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Abstract Cracks and their propagation with a given
kinematic velocity are described as zero-level sets of a non-
negative scalar function satisfying a transport equation. For
smooth velocities this description is equivalent to a crack
parameterization where the moving crack is obtained as the
image of an initial reference crack under a coordinate trans-
formation. Based on the implicit formulation, bifurcation
type phenomena such as branching and merging of the crack,
which cannot occur in the parameterized situation, are inves-
tigated numerically. Analytical and computational examples
of the crack evolution with continuous as well as discontin-
uous velocities are presented in 2D and 3D domains.

Keywords Crack propagation · Bifurcation · Level set ·
Implicit surface · Velocity method
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1 Introduction

The problem of the appropriate description of finite propaga-
tion or infinitesimal perturbation of geometric objects arises
in various applications. Classical techniques are based on
perturbations of the identity operator or (equivalently) on
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the velocity method. These techniques can be used for the
description of homeomorphic displacements of geometric
objects with regular boundaries and for the calculation of
sensitivities of geometry dependent functionals [9,18,30].

Perturbation techniques in the context of crack perturba-
tion are necessary, for example, in the framework of fracture
mechanics for the determination of the direction and speed
of propagation of cracks in solids [12,31,32]. It is generally
accepted that a local fracture criterion involves the energy
release rate at the crack tip, which can be expressed as the
directional derivative of a potential energy functional [27].
Using shape sensitivity analysis for models in non-smooth
domains with rectilinear cracks subject to inequality con-
straints, representations of the derivative were obtained in
[16,17,19]. These considerations were based on perturba-
tions of the identity operator and the corresponding coordi-
nate transformations of domains with cracks.

In this paper, the description of cracks and their propa-
gation motivates our interest in non-parameterized objects
of Hausdorff dimension one in 2D and Hausdorff dimension
two in 3D. This specifically includes non-closed, possibly
branching curves in R

2 or surfaces with non-empty bound-
aries in R

3. In the case of cracks in three dimensions these
boundaries correspond to crack fronts. We aim for describing
the evolution of cracks including phenomena such as bifur-
cation of tips in R

2 and bifurcation of crack fronts in R
3. This

motivates our choice of representing the crack by an implicit
surface (the zero-level set of a non-negative time-dependent
function ρ).

If the crack is defined by an implicit surface which is
expressed as the zero level set of a non-negative function ρ
propagated by a given vector field V , and all data are suffi-
ciently smooth, then ρ(t, y) satisfies

ρt + V ∇ρ = 0. (T )
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We shall utilize the implicit formulation (T ) also in the con-
verse way. Given a family of cracks �t , t ≥ 0, it is quite
natural to define ρd(t, y) = dist(y, �t ) as the corresponding
level set function for which�t = {y : ρd(t, y) = 0}. Solving
the algebraic equation

ρd
t + V ∇ρd = 0 (A)

for V , a natural extension of the velocity vector field (which
a-priori is defined only on �) onto a neighborhood of the
moving crack is obtained. Such an extension is a necessary
ingredient for any kind of shape sensitivity analysis in the
perturbation and in the level set context.

Traditionally level set methods are used for the evolu-
tion of dynamic surfaces with the velocity having non-zero
component normal to the surface [5,14,21–23,28]. The sit-
uation is different here since crack propagation phenomena
have zero normal component of the velocity, and only the
tangential component is non-zero. This inherent specialty
distinguishes the proposed method of an implicit surface
description with the classical level set methods. The case
of the tangential velocity is described by a transport Eq. T .
For the normal velocity, the geometric variable is described
as the zero level-set of a function φ (which is often cho-
sen as the signed-distance function to the boundary of the
shape variable) and propagated by solving an equation of
Hamilton–Jacobi type:

φt + Vn|∇φ| = 0, (H -J )

where Vn is scalar velocity. It is easily seen that (H -J ) is the
specific case of (T ) where V = Vnn with a scalar velocity
Vn and n the direction normal to the crack.

It is known that under appropriate conditions on Vn , the
Hamilton–Jacobi equation (the “level-set equation”) has a
unique viscosity solution which exists for all times [8,20] in
contrast to classical perturbation methods which are inher-
ently local in time. The major advantage of the level set
method lies in its flexibility, which allows to treat topology
changes of the geometric variable in a unified way, and in its
relatively simple implementation on fixed rectangular grids.
Level set methods can also be used in a natural way to define
shape perturbations and to obtain sensitivity results, as was
observed in [6,13].

In this work, we are especially interested in geometric
objects presenting cracks, i.e. subsets of R

N with Hausdorff
dimension N − 1. General N − 1-dimensional sets are not
easily described by classical level-sets where generically the
zero level set of a smooth function is the boundary of an open
set, i.e. an N − 1-dimensional submanifold of R

N without
boundary which divides R

N into an interior and an exterior
region. The description of geometrical phenomena such as
T-junctions or manifolds with boundaries usually requires
the use of more than one level-set function. In this paper,
we aim for a unified approach for the implicit (level-set like)

description of general N −1 dimensional objects which prop-
agate in time.

