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1. Introduction

In the paper we introduce mathematical modeling for a new class of variational inequalities motivated by hydrofrack-
ing. A poroelastic body consisting of solid phase and pores saturated with a Newtonian fluid is considered, which contains
a fluid-driven crack. The crack associates a hydraulic fracture created by pumping fracturing fluid, as it is used to stimulate
production of oil and natural gas in mining. The novelty consists in the fact that we endow the crack with a non-
penetration condition between its opposite faces (the fracture walls), thus allowing compressive pressure at which the
crack might close. As the result, the poroelastic problem is described by a coupled system of governing equations and
inequalities for unknown solid phase displacement, pore pressure, and contact force. The model is endowed with the
fluid pressure prescribed to be inhomogeneous and different at the fracture walls.

The variational theory of solids with non-penetrating cracks was developed in the works by Khludnev and Kovtunenko
[1], Khludnev and Sokotowski [2] and co-authors. For physical issues of fracture modeling we refer to [3], and cite [4]
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for geometrical description of crack-tip/ crack-front singularities. Physical consistency will allow contact between the
opposite crack faces, that imposes a condition of non-penetration on the jump of crack displacement. The non-penetration
approach was extended for dissipative contact phenomena at the crack owing to friction [5], cohesion [6], and the limiting
small strain [7]. Recent studies treat a class of variational problems for anti-cracks and inclusions (see [8-10]). In the
current paper we formulate and study well-posedness for a new class of poroelastic problems with non-penetrating cracks.

For numerical solution, the nonlinear complementarity problem (NLCP) formulation of the problem is presented,
which is useful for primal-dual active set strategies based on a semi-smooth Newton method (see [11]). Taking into
account frictional and adhesive contact phenomena at the crack, an Uzawa type projection algorithm was suggested
in [12]. To avoid interpenetration between the crack faces, a poroelastic model was investigated numerically in [13] by
utilizing a penalty. In comparison, the semi-smooth Newton method is advantageous because obeys a super-linear rate
of convergence. Alternatively to the sharp interface formulation, a phase-field approximation of cracks was developed
by Amor et al. [14], Borden et al. [15]. We note that advantages and disadvantages of these approaches are well-known
from numerical tests presented e.g. in the cited works. However, practical simulations coupling solid and fluid models
are rather involved (see [16]).

The theory of poroelasticity was established well by Biot [17], Terzaghi [18] and further developed by Barenblatt et al.
[19], Coussy [20], Meirmanov [21], and others. We refer to [22,23] for modeling of a two-phase medium consisted of solid
phase and pores with interfacial jumps, and cite [24] for multi-scale analysis of related interface problems. Our model is
motivated by application to hydraulic fractures in oil and gas well-bores that is a challenging issue in modern geophysical
technologies. We utilize the mathematical formulation of poroelastic constitutive relations from [25,26], by this accounting
for positive and negative pressure phases in fracturing fluid during pumping cycle. The unilateral contact conditions are
imposed which guarantee a non-negative width between fracture walls. It is worth noting the fact that the fracture width/
aperture is used to compute the fracture permeability (as a quadratic function) and the fracture transmissivity (as a cubic
function). This means that coefficients describing conduction properties of fractures might become negative for a negative
fracture aperture. Thus, the unilateral setting is advantageous compared to other models without this constraint.

From a mathematical point of view, the poroelastic constitutive equations are similar to those for models in thermoe-
lasticity. The problem of thermoelastic contact was solved first in [27] and then extended to nonpenetrating cracks in
thermoelastic plates by Hoffmann and Khludnev [28], Homberg and Khludnev [29]. In a fixed point approach, applying a
compactness argument to successive problems for the temperature when the elastic field is known and vice versa, only
the initial condition for the heat equation was allowed to prescribe a-priori, and the initial elastic state can be derived
from the time-limit of the quasi-static equilibrium equation. Moreover, the coefficient of thermal expansion should be
assumed sufficiently small. Our approach by semi-discretization solves the problem in a general form, when both the
initial temperature and the elastic field are given arbitrarily, thus including the earlier formulation as a particular case.

The current paper is organized as follows. In Section 2, the coupled elliptic-parabolic system describing poroelastic
problem with a fluid-driven crack is introduced, and non-penetration conditions for the crack are stated in Section 2.1. In
Section 3 we endow the model with a variational formulation and establish its well-posedness based on Rothe’s method
of semi-discretization in time. The rigorous proof is presented in Section 3.1 supported by a-priori estimates.

