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Abstract. For a generalized Brinkman—Forchheimer’s equation under divergence-free and mixed bound-
ary conditions, the stationary equilibrium problem and the inverse problem of shape optimal control are
considered. For a convex, geometry-dependent objective function, the equilibrium-constrained optimiza-
tion is treated with the help of an adjoint state within the Lagrange approach. The shape differentiability
of a Lagrangian with respect to linearized shape perturbations is derived in the analytic form by the ve-
locity method. A Hadamard representation of the shape derivative using boundary integrals is derived.
Its applications to path-independent integrals and to the gradient descent method are illustrated.
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1. INTRODUCTION

The current paper is devoted to the shape differentiablity of geometry-dependent objective
functions, as they are considered in shape optimal control. The optimal value objective is sub-
ject to the nonlinear equilibrium described by generalized Brinkman—Forchheimer’s equation
under the incompressibility and mixed Dirichlet—-Neumann boundary conditions. The nonlinear
boundary value problem describes the single-phase fluid flow in a porous medium [1]. The topic
under consideration belongs to the fields of shape optimization, optimal control and inverse
problems. These problems are ill-posed, since objectives have typically many local minima
when perturbing equilibrium. Therefore, our theoretical result is of practical importance since
it provides robust numerical methods of iterative optimization, namely, the shape derivative for
the gradient descent method.

We cite textbooks [2, 3] for the general theory of shape optimization, [4] for mathematical
programs with equilibrium constraints (MPEC), and [5, 6, 7] for parameter identification in
(hemi-) variational inequalities. For numerical treatment of optimal control problems, we refer
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to [8, 9, 10]. For relevant applications in mathematical physics, we refer to [11, 12, 13, 14].
The shape derivative is important since it determines the optimality condition with respect to
geometry perturbations. An abstract formalism of directional differentiability for saddle-point
optimal value functions was established in [15] by using adjoints states within the Lagrange
approach. Further extensions to shape differentiability were done in [2], and to constrained PDE
models in [16, 17, 18] and other works. With the help of the Lagrange approach, previously
we derived the shape derivative for nonpenetrating cracks [19, 20, 21, 22]. It was employed
for fracture analysis by Griffith’s formula and optimal control of cracks [23, 24, 25, 26], for
breaking-line identification under equilibrium constraints [27]. In this respect, the model under
consideration can be interpreted within the incompressible elasticity in solid mechanics.

In the context of fluid mechanics described by Stokes and Navier—Stokes equations, we refer
to [28] for the mathematical theory of incompressible flows, to [29, 30] for flows in porous
media, and in thin layers in [31]. See the related results on optimal control of fluids [32], on free
boundary problems [33], and on the coefficient identification based on least squares [34, 35].
The shape optimization approach for compressible Navier—Stokes equations was developed in
[36]. Recently, we studied the shape differentiability of objectives subject to the divergence-free
(incompressible) equilibrium described by Stokes [37] and Brinkman equations [38]. The both
models are liner ones. In the current paper we investigate generalized Brinkman—Forchheimer’s
model implying a semilinear elliptic equation, see the well-posedness analysis [39, 40, 41] and
the integral potential method [42].

The main difficulty concerns the nonlinearity of equilibrium equations, which does not allow
to apply the standard Lagrange approach. For this reason, we linearize the perturbed Lagrangian
at the reference (unperturbed) state. For the respective theory employing associated to adjoint
operators we refer the readers to [43]. With its help we prove rigorously the shape derivative
of the optimal value objective subject to Brinkman—Forchheimer’s state equation and using its
adjoint state. The analytical expression of the shape derivative and the respective Hadamard
representation are obtained, which are advantageous for the gradient descent algorithm solving
the inverse problem of shape optimal control.

In Section 2, we establish well-posedness of the forward Brinkman—Forchheimer problem
in Theorem 2.1 and formulate the inverse problem. In Section 3, an equivalent saddle-point
formulation using the adjoint state is given in Theorem 3.1. Based on Lemmas 4.1 and 4.2,
the main Theorem 4.1 on the shape derivative of the Lagrangian with respect to linearized
perturbations is proved in Section 4. In Section 5, the Hadamard formula is established in
Theorem 5.1, its application to path-independent integrals is presented in Corollaries 5.1 and
5.2, and to a descent direction in Corollary 5.3.

2. FORWARD AND INVERSE NONLINEAR BRINKMAN—FORCHHEIMER’S PROBLEMS

For a family of parameter-dependent Lipschitz domains, we provide results on existence of
variational solutions to the Brinkman—Forchheimer equation. Thereafter, an optimal control
problem is introduced where the control is given by the parameter that describes geometric
domains on which the equilibrium equation is solved.

We start with a family of parameter-dependent geometries in a bounded hold-all set D:

[t— Q] (to,)) =D, DCRY d=273. (2.1)
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For every fixed kinematic parameter 7, let a domain Q; in (2.1) have the Lipschitz boundary 9,
with the unit normal vector ' = (n,. .. 7nzi)T outward to ;. The upper script | swaps between
rows and columns. We assume that dQ, consists of nonempty, disjoint parts I'® and I'N.

