by formula (3.8) with L = 1, vy = vop = 2, 7 = 1/4 and
L/vy = L/vg = 1/2 such that

2 fort € [0, 0.25)
E®) 2 —3(t —0.25) fort e[0.25,0.75)
) =

3(t —0.25) — 1 fort €[0.75,1.25)

2 fort € [1.25, 1.5).
The discrete energy Ej, is computed in equidistant time points 7', . .., #¥ according to the formula (3.7) and compared with the
exact values E(t"), form =1, ..., N;.
Table 2 Number of iterations #it Ny 5 7 9 11 1 31 41 51

required to terminate ST-PDAS
algorithm #it 3 4 5 5 6 5 7 7




iterate 3

iterate 2

iterate 1

iterate 0

7

., 3 of the displacement uﬁ as Ny

Fig.6 ST-PDAS iterates k =0, ..

Journal of Mathematical Sciences



Journal of Mathematical Sciences

Sl

}awy
G0

€ ajeso)

(x

Sl

}own
G0

Z ojeso)

(x

Sl

}own
G0

L= *N se §y sondnpnw oueiSeogr jo € 17 f0 = ¥ SN SYA-LS £ B4
L X }awn L X

50 . S0
0 0
70—
A
0

(x
(XD

| ojesa) 0 ejeso)



Journal of Mathematical Sciences

Fig.8 Discrete displacements (a) displacement u(t,1) % 10713 (b) maximum error
uy (¢, 1) for step-sizes h; 0 T T w w
compared with the exact solution 1571 _ % -h.=0.05
u(t, 1) at the contact boundary t
7'*"ht=0'025
017 1 —x-h=0.017
+ht=0.0125
1L j
-0.2 1
ht=0'05
-0.3 1 1
- — - ht:0'025
~ h=0017 057 ]
04t |- h,=0.0125 ]
———h,=0.01 R
’/ ~
exact T~
0.5 0 ’
0 0.5 1 1.5 0 0.02 0.04
time t time step h ¢

The left plot (a) of Fig. 9 depicts the curves E(¢) and E(¢) versus time ¢ € (0, 1.5). In the figure, we observe that discrete
energies coincide before rebound ¢ < 0.75, and they approach the exact energy after the rebound # > 0.75. In the right plot (b)
of Fig. 9 the relative error with respect to the discrete L>-norm:

Ni
he Y (B EED)? 5100 (%)

is drawn versus the step-size &;. This curve has a slightly increasing slope when &, drops, thus a super-linear convergence rate.

Fig.9 Discrete energies Ej (t) (a) energy E(t) (b) energy error %
for step-sizes h; compared with 2 T T 7F T T
the exact energy E (1) /
/
/
61 / 1
/
/
/
15+~ h=005 ] 5t L 1
- /
— —-h=0.025 , ,
- H Y i
————— h,=0.017 X
77777 h,=0.0125 /
3r % 1
———h,=0.01 /
1r t 1 v
t ,
exac ol /// |
10 i
051 1
1 - 1 0 1 1
0 0.5 1 1.5 0 0.02 0.04

time t time step h ¢
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Conclusions

To treat collision problems with a discontinuous velocity, we elaborate a space-time finite-element method and endow it with a
primal-dual active set algorithm. The ST-PDAS algorithm in two space-time dimensions is applied to an analytical benchmark of
arigid obstacle collided by an elastic bar with a high initial speed vg which exceeds the propagation speed of elastic waves equals
1 here. We select a unique solution following the restitution coefficient e = 1 that restores the energy of the bar after rebound. We
present numerical tests on a uniform triangulation of the space-time domain. When supported by a re-initialization procedure, the
ST-PDAS iterates converge in 3—7 iterates for all discretizations tested. The numerical solution on nodes coincides with the exact
solution even for coarse grids. The energy converges with a super-linear rate under grid refinement without spurious oscillations.
For the advantages of the ST-PDAS approach over with time-stepping methods, see the recent work [44]. Accounting for the
gravity may be the subject for a future research.
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