2. Problem modeling

We start with geometric description of a poroelastic medium containing inside a fluid-driven crack.

In the Euclidean space of spatial points x = (x1, ..., X4) € RY, d = 2, 3, let £2 be a domain with the Lipschitz continuous
boundary 02 and outward normal vector n = (nq,...,ng). Let 02 = Ip U I'y. We assume an oriented manifold of
co-dimension one ¥ which splits £2 into two sub-domains £2* with Lipschitz continuous boundaries 32* such that

INTNIN =2, R=RTUR UX. (2.1)

The normal vector n at ¥ is chosen outward to £2~, thus inward to £2*. A part I, of the interface with two faces I'*
and its complement to §2 are defined as

r.cx, rrtcxzt, r/cx, f2=92\I. (2.2)

Physically, I. is associated with the crack (fracture filled with a Newtonian fluid), whereas the complement £2. represents
a reservoir filled of solid phase and pores saturated with the same fluid. In time t € [0, T], T > O, this determines the
time-space geometry as follows (see 2d illustration in Fig. 1):

RU=(0,T)x 2, 82" =(0,T)xdR, I} =(0,T)xTly, ye{cDN}. (2.3)

A poroelastic medium occupying $27 according to (2.1)-(2.3) is described by the solid phase displacement u =
(uq, ..., uq)(t,x) and the pore pressure p(t, x), which are governed by the poroelastic relations following [25,26].

For the linear elastic solid phase, the second-order d-by-d symmetric tensor of linearized strain & = {e,j}szl(t, X) is
defined by the symmetric gradient of the displacement vector as '
1 /0u; auj) .
i==-(—+——), i,j=1,...,d. 2.4
() 2(8xj+8x,~ j (24)
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I'p

Fig. 1. The example geometry for a poroelastic medium with a crack in 2d.

d

The second-order symmetric tensor of Cauchy stress o = {0y} ;_,

of the strain

o =Ae(u)+1° (2.5)

(t, x) is given corresponding to the matrix multiplication

d

subjected to a prestress 70 = {z}{,_,

such that

(x), by the fourth-order symmetric tensor of elastic coefficients A = {Aijk,}f’j,k. 1=1(X)

A = Ajit = Awij,  1LjkI=1,...,d.
Accounting for the pore pressure, the effective stress is introduced as

T=0—apl, (2.6)
where constant « € (0, 1] is the Biot coefficient, and I € R%*¢ is the identity tensor. Omitting inertia terms, the quasi-static

equilibrium equation reads

d

. T . .
—(dwr),»::—zafx’;:o, i=1,...,d ing/. (2.7)
=1
The fluid content in pores ¢(t, X) is described by the Fick’s diffusion law

d

g—i = —divq := — ; g—z in 2/, (2.8)
with the flow velocity q = (q1, ..., q4)(t, X) subjected to the Darcy flow

q=—«kVp:= —K(g—z,...,%), (2.9)
with « = k;/n;, where k.(x) is the permeability and constant 5, stands for the effective viscosity such that

0 <k <k(X)<k.
The system is completed with the constitutive law connecting p, ¢ and the dilatation tre as

Sp = ¢ — atre(u), tre(u) = divu, (2.10)
where constant S > 0 is the storativity.

The poroelastic Eqs. (2.4)-(2.10) are endowed with initial conditions

u(0)=u’, p0)=p° in (2.11)
for the undrained state given by u® = (u(]’, e ug)(x) and p°(x), and by mixed boundary conditions prescribed on the
outer boundary

u=0 only, wtn=g only, p=p>  onde’ (2.12)
for the given traction g = (g1, ..., g¢)(t, X) and pressure p*>°(t, X), which conform (2.11) at t = 0. At the boundary we

decompose the displacement and the effective boundary stress vectors into its normal and tangential components:
u=(u-mn+ (u—(u-nn), Tn=(tn-nn+ (tn—(zn-nn),

3
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where tn = (Zf:1 L2TL T Z}; 7gi1;) implies the matrix-vector multiplication, and dot stands for the scalar product

of vectors, thusu-n = Zle un;, TR-N = Z?j:] T;jnin;. Across the crack, the unknowns are discontinuous in general and
allow jumps:

[ul ==vuf+ —uf—, [zl =7l + =7l [pl=pl+ =Pl
We suggest no effective tangential stress at the crack faces

m—(tn-n)n=0 on(0,T)x I, (2.13)
and continuity of the fluid pressure over the fracture wall

p=p; on(0,T)x I* (2.14)

for known fluid pressure on the opposite fracture walls p;r(t, x) and p; (t, X), which can be different and coincide at the
crack tip/ crack front. To calculate p in the fracture, we refer to the approach based on lubrication theory equations for
aperture (see [30]).

