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Abstract
The contact problem describing a railway vehicle — road — track ballast system is under our investigation. 
During the motion, the rolling stock (snowpiercer) is represented by a moving localized load, the road by 
a Timoshenko beam, and the track bed material is rigorously modeled using 3-by-3 matrices of stress and 
strain rate. To ensure physical consistency, the Kolymbas-type hypoplasticity theory well-suited for cohe-
sionless granular materials is applied to describe the ballast. As a result, the normal stress and shear stress 
on the interface between the rail bottom and ballast are analytically derived from the closed-form solution 
to the nonlinear hypoplastic differential equation.
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Introduction

Trains traveling over railway tracks create a complex, multi-scale, and multi-physics system for dynamic contact. Dur-
ing rolling contact, high contact stress, temperature fluctuations, elasto-plastic deformation, and friction forces may cause 
wear phenomena on the rails, such as cracks, material wear, and the generation of wear debris between the contacting 
surfaces. These phenomena are also accompanied by chemical reactions and squeal noise effects.
By neglecting these complex phenomena, many mathematical models consider the rails as Euler-Bernouilli beams sub-
jected to a moving load from rolling stock and supported by rigid foundations [1], or constrained between two rigid 
obstacles [2, 3]. An elastic foundation composed of continuously distributed linear elastic springs together with Coulomb 
frictional dampers was modeled and analyzed in [4]. The mechanical properties of a viscoelastic spring foundation were 
expressed using both frictional and viscous dampers in [5]. These mathematical problems are non-smooth and are gov-
erned by partial differential inclusions.
A railway track is composed of several key components, including rails, fasteners, sleepers, and a track bed known as 
ballast, which lies between the natural ground. The track ballast supports the static load of the rails as well as the dynamic 
load from rolling stock, and also aids in drainage. It is typically composed of aggregate grains made from crushed stones, 
gravel, sand, and their mixtures. A recent survey on the development of railway track technologies can be found in [6]. 
The survey highlights that the ballast is the weakest element of the track, heavily influenced by the material used in the 
bed. As trains pass over the track, the angularity of the ballast grains diminishes, producing fine particles and leading to 
irreversible deformation of the ballast structure and consequently to a decline in track performance. Some micro-Deval 
abrasion tests and discrete element simulations of ballast wear have been conducted in [7]. Therefore, accurately account-
ing for ballast behavior might be the primary challenge in modeling a snowpiercer.
In the present paper, we use the Timoshenko beam equation instead of the Euler-Bernoulli beam equation to model the 
rail, in order to take into account more accurately the shear effects in the cross-section of the beam (see [8–11]). For papers 
dealing with the coupling of the Timoshenko beam with the elastic medium, we cite [12–14]. Moreover, the track ballast 
with dissipative material properties is rigorously modeled using 3-by-3 stress and strain rate matrices within the framework 
of hypoplastic theory, as developed by Kolymbas and co-authors [15–17] to describe cohesionless granular materials. Spe-
cifically, we employ a simplified version of the hypoplastic constitutive model introduced by Bauer [18] and Gudehus [19].
In previous studies, the hypoplastic strain-stress response as a nonlinear differential equation is established. In [20, 21], 
a solution for the stress under a prescribed proportional strain rate, called strain control, was derived in the closed-form. 
Conversely, an unknown strain rate entering implicit differential equations under a given proportional stress, called stress 
control, was obtained analytically in [22].
In the “The railway vehicle-road model” section, we present a physical model of frictional contact, activated by a local-
ized force moving at a given velocity over the Timoshenko beam. We assume the beam to be linear elastic, isotropic, and 
homogeneous, with a constant cross-section. This beam lies on a deformable track ballast occupying a semi-infinite strip 
of constant height, modeled as a hypoplastic granular material in a simplified manner. In order to preserve the continuity 
of displacement of the ballast layer, a distribution of the vertical displacement field and rotation field linear decreasing 
with the depth is introduced. The closed-form solution to the nonlinear hypoplastic differential equation, the normal stress 
and shear stress acting on the bottom of the beam are provided analytically in the “The hypoplastic ballast model” section.

