Control and Cybernetics
vol.23 (1994) No. 4

Iteration penalty method for the
contact elastoplastic problem

by
Victor Kovtunenko

Lavrentyev Institute of Hydrodynamics
630090 Novosibirsk
Russia

A system of variational inequalities is considered, describing the
quasi-stationary equilibrium problem of an elastoplastic plate con-
tact with a rigid obstacle, according to the plastic flow theory, ‘T'he
presence of free boundaries of contact and plasticity leads to geo-
metrical and physical restrictions of the inequality type upon the
solution. The restrictions are changed by a penalty operators and
the penalty problem is linearized with the help of an iteration pro-
cedure. Convergence of solutions is proved.

1. Introduction

Formulation of the problem is as follows, Khludnev (1988). Let @ C R* bo
bounded domain with a smooth boundary d€2. It is required Lo find functions
w,m=(my;), 1,7 =1,2in Q x (0,T) satisfying following relations

'S (1.1)
(mij i —}—f,cZ:.— w)<0 foranyw:@ > ¢, (1.2)
Im| < a, (1.4)
(cijrampr + @ ij, Mij —my;) > 0 for any m : |in| < a, (1.4)
w=w,=0 ondQ, (1.h)
w=w’ m=m" whent=0. (1.0

Where ¢ € C(0,T;C*(Q)), ¢ on 9N is less than 0; f € C(0,7 L4(R));
Cijki € (;((),T; Lm(ﬂn‘ "-inEH'sl'j > CE!'jEl'ju c>0; w? € H,f(!l}. m' ¢ LU(“];
a € C(0,7), a > 0 are given. Brackets (+,+) denote the scalar product in L*(£2),
|m| means [m?| = mgmy;, upper point denotes the derivative with respect Lo

variable £ © (0,0, wy in the derivative in the direction of external normal,
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HA(2) = W) is usual Sobolev space and H{ means the closure of C§(02)
in the corresponding norm of the space, Here and in what follows, repeatad
lower indices mean summation from [ to 2, lower indices alter a comma mean
differentintion with respect to the corresponding space variable (zy, 22) € 2. All
functions under consideration are symmetric with respect to the lower indices.

In the model formulated, functions w, m, i, f describe the normal displace-
ment of plate points, the bending moments, the obstacle shape and the external
force, respectively. Inequality (1.1) is the geometrical condition of unpenetri-
ble obstacle and (1.3) is the physical restriction upon moments mentioned in
Temam (1983). Strict inequality in (1.3) means the elastic state of a plate and
the equality holds when the plastic state is reached. Let us divide (0,7") into the
intervals of length At by points t = sAt, s = 0,1,...,5 and replace continunous
derivative with respect to ¢ by its finite-difference analogy, marking function
values in point ¢ = sAt by the upper index s. We obtain from (1.1)~(1.6) the
get of stationary problems s =0,1,...,5 -1

ws-l»l Z‘P'“s (l.?)

(ru:-'f,-'j+f'+’,d:—w‘“)${] for any @ : @ > o*t!, (1.8)

|m**!| < a*t!, (1.9)
mit! — mi, w"f] mWiT S 1 - .

(c;’)t’} kt i 2t g JA! L mij — m;?;" >0, |m| < a*t!, (1.10)

wtl =wit! =0 on 9. (1.11)

One way of studying any variational inequality is to reduce it to an extremal
problem, Khludnev (1992), and another way is to use penalty method, Li-
ons (1969).

2. Formulation of the penalty problem

Let us define

Lk when w > ¢,
Ao(w) = { w—p; when w <.

Let w be the orthogonal projection of space (L?(2))* ontoset {m € (L*(2))*/ |m|
< a}., We take aq(m) = m — wm, and then

()= 0, when |m| < a,
@l =1 (1 = a/|m|)m, when |m|> a.

The following penalty problem with positive parameters ¢, ¢ is considered

L l oo 84 “
=mijly®t ot =B (withed) = f14, (2.1)

LLETELT |n|l_12. method for the guntaet slastoplastle problom H“n
1, 1 + : .
ikt !+ gm0 = WL g cffimi +wly,
iji=1,2 (2.2)
withed — ithed — () on 9Q. (2.9)

Weak convergence of the slution of problem (2.1)-(2.3) to the solution problem
(1.7)-(1.11) as e, ¢ — 0, when (1.7)—(1.11) have a smooth solution (w**!, m**!)
€ H(Q) x (L2(Q))* and f is sufficiently small, is proved in Khludnev (1988),

Now we shall rewrite (2.1)-(2.3) in the equivalent formulation. We shall not
indicate dependence of functions upon the parameters e, ¢, s for the sake of
simplicity. Let us rewrite (2.2) as follows

1 ol
m;j + E“n(m)ij =gij, 4,j=12, (2.4)
where
9ij = —w,ij + (6iebji — cije)mu + pij, 1,7 =1,2, (2.5)

1 4 3
pij = "—':;i;mil+“f.‘j; t,j=1,2.