Let us remark that in numerical simulations as well as theoretical analysis in the cited literature, symmetry of the
problem with respect to the direct crack I, is often assumed for simplicity. In this case, we do not need to consider the
opposite faces, rather to set

- +
Ds = —Ps» u|r; = _u|['c+a T|1“C* = _T|rc+’ p|r; = _p|1"c+

here and in the following formula.
2.1. Non-penetration conditions

In the normal direction, the standard boundary condition is
mn-n=-p on(0,T)x I (2.15)

For few heuristic approaches generalizing (2.15) within unilateral conditions we cite [31,32]. In our approach, to prevent
penetration between the opposite crack faces [[u]]-n < 0, the unilateral contact conditions are set in the complementarity
form (see [1]):

(zn-n+ pf)|(0,1)><1~c+ =(tn-n+ pf)I(O’T)XF; = tn-n+p<0,
[ul -m>0, ([u]-n)Yzn-n+p;)=0 on(0,T)x IF, (2.16)

reminding that py| rE = pf Physically, relations (2.16) imply a compressive contact stress, thus confining the pressure
at which the hydraullc fracture closes. It is worth noting that (2.16) implies (2.15) as a particular case when the crack is
fully open, i.e. [u] - n > 0.

Reducing variables 7, g, ¢, q from the system, the governing Egs. (2.5)-(2.10) turn into the following two equations
for unknown u and p:

— div(Ae(u) + °) + aVp =0 in 2/, (2.17)

%(Sp + atre(u)) — div(kVp) =0 in £2] (2.18)
endowed with initial conditions (2.11). Using calculation at the boundary

TnN=on—qapn, TN-Nn=o0n-n—qap, TNn—(TN-N)N =0on— (on-n)n,
the boundary conditions (2.12)-(2.14) and (2.16) reduce to

u=0 only, o(un—apn=g onlyn, p=p>  ondf2’, (2.19)

o(un — (¢(wn-nmn=0, p=pF on(0,T)x IF, (2.20)
[o(un-n+ (1 —a)ps] =0, o(un-n+ (1—a)pf <0,

[ul -n>0, ([u]l -n)(e(wn-n+(1—a)p;)=0 on(0,T)x I (2.21)

where we use in (2.19)-(2.21) the notation o(u) := Ae(u) + 7° for short.
We note that the complementarity conditions (2.21) can be represented equivalently by splitting FCT into a coincidence
set ¢T where contact occurs

[ul - n=0, o(un-n+(1—a)p;<0 onc’, (2.22)
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and its complement I7 \ ¢" as follows
[ul - m>0, own-n+(1—a)pr=0 onl)\cC". (2.23)

Since ¢T is unknown a-priori, relations (2.22) and (2.23) imply a free boundary condition. On the other hand, (2.21) can
be expressed with the help of nonlinear complementarity problem (NLCP) functions, e.g. min-based function, as

min{0, s(u)n - n+ (1 —a)ps+ c[ul] -n} =o(a)n-n+ (1 —a)p; on Iy (2.24)
for arbitrary constant ¢ > 0. The nonlinear equation (2.24) is equivalent to

[ul-n=0 onA" ={t,x)e ]| (c(wn-n+(1—a)p;+clu] - n)t, x) < 0} (2.25)
over the active set AT, where the constraint is active, and

own-n=0 onZ' ={(t,x) e I}| (c(wn-n+(1—a)p+clu] -n)t, x)> 0} (2.26)

over its complementary inactive set Z' = I'T \ A”. The mixed formulation (2.25) and (2.26) is advantageous for numerical
implementation of solution strategies, see the semi-smooth Newton method and its primal-dual active set realization
in [11].

To provide well-posedness analysis of the coupled system (2.17)-(2.21), we present the following important observa-
tions.

e Formally, the governing Egs. (2.17) and (2.18) coincide with the thermoelastic equations when p stands for
temperature.

e From the point of view of partial differential equations, the system (2.17) and (2.18) is degenerate since of
elliptic-parabolic type.