Given stationary force f(x) = (fi,...,fs)" € H'(D)?, we consider generalized (with re-
spect to a growth exponent m) Brinkman—Forchheimer’s equation under the mixed Dirichlet—

Neumann boundary conditions: find a flow velocity vector u'(x) = (), ...,u",) " and a pressure
p:(x) satisfying the following relations:
—UAd + ol " +Vp, = f, div(') =0 in, (2.2a)
1
e(u') == E(W + (Vi) T, (2.2b)
W'=0 onIP, —2ue()n'+pn' =0 onIN. (2.2¢)

This system describes steady, slow flows of fluids through porous media. In (2.2a), the former
equation comes from the balance of linear momentum (see [39, 41]), and the latter one implies
incompressibility condition. Here the fluid viscosity u > 0, the drag coefficient o > 0, and
the growth exponent m > 1 guarantees well-posedness (see Theorem 2.1). In particular cases,
m = 3 implies the classic, quadratic Forchheimer law, whereas the drag term reduces to the
linear Darcy law when m = 2. For other than (2.2¢) boundary conditions we refer to [35, 40].
The conventional notation in (2.2) stands for the gradient vector V := (d/dx1,...,0/dx4) ",
the divergence div := tr(V), the Laplace operator A = div(V). The gradient of a vector is defined
as Vu' = (du’/dx j)ff j—1- the linearized strain £(u') in (2.2b) is a d-by-d symmetric matrix, and
€(u")n' in (2.2¢) implies the matrix-vector multiplication. Accounting the no-slip boundary
condition in (2.2¢) (the former one) forces Sobolev’s function space for admissible velocities:

V(Q):={w=(wi,...,wq) € H'(Q)I w=0 ae. I}, (2.3)
and the incompressibility condition in (2.2a) 1s determined well by the mapping
[wi— div] 1 V() — L*(&). (2.4)

Theorem 2.1 (Well-posedness). For m € (1,mq), mo > 1, where my < 6 in 3d and arbitrary
mg < oo in 2d, there exists a solution pair (u',p;) € V(Q,) x L*(Q,) =: U(,) satisfying the
nonlinear Brinkman—Forchheimer problem (2.2) in a mixed variational form:

/Q (2ue(u') - e(w)+alu'|"2(w') 'w — pydiv(w)) dx = /Q fTwdx, (2.5a)

Adiv(u')dx =0 forall (w,A) € U(), (2.5b)
Q
where the dot in (2.5a) denotes the scalar product of second order tensors. If m > 2, then the
solution pair is unique.

Proof. We can rewrite the equilibrium equation in (2.2a) equivalently with the help of equality
— pAu' = —p(Au' 4+ Vdiv(u')) = —2p dive (u') (2.6)

due to incompressibility and the strain tensor in (2.2b). Then the weak formulation (2.5) is
derived by multiplying equations (2.2a) with the corresponding test functions w, A, integrating
them over €, and using boundary conditions (2.2c) after integration by parts.
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The first term in (2.5a) determines a bounded, symmetric, bilinear quadratic form, which is
strongly elliptic by the Korn—Poincaré inequality:

/Q e(w)- £(w)dx > Kiplwl 210 forw e V(Q), Kip > 0. 2.7

By the continuous, compact Sobolev’s embedding H'(Q,) € L™(Q;) as m € (1,2d/(d —2)),
we have the uniform estimate

/Q Wl dx < Kl g forwe H'(@Q),  Kn>0. 2.8)

Henceforth, applying (2.8) and the Holder inequality, the second (nonlinear) term in (2.5a)
admits the upper bound for u,w € H'(Q,)%:

1
el was] <l o lna < Kol oW ago- 29)
For the third term in (2.5a), the inf-sup (LBB) condition holds since F}\I = 0 (see [28]):
1
sup ———— [ Adiv(w)dx> KLBB||7L||L2 ) for A eL*(Q), Kigg > 0. (2.10)
weV (Q;),w#£0 ||W||H1 Q)4

Then the mapping in (2.4) is surjective. Further we employ fixpoint arguments [39, 41].

In subspaces V"(Q;) = span{¢',...,¢"} and H,(Q;) = span{y1,..., ¥, } of finite dimension
n € N, which are spanned by orthogonal bases (¢*)ien € V(€;) and (W )ren € L?(€;), we set
the conforming Galerkin approximation of (2.5) by the nonlinear equations:

/Q(2ue(u")-8(w)—|—a]u"\m2(u”)Tw—pndiV(w))dx: Qfdex, (2.11a)

/ Adiv(il)dx =0 forall (wA) € V() x Hy(Q). (2.11b)

Q

Testing (2.11a) with w = ", and using div(¢") = 0 and (2.7), we derive the upper bound
20ice i s+ [ 1017 dx < [1f 2yl g0

and subsequently we estimate
KZ

[ Q) < W (2.12a)

2ukp w0, SIS llz2 e = Ky [lu
Rearranging (2.11a), dividing it by the norm ||w||1 g, )« and taking supremum over w € V (£)
for w # 0, it follows from (2.9), (2.10), (2.12a) the uniform estimate

1
Kigsllpnll2o) < sup
wevV (€;),w#0 HWHHl

1

/ pndiv(w)dx
&

= sup @ ———— (2u8(u”) -g(w) +(Oc|u”|'"_2u”—f)Tw) dx < 2,u||u”||H1(Q )
weV (Q),w#£0 ||W||H1 Q
m K2 N\ (m=1)/m
0l o 4 Iz < 2+ (k) " ()T K=K (24120)
2uKxp
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Since the strong and weak convergence coincide on finite-dimensional spaces, according to
(2.12), the operator of the problem (2.11) is coercive and sequentially continuous in the ball

K,

: " . K,
B:= {(Wy/l) € V) X Ha(Q4)| W10y < 21Kp’ [All 2@, < @}- (2.13)

Then a fixed point (u", p,) € V" (Q;) X H,(€Q,) solving (2.11) exists by Brouwer’s theorem.
From the a-priori estimates (2.12), we conclude with a subsequence of integers n; — oo and
an accumulation point (', p,) € V(€;) x L*>(€;) such that