We recall the seminal work of Osher and collaborators [4]
in which vector-valued level set functions were proposed as a
technique to describe the evolution of surfaces with codimen-
sion higher than one. This is a very powerful approach for the
description of the evolution of surfaces without boundaries
with the goal of preserving merging and breaking properties.
In [34] vector valued level set functions were proposed for
the description of the evolution of cracks. This approach was
combined with a maximum-hoop-stress criterion to deter-
mine the direction of the movement of the crack tip. However,
it is not primarily geared towards bifurcation type pheno-
mena.

Vector-valued level set functions were studied earlier in
[2,3] with the goal of analyzing well-posedness. From the
analytical point of view, the vector valued approach is diffi-
cult since it leads to a system of partial differential equations
for which no maximum principle is available. This would be
necessary for the viscosity sub- and super-solution concepts
to apply. Therefore, the authors in [2,3] introduced a single
non-negative level set function for the representation of the
propagating surface. Here we utilize the same approach but
focus on its numerical realization. We shall address potential
difficulties related to the accurate determination of the loca-
tion of the zero level set. Our numerical strategy involves a
sharpening procedure for its correct determination without
“thickening” phenomena as observed in [4].

In Sect. 2, the construction of extension velocities (A) for
certain families of moving cracks are given, and the equiva-
lence between the implicit formulation (T ) and the propaga-
tion of the crack via coordinate transformation methods are
proved. The corresponding transformation function and its
inverse are constructed as the solutions of non-linear ODEs
and transport equations, respectively, where the method of
characteristics is used to establish the connection. In Sect. 3,
numerical calculations of the propagation of cracks with
given velocities are presented in 2D and 3D domains includ-
ing bifurcating cracks. We compare two algorithms, where
one is based on solution of ODEs and the other is based on
the transport Eq. T . The algorithms are realized by high-
accurate Runge–Kutta and WENO schemes, respectively,
see [24,15].

2 Cracks and their propagation based on implicit
surfaces

In this section, we discuss the use of scalar non-negative
functions to describe the movement of cracks with a given
velocity. We also relate the implicit surface description to
the classical formulation of crack movement using coordi-
nate transformations induced by velocity vector fields. The
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implicit approach is more general since it allows discontinu-
ous velocity vector fields describing topology changes such
as branching and merging of crack branches.

Consider at time t = 0 the crack ϒ0 as a compact subset
of R

N , N = 2 or 3 with Hausdorff dimension (N − 1) and
choose a continuous function ρ0 ≥ 0 such that

ϒ0 = {x ∈ R
N : ρ0(x) = 0},

R
N \ϒ0 = {x ∈ R

N : ρ0(x) > 0}. (1)

The distance function ρ0(x) = inf y∈ϒ0 |x − y|, for instance,
which is Lipschitz continuous in R

N (see [9,Theorem 2.1, p.
154]) serves this purpose. To describe the movement of the
crack we choose a velocity field V = V (t, x) and consider
the transport equation (see [10]):
⎧
⎨

⎩

∂ρ
∂t (t, y)+ V (t, y)∇ρ(t, y) = 0,

ρ(0, y) = ρ0(y).
(2)

Under appropriate conditions the solution to (2) satisfies
ρ(t) ≥ 0 and we can define the crack at time t by the implicit
surface

ϒt = {y ∈ R
N : ρ(t, y) = 0}. (3)

It will be convenient to first recall the situation in the case
of smooth vector fields. Below the subscript u denotes global
uniform Lipschitz continuity of the elements in the respective
function space.

Lemma 2.1 Assume that V = (V1, . . . , VN ) ∈ C([0,∞);
C0,1

u (RN ))N and ρ0 ∈ C0,1
u (RN ) with ρ0 ≥ 0. For arbi-

trary T > 0 the Cauchy problem (2) has a unique solution
ρ ∈ C0,1

u ((0, T )×R
N ) which satisfies (2) point-wise almost

everywhere. Moreover, the solution has the form

ρ(t, y) = ρ0(R
−1(t, y)) (4)

with an invertible mapping R ∈ C1([0, T ]; C0,1
u (RN ))N

such that R−1 ∈ C0,1
u ((0, T ) × R

N )N . If ρ0 ≥ 0 we also
have ρ ≥ 0.

The proof is standard and can be based on the charac-
teristic equations
⎧
⎨

⎩

d R
dt (t) = V (t, R(t)),

R(0) = x .
(5)

We provide detailed arguments only for the regularity result
stated in Lemma 2.1. Due to the regularity assumption on
V and classical results on existence to dynamical systems,
see, e.g. [9,Theorem 4.1], it follows that (5) admits a unique
solution R(t, ·) satisfying

R ∈ C1([0, T ]; C0,1
u (RN ))N and R−1 ∈ C([0, T ];

C0,1
u (RN ))N . (6)

It can be shown that

ρ(t, y) = ρ0(R
−1(t, y)) (7)

satisfies (2) almost everywhere on (0, T ) × R
N . Moreover,

setting S(t, ·) = R−1(t, ·), it follows that the components of
S are solutions to the system of transport equations
⎧
⎨

⎩

∂Si
∂t (t, y)+V (t, y)∇Si (t, y)=0, i =1, . . . , N ,

Si (0, y)= yi , i =1, . . . , N .
(8)

From this, we conclude that R−1 ∈ C0,1
u ((0, T )×R

N )N . By
differentiating the relation

y = R(t, R−1(t, y)), t ∈ (0, T ) (9)

with respect to y, an increase of smoothness in t is observed
for the inverse function R−1 which must be compensated by
a decrease of smoothness in y:

R−1 ∈ C1([0, T ]; L∞(RN ))N .