In this sense, from the literature on thermoelasticity there are known existence results, which utilize the pseudo-
monotone theory over a compact feasible set (see [27] and [1, Section 3.3]). They justify a variational solution to problem
(3.1) and (3.2), however, restricted to small Biot coefficients «. For arbitrary «, differentiating the elliptic equation (2.17)
with respect to time, it turns into a pure parabolic problem. Its solvability is provided by applying the theory of accretive
operators for implicit evolution equations (see [33,34]). However, the parabolic problem is not well conforming to the
unilateral conditions (2.21). Instead, in our approach we apply to the parabolic equation (2.18) a discrete integration
with respect to time and reduce the system to a pure elliptic problem. Following the Rothe method for the incremental
formulation as described in [35, Section 8.2], we prove well-posedness of the poroelastic problem.

In Section 3 we endow the problem with a variational formulation and state the existence result. Section 3.1 is devoted
to the rigorous proof of existence theorem and obtaining a-priori estimates.

3. Variational theory

Let v = (v1, ..., vg)(t, X) be a smooth test function such that v= 0 on I“DT and [[v] -n > 0 on FCT. We multiply the
equilibrium equation (2.17) by v—u, integrate it by parts over 2., use the notation of strain (2.4) and div(v—u) = tre(v—u)
such that

0=— / (div(Ae(u) + 7°) — @ Vp) - (v — u)dx
$2c

= / ((Ae(u) + 7°) - &(v — u) — ap tre(v — u)) dx — f (o(u)n — apn) - (v — u)dSy,
Q¢ 982c

where dot denotes the scalar product of tensors, in particular e(u) - e(v) = Z?,j:]
(2.19)-(2.21) we obtain

f (o(u)n — apn) - (v—u)dSy = / (o(u)n — apn) - (v — u)dS
392¢ I'n

gij(u)e;(v). From boundary conditions

- / [(o(u)n — (o(u)n - n)n + (o(uw)n - n — apg)n) - (v — w)] dSy.
It
Integrating the result over time provides us with the variational inequality

/ . ((Ae(u) + 7°) - &(v — u) — ap tre(v — u)) dxdt > /

T
@l rl

g - (V—u)dSedt + / [ps(v — u)]] - ndSydt. (3.1)
rr

For a smooth test function ¢(t, X) such that ¢ = 0 on 327 U((0, T) x I'f), multiplying the diffusion equation (2.18) by
q and integrating it by parts over £27 with respect to the spatial divergence operator, we derive the variational equation

/ . (% (Sp + artre(u))q + « Vp - Vq) dxdt = 0. (3.2)
2¢
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Now we give a function setting of the problem. Further Rf;g denotes d-by-d symmetric tensors. Let the initial data be
given in Lebesgue spaces:

0 € (26 REY), uw® e (2 RY), p° e (2 R),

sym
and the boundary data be expressed in Bochner-Lebesgue spaces:
g € H'(0, T; [*(Iw; RY).
Also we assume existence of such a function
pi(t. x) € H'(0, T; H'(£2c; R))
that is conforming to the data in the reservoir:
pe(0)=p’in 2, pr=p>ondR’, p,=p;Fon(0,T)x [ (3.3)

The function p, implies an extension into the cracked domain of the initial and boundary data prescribed by (3.3). It has a
non-zero jump across I} except for the crack tip/ crack front, and can be specified, e.g., as a solution to a heat equation
in 2] under these data.

Applying Korn and Poincaré inequalities, the elasticity coefficients are assumed to be elliptic and bounded: there exists
0 < a < a such that

f Ae(u) - e(u)dx > a||u||H1(Q ) foru=0on Ip,
| [ st stvycx| = oy IVie, (34)
2

The trace inequality is used expressed in the form

Ktr”u” Ky > 0. (3.5)

2
”u”LZ(a(zurjur H1(£2¢)’

The set of trial functions subjected to initial conditions (2.11), boundary conditions in (2.19), (2.20), and the non-
penetration condition in (2.21) builds the convex closed cone

Kuia ={ w € H'(0, T; H'(2;; RY)), p € H'(0, T; L*(2¢; R)) N L*(0, T; H'(2¢; R)))|
u(0)=u’ p(0)=p°in 2, u=0onIly, p=p> onai2’,
[ul-n>0o0nr), p=pfon(0T)xI7}.

