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ARTICLE INFO ABSTRACT

MsC: A class of elastodynamic contact problems for fluid-driven cracks stemming from hydro-fracking

35L85 application is considered in the framework of finite element approximation. The dynamic contact

49M15 problem aims at finding a non-negative fracture opening and a mean fluid pressure which

;2?02: are controlled by the volume of pumped fracturing fluid. Well-posedness of the fully discrete
variational problem is proved rigorously by using the Lagrange multiplier and penalty methods
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solution of the dynamic nonlinear equation is computed in 2D experiments using the semi-smooth
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1. Introduction

The hydro-fracturing is widely used in petroleum engineering applications pumping out oil, natural gas, and geothermal water
from reservoirs in the earth. Hydro-fractures are created by injecting a fracturing fluid at high pressure through a well bore and usually
controlled by the injection rate into inlet holes providing the pumped fluid volume in time. Mathematical modeling of reservoirs with
hydraulic fractures saturated by a Newtonian fluid can be found in the works by [1-4] and others. For analysis of crack evolution based
on a method of balanced viscosity solution we cite [5]. In order to describe mass balance of fluid in the open crack in an averaged
way, a volume constraint was suggested in [6]. In [7] we introduced complementarity conditions providing non-penetration between
opposite faces of a fluid-driven crack within variational formulation of the poroelastic model. For the variational theory of elastostatic
models of solids with non-penetrating cracks we refer the readers to [8-11], and to [12] for its numerical treatment.

In the framework of computational contact and impact mechanics (see [13]), well-posedness of elastodynamics contact problems
remains in general an open question. It can be recovered or established by employing a viscous damping together with the regu-
larization of contact conditions. Using penalization and regularization arguments, mathematical results on the existence of solution
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of dynamic viscoelastic models were obtained in [14-16]. For solvability of the elastodynamic problem for non-penetrating cracks
with modified contact law we cite [17]. The general theory of coupled systems of variational and hemivariational inequalities can
be found in the works by [18,19] and co-authors. We refer the readers to [20] for relevant theories and uncertainty quantification
in variational inequalities, and to [21] for a penalization treatment of optimization problems under volume constraints of non-local
type.

For solution of complementarity problems, a semi-smooth Newton method was proposed, see [22], based on a generalized gradient
of non-smooth merit functions. The Newton iteration converges locally super-linear, and globally monotone when implemented in
the form of primal-dual active set (PDAS) algorithm. Generalized Newton’s methods are used for solution of contact and frictional
problems in mechanics, see [23,24]. The PDAS strategy was applied to the Signorini’s contact problem with Coulomb friction in
[25], to dynamic frictional contact problem in [26], and to non-penetrating crack problems in [27,28]. In [29] we study rigorously
convergence of the semi-smooth Newton method and equivalent PDAS algorithm for a FEM approximation of dynamic two-body
contact and crack problems.

The theory of finite element method (FEM) approximation of elastodynamic contact problems can be found in [30,31]. The space
semi-disretization is ill-posed and standard time approximation schemes are not stable with respect to the mechanical energy when
decreasing time step or increasing simulation time. To stabilize the FEM discretization, methods of restitution coefficient [32], mass
redistribution [33,34] were suggested. Between them, Nitsche’s method [30] is consistent and has better convergence properties than
a penalty method. For temporal discretization, the Hilber-Hughes-Taylor method [35] called HHT-« is adopted in the literature,
see its further developments in [36,37]. In [38] the schemes of Newmark family described by two weight parameters y and f were
considered as the particular case when a = 1. The generalized HHT-a scheme with the vector parameter a was introduced in [39]
because it is more high frequency dissipative.

In the present work, in Section 2 we formulate the elastodynamic problem for crack subjected to non-penetration and volume
constraints. In Section 3 the corresponding FEM discretization in space and the generalized HHT-a scheme in time are introduced,
and its variational solution is proved rigorously. We present the semi-smooth Newton iteration and equivalent PDAS algorithm for the
penalized problem in Section 4. Its properties of locally super-lineal and globally monotone convergence will be validated numerically.
Motivated by hydro-fracking, in Section 5 we simulate the extension-compression loop motion of a symmetric 2D isotropic body with
a fluid-driven crack controlled by the pumped fluid volume.