The railway vehicle‑road model

We consider the dynamic contact problem for the railway vehicle-road model as illustrated in (x, y, z)-coordinate system 
at some fixed time t [s] in Fig. 1. For simplicity, the whole problem is assumed to be under plane strain conditions, i.e., 
there is no deformation in the direction of the y-coordinate. The rail vehicle (snowpiercer) is represented by a localized 
vertical load F moving at a velocity V(t) [m/s] in contact with the railroad along the x-direction.
We model the railroad as a Timoshenko beam with a height hb and constant mass density � [kg/m3 ], cross-section area A 
[m2 ], second moment of area I [m4 ], Timoshenko shear coefficient � [1] which depends on the geometry and � [N/m2 ] 
and � [N/m2 ] are the elastic and shear modulus, respectively. For convenience, we assume the x-axis to be the center-line 
of the undeformed beam in the reference configuration fulfilling the condition ∫ hb∕2

−hb∕2
� dA = 0 . Herein � denotes the local 
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coordinate in the cross-section measured from the (x, y)-plane located at half height of the beam. In Timoshenko beam 
theory the displacements of the beam are assumed to be given by v(t, x, �)

def
= (v1, v2, v3) with

Here, w(t, x) [m] denotes the vertical deflection of the center-line of the beam, uc(t, x) [m] stands for the longitudinal 
displacement of the center-line, while �(t, x) [rad] is the rotation angle of the cross-section of the beam with respect to 
the vertical direction.
In its turn, the railroad represents the contact boundary with a track ballast of height h lying in the half-space z < −hb∕2 
and described by the displacement vector u(t, x, z) [m], strain rate �t(t, x, z) [1/s] and stress state �(t, x, z) [N/m2 ] tensors.
By using the above notations, the Timoshenko beam can be described by the following three equations of motion stated 
at the center-line corresponding to z = 0:

for all (t, x) ∈ (t0, T) ×ℝ with T > t0 . We denote by (⋅)t
def
=

�

�t
 and (⋅)x

def
=

�

�x
 the derivatives with respect to t and x , respec-

tively. In the vertical direction, �Ag accounts for the weight of the beam per unit length in which g [m/s2 ] denotes the 
gravitational acceleration. In equation (1b), the quantity

defines the applied moving load, � ∶ ℝ → [0, 1] is an even, C2-class function such that supp𝜓 ⊂ [−𝛿, 𝛿] and ∫
ℝ
�(x)dx = 1 , 

with 𝛿 > 0 that represents a finite-scale vehicle-rail contact area, X(t)
def
= ∫ t

t0
V(s)ds . Parameter � [m] denotes a characteristic 

length.
We prescribe initial data v(t0, ⋅) = v

0 and vt(t0, ⋅) = v
0
t
 . From an engineering viewpoint, the initial rotation angle 

�(t0, ⋅) = �0 and �t(t0, ⋅) = �0
t
 can be obtained from the initial location of load F�(x − X(t0)) . The reaction of ballast to rail 

implies normal stresses n ⋅ �(t, x)n = �33(t, x) with the outward normal vectors n = (0, 0, 1) and shear stresses �13(t, x) 
on the boundary z = −hb∕2 . Equation (1a) describes the effect of the interface shear stress �13(t, x) on the longitudinal 
displacement uc(t, x) of the center-line of the beam. Combining (1b) with (1c) leads to a fourth-order differential equation 
for the unknown w(t, x).
For a frictional contact between the rail and the ballast, we assume that the top of the ballast follows the deformed bot-
tom profile of the beam. Consideration of the undeformed top surface of the ballast at z = −hb∕2 as reference level the 
displacement vector of the interface has the following components:

v1(t, x, �) = uc(t, x) − ��(t, x), v2(t, x, �) = 0, v3(t, x, �) = w(t, x).

q
def
= −F�(x − X(t))

(2)uBT =
[
uc(t, x) +

hb

2
�(t, x), 0 , w(t, x)

]
.

Fig. 1  Geometry of the rail-
way vehicle-road model
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In the half-space z < −hb∕2 , the ballast is assumed to occupy a semi-infinite strip of height h [m] which is fixed at the 
bottom:

In order to fit the both boundary conditions (2) and (3), we propose a linear distribution of the displacement across the 
z-variable in the ballast such that for z ∈ [−hb∕2 − h,−hb∕2]:

In the next section, we specify material model for the ballast satisfying (4) and express explicitly the normal stress �33(t, x) 
and shear stress �13(t, x) in the balance equations (1a), (1b), and (1c).