Whereas the corresponding test functions satisfy homogeneous boundary conditions and the non-penetration within the
set:

Keest = {v € [*(0, T; H'(2c; RY)), q € L*(0, T; Hy(£2¢; R))|
v=0only, [vl-n>0onTI/}

Theorem 3.1. There exists a unique pair (u,p) € Kyia Solving the variational inequality (3.1) and the variational
equation (3.2) for all test functions (v, q) € Kest. The a-priori estimates hold for the time derivatives:

4 H 12(0,T;H(£2¢)) H 2@l

ZI(tr H Bpf K || 08 |2

< —|IV
SNvRRI 1 b+

H Opx (3.6)

H oVvp; |2

12(%2¢) L2(o.T;L2(r3)) 2 .QT) 2@ly
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and for the solution pair:

2 2 2
g||u||C(O,T;H1(QC)) + s”p”qo_T;LZ(QC)) + K”VPHLZ(_Q;F)

+ 2 2 02 11440112 02
<2 IPF a0 gz + 180y + T W2+ N IR g + ST g,
+

2 2

Ju

o (3.7)

+ (o + 5)||Pr||fz(gcr) + "”fo”iZ(QCT) + SH at

(1 ad +2Ky)

2! 12(0,T;H1(2¢))

where the constant a, a and K, are from inequalities (3.4) and (3.5).

3.1. Proof of Theorem 3.1

In the proof we approximate (3.1) and (3.2) by an incremental problem using Rothe’s semi-discretization in time, and
then pass it to the limit as the time step decreases.
For integer N and time step § = T/N > 0, we set the equidistant mesh points

to=0,t1=06, ..., ty=ké, ..., tn=Ns=T.

The final time T is fixed, and § — 0 when N — oo. At the moment we fix N, thus §. Since the data from the Sobolev
space H'(0, T) are continuous in time, it holds

(Pe)y = pelte) € H'(R:R), (7 ) = py () € (I R),
g =gty e X(I; RY), (p®) =p™(tx) € [(92;R) fork=1,...,N.

We initialize uj(x) = u®, pj(x) = p° according to initial conditions (2.11), and look for unknown w)(x), pj(x) for
k = 1,...,N. Semi-discretizing by finite differences in time the reference variational relations (3.1) and (3.2), for p;
satisfying (3.3) and the feasible set

K ={veH(; RY v=0onIp, [v]-n>O0on r.},

functions u} € K and p} — (p;); € HJ(£2c; R) solve the recursion relations

/ (Ae(a}) - &(v — ) — apptre(v — up)) dx > / 0. e(v —ud)dx
2c

2c
+ / g - (v—uw)dSy+ [ [(pep(v—u))] - ndSy, (3.8)
FN Ic
/,2 ((Spp, + atre(u}))q + 8« Vpy, - V) dx = /Q (Spd_, + atre(ul_,))qdx (3.9)

for all test functions v € K and q € H(}(Qc; R).

Existence of incremental solution. The left-hand side of (3.8) and (3.9) after summation establishes a bilinear form in
H'(2: RY) x H'Y(2¢; R):

/ (Ae(uy) - e(v) — apytre(v) + (Sp} + atre(ul))q + 8k Vp}, - Vq) dx.
¢
It is bounded and coercive, when substitute v = u} and q = p} here
s ) 512 512 5112 5112 5112
/Qc (Ae(uk) : 6‘(11,() + S(pk) + 0k |Vpy| ) dx > Q”uk”m(gc) + S”pk”]_z(_Qc) + (SK”VPk”Lz(QC) (3.10)
such that the terms involving tre are shortened, due to the assumption on elasticity coefficients (3.4) and recalling

0 < k < «(x) < k. Therefore, by the Lions-Stampacchia theorem the unique solution to (3.8) and (3.9) exists for every
k=1,...,N.
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Uniform estimate of time derivatives. Inserting v=u;_; € K into (3.8)
) 8
(uk—l - uk) dx