2. Setting of the problem

We model a reservoir consisted of two layers separated by a single fracture by two deformable elastic bodies coming into contact
along the common interface, see Fig. 1. In the undeformed configuration, let i-th body occupy the domain Q' in R, d = 2,3, where
i = 1 stands for the first and i = 2 for the second body. For simplicity we suppose that the Lipschitz continuous boundary dQ’ comprises
two non-overlapping parts F{) and F[C. Let the bodies be clamped on the Dirichlet boundary 1";') and touch each other at the common
portion of the boundary Fé =r é =: I'¢ having a unit normal n. We choose the direction such that n is inward Q! and outward Q?
(see Fig. 1). Let us define the domain Q = Q! U Q? with the crack I'c and the outer boundary I', := F]l) U FZD.

For a time 7 € [0,T), where the final time T > 0 is prescribed, we denote the cylinder Qr = (0,T) X Q with two side surfaces
I'ny =(0,T)xI'y and I'c7 = (0,T) X I'. Under small deformation assumption, the displacement field u in Qp builds the linearized
strain tensor as symmetric part of the gradient:

_1 T
g(u) = 3 (Vu+ Vu )

and the stress tensor field is determined from Hooke’s law:

o(u)=Ae(u) in Qp. 2.1

In (2.1) the fourth order symmetric tensor of elastic coefficients A has the usual properties of uniform ellipticity and boundedness.
For the volume force f prescribed in Q7 and constant density of the elastic material p, the elastodynamic problem consists in finding
the displacement field u : [0,7) X Q — R¢ and acceleration i1 satisfying the constitutive equation (2.1) and the equation of motion:

pi—V-.o)=f inQ, (2.2)
using the tensor contraction “ - ”, which is supported by the initial conditions:
u©, - )=uy, @, )=u, inQ. 2.3)

In (2.3) the displacement u and velocity a1 at # = 0 are prescribed by the initial fields u, and u,. Equations (2.1)—(2.3) are endowed
with the homogeneous Dirichlet condition on the outer boundary surface:

u=0 onlpy 2.4

and conditions on the contact surface I'~ stated below.
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Fig. 1. Example crack problem in the undeformed 2D configuration.

For arbitrary displacement field v we adopt its orthogonal decomposition into the normal v, are tangential v components:

v=v,n+vp, v,:=v-n onlg.

Defining the relative jump of fields across the contact surface:

[u] =u‘

_u‘
1 2
l—‘C l—‘C

the crack opening should be non-negative:

[u,] =[u] - n>0 onT¢p, (2.5)

and the normal stress (6(u)n) - n=: o, (u) should be continuous:

[6,@)]=0 onT¢y. (2.6)

Complementary to (2.5) and (2.6) conditions for the contact force A are (see [7]):

o, +P=: <0, Au,]=0 onTcr, 2.7)

where the mean fluid pressure P : [0,T) — R is to find, and negative sign of A corresponds to compression. The friction-free contact
implies zero tangential stress:

cun—-o,(wn=: (c(wn)r=0 onlcs. (2.8)

Let a continuous function A(¢) > 0 starting at A(0) = 0 be given. It describes a volume of fluid pumped into the fracture keeping the
fluid volume balance:

/ [u,]dT = A(r) for t €[0,T). (2.9)
I'c

Gathering together governing relations we validate (2.1)—(2.9) in function spaces. For this task we introduce the Hilbert space
owing to the Dirichlet condition (2.4):

V= {Ve HI(Q)" : v=0a.e. FD},
and the corresponding Bochner space
W={ve L*(0.T;V), veL*0.T:L*Q")}.
Admissible displacements satisfying the non-penetration (2.5) build the convex cone:

K={veV: [y,]>0aeTI¢}.