(U™, py,) — (', p) weakly in V(Q,) x L*(Q;), " — u' strongly in L™ (,)9,  (2.14)

where the strong convergence in (2.14) is due to the compact embedding H' (Q;) € L™(€;). On
taking the limit as ny — oo in (2.11), with the help of (2.14), we get variational problem (2.5).
The nonlinear term in (2.5a) is monotone for m > 2 because of the representation:

1 1
(™ 2w = fa ™ 2u) " (w =) = S (w2 o Ju ™) o — a4 S (w2 = Ju"2) (] = [u]?),

then the velocity u’ solving (2.5) is unique. In this case, the LBB condition (2.10) guarantees
the uniqueness of pressure p;. The proof is complete. 0

Let a set O, C Q, of the Hausdorff measure d Uo, be either a subdomain with dip, = dx, or an
oriented Lipschitz manifold of codimension one and the measure d iy, = dS,. The correspond-
ing restriction w € H'(0;)?, or trace w € H'/2(0,)¢ associating an observation is surjective for
w € V(Q,). We consider an objective function based on fidelity observations:

I (w;0r) ;:/ y(w)duo,, y(w) e L' (D), forwecV(Q). (2.15)
Or
The typical example is the least-square misfit from a measurement z € L? (Oy) (see[11, 13, 27]):

1
YW ) = 2plw—z, pec(D), p>0. (2.16)

With the help of (2.15), we introduce an inverse problem of the optimal shape control.
Induced by Brinkman—Forchheimer’s flow, we aim to find an optimal shape Q. C D such that

grzrtlé% {j(0):= _Z(u';0;) for (u,p;) € U(L) solving (2.5)}. (2.17)

In order to solve (2.17) by gradient methods of numerical optimization, this needs a descent
direction such that d; j(0) < O for a directional derivative at s = 0 (if exists):

d4j(0):= lim /=70 (one sided). (2.18)

In the following, we construct proper perturbations of problem (2.5) providing us with a differ-
entiable optimal value objective function j(s) : I — R in (2.18).
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3. LINEARIZED PERTURBATIONS AND LAGRANGE SADDLE-POINT FORMULATION

The shape functional under consideration is a L>-tracking type functional, which is known
to be ill-posed. Therefore, we apply the Lagrangian approach to the equilibrium-constrained
optimal control problem, and we construct perturbations of the state linearized at the solution
u'. We begin with shape perturbations of the domain by using the velocity method.

For small perturbation parameters s € I := [0, s), so € (0,#; —t), kinematic flows

[(5,%) = 0], [(s,y) = ¢, '] € CH(I,W!=(D))? 3.1)

associate a coordinate transformation y = ¢s(x) and its inverse x = ¢! (y) satisfying the iden-
tities [¢.' 0 @] (x) = x and [¢; 0 ¢.'](y) = y. We suppose that it forms a diffeomorphism:

x> @t (TP TN, 0p) v (Quis, TR, TN, Or ). (3.2)
The kinematic velocity A(t,x) € C([to,t1]; W' (D))? is supposed from (3.1) by the formula
At +5,5) = 5:05(9,' () (3.3)
Conversely, given explicitly a kinematic velocity vector-field
A= (A1, s A0) T (1,x) € C([to, ;W= (D)),  Alyp =0, (3.4)

where the last condition preservs the hold-all domain D, it determines the flows in (3.1) as a
solution vector @5 = ((¢s)1,...,(¢s)q)" to the non-autonomous ODE system (see [16, 22]):

%(])S =A{t+s,¢05)forsel, ¢;=xass=0, (3.5a)
and ¢, '(y) = ((¢;)1,...,(¢; 1)) " to the transport equation:
a _ . _

550+ (Vy0 Al =0inIx D, g7 =yass=0. (3.5b)

In (3.5b) the second order tensor V¢, ! = (8((;);1),-/8”)?{]-:1, and notation A, = A(t+5,y).
The diffeomorphism (3.2) provides bijectivity between the function spaces:

wiswod T (V(Q),L5(),LY(0) = (V(Qs), L (Qs), L' (O45)).- (3.6)

With the help of (3.6), we transform the perturbed objective 7 (W;0,15) = Jo,  Y(W)dlo,,,
given according to (2.15) by y(w) for functions w € V(£;4) such that

Ywo o ) (9s(x)) = H(w)(x), 7 (wods10rs) =t 7 (s,w:0r) = /0 %(w) odpto,. (3.7)
Here d o, = dx follows o = a);j in (3.7), and w; = (!);3 for dlp, = dSx. Due to the chain rule
Voo = (Vo 0d)V(iwods) forw €V (Qy), (3.8)
the Jacobian determinants in domain and at the boundary are
ol :=det(Vey) inQ,, @ :=|(Vo; " oo)n'|d at 9Q; (3.9)

with the transpose of the inverse ~ . However, the state equation (2.5a) is nonlinear. Therefore,
to define well an adjoint state (see [43]), after transformation we linearize the resulting relations



OPTIMAL CONTROL OF THE NONLINEAR BRINKMAN-FORCHHEIMER EQUATION 249

using |[w|™ 2w ~ |u'|"" 2w at the solution '. In doing so, we look for functions (@, p,. ) €

U (Q,) which solve perturbed Brinkman—Forchheimer equations in the linearized form:

/Q (2UE(VY; T o ¢, @) -E(V, " o gs,w)+alu[" 2@ +) Tw

t

— Prastr((Vo; T 0 ¢s)Vw)) 0ddx = /Q (foos) wawldx, (3.10a)