Thus, given a velocity field V , the solution to (2) describes
the crack by means of (3) at time t and y = R(t, x) provides
the coordinate transformation between ϒ0 and ϒt .

Conversely, given a time-dependent family of coordinate
transformations R(t, ·)which map a reference crackϒ0 onto
a family of moving cracks ϒt and which satisfy (6) and
R(0, x) = x , one can determine a velocity field and a func-
tion ρ such that the given family of cracks is described by
the zero-level sets of ρ, where ρ and V satisfy (2). Indeed,
such a velocity V is given by

V (t, y) = ∂R

∂t
(t, R−1(t, y)). (10)

The function R is then a solution to problem (5), and R−1

to (8). When ρ0 ≥ 0 describes the crack ϒ0 as in (1), the
function ρ(t) ≥ 0 obtained from (7) describes the crack ϒt

by (3).
Concerning the propagation of cracks, the restriction of

V (t) from R
N onto the crack ϒt determines its local direc-

tion of propagation. At all points where the crack is locally
diffeomorphic to an N − 1-dimensional hypersurface (pos-
sibly with boundary as, e.g. at a crack tip or crack front) the
velocity can be decomposed into normal and tangential com-
ponents. The former implies changes of the crack shape, and
the latter describes its prolongation. Typically the analysis of
cracks in fracture mechanics is concerned with the propaga-
tion of cracks preserving its previous shape. Pure tangential
velocities yield crack propagation in the tangential direction.

The Lipschitz regularity assumption of Lemma 2.1 for V
does not allow to use discontinuous velocities in the classical
situation where the implicit formulation and the use of coor-
dinate transformations are equivalent. If we want, however,
to describe phenomena such as the splitting or merging of
cracks the use of velocities which are discontinuous, e.g. at
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the splitting point becomes necessary. The implicit formula-
tion (2) allows generalizations where discontinuous velocity
field are admitted as long as they satisfy the Filippov condi-
tion

(x − y) · (V (t, x)− V (t, y)) ≥ −K (t)|x − y|2, with

K ∈ L1(0, T ). (11)

This concept was introduced in [7,11] and it was shown that
solutions to (2) and (5) in the sense of Filippov are well-
defined and enjoy the backwards uniqueness property. The
vector-field V (x1, x2) = (1, sign(x2)), for example, is not
continuous but it satisfies (11). Condition (11) was general-
ized in [25], in the sense of �p-monotonicity yielding locally
Lipschitz continuous solutions to the linear transport Eq. 2.
These results imply that (7) is still well-defined for a much
larger class of admissible velocities and that ρ(t, y) ≥ 0
if ρ0 ≥ 0. For measure theoretic solution concepts, still
based on the method of characteristics and preserving non-
negativity in the sense that ρ0 ≥ 0 implies ρ(t) ≥ 0 we refer
to [26].

2.1 Analytic example

In the following analytic example we start with a given fam-
ily of cracks ϒt ⊂ R

3 and successively construct a corre-
sponding implicit representation ρ(t, ·) and a vector field V .
Conversely, we show that this V reproduces the given propa-
gation of ϒt in the implicit formulation (2). In this example,
we show that certain singularities (kinks in the crack front)
can occur already in the comparably regular case of Lipschitz
continuous velocity fields.

Let us consider as a specific example the family of non-
planar cracks defined by

ϒt = {y ∈ Q : y1 ≤ φ(t, y3), y2 = ψ(y1, y3),

0 ≤ y3 ≤ Y }, t ≥ 0,

with φ ∈ C1([0,∞); C0,1
u (R)) and ψ, ∂ψ

∂y1
∈ C0,1

u (R2), and

Q = R
2 × (0,Y ). In Fig. 1 the geometrical situation is visu-

alized for two different successive times t1 and t2.
The cracks can equivalently be expressed as

ϒt = {y ∈ R
3 : ρ(t, y) = 0} ∩ Q

with

ρ(t, y) = [y1 − φ(t, y3)]+ + |y2 − ψ(y1, y3)|.
To fulfill (2) the velocity field V has to satisfy

−χ(y1 − φ)
∂φ
∂t +

(
χ(y1−φ)−sign(y2 − ψ)

∂ψ
∂y1

)
V1

+sign(y2−ψ)V2−
(
χ(y1−φ) ∂φ∂y3

+sign(y2−ψ) ∂ψ∂y3

)
V3=0

Fig. 1 Graph of ψ and graphs of φ for two different times t1 and t2

almost everywhere in (0, T )× R
3, where χ is the character-

istic function of the set {x > 0}. The velocity chosen as

V (y) =
(
∂φ

∂t
,
∂φ

∂t

∂ψ

∂y1
, 0

)

satisfies the above relation and provides the corresponding
coordinate transformation via (5) and (8) in the form

R(t, x) =

⎛

⎜
⎜
⎜
⎝

x1 + φ(t, x3)− φ(0, x3)

x2 + ψ (x1 + φ(t, x3)

−φ(0, x3), x3 )− ψ(x1, x3)

x3

⎞

⎟
⎟
⎟
⎠
,

R−1(t, y) =

⎛

⎜
⎜
⎜
⎝

y1 − φ(t, y3)+ φ(0, y3)

y2 − ψ(y1, y3)+ ψ (y1 − φ(t, y3)

+φ(0, y3), y3 )

y3

⎞

⎟
⎟
⎟
⎠
.