Let the force f € C([0,T]; L2(Q)?) and initial fields in (2.3) satisfy u, € K with [u;,] =0 and u, € L2(Q)?. For smooth u and v the
Green’s formula holds (see [10]):

— / V.o()-vdx= / o(u) : g(v)dx — / c(wn-vdl' + /[[a,,(u)v,, + (c(u)n)p - vy dI, (2.10)
Q Q D T'c
where “ : ” implies the tensor double contraction. Testing (2.10) with v — u after substitution of the equation of motion (2.2) and

boundary conditions (2.6), (2.8) yields
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/((pii—f)-(v—u)+0'(u) : e(v—u)) dx=—/an(u)[[vn—un] dl" fort € (0,7). (2.11)

Q I'c

Integration of (2.11) by parts over time using initial conditions (2.3) and inequalities (2.5), (2.7) leads to the variational formulation
of the problem (2.1)—(2.9):

FindueW, P(t) and u(t, -) e Kforr € (0,T)
such that: u(0, -) =u, /[[u,,] dl'= A(t) for t € [0,T),

I'c
J /(—pl’l.(v—l'l)+0'(u) : e(v—u))dxdt— / Plv, —u,]dl’dt (2.12)
Qr Ter
Z/pl’lo - (v(0, ~)—u0)dx+/f-(v—u)dxdt
Q Qr

forallve W, v(t,-)eKand v=ufort >T — { with { > 0.

We note that, in the strong formulation P can be reduced from the system when inserting the fluid volume balance equation (2.9)
and v =0 into (2.11) such that

P=%/((pii+f)-u—a(u) te)dx forte(0,7). (2.13)
Q

Existence of a solution to the elastodynamic contact problem (2.12) in the function setting is open.
3. Discretization of the variational problem

Let 7}, be a regular triangulation of the domain Q of the mesh size 1 = maxgcy, hy, where hy is the diameter of K. We introduce
the finite-dimensional vector space V,, which is build by piecewise polynomials of degree p € N on 7},

V,= {Vh ec’Q: Vi|g € (PP(K))d forall K €7,, v,=0o0n FD}A

The triangulation is supposed conformal to the subdivision of crack surfaces FIC" c FIC and l%h c 1%, which coincide. On the discrete
set Fé‘: CI'cof N g nodal points x,, at the crack, we look for the nodal variables 4, () verifying complementarity conditions (2.5)-(2.7)
on FéT =(0,T)x I“g. The space semi-discretized problem (2.12) in the mixed variational form reads:

Findw, : (0,T) = V), 4 : (0,T) > RV and P : (0,T) = R such that:
u, (0, -) =ugy,, /[[uh,,]] dI'= A(t) fort €[0,7),

I'c

T
3 /(_puh.v'h+o(u,,) : e(vh))dxdt+/Z(/lh—P)[[Uhn]](xh)dt (3.1
Q. A
=/pl'10-v(0, ~)dx+/f-vhdxdt for all thCO([O,T];Vh),

Q Qr
lp Jx,) 20, 4, <0, Auup,l(x,) =0 for xhel“é':r,

where approximation of the initial displacement u,, € V, and velocity a,;, € V,, has been used.

For given N € N and time step size 7 =T /N, let us consider the uniform time discretization by points " = mz, m=0,..., N,
where 1 =0 and tV =T. At times " we discretize the displacement (respectively velocity and acceleration) by uj’ (respectively u}!
and ii;l"), the force £ =f(¢", -), the Lagrange multiplier A;l" = 1,(t™), and the mean pressure P™ = P(¢"). Moreover, we introduce
intermediate time steps m + a, weighted by parameter @, > 0 in the following way:

m+tay

Vit = Vit 4+ (1 - vy 3.2)

Let weights y €[0,1], # €[0,0.5], and a = (a;, a,) € [0, 112 Using (3.2) and following [39], a generalized HHT-a method applied to
(3.1) has the following form for m > 0:
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h
Find u’"+1 ,I'JZ“ ii"’Jrl €V, i’"“ eRNc, and P! €R such that:

Wt =u 4l + Eu',:’”ﬂ
"’+1 =) + rum+7
/ =m0 ) @2
Q

+ Zr(’; (/IZ+a2 — Py [v,, 1(x,)= /f’"+"2 -v,dx forallv, eV,

Q
[y D) 20, 27 <0, ATy ](x,) =0 for x, €T,

where functions v, associate a nodal basis in V,, and initial fields u?l =ugy, 1'12 =1,,. Note that the scheme is unconditionally stable
for a; > &y > 1/2, a second order time integration scheme is obtained when y = 1/2 4+ a; — @,, and high-frequencies dissipation is
ensured for f=1/4(1 +a; — a2)2 (see [39]). Therefore, in our experiments we test the standard HHT-« scheme as a = (1,0.9) and
the generalized one as a = (1.1, 1), which both satisfy the above conditions with y = 0.6 and f = 0.3025.