/ Atr((VO. T 0 g Vi ™) ldx =0 forall (w, 1) € U(Q). (3.10b)
&
For the derivation, we have used (3.8) and the generalized strain tensor (compare to (2.2b)):
1
E(M,w) := 5(MVerVwTMT) e R for M e R w e V(Q), (3.11)

such that E(I,w) = &(w) for the d-by-d identity matrix /. For more details, see [20, 21, 37].
According to (2.17), the perturbed optimal value objective function is introduced as

js)i= 7 (s,@7%0,) for (@, prss) € U(Q) solving (3.10). (3.12)
Following the Lagrange approach, we combine together formulas (3.7), (3.10) within the lin-
earized perturbed Lagrangian L : 1 x V(Q;) x U(Q,)? — R as
j(s,u’,u,p,v,q;ﬂ,) = j(sﬂu;ot) - /Q (ZI’LE(V¢Y_T O¢S=M) E(V¢S‘_T O¢va)
+ (i " Pu—(fody)) v —pte((Vo; "0 ) Vv) —qte((V9; " 0 ¢y)Vu)) widx. (3.13)
Then the optimal value in (3.12) can be expressed as j(s) = [(s) with the help of the saddle-point
(minimax) problem: find a solution quadruple (#'*, p; s, 7%, G;15) € U(€;)? such that
j(sa ut7 ﬁtﬂ,ﬁz—i—w V7q;Qf < j(& uta ﬁt+s7ﬁt+&= ﬁt+s7qt+s;gf) =: l(S)

)
S j(s’ut,u7p7ﬁt+s,q[+s;gt) for all (u7p7v7q) e U(Qt)z' (3‘14)

Following the formalism of [15], we introduce the optimal values:
ly:= sup inf  P(s,u',u,p,v,q)
’ (v,q)€U () (w:P)€U ()

< inf sup  L(s,u',u,p,v,q) =1 (3.15a)
(w.p)eU () (v.q)eU (Q) ( )

and the corresponding solution sets:

K*:={(u,p) €U()| sup L(s,u',u,p,v.q) =1}, (3.15b)
(qu)eU(Qt)
K;:={(v,q) € U(Q inf  P(s,u',u,p,v,q) =1}, (3.15¢)
(@ ev@) i Zsadwpg) =1)

which determine a multi-valued function [s = K* x K| : [ = U ().

Theorem 3.1. Let u' be a solution to (2.5), and the following assumptions hold:
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o U j is continuous and has a Gdateaux derivative j "€ V(Q,)* such that

(F(5.600)wha, = [ () w) ondo,  (Fa) ) = tim EUEPIZI 5464

r—0 r

where (-, -)q, denotes the duality pairing between V (€;) and its dual space V (€;)*;
e the objective ¢ is convex such that

( F(5,u;00),w—u)g, < 7 (s,w;0;) — F (s,u;0;) foruweV (), scl. (3.16b)

Then, for every s € I, there exists a state (@5, p;vs) € U(L;) solving primal system (3.10),
and an adjoint state (V"5 G,15) € U(L) satisfying the adjoint system.:

/Q (2UE(V; " 005, 7) - E(VO " 0 gsw) +arful["2(7) Tw

(Vo og)Vw)atde= [ () w) oo, (17
/;Ltr (Vo T o) Vi) aldx =0 forall (w,A) € U(). (3.17b)

The quadruple (i 5, p,5, 715, Gy 1s) € K® x K implies a saddle point satisfying
1(s) =1y =L (s,u i@, prys, V5, G Q) =15 forscl. (3.18)
For every u' solving (2.5), the saddle-point is unique.

Proof. We introduce an auxiliary, quadratic functional &* : I x V(€;)? — R defined by
E*(s,u',w) 2/ 2/.L||E(V¢S o @, w)|[E+ atfu’ "2 |w)? Jo wldx forweV(Q), (3.19)

where || - ||p stands for Frobenius’ matrix norm. It is weakly lower semi-continuous, coercive,
and Gateaux-differentiable. Adding linear terms to & in (3.19), these properties provide an
argument (@', pry5) € U(€;) of the minimum:

min {@@ s,ul,v) — /(qtr((V(psTo(ps)Vv)—(fO(ps)Tv)a)sddx}.

(vq)eU ()

Similarly, using the Gateaux derivative from (3.16a), there exists an argument (ﬁt“,qtﬂ) €
U (€;) of the minimum:

min {6 (s.ut) ~ [ pte((Ve; T 00)Vu) @~ {757 710,00, ).

(147[))GU(QZ)
Inserting the expression (3.13) into (3.14), the maximization problem

S50~ [ QuEV0 T 00,d) E(Vo 000
o0~ (98T e 9)) (7o )7 i
< (it 50) [ (UE(VO 00 E(Ve T 06,7

+ (| " 2a T (f 0¢s))Tﬁt+s — s (VO 090 Vi) —Grs (V9 T 0gy) V™)) ofldx

after shortening 7 (s, *5;0;), tested with v = #**S +w and ¢ = g4 &= A implies equations
(3.10). Conversely, relations (3.10) satisfies the former inequality in (3.14) as the equality.
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On the other side, the minimization problem (the latter inequality in (3.14)) reads:

j(‘g? ﬁH_S; Ot) - /Q (ZHE(V¢S_T © (PSa IZH—S) ’ E(V¢S_T © (pSv ‘7I+S)

+ (e M2 = (fo ) THTS — prostr((Vo, T o¢)Vir ™)
—Grystr((VO; T 0 9)Vi'™)) ofldx

< S (s,u:01) _/Q (2UE(Vo; T ogs,u) E(V; T 0y, 7 H)
+ (| " 2u— (fo ) F T — ptr(Vo, T 0 ¢s) Vi) — Grystr((Vo ' o ¢S)Vﬂt+s))a)sddx.