The hypoplastic ballast model

A typical track bed is composed of grains like rock, gravel, sand, and their mixture. Thus, we employ a hypoplastic 
model, which is well-suited for describing cohesionless granular materials. Let us introduce the orthogonal decomposition 
into deviatoric and spherical components with the identity tensor I:

We consider the constitutive response between the stress � , stress rate �t [N/(m2s)] and strain rate �t [1/s] as given by 
(see [18, 20, 22]):

where ‖�t‖ stands for the Frobenius norm, a > 0 denotes a constant yield strength, fs < 0 and fd > 0 are the stiffness 
and density factors. These factors may be inhomogeneous when depending on void ratio [23], in this work, however, we 
neglect the influence of the void ratio, and the factors fs and fd are assumed to be constants. As a consequence of equations 
(7a)–(7c) below, the components of the strain rate tensor �t in the hypoplastic constitutive equation (5) are functions of 
the time derivatives of uc, �, �x, w, wx.
By differentiating (4), we calculate the strain rate components �ijt

def
=

1

2

( �uit

�xj
+

�ujt

�xi

)
 , i, j = 1, 2, 3 , as follows:

where

Rescaling the stress, let us consider

(3)u = (0, 0, 0) at z = −
hb

2
− h.

(4)u(t, x, z)
def
=

[2 uc + hb �

4 h

(
hb + 2 h + 2 z

)
, 0 ,

w

2 h

(
hb + 2 h + 2 z

)]
.

�

def
= �

⋆ +
1

3
tr(�)I.

(5)�t = fs

�
a2tr(�)�t +

� ∶ �t

tr(�)
� + afd(� + �

⋆)‖�t‖
�
,

(6)�t

def
=

⎛⎜⎜⎝

�11t 0 �13t
0 0 0

�31t 0 �33t

⎞⎟⎟⎠
,
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Note that the decomposition into deviatoric and spherical parts yields

while from (5), we deduce that

Therefore, the constitutive response (5) can be decomposed equivalently with respect to normalized stress:

Using the identities in (8), we can see that

therefore, rewriting (10)–(11), we obtain the following 1st-order ODE system with respect to stress:

endowed with initial conditions

We will solve the coupled system of linear equations in closed form.

Theorem 1 (Analytical solution) Under the strain control (6), there exists an analytical solution to the Cauchy problem 
()–(13) expressed in the closed-form, where we write only the dependency on t to simplify the notation:

(8)�̂

def
=

�

tr(�)
= �̂

⋆ +
1

3
I.

(9)�̂
⋆

t
= �̂t =

�t

tr(�)
−

�̂

tr(�)
tr(�t),

(10)tr(�t) = fs
�
a2tr(�)tr(�t) + � ∶ �t + afdtr(�)‖�t‖

�
.

(11)�̂
⋆

t
= fsa

�
a�t − atr(�t)�̂ + fd‖�t‖�̂⋆

�
.

� ∶ �t = tr(�)

(
�̂
⋆ ∶ �t +

tr(�t)

3

)
,

(12a)�̂
⋆

t
=fsa

�
a
�
�t −

tr(�t)

3
I

�
+
�
fd‖�t‖ − atr(�t)

�
�̂
⋆

�
,

(12b)tr(�t) =fs

��
a2 +

1

3

�
tr(�t) + �̂

⋆ ∶ �t + afd‖�t‖
�
tr(�),

(13)� = �
0 at t = t0.