LEMMA FEquation (2.4) is equivalent to the following equation

mij = gij aa(9)ij, 4,i=1,2. (2.0)

i 1
1+4
Proor. Let (2.4) hold. Let [m| < a, then a,(m) = 0 and my; = g,

therefore, |g| < a and (2.6) holds. Let |m| > a then it follows from (2.4) that

(1+§ (uﬁ)) m; =g, i,7=1,2. (2.7)

Squaring and summing up of equation (2.7) gives
qlg|+a
jm] = o+

1+¢

therefore, [g| > a. We can obtain the following equality by substituting (2.8)
into (2.7)

1 a <pd
rn'l} :g‘l,‘.'— 1+q (1‘_m) gij t,l— 1!2'

and, therefore, (2.6) holds. On the other hand, (2.4) follows from (2.0) by
analogy with the above reasoning. This completes the proof,
Let us introduce the notation

agjer = (eghr = bindy)~". (2.0)
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Lquation (2.5), together with (2.9), gives
mij = ~aip(Wer + g6 = prt), 4J=1,2 (2.10)
We can obtain the following equations substituting (2.10) into (2.6) and (2.1)

(aijer + 6ikdjn)gn — aa(9)ij = @ijei(prr — w k1) (2.11)

|
@i ktw kiij -+ ‘—,ﬂw(w) = [+ aijri(priij — 9r1ij)- (2.12)

System (2.10)-(2.12) is equivalent to (2.1), (2.2) a.e. on Q in view of the Lemma,
Obtained value-boundary problem of the elliptic type with the essential non-
linearity (2.10)-(2.12), (2.3) will be linearized as in the sequel.

3. The iteration penalty problem
Let (w?, m”) be any functions from Hg(2) x (L*(2))*. We organize the following
iteration procedure as n=0,1,2,....

1 1
jo =Wt =4 —(@" = (W) + aijmprriy = i), (3)

- n+
Qi ki k1ij

l n = 0w
(@ijee + Sikdjo)apit = aa(g" )i +aiu(pu—wit'), i5=1,2, (3.2)

I4+¢
m:;ﬁ“ = —rl.'j“(w:}c'}'l oy !}‘I.';“ —pkt);  4,7=1,2, (3'3.)
whtl =t =0 on 69Q. (3.4)

Let problem (1.7)~(1.11) have smooth solution (w**! m**+1) € H2(Q)x(L*(Q2))4,

then pyy € L*(Q2), k,{ = 1,2 and the r.h.s. of equation (3.1) belongs to H~*(f),
while the one of equation (3.2) belongs to L?(2). Therefore, a unique solu-
tion (w"t g"tl mntl) € HE(2) x (L2(Q2))* x (L*(R))? of the linear problem
(3.1)-(3.4) exists in view of the general theory of monotonous operators,

Let the following inequalities be satisfied

e1(&ijy €ij) < (aijriber, &ij) < ea(€ij &ij),  er,e2 > 0. (3.5)

Tneonrem Under the above conditions, the following convergence holds
(W', m") — (w,m) strongly in  HZ() x (L*(N)* as n— oo,

where (w,m) is the solution of problem (2.1)-(2.3).
Proor. Let us denote u™t! = @t —n pntl = gnbl 2o 1 follows from
(3.1)-(3.2) that

| | 1= n [
“ljl”‘:lkLlj I ‘. "" il g ‘I["" . ﬂw(w") | ﬂq.(w‘ |)) - "|jk[”*rl‘j' (J-“)

Heration penaliy wethod for the contact elastaplastis poohism ”U?

n 1 1 e
(st + axbi)upt! = 1 7(0a(6)5 + @a(6")ij) — aijunui’,
ii=12, (3.7)
The monotonicity of penalty operators gives
|xa(9") — ea(g™ 1) < |9 — g7,
jwn =t = (Bp(") = B ()] < fum — w1

Further, we can introduce the scalar product in L?*(£2), thanks to condition
(3.5), as follows

(i3, 5%5) = (aijmsyy, s3;)
and define equivalent norms in (L?(2))* and H3 (), respectively,
(015 = (vijr vij),  [u]3 = (uij, u5).

We write the estimates of the norms using (3.5)

1 ;
W%SWMSEM%[%5q§HmM. (8.0)
ij

(3.8)

where || -[|¢ is the usual norm in H*(22). We multiply (3.6) by u™*! and (3.7) by
v+l then we integrate over Q and sum. We can obtain the following inequality
using Holder inequality and estimates (3.8), (3.9)

ni1yz , 1 ; 1
[ o Sl o+ T+ o DTG <
'rij

o | (B + Sl + 78 + guv;;-n;i) <0

o (iu‘]% + I+ 0+ > nv.a-n;i) .

where constant ¢ < 1 depends on s, e, ¢, ¢1, c2. Thus, we have the strong
convergence as follows

(u",v™) — (0,0) strongly in HF(Q) x (L*(Q2))* as n—oco. (4.10)

Element (w,g) € HZ(Q) x (L*())*? exists, by virtue of convergence of the
geometrical progression series with exponent p < 1, such that the following
convergence holds

(W™, g") — (w,g) strongly in HZ(Q) x (L*(2))* as n—oco. (3.11)
Let us pass to the limit in (3.1)-(3.3) as n — oo using convergence (3.10), (3.11)
and penalty operators continuity. Therefore, we shall obtain that (w, m), where

myj = =W+ gnr=pu), 1,7 = 1,2, is the solution of problem (2.10)-(2,12),
(2.3). This concludes the proof, ju
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