After shortening the term —g; s tr((Vo, ' o ¢5)Vii' ), substituting here u = @' £ rw and p =
Pr+s £ A, dividing by r and passing r — 0, by the differentiability of j assumed in (3.16a), this
leads to the variational equations (3.17). Conversely, the necessary optimality condition (3.17)
is sufficient for the minimization in (3.14) provided by the convexity assumption (3.16b). The
uniqueness for (3.10), (3.17) is standard.

The definition (3.15) justifies that the saddle-point (&5, p;1s, 75, Gr+5) belongs to the solu-
tion set K* x K; and satisfies equations in (3.18), which completes the proof. UJ

Based on the identity (3.18), in the next section, we find the shape derivative in (2.18).

4. SHAPE DIFFERENTIABILITY OF THE LAGRANGIAN

Using the Lagrangian approach, as the main result we prove the differentiability of the shape
functional with respect to the linearized perturbation given by the parameter ¢ 4 s at fixed ¢,
when s — 0. We start with two auxiliary lemmas.

Lemma 4.1. Under the conditions in Theorem 3.1, let the following assumption hold:

e the function s — ¥, from (3.7) is continuously differentiable in I with the derivative

9% o T (W) = B(w)
=5y Al w) = lim p

forweV(&), sel. 4.1)

Then, the asymptotic expansions as s — 07 in the first argument of the objective j in (3.7) and
the Lagrange function £ from (3.13) take place:

. d
I (s,u;8) = 7 (0,u;Q;) +s f (rs,u; &), relo,1], (4.2a)
S0t ) _ t . 0L ' .
L(s,u yu,p,v,q; Q) = L(0,u,u,p,v,q;8) +s—as (rs,u’ ,u, p,v,q; ), (4.2b)

for (u,p,v,q) € U(Q)% The partial derivatives d_¢ /ds :1xV(Q;) — R and 0.2 /ds : I x
V(Q:) x U()? — Rin (4.2) are continuous functions given analytically by

d ) . 7.
S (s,u;Qy) := / (leOtA\,H}/S(u) + a—}/(/\\,ﬂ,u))d/.tot7 (4.3a)

S
ds . s
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where the notation divg, A = divA when @ = a)sd, and implies the tangential divergence divp, A =
divA — (VAR') "n when @y = @ according to (3.9), whereas 0.£ | ds is given by

0.7 07
—— (st u, p,v,q; ) = —/ (s,u;Q) —/ (divA],Ha!u’\m*zuTV
ds ds Q

20 (divA4s€(u) - £(v) — () - E(VAI,v) — £(v) - E(VA, )

1

— (divAlasf + VFAls) v+ ptr(VALL V) + qtr(VA\,THVu))dx. (4.3b)

Proof. Since s — .Z is continuously differentiable, by the mean value theorem, there exists
r € [0, 1] such that the asymptotic representation (4.2) holds. We substitute into (3.7), (3.13) the
expansion s = x+ sAl;1,s as s — 0 according to (3.3) and (3.5). Together with (4.1), it follows
for u € V() that (see [3, Chapter 2]):

fods=f+sAlL, VS Vo ody=T—sVAliy,  Fi(u) =) +S%(A\z+mu),
09 = 14 5divA|ryrs, ©° =1+s(divA|srs— (VAli1sn’) Tnt). (4.4)
Thus, we derive the partial derivatives d_¢ /ds and 9.%/ds. This proves the assertion. O
The next lemma establishes a sequential semi-continuity property for the solution set K* x K.

Lemma 4.2. Under the conditions in Lemma 4.1, let the following assumptions hold:
o 7.(@"*) from (3.16a) on the solutions @ to (3.10) is bounded:

17:(@ ) ly @y <Ky, Ky >0 (4.5a)

° 5 j '(5,@ 5, 0;) on the solutions is continuous as s — 07 in the sense:
ifil' ™ — u' weakly in V (), then 7,(il' ™) — 7, (u") x-strongly in V (&,)*. (4.5b)

Then there exists a subsequence sy of saddle-points in (3.18) such that as s; — 0" :
(@, Brasy, VT, Grs) = (W, pe V') strongly in U(Qy)?, (4.6)

where (u', p;) € U(L) solves the unperturbed Brinkman—Forchheimer problem (2.5). Its ad-
joint state (V',q,) € U (L) satisfies the adjoint system:

L, @ue) e+ alul"200) T —gudivin)) dx = [ (Tal)w)dio,,  47a)
A Adiv(V)dx=0 forall (w,A) € U(L,), (4.7b)
which describes the followil;g governing relations:
—UAV + ol "V 4 Vg = 1o,00,7"), div() =0 inQ, (4.82)
e(V) = %(w + (W), (4.8b)
V=0 onTP, —2ue(V)n’ +qn' =1y xH() onT}, (4.8¢)

where the indicator function of a set A is 14(x) = 1 if x € A, and zero otherwise.