We note that also in the classical (non-Filippov) situation
the regularity requirement of Lemma 2.1 admits singularities
like finite corners at the crack front. Consider, for example,
the velocity V = (V1, 0, 0) with V1(y) = [y3 − c]+, for
some c ∈ (0,Y ). Then V ∈ C0,1

u (R3)3 and the cracks

ϒt = {y ∈ Q : y1 ≤ φ(0, y3)+ t[y3 − c]+, y2 = 0,

0 ≤ y3 ≤ Y }
exhibit a corner at y3 = c on the crack front for every t > 0.

3 Numerical calculations of the crack propagation

In this part we apply the theoretical results of Sect. 2 to cal-
culate numerically the propagation of cracks with a given
velocity. Based on the equivalent descriptions of moving
cracks either by implicit surfaces (IS) or by coordinate trans-
formations (CT) we suggest two corresponding algorithms

123



Propagation and bifurcation of cracks based on implicit surfaces and discontinuous velocities 401

and compare them for several examples. The examples are
constructed using tangential velocities to simulate tangential
crack growth. A spiral-shaped crack, branching and merg-
ing cracks in R

2, and a helicoid-shaped crack in R
3 are

presented.
The propagation of cracks in the continuous case was

described in Sect. 2. Here we give a description of the cor-
responding finite-dimensional approximation and start with
the choice of the discretization. Let 	h be a grid with mesh-
size h > 0 in the bounded domain 	, which for simplicity
we assume to be time-independent. The continuous time-
interval [0, T ] is discretized using a step-length 
t > 0
which is chosen in accordance with the CFL-condition for
the transport Eq. T . The (unknown) crack �t has co-dimen-
sion 1 in	 and generally does not coincide with nodal points
of 	h .

We formulate the following discrete problem of finding
approximations �s

t of the cracks �t :

(P) For the given discrete velocity

V h : {k
t : 0 ≤ k ≤ T/
t} ×	h �→ R
N ,

starting from the initial crack�s
0 at t = 0, located inside

	, find the crack �s
tk at all time-steps tk ∈ (0, T ).

Here the initial crack�s
0 is represented either by a finite num-

ber of known points x ∈ R
N or as the zero level-set of an

initial function ρ0 for which the values on the grid 	h are
supposed to be known.

3.1 The CT and IS based algorithms

Following the arguments on coordinate transformations in
Sect. 2, we propose to solve (P) based on the first-order
non-linear ODE system (5).

Algorithm CT

(0) Set k = 0. Initialize the crack �s
t0 = �s

0 represented by
the points {x1

0 , . . . , xl
0}.

(1) Set tk = k
t . If tk < T then go to step 2, else STOP.
(2) Find the velocity V h(tk, x j

k ) for all x j
k ∈ �s

tk , j = 1,
. . . , l by interpolation from nearest grid points in 	h.

(3) Compute

x j
k+1 = x j

k +
tk+
t∫

tk

V h(tk, x(τ )) dτ for all

x j
k ∈ �s

tk (12)

using a Runge–Kutta method.
(4) Find the crack �s

tk+1
= {x j

k+1 from (12)}.

(5) Update k = k + 1, go to step 1.

Velocities tangential to �t preserve the previous crack
shape. In this case, we update only the boundary points of the
propagating crack in step (3) and we add the new boundary
point to the set of existing crack points. This procedure is
used in the numerical examples below.

In step 2 we use a linear interpolation of the velocity at
x ∈ �s

tk from nearest nodal points of the grid 	h . For the
numerical integration of (12) we suggest a third-order Run-
ge–Kutta method of the form:

y(i) = (1 − αi )y
(0) + αi

(
y(i−1) +
t V h(tk, y(i−1))

)

(i = 1, 2, 3), x j
k+1 = y(3), y(0) = x j

k ,

α1 = 1, α2 = 1

4
, α3 = 2

3
. (13)

This makes it necessary to interpolate the velocity also at the
auxiliary points y(i−1) in (13).

Second, we utilize the implicit description of cracks (1),
(3) to solve (P) and formulate the following algorithm based
on the solution of the transport Eq. 2. Computationally it is
difficult to determine accurately the zero-level of the fixed-
sign function ρ in (3). Hence, below we introduce the con-
cept of shadow of a crack, which consists of the nodal points
within an ε-neighborhood of the crack.