12(82¢)

f (Ae(wy) - e(u)_; — up) — apjtre(up_; — up)) dx > [
2c ¢
+ [ gk —uase+ [ el - o nds, G
I'n I
and v =u} € K into (3.8) at t = ty_1:
/;2 (Ae(uy_,) - e(uy —up_;) — ap}_;tre(up —up_,)) dx >/Q % e(u) —u}_|)dx
+ / g - (w —u ,)dS +/ [(p)s_,(ug —u)_ )] - ndSy,
Ie
after its summation and division by 82 yields the inequality
/ {A€<“i - “iq) .e(ui uk—l) R <ui - Uiq)] ix
5 5 5 5 5
<L+, (3.12)
where the integrals I; and I, are defined as follows
. / I[(pf);i — (Pees W — Ui_1]l ndS
1- 1"C S s X
I ::/ g 8 ) u - ds,.
n 0 5
Dividing (3.9) by 82 and testing it with ¢ = p} — p}_, — (pr) + (pr)p_, € Ha(82; R) we have
f {[Spﬁ “Pi am(“k W, >]Pk Py — (el + (o4
2 8 8 s
5.8
vl v P P (Spr)" (o). l}dx=o. (3.13)
The sum of (3.12) and (3.13) after shortening the term a/(p} — p}_,)/8 - tre((uj —u}_,)/8) and using the lower bound akin
to (3.10) gives the inequality
2 Pk — Phor |2 1
|22, S IVER I,
(3.14)

“H W - ‘
- ) H1(82¢) )
<hL+hL+15+14
where the integrals I3 and I, are
w—ud
I3 = / atrs( k k=1 ) (o) = ek dx,
2 8 8
K 5 S § (pl);i - (pr)iq
Iy = <prk VP + &Pl vi) dx.
2.\ 0 8
Applying weighted Young's and the trace (3.5) inequalities we estimate

5y
u —u \*
Ll < E ” () (7" ’H) ‘n

Pf k 1
) 12(rd)

12(rd)

2 2Ky P —
o |V

2y

< g H uk B uk—l ‘

4 8 HY(82) a 7
L <2 Huk u ‘2 Kie | 82— 1|2

2=y Hi(2) @ 8 2(ry)’

and using tr’e(u) < de(u) - e(u) = d Z;{j:](aui/axj)Z we proceed
| < gH P w2 Oid” (Pl — (P |2
=2 ) H(2) a 8 12(2¢)
8
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1 512 1 52 Pr)k 1
el = 55 VRV 0 + 55 IV VP 0y + 35 IRV, + : Hf v LZ(QC),

where SN = T. Inserting these estimates into (3.14), gathering the same terms, and taking the maximum over k € [1, N]
for the third term in the upper bound of |I4| gives us

pk pk 1 5112
+5| L 55 IVETRI

1
||pr,( 2 + 3N A%, IV VBRIl o) + Re (3.15)

H uk uk ‘ 2

4 H1(82) 12(£2)

- 28
with the notation for short

&
¥ a

S 5
8 — 81 |?
) 12(I)

2K, (f (p)
5. trzu ) f k-1

Lo (3.16)

’ (pr )k (pr)kq
a

8
After summation of (3.15) over k = 1, ..., m for integer m and using the telescope sum such that

m
a w, — “k 12 ” P — Pk
4 Z H H‘l (2¢) Z

k=
5112
=< £||«/EVPO||L2(_Q )

H (pl (pr )k 1

LZ(QC) Lz(ﬂc).

1
5”\/;%?"”52(96)

L2(£2c)

X IV VDl +ZR8,

26N ke[l N]

taking its maximum over m € [1, N] and multiplying by § concludes with
w, — “k 12 H - pk
+ Sé
Z H Hl(Qc) Z

e
< SIVP I, +(SZR5 (3.17)
k=1

Uniform estimate of solutions. We test (3.9) with ¢ = p} — (p,); € Hj(£2¢; R):

12(£2¢)

f ((S(pi —pp_y) +atre(wy —w_ )Py — (k) + 8k Vg - V(D — (pr);i)) dx =0
2c
and subtract (3.11) such that the term atre(u} —ud_)p is shortened, that results in
s s 512 512
f (Ae(ul) - e(uld) + S(pL)? + 6 [VPLI’) dX < Is + I + by + s, (3.18)
2c
where the integrals are