Proof. We split the proof into weak and strong convergences.
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Weak convergence. We expand the perturbed equation (3.10a) with the help of (4.4) and use the
Cauchy—Schwarz inequality to derive for w € V(Q,) that

‘ /Q (2ue (@) - e(w)+ alu " 2@ ) Tw el — pi o diviw) — £ Tw) dx(

<5Co(1+Pr+sllzz o,y + 18 g @) IWllgi@es - Co>0. (4.9)
The perturbed incompressibility condition tr((V;” " o ¢5) Vi +*)wd = 0 in (3.10b) implies that
div(i# ™) = O(sVii' ™). Therefore, testing (4.9) with w = @5, using o|u’|" 2|’ **|* @ > 0
due to w;i > 0 for small s, and the Korn—Poincaré inequality (2.7) proceeds with C; > Cy:

1
2uKxp
For the pressure, (3.10a) builds a linear bounded functional in V(€,)*. From (4.10a) and as-
ymptotic formulas (4.4) as s — 0", we estimate the following expression from above

‘ /Q DPrs (V. | o ds)Vw)o? dx‘

g0 < (IFl2@ +5C1 (1 +11Praslliz))) =:Cu> 0. (4.10a)

/ (ZLLE(V(]);T o @y, ﬁ’“) .E(Vd);—r o 5, w) + (a|ut|m72ﬁl+s —fo ¢)S)Tw) ()O;i dx‘
Q

< G (2uCy + oK ||’ || 1 (@10 Cu+ 1| F 1l r2)0) Wl a1 ()0
where constant C, > 0, and the Holder estimate with K3 from (2.8) when m = 3 was used:

[ 2@ | < Kl sl i g9l (4.10b)

Dividing it by the norm |[w||;1(q,)« and accounting for the linear dependence of C, on s in
(4.10a) provide the uniform in s € I upper bound:

1 . ) -
- / Prysdiv(w) dx‘ <Cj +sC4||p,+s||Lz(Qt), C3,C4 > 0.
W10,y 1 /e
Henceforth, for small 5o < Kigg/Cy, it follows from the LBB condition (2.10) that

G3

) <« S _c-0 4.10
||pt+s||L2(Qt) ~ Kigg — 50Cs g | K

For adjoint problem (3.17), due to a);i < Ky, Kp > 1, and the assumption (4.5a) such that

L @) whdio, < IR @, 0 < Kol 0

~t+-s

similarly to (4.10a) and (4.10c), we derive the uniform estimates for ¥ ™ and §;:

15 1 @0 < (KyKo +50C5(1+1Gi+sll2)) = Cor - Ndissllizia,) < Cqy (4.10d)

2uKkp
with constant Cs,C,,C, > 0. Based on (4.10) and the compact embedding H Q) c ™),
we have that a subsequence s; — 0 and an accumulation point (i, p;,',q,) € U(£;)? exist
with

(ﬁt+Sk7ﬁt+sk7 ‘7[+Sk7Qt+sk) - (utvplv Vta%) Weakly in U<Qt)27
(i@ 5%, 7% — (uf V') strongly in L™(€Q,)*. (4.11)
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On taking the limit in (3.10) and (3.17) as s; — 0, in the virtue of convergence (4.11) and the
assumption (4.5b), we arrive at unperturbed problem (2.5) and adjoint system (4.7).
Strong convergence. Using the equality |@ "% —u'|> = | 5|2 — [ | — 2(& T — ') T’ and

le (@ —u)[|E = (@ )| — [le(w) |f — 2e (@ —u') - e(u'),
we subtract (2.5a) tested with w =  from the inequality (4.9) with w = @& ™5 and use (4.10a):

i 2 -2\~ 2 d -
/Q(Z.qu( t+sp )HF—FO{’utlm ‘ut—Hk—ut wSk)dxg/Q(fT(uH—sk_ut)

1 1
—dpe(i ™ —u') - e(u') —2alu "2 @ —u') d' 0 ) dx+5iCs,  Co>0. (4.12)
On taking the limit superior in (4.12) as s; — 0" due to convergences (4.11) and the Korn—

Poincaré inequality (2.7) provide the strong convergence in (4.6) by the mean of

limsup ||+ — ’||§Il(gt)d <0. (4.13a)
Sk%O+

For the pressure, we subtract (2.5a) from (4.9), and use (4.10a) and (4.10b) such that

‘/ ((ﬁt+sk —pr)div(w) —2ue(i 7 — ') e(w) — (X]u’\m_z(ﬁ’“" — ut)Tw) dx‘
Q;
< skCr(1+ | Prasllz @) Wl g @ ye, - €1 = Co,

where the uniform boundedness of [|i#**[| 1 (q, )« from (4.102) was used. Dividing this inequal-
ity by the norm of w, and applying (4.10c), (4.10b) and the Holder inequality follow that

UQ, (ﬁt+sk - pt) diV(W) dx}
Wiz ()
On taking the limit as s, — 0™ due to (4.13a), the LBB condition (2.8) leads to the upper bound

< (20 + oK |1 g, o) 17 — il | g1 g 0 +5:Cr(1+Cp).

timsup 515, — p1ll2(0,) < 0. (4.13b)

Sk—>0Jr

For (3.17), subtracting the adjoint equation (4.7a) tested with w = ' from the perturbed one
(3.10a) tested with w = ¥k, and using (4.10d), similarly to (4.12), we get

/Q[ (2“||8<‘7t+sk _ Vt)||12:+ alut|m72|ﬁt+sk W ngc)dx

< (B =T 74%) 4 (Bal )75 V) d,

/Q (Ape (P =) () + 20l "2 (7 — ) T @) dx -+ 5,C,

where Cg > 0. Subtractlng (4.7a) and (3.10a), and using (4.10),
| G —andivin)| < | [ (e =) -elo) ol |24 <) Tw) e

[ ) = 7)) dp,

Therefore, due to (4.11) and (4.5b), we derive the uniform estimates for 7 and G, ,:
1+sp

+skC9HWHH1(Qt)dﬂ Co > 0.

limsup ||V tH%{I Q) +limsup (|15, — gl 12(0,) <0, (4.13¢c)
Sk*)0+ S‘k—>0
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which completes the proof of Lemma 4.2. U
Below, we establish the main theorem on shape differentiability.