Algorithm IS

(0) Set k = 0, start with the non-negative distance function:
ρh(tk, x) = dist (x, �s

0) for all x ∈ 	h.
(1) Set tk = k
t . If tk < T then go to step 2, else STOP.
(2) Define the discrete gradient ∇hρh(tk, x) for all x ∈ 	h.
(3) Set tk+1 = tk +
t , compute ρh(tk+1, x):

ρh(tk+1, x)= ρh(tk, x)−∫
V h(tk, x)∇hρh(tk, x)


t for all x ∈ 	h
(14)

using an appropriate numerical scheme.
(4′) Resharpening: Restore the property that ρsd is the non-

negative distance function of an (n − 1)-dimensional
crack by solution of an eikonal equation.

(4) Find the shadow of the crack:

�h
tk+1
(ε) = {x ∈ 	h : ρsd(tk+1, x) ≤ ε}. (15)

(5) Update tk = tk+1, go to step 1.

We now discuss some details of the algorithm. Numerical
tests showed that the isotropic distance

dist (x, �s
0) = min

z∈�s
0

⎛

⎝
N∑

j=1

(x j − z j )
2

⎞

⎠

1/2
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was preferable for the initialization in step 0 over an aniso-
tropic choice of the norm in R

N . The latter choice was con-
venient in the analytical constructions in Sect. 2 to obtain
reference velocities.

For the discrete gradient ∇h in step 2 we used a 5th-order
accurate WENO-approximation based on 6-point finite dif-
ference left- and right-biased stencils, marked below with
“−” and “+”, respectively. In each coordinate direction x j

( j = 1, . . . , N ) these approximations for the uniform grid
are given by the following formula with respect to i-th nodal
point [15]:

∂±

∂x j
ρi = 1

12
(−
+ρi−2 + 7
+ρi−1 + 7
+ρi −
+ρi+1)

±W (
−
+ρi±2,

−
+ρi±1,


−
+ρi ,

−
+ρi∓1) (16)

with


+ρm = 1

h
(ρm+1 − ρm), 
−
+ρm = 1

h
×(ρm−1 − 2ρm + ρm+1),

W (c1, c2, c3, c4) = 1

3
ω0(c1 − 2c2 + c3)+ 1

12
(2ω2 − 1)

(c2 − 2c3 + c4),

ω0 = α0(α0 + α1 + α2)
−1, ω2 = α2(α0 + α1 + α2)

−1,

α0 = (ε + i0)
−2, α1 = 6(ε + i1)

−2, α2 =3(ε+i2)
−2,

i0 = 13(c1 − c2)
2 + 3(c1−3c2)

2, i1 =13(c2 − c3)
2+3

×(c2 + c3)
2,

i2 = 13(c3 − c4)
2 + 3(3c3 − c4)

2, ε = 10−6.

Moreover, a finite-difference approximation of the gradient
requires an extension 	̃h of the grid 	h outside 	. For the
suggested 7-point central scheme a linear extension of ρ onto
3 points in each direction outside 	h was used.

We realized the finite-difference approximation of (14) by
a Lax–Friedrichs flux. Various fluxes of upwind and Godu-
nov type were tested. They show comparable performance
when the derivative with respect to space variables is approx-
imated by the WENO-scheme. For the Lax–Friedrichs flux
(14) takes the form:

ρh(tk+1, x)

= ρh(tk, x)−
∫ N∑

j=1

{

V h
j (tk, x)

1

2

(
∂+

∂x j
+ ∂−

∂x j

)

×ρh(tk, x)− max
x∈	h

×
(

V h
j (tk, x)

) 1

2

(
∂+

∂x j
− ∂−

∂x j

)

ρh(tk, x)

}


t (17)

with the “+” and “−” derivatives from (16).
The 3rd-order Runge–Kutta method was used for time

integration in (17), too. Following the notation in (13) results

in the following scheme for (14):

ρ(i) = (1 − αi )ρ
(0) + αi

(
ρ(i−1) −
t

×
N∑

j=1

{

V h
j (tk)

1

2

(
∂+

∂x j
+ ∂−

∂x j

)

− max
x∈	h

(
V h

j (tk)
) 1

2

(
∂+

∂x j
− ∂−

∂x j

) }

ρ(i−1)
)

×(i = 1, 2, 3),

ρh(tk+1) = ρ(3), ρ(0) = ρh(tk). (18)

Again, step 2 is repeated by Runge–Kutta iterations (18) to
define the discrete gradients ∇hρ(i−1) according to (16).

Step 4′ is introduced to cope with the problem that the
function ρ looses the property of being the distance function
of a crack during the iteration of tk . This includes the effect
that the function ρ(tk) can become positive at points which
should lie on the crack. Thus, detection of the zero level-
set becomes an increasingly ill conditioned task as the crack
evolves. To overcome this difficulty we suggest the following
heuristic procedure:

• Shift the function ρ to obtain ρd = ρ − d with a constant
d > 0. The new function ρd has a zero-level set which
includes the crack in its interior.

• Calculate the signed distance functionρsd to the zero level-
set �d = {ρd = 0} by solving the eikonal equation

|∇ρsd | = 1 (19)

with the boundary condition ρsd = 0 on �d . Use a fast
marching algorithm for the numerical solution [29,33].

• Shift ρsd = ρsd + d to obtained the resharpened function
ρsd as the non-negative distance function.