Is == [ [(pe)p(up —ud_ )] - ndSy,
Ic

I

I = / (Ae(wy) - e(uy_;) — 0 - e(up — up_,) + artre(u) — wy_;)(p;)p) dx
2

Iy = / (SPLpSy + 8kVpl - V(o) + S(p) — b 1 )po)l) dx.
2c

Applying weighted Young’s and the trace (3.5) inequalities such that

Ked ud —ud_ 2
N 0310 Ry
)
R -1
=2 5 ey " 27O EGY

and for domain integrals it follows that

1
|| < 3 / (Ae(uy) - e(u}) + Ae(u}_,) - e(uy_,)) dx
£2c
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)
— W ‘ 2

od 519
e ||r I + 5 1P R0

us
(1 +ad)H k

N >

+

S S 1)
sl < SIPkIE2 ) + 5 1Pkl 2y + 4|¢Wpi||iz(m

p — pk 1

ra) Sé
+ S IV g e O

+3l

Inserting these estimates into (3.18) and gathering the same terms, after multiplication by 2 and remembering 0 < x <
k(X) < k yields

12(£2¢)

| At etwdyax+ St g + £51VPI
2

< / Re(u}_,)- e(ul_,)dx + S|P}, 20, + 55! (3.19)
$2c
with the notation introduced for short
St =2 ) P Vel ey + 1801y + 1200
+

5 s
H p; — Pk 1 - ‘ 2

)

We sum up (3.19) over k = 1,...,m, use the telescope sum, take maximum over m € [1, N], and use the lower and
upper bounds of A from (3.4), which together follows the estimate of the solution as

+(1+ ad + 2Ky)
[2(£2)

+ (@ + )Pl + EIVERID g, + (3.20)

HI(%2¢)

N
@ max [uilf o, + S max 5l g, +K5RZ”VP/<”L2
N
<@l g, + SIP I, +8 ) Sh- (321)
k=1

Convergence as 8§ — 0. We introduce interpolants: piecewise-affine
t—(k—=1)38 5, Kké—t t—(k—=1)8 5 ké—t ;

w(t) = Wt )= s Pt 5Pl
as t € ((k— 1)8, ké], and piecewise-constant for time derivatives
Ju’ w-w , 9p Py — P
— ()= ——, ————— aste((k—1),ks
T: (t) 3 T ——(t)= 3 (( )3, k3]

for k=1, ..., N. The interpolants g’(t), (pfi Y1), pl‘?(t) and their time derivatives for t € (0, T] are defined similarly. Then
formulas (3.16) and (3.17) read

4 H 12(0,T;H1(£2¢)) H

2l
2Ky, B(Pf) Ktr agg
<35IV |
” P’ ”LZ(Q a Z ot l2o.r2rd) at 2Ty
SN,
a Il at LZ(QT 2!y '
and from (3.20) and (3.21) it follows
Sn2 S112 Sn2
g”u ”C(O,T;Hl(ﬂc)) +S”p ”C(O,T;LZ(.QC)) +£”Vp ”LZ(Qg-)
<23 P o gty + 18 ey + TIE Wy + AN g
+
SR+ (a + )P, o+ FI VPP s” + (14 ad + 2Ky) ow 2 (323)
o K —_— o . .
p LZ(QC) pr L2 _QT pr LZ(QT 8t LZ(Qg) tr 8t LZ(O,T;Hl(QC))

Using the convergence of interpolants (see [35, Lemma 8.7 and Remark 8.10])

10
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g og opl dp api)  opr
5 5 r Y + £ £

—-g — - =2, p° = p, - —, — pr, - —
8§78 5 ac Pr "ot or 1) B ot at

strongly in [2(0, T) as § — O, (3.24)
from (3.22) and (3.23) we conclude with the uniform bound

au’ |2 ap? |2
512 512 512
I licio it e + 1P Neto azcaey + IVP lizgr, + HW 2oy | HW 2l

< const.

Therefore, there exists a convergent subsequence (still denoted by § for short) and an accumulation point (u, p) such that
the convergences as § — 0 hold

v’ — u weakly in H'(0, T; H'(£2)), strongly in L*(0, T; [*(Iy U I." U I.7)), (3.25)
where the strong convergence takes place by compactness, and
p® — p weakly in H'(0, T; [%(£2.)) N [*(0, T; HY(£2.)), strongly in L?(0, T; H™'(£2.)), (3.26)

with the strong convergence due to Aubin-Lions lemma.

With the help of convergences (3.24)-(3.26) we pass the incremental relations (3.8) and (3.9) to the limitas § — 0
and get the solution (u, p) € Kyia to the variational inequality (3.1) and the variational equation (3.2). Passing (3.22) and
(3.23) to the limit justifies the a-priori estimates (3.6) and (3.7). This finishes the proof of Theorem 3.1.
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