Theorem 4.1. Under the conditions in Lemmas 4.1 and 4.2, the shape derivative in (2.18) exists
and expressed explicitly by the partial derivative from (4.3) as follows

94 j(0) = 0,1(0) := lim Hs) = 1(0) af(ou iV g ), (4.14)

s—0T S

where (u', p;) € U(€) solves unperturbed Brinkman—Forchheimer problem (2.5), and its ad-
joint state (V' ,q,) € U (L) satisfies adjoint system (4.7).

Proof. According to the identity j(s) = I(s) for s € I in (3.18), we sketch the proof of the
derivative d..1(0) following [2, Chapter 10, Theorem 5.1].
We test with (u, p,v,q) = (u', p,V',q;) € K° x Ky the minimax inequalities (3.14) as s = s;:
j(Sk, utv ﬁl+Skaﬁl+Sk7 VtyQﬁQt) g j(Sk, ula ﬁt+Sk7ﬁt+Sk7ﬁl+Sk’ ql+Sk; Ql) - l(Sk)
< j(ska ut7 utapla ﬁt—i_Skaqt—O—sk;Qt)' (415)

Also we insert (u, p,v,q) = (@ ¢, Prig,, V¢, Gris,) € K* X Ky, into (3.14) as s = 0:
j(()?utuutaptvﬁt+5k76l+sk;gt) S j(()?ut’ut’phvt,qt;gt) - l(O)
S j(()?utvﬁt+Skap~l+Sk;vt7qt;Qt)' (416)

Subtracting /(0) from the left inequality (4.15) and using the right inequality (4.16), applying
the mean value theorem with ; € (0, 1) leads to the inequalities

Z(Sk) —l(O) > g(sk I/l ut+Skapt+Skavt7qt;Qt) _g(o l/t ut+Sk7pt+Sk7vtvql;Qt)

Sk Sk

<
t ot 1 .
Js (kakauvu k7pt+sk>v;qt’Ql)'

On taking the limit inferior as s, — 0" proceeds with the lower estimate:

liminf W =10 92

sg—0t Sk - 8

(O l/t Maptv 7ql;Qt)- (4173)

On the other side, subtracting /(0) from the right inequality (4.15), and using the left inequal-
ity (4.16), the mean value theorem with weights @; € (0, 1) provides the upper estimate:

l(Sk) - l(O) < j(skvutautaplaﬁt+skaqt+sk;gl) _j(()?“la”t7pt>ﬁt+skaqz+sk;9t)

Sk Sk

8.32” .
as (akSk,I/t I/t 7qt7 k7qt+sk;QI)'

This leads to the limes superior

limsup (00 =10) _ 9.2

R Sk — as (Oautaut7pl7vtacII;Ql)7 (417b)
sp—0

which together with the lower estimate (4.17a) proves the limit in (4.14). L]
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5. HADAMARD FORMULA AND ITS APPLICATIONS

Provided by smooth solutions to the Brinkman—Forchheimer equation (see [44]), a Hadamard
representation of the shape derivative by boundary integrals is presented next.

Theorem 5.1. Under the conditions of Theorem 4.1, let the primal and adjoint solutions of
(2.5) and (4.7) be smooth such that (u',p;,V',q,) € (H*(G)? x H'(G))? in G C Q. If the
kinematic velocity A is constant outside some domain G, C G with C*°-smooth boundary dG;
and outward normal vector n', then the shape derivative (4.14) is expressed equivalently as

. . A%y
91j(0) = Jg,(A) +Jy6,(A) +Jo,(A),  Jo,(A) 1=/0 (leO,AYs(ul)+a—);(/\,ut))dﬂo,,

JG, (A) ::/G (AT(a(m—2)|ut|m_4u’(ut)Tvt-I-IOmQt%(ut)))dx,

t

Ja6,(A) i= /aG (AT (' V) + AT 2> piV' 1 q1)) dSy. (5.1)

The scalar-valued 9, and vector-valued 9* = (_@12 ey .@g)T expressions in (5.1) are
D uyy) = fTv—2pe(u)-e(v) —alu " 2u'y,
P*(u,p,v,q) :=Vu' Que(v)n' —gn')+ Vv Que(u)n’ — pn'). (5.2)

Proof. Since VA = 0 in &, \ G, the shape derivative from Theorem 4.1 is expressed with the
help of formulas (4.3) and (4.14) as the sum d; j(0) =1} + L + Iz + Jo,(A) specified below.
Integrating the terms in (4.3) by parts in G; where the solution (i, p;,V', g;) is smooth, we have

I = — /G (diva(2ue()-2(v) + e ["2(u) W)
—oue(u) - E(VAV) —2ue() - E(VA, u’))) dx
= [ AT (a(m— ) "l (o) TV 4 V()T (a2 —2udive(V))
+VO) T (ald "2 —2p diVS(Lt’))) dx
- /a . ((ATn') (2ue() - e(/) + alul "))
—2uAT (V) (V) + V(vf)Ts(uf))nf> ds,.
Using the incompressibility div(u') = div(v') = 0, we have

b= — / (ptr(VATVV) + gt (VAT V') ) dx
Gy

= [ AT (V(Vt)TVp[ + V(ut)TVqt)dx - / AT (V(vt)Tpt + V(u’)th)nt ds,,
Gt aG[
and

I— / (divAf +VFA) TV dx.
G;
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Employing the identity div(A(f V")) = divA(f ")+ ATV(fTV') and equilibrium equations
(2.2a), (4.8a), we have
L+bL+1;= / (diV(A( ") + AT (a(m—2)u " (') TV + lolmgl%(ut)»dx

t

T ¢ t t tym—2/7 t\T .t
[ () a0+ a2y

—AT(V() T ue() — )+ V()T (2pe() - p))n')dS;
=JG,(A) +Jag, (A).
The divergence theorem applied to the first term in the integral over G; in the right-hand side

follows the formulas for Ji,, ) and 2% 1in (5.1) and (5.2). O

The first corollary of the Hadamard representation concerns path-independent integrals widely
used in fracture mechanics (see [19]).