The heuristic idea behind the procedure described above is
that the signed distance function of a “slim” set—the set
�d which includes the crack—contains a set of singularities
inside, which is a good approximation of the actual crack.
Moreover, if the thickness of the set is approximately con-
stant, the value of the signed distance function along the set
of singular points is also approximately constant. Although
this set is not resolved explicitly, the crack is much better
localized implicitly in the resharpened function than in the
original representation.

In step 4 we do not define the crack �tk+1 but only its
shadow �h

tk+1
(ε) as a subset of the grid points 	h . To deter-

mine the crack from its shadow an additional algorithmic step
must be introduced. In our numerical tests a local piecewise-
linear interpolation by a least-squares method was success-
ful. Nevertheless, the interpolation procedure required to be
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Fig. 2 The spiral-shaped crack obtained by Algorithm CT

handled interactively to obtain an appropriate performance
of the crack in each particular example, and, therefore, it was
not included in the algorithm.

Note that Algorithm IS is much more involved than Algo-
rithm CT. If Algorithm CT is applicable it is simpler and
more effective than Algorithm IS. However, Algorithm IS
does not require a parameterization of the crack and hence
has a broader scope. In the following examples we discuss
situations where the use of each of the algorithms has certain
advantages.

3.2 Numerical examples

To construct an example for (P)we choose a reference crack
�t and derive an analytical formula for the corresponding
velocity V following the lines of Sect. 2. Then this
velocity and an initial crack�0 are taken for the initialization
of both algorithms from Sect. 3.1. The computed cracks are
then compared to the reference crack �t .

Example 1 Spiral-shaped crack. Let us start with a smooth
example of a spiral-shaped crack represented by a paramet-
ric curve in R

2. In polar coordinates (r, φ) ∈ [0,∞)× R we
define the crack ϒt for t ∈ [0, 1 − t0) with fixed 0 < t0 < 1
as

ϒt = {r = A(1−s), φ = κ(1 − s) for s ∈ (−∞, t0 + t)},
(20)

for given positive constants A, κ . Let 	 be the unit square
{(x1, x2) ∈ (0, 1)2}. For a cartesian representation of the
crack points we set

x1 = 0.5 + r cosφ, x2 = 0.5 + r sin φ.

Following (20), �t is given as

�t =
{(

x1

x2

)

=
(

0.5 + A (1 − s) cos (κ(1 − s))
0.5 + A (1 − s) sin (κ(1 − s))

)

for s ∈ (−M, t0 + t)

}

, t ∈ (0, 1 − t0),
(21)

where M > 0 is a sufficiently large number to exclude inter-
ference of the “tail” of the crack with the behavior at the
moving crack tip in the numerical realization. We set the
concrete parameters as A = 0.5, κ = 4π , t0 = 0.1. In
Cartesian coordinates, the velocity has the form

(
V1

V2

)

=
(−Ar−1(x1 − 0.5)+ κ(x2 − 0.5)

−Ar−1(x2 − 0.5)− κ(x1 − 0.5)

)

, (22)

where r = ((x1 − 0.5)2 + (x2 − 0.5)2)1/2.
We choose a uniform grid 	h for the discretization of 	

and we define the discrete vector field V h as the restriction of
V given in (22) to the grid points in	h . The two components
of this time-independent velocity are illustrated in Fig. 2a,
b, respectively. In Fig. 2c the velocity field is displayed as
a vector field in the plane and the initial �0 is depicted as a
solid-line.

With these data we first solve (P) using Algorithm CT.
Choosing h = 0.01 and 
t = 0.01 we calculate the propa-
gation with velocity V h of the crack-tip, starting with the tip
of �0 as initial value. The time interval is chosen as (0, 0.9).
For 90 time-steps, the points xk obtained as solution to (12)
are drawn as a sequence of dots in Fig. 2c. For comparison
the reference crack �t (as defined in (21)) for t = 0.9 is
drawn as a dashed line. It is seen that the dots coincide very
well with the dashed line.

We next test Algorithm IS with h = 0.01 and
t = 0.001
for this example. The numerical results are presented in Fig.
3a, b for the initialization, and in Fig. 3c, d after 900 time-
iterations. The following quantities are depicted: the Euclid-
ian distance function ρ0 to�s

0, the shadow�h
0 (ε) of the initial

crack with ε = h, the solution ρ to (18) at t = 0.9, and the
corresponding shadow of the crack with ε = h. The reference
cracks are plotted as solid lines in Fig. 3b, d. As in the case
of the (CT)-algorithm, the quality of approximation of the
actual movement of the crack is quite satisfactory. The solid
line (the actual crack) is well contained within the computed
shadow.
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Fig. 3 The spiral-shaped crack obtained by Algorithm IS

In all the examples we used the resharpening strategy with
a down-shift parameter d which corresponds approximately
to two times the mesh-size of the underlying grid. If d is
chosen smaller then the fast marching algorithm used in the
resharpening procedure may produce unstable results. We
note that for this example, the improvement by including
the resharpening procedure in the overall algorithm is con-
siderable. Without resharpening the thickness of the shadow
region increases during the propagation.