(14a)∙ �̂�⋆

ij
(t) = �̂�⋆

ij
(t0)E(�(t)) for ij = 12, 23,

(14b)∙ �̂�⋆
13
(t) = c13(t)E(�(t)) with c13(t)

def
= �̂�⋆

13
(t0) + fsa

2 ∫
t

t0

𝜀13t(s)

E(�(s))
ds,

(14c)∙ �̂�⋆

22
(t) = c22(t)E(�(t)) with c22(t)

def
= �̂�⋆

22
(t0) −

fsa
2

3 ∫
t

t0

𝜀11t(s) + 𝜀33t(s)

E(�(s))
ds,

(14d)∙ �̂�⋆

11
(t) = c11(t)E(�(t)) with c11(t)

def
= �̂�⋆

11
(t0) +

fsa
2

3 ∫
t

t0

2𝜀11t(s) − 𝜀33t(s)

E(�(s))
ds,

(14e)∙ �̂�⋆

33
(t) = c33(t)E(�(t)) with c33(t)

def
= �̂�⋆

33
(t0) +

fsa
2

3 ∫
t

t0

2𝜀33t(s) − 𝜀11t(s)

E(�(s))
ds,
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recalling that �̂�⋆
ij
(t) = �̂�⋆

ji
(t) , and defining

Besides, the stress trace is given by

Proof Since �ijt = 0 in the tensor (6) for the indices ij = 12, 21, 23, 32 , the linear equation (12a) becomes:

Using the separation of variable method and the following identity

we may easily deduce (14a). On the other hand, we note that (12a) reads

for ij = 13, 31 . Hence, we solve (16) by using the variation of constants method, we find

which implies the formula (14b). In order to obtain the elements of the diagonal of �̂⋆ , we consider the following equa-
tions resulting from (12a):

Thus, applying again the variation of constants method, we can derive the solutions given in (14c)–(14e).
To solve equation (12b), using (14b), (14d), and (14e), we first calculate the scalar product of tensors:

and insert (17) into (12b), resulting in

Finally, solving the linear ODE (18) by separation of variables provides the solution given by formula (15), thus complet-
ing the proof.

We remark that equation (14a) can be canceled from the system by setting �̂�⋆
ij
(t0) = 0 for ij = 12, 23 , because the shear 

strains and initial shear stress are zero for the simplified plane strain ballast model.

E(�(t))
def
= exp

�
fsa∫

t

t0

fd‖�t(s)‖ds − fsa
2
�
tr(�(t)) − tr(�(t0))

��
.

(15)
tr(�(t)) = tr(�(t0)) exp

�
fs

�
a2 +

1

3

��
tr(�(t)) − tr(�(t0))

��

× exp

�
fs ∫

t

t0

�
afd‖�t‖ + (c11�11t + 2c13�13t + c33�33t)E(�)

�
(s)ds

�
.

�̂�⋆

ijt
= fsa

�
fd‖�t‖ − atr(�t)

�
�̂�⋆

ij
.

∫
t

t0

tr(�t(s))ds = tr(�(t)) − tr(�(t0)),

(16)�̂�⋆

31t
= �̂�⋆

13t
= fsa

�
a𝜀13t +

�
fd‖�t‖ − atr(�t)

�
�̂�⋆

13

�

�̂�⋆

13
= c13E(�) and c13tE(�) = fsa

2𝜀13t,

�̂�⋆
22t

= fsa

�
−a

𝜀11t + 𝜀33t

3
+
�
fd‖�t‖ − atr(�t)

�
�̂�⋆
22

�
,

�̂�⋆
11t

= fsa

�
a
2𝜀11t − 𝜀33t

3
+
�
fd‖�t‖ − atr(�t)

�
�̂�⋆
11

�
,

�̂�⋆

33t
= fsa

�
a
2𝜀33t − 𝜀11t

3
+
�
fd‖�t‖ − atr(�t)

�
�̂�⋆

33

�
.

(17)�̂
⋆ ∶ �t = �̂�⋆

11
𝜀11t + 2�̂�⋆

13
𝜀13t + �̂�⋆

33
𝜀33t =

(
c11𝜀11t + 2c13𝜀13t + c33𝜀33t

)
E(�),

(18)tr(�t) = fstr(�)
��

a2 +
1

3

�
tr(�t) + afd‖�t‖ + (c11�11t + 2c13�13t + c33�33t)E(�)

�
.
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Conclusion

The main results of the paper consist in refined modeling of the interaction between elastic Timoshenko beam under 
moving point load and hypoplastic granular track ballast. In particular, the model implies dissipative properties of normal- 
shear- and longitudinal strains of the hypoplastic ballast material in contact with the rough rail interface. Further direction 
of mathematical research of the rail-ballast interaction toward hysteresis behavior intends a non-convex sweeping process.
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