Corollary 5.1. Under the conditions of Theorem 5.1, let the kinematic velocity A =0 in Oy, and
either oo = 0 or m = 2. Then the Hadamard formula (5.1) implies a path-independent integral

Jag,(A) =Jag,(A) :== /a ((ATnt)@l(ut,ut,vt) —|—AT@2(ut,pt,vt,qt)) ds,, (5.3)
G;
which is constant over C*-smooth boundaries dG, of domains G, such that G, ¢ G, € G C Q.

Proof. The representation (5.3) is obtained straightforwardly from (5.1) when Jg, (A) =Jg,(A) =
0, and its constant value is provided by the uniqueness of the shape derivative in (4.14). 0

We decompose vectors into orthogonal, normal and tangential components at the boundary:
A= A" + Ay, 2% =((2%) n) + 2. (5.4)

Corollary 5.2. Under the conditions of Corollary 5.1, let the kinematic velocity A'n' =0 at
Q. Then the path-independent integral (5.3) implies that

Jag,(A) = Jag,ng, (A). (5.5)

If the solutions are smooth in the whole Q; such that (u', p; V', q;) € (H*(Q;)¢ x H'(Q;))?, then
Jyq,(A) =0 for all A such that A= 0in O; and A™n' =0 at 9.

Proof. We split dG; into the part dG; N € inside Q, and two parts meeting either the Dirichlet
dG,; NTP or the Neumann dG, NTN boundaries, respectively. Since A'n’ = 0 is assumed at
dQ,, it follows from (5.3) and (5.4) that the decomposition

Jog,(A) = /8G o ((ATnl)@l(u’,ut,vt)—|—AT@2(u’,p,,v’,q,)) A

+ 8G,ﬂ1"? A; -@2(“[;1917 vt7 Clz)rf de + /BG,DI"%\I A:;rl gz(ut,l’n vta qt)‘L" de
At TP, it holds (Vi})y = ... = (Vul))y =0 and (VV})p = ... = (V¥) = 0 due to the ho-
mogeneous Dirichlet conditions in (2.2¢) and (4.8c). Henceforth, according to formula (5.2),
.@2(u’, PV, q ) =0 at FP. The substitution of Neumann boundary conditions (2.2c¢) and
(4.8¢) into .@2(u’, pr,V',q;) eliminates its contribution at F?I. Thus, we arrive at (5.5).

If it is possible to take G; = €, then the integral in (5.5) is trivial in this case. L]
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It is worth noting that, in general, the singularity happens at the intersection F_f)ﬂ ﬁ For
illustration, in Figure 1, we present an example geometry of the cracked domain in 2d:

Q ={x1€(-2,2), € (—1,1)}\ {x1 =0, x € (0,1))},
IP =0Q,N{x <0}, TN=90,N{x, >0}, O,=dQN{x=1}.

It has three singular points: the crack tip Py = (0,0), and Py = (41,0) where the Dirichlet

0[ 1 12
20
. G 5
X1
-2 0 o 20 2
Iy
—1

FIGURE 1. Example geometry €; in 2d.

I'P and the Neumann I'N boundaries meet each other. We denote by Bs(P) a circle of radius
0 € (0p,0;) with 0 < &y < 8; < 1/2, centered at point P.

According to the local regularity results well known for the linear elliptic problems, the
solution (', p;,V',q;) is H> x H' x H?> x H'-smooth in the domain

G =\ (Bs,(Py) UBs, (Py)).
Then admissible domains in Theorem 5.1 and its Corollary 5.1 are, e.g.,
G =\ (Bs(Py) UBs(P)) CG
for arbitrary & € (Jy, ;). Respectively, in Corollary 5.2, admissible velocities are Aj(x) =0,
ko in Bg(P), ki in Bg(Py);
Ao(x) = § ko(2— L2 in Bog (P) \ Bs(Po),  ka(2— E) in By (Po) \ Bs(Pa);
01in Q\ (Bys(Po) UBys(Py));
with three arbitrary parameters kg, k+ € R. In this case, we have
dG N = (dBs(Py) UdBs(Px)) N

This geometric illustration might be helpful for further applications to singular problems.
The last corollary deals with the inverse problem of shape optimal control (2.17), and accord-
ing to (2.18) it guarantees the descent direction for optimization (see, e.g., [27]).
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Corollary 5.3. Under the conditions of Corollary 5.1, a descent direction d4 j(0) < 0 for (2.17)
is provided by kinematic velocities A such that at dG;:

ATnt = —ki (gl(ut7utvvt)+~@2(ut7pt7vtaqt)Tnt)7 AT; = _k292(ut7pt7vtaq1)rt (56)
with free parameters ky,ky > 0 such that k% + k% = 0.

Indeed, direct substitution into (5.1) of A from (5.6) yields

2, j(0) = _/&G (ki(21(d i V) + 22 peV'q0) "0+ ko 2 (' pi V' o) |*) dSy < O.

Corollary 5.3 gives practical formulas for numerical simulation by gradient methods.
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