At this point, a comment on the role of the velocity V
is indicated. For the implicit formulation (IS), more specif-
ically for the solution of the transport Eq. 14 it is necessary
to have a globally defined velocity function. In contrast, the
velocity for the propagation of a parameterized crack (12)
needs to be defined only at the crack tip (more precisely in
some neighborhood of the crack tip, since the Runge–Kutta
scheme requires knowledge of the velocity vector field on
intermediate auxiliary points). In practice the local direction
for propagation of the crack tip is found by using a model for
the local energy release generated by the growing crack. In
this situation a global velocity is, however, not immediately
at hand. In the following, we present an algorithmic extension
of a known velocity (multi-valued in the case of crack-split-
ting) given only at the crack tip to a globally defined velocity
which leaves the previously obtained crack shape invariant.
An analogous situation frequently occurs when an interface
is propagated using level-set techniques. There, the speed of

propagation is often defined only on the interface and needs
to be extended onto a neighborhood of the interface to enable
the level-set methodology to work. See [1] and [22,Chap. 8]
for details of the construction of extension velocities.

We also want to adopt the “level-set philosophy” of work-
ing only with data on a fixed regular grid and to avoid inter-
polation to sub-grid level as much as possible in our implicit
approach (IS). We therefore assume that the velocity of the
crack tip is given on one (or possibly several) grid point(s)
close to the crack tip and we start the extension procedure
with these data.

Suppose now that the velocity vector V tip
tk is given only at

a regular grid point close to the tip�tip
tk of a propagating crack

�t at time t = tk . Suppose moreover that an approximation
�̃

tip
tk of the position of the crack tip is known. The velocity

extension is inserted before step 3 in Algorithm IS:

• Define

	u(tk) =
{

x ∈ 	 : dist(x, �̃tip
tk ) = dist(x, �̃tk )

}
;

• Extend

V (tk, x) =
{

V tip
tk if x ∈ 	u(tk),

V (tk−1, x) otherwise.
(23)

The construction of the extension is based on a splitting
of the reference domain	 into two subdomains. We refer to
the first domain 	u(tk) as the update domain where actual
movement of the crack tip takes place. The update domain
is the set of points for which the closest point on the crack
is the crack tip. It can easily be checked whether or not a
grid point belongs to the update region by comparing the
actual distance to �̃tip

tk with the value of the distance function
ρdist to the crack �tk . The distance function is obtained as
a by-product of the resharpening procedure in step 4′ and
can be computed in logarithmic time using a fast marching
algorithm. In the update domain the velocity field is set to
the constant vector V tip

tk . In the complementary domain the
velocity is set to the velocity field obtained in the previous
time-step. With this choice, the prior shape of the crack is
preserved. This is due to the fact that the prior shape itself
was obtained using the same (tangential) velocity vector field
in the complementary domain. As initialization for the first
time-step, we use V (t−1, x) = 0.

Using this construction, points which are close to the crack
tip and “in front of the tip” propagate with the same velocity
as the tip itself. Remote points or points lying “behind the tip”
are not effected by the update velocity and propagate accord-
ing to the previously specified velocity. In Fig. 4, the splitting
into two subdomains, the extended velocity and the propa-
gating crack are shown at eight different time-instances. It
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Fig. 4 Velocity field V (t)
extended from the velocity of
the crack tip of spiral-shaped
crack
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Fig. 5 The spiral-shaped crack
obtained by Algorithm IS with
the velocity extension procedure
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Fig. 6 The limit velocity V
extended from the velocity of
the crack tip of spiral-shaped
crack

can be observed that the update domain is always in front of
the crack tip.

For the numerical calculations shown in Fig. 4 we choose

�̃
tip
tk close to the reference crack tip �tip

tk+1
. The latter is found

by solving the discrete ODE system (12) at �tip
tk . Neverthe-

less, �̃tip
tk and V tip

tk can be determined on the fixed grid points

of 	h without precise tracking of the reference crack. In the
example of the spiral-shaped crack we obtain V tip(t) from
the analytical representation (22). The numerically extended

velocity field V (t, x) and the sets	u(t)where dist(x, �̃tip
t ) =

dist(x, �̃t ) are plotted in Fig. 4 at points t = 0, 0.1, . . . , 0.7.

Realization of Algorithm IS with the velocity extension
procedure gives the distance function ρ(t) and the respective
shadows of crack �t . The latter ones are depicted in Fig. 5
for the selected time points t . The limit of the piecewise-
constant iterations of V (tk, x) in (23) for k = 0, 1, . . . ,
[0.9/
t] is depicted in Fig. 6. This time-independent veloc-
ity can be used for Algorithm IS, which in this case produces
the same result as plotted in Fig. 5.

From the extension we get information how to construct
a piecewise-constant velocity field when the tip of a crack is
endowed with a multi-valued vector V tip at some bifurcation
point. The domain of propagation should be split into sectors
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Fig. 7 Data for the branching
crack

near the bifurcation point such that each value of V tip can be
extended into these sectors with the above procedure. This
idea is realized in the next example.

Example 2 Branching crack. The second example deals with
a non-smooth case of the branching (bifurcating) crack shown
in Fig. 7c. The components V1 and V2 of the correspond-
ing time-independent velocity are constructed as presented
in Fig. 7a, b, respectively. The angle of the sector drawn in
Fig. 7a is chosen as 2 arctan 1/4. It can be taken arbitrarily
within (0, π/2). Note that such a discontinuous velocity is
inadmissible in the context of the classical (non-Filippov)
consideration. In the discrete space we start with the initial
rectilinear crack �0 = {0 < x1 < 0.5, x2 = 0.5} depicted in
Fig. 7c by a solid-line, which should follow during the time-
iteration two rectilinear branches forming ±π/4-angles with
the line x2 = 0.5 marked with dashed-lines.

Algorithm CT applied to this non-smooth example can
follow only one of the branches. Alternatively, Algorithm IS
gives good result as we can see in Fig. 8, where the solu-
tion ρ and the corresponding shadow of �t are computed for
h = 0.01 and
t = 0.001 after 400 time-steps (t = 0.4). The
solid-line in Fig. 8d represents the reference crack, whose
branches are both closely surrounded by the computed crack
shadow with ε = h.

The initialization ofρh(t0) should be taken precise enough
such that the zero-level sets of ρh(t0) and ρ0 from (2) are
close to each other. Otherwise, the difference of ρh(tk) from
zero increases with each iteration and results in a thickening
of the shadow of the crack. For coarse or noisy initializations
the construction principle presented in Algorithm IS should
include an additional substep in Step 4′:

• Replace ρ by the updated (sharpened) function ρ = ρsd .

This substep restores the property that ρ is the non-negative
distance function of the crack. Its use is successful for slow
velocities and short time intervals. Otherwise it has the dis-
advantage that the boundary condition for the solution of the
eikonal Eq. 19 cannot be implemented with high accuracy
due to the very slim zero level-set of the shifted function
ρd . This has the effect that the resharpening procedure partly

neutralizes the propagation step of the WENO scheme. This
may lead to a slower propagation than predicted analytically.
This difficulty cannot be eliminated by a larger choice of d.
In fact, increasing d gives a faster propagation but a shadow
region which is not localized as well as in the case of small d.
The quality of the shadow region is comparable to the result
in which we skip the resharpening step 4′ completely and put
ρsd = ρh in (15).

Note that the function ρsd obtained with the resharpening
process always has the form of a distance function and is,
therefore, different from the function ρ obtained by time-
stepping without resharpening. The zero level-sets, however,
agree for both.

Example 3 Merging crack. For another non-smooth example
we present a merging crack whose corresponding discontin-
uous velocity is depicted in Fig. 9. The velocity is cut off by

Fig. 8 The branching crack obtained by Algorithm IS

123



Propagation and bifurcation of cracks based on implicit surfaces and discontinuous velocities 407

Fig. 9 Data for the merging
crack

Fig. 10 The merging crack obtained by Algorithm IS

zero near the boundary x1 = 0. In Fig. 10 we show: (a) the
initial distance ρ0, (b) the shadow of the initial crack �0 with
ε = h, (c) the distance ρ, (d) the shadow of �t with ε = h,
which is computed by Algorithm IS after 500 time-steps for
h = 0.01 and 
t = 0.001. Since the shadow is very slim,
the resharpening is not needed.

Example 4 Helicoid-shaped crack. Finally, we present a
3D-calculation. A helicoid-shaped crack within the unite
cube 	 = {(x1, x2, x3) ∈ (0, 1)3} is considered. We define
parametrically the unbounded surface ϒt for t ∈ [0, 1 − t0)
with fixed 0 < t0 < 1:

ϒt =
⎧
⎨

⎩
x ∈ R

3 :
⎧
⎨

⎩

x1 = s1,

(x2 − 0.5) cos 2πs1,

−(x3 − 0.5) sin 2πs1 = 0,

for s1 ∈ (−∞, t0 + t)

⎫
⎬

⎭
.

The crack is illustrated in Fig. 11 for t = 1. Using argu-
ments already presented above we construct the correspond-
ing time-independent velocity

V = (1, 2π(x3 − 0.5),−2π(x2 − 0.5))

and cut it off by zero near x1 = 0 to preserve the initial
crack. The bounded crack �t is defined in a cylinder inside
	 as follows:

�t = ϒt ∩ {x1 > 0} ∩ {(x2 − 0.5)2 + (x3 − 0.5)2 < 0.52}.

Fig. 11 The helicoid-shaped
crack obtained by Algorithms
CT and IS
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For T = 0.9 we initialize with t0 = 0.1 and parameterize
the initial crack �0 by two parameters: s1 along the x1-axis
and s2 in the planes x1 = s1, with uniform spacing 
s. In
	 we construct a uniform grid of mesh-size h and discret-
ize the time-interval [0, T ] by uniform step-length 
t . For
h = 
t = 
s = 0.01 the moving crack �h

t obtained by
Algorithm CT after 90 time-steps is depicted in Fig. 11a.
The shadow �h

tk (ε) for ε = √
2h calculated by Algorithm

IS (without resharpening) with h = 0.02, 
t = 0.002, and

s = 0.01 after 450 time-steps is depicted by points in Fig.
11b. For this 3D-example both algorithms perform success-
fully.
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