Reducing the unknown “;an ”’” by the identities:

Wt = L )+ (1= Dyar (1 D,

h ﬁir h h ' . 2p
i+ = ﬁz(“"m “Z")—ﬂ—“ (l—ﬁ)m

from the implicit HHT scheme (3.3), it can be rewritten explicitly as follows:

"
Find (u;’n+a2, A;Z"Mz , Pty eV, x R™c x R such that:

A, + B (A = P[0, ](55) = F(v,)

(3.4)
for all v, €V, / [u; "] dT" = Am*e2,

e
[ 1) >0, Ay <0, 4R ) ) (x,) =0 for x, €Th.

In (3.4) the bilinear operator A, : V;, XV, = R is given by

A,(u’,;”"’Z,v,,):/( p u’”*“z-v,,+a(u',;’+"2):e(v,,))dx, (3.5)
Q

apr h

and the linear operator F7' : V, — R is defined as

m m+a; pa 1 1 ﬂ m
F (Vh)—/[f ta 4 ﬂTé( +Tll +7 (z—a—l)uh>]~vhdx. (3.6)

The ellipticity and boundedness properties of the elasticity tensor in (2.1) yield the following uniform estimates. There exist
constant Cg, Ck, C > 0 independent of the mesh size A such that

levillog < Vil  llo(vplloa < CellVVplloqs (3.7)

the Korn’s and Poincaré’s inequalities yield:

/ o) €0 dx 2 Celvall g INAIE o = VA 6 + 199,112 - 3.8)
Q

and for the quasi-uniform mesh Th’ the inverse inequality holds:

IVhlloo = Cihllvyllq- (3.9)
With the help of (3.7)—(3.9) we prove the existence theorem.

Theorem 3.1. At each time step m, there exist one unique solution to the mixed variational problem (3.4) subjected to non-penetration and
volume constraints.

Proof. For fixed m, let us define the feasible set:

K/'(A)={veV,: [uv]=00nTy, /[[uhn]]dF:A’"},

I'c
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which is convex and closed, and consider the variational inequality:

Find umJ'O’2 € KJ'(A) such that:
(3.10)
A W)y, —u) ) > By, —u) ) for all v, € KI'(A).

The operator A is bounded due to (3.7) and coercive owing to (3.8) and (3.9):

h2
A (v, vp) > (p(ll
a, pr?

c?+ CK>||V,,||%’Q.

The Lions-Stampacchia theorem for variational inequalities justifies one unique solution to (3.10). It follows the mean pressure
P"™t% € R by formula (2.13):

prray L Yo (A (u m+a2’ m+a2) Fm( m+a2)), (3.11)

h
and the Lagrange multiplier A':MZ eRMNc using Green’s formula (2.10) yields:

3 [0, ]0xp) 1= ALy T2 v,) = F(vy) + P2 Y [0, ] (%), (3.12)
r’ rh
C C

for v, € V;,. Then (3.10)-(3.12) compose the solution triple to the problem (3.4). []

For solution of (3.4) we apply the penalty and semi-smooth Newton methods.
4. Semi-smooth Newton method of solution

For fixed parameters r > 0 and small 6 > 0 we penalize the problem and express the complementarity conditions using the
minimum-based merit function:

Find (umﬂtz Am+a2) EV,x RNC such that:
AW v + Z( e A"’+"‘2 / [T dr] ) [0,] %)
(4.1)
=F7"(v,) for all vV, €V,
min([[u;;';;l 21, —r/lm+a2)(xh) =0 forx, €T
For the minimum function, a generalized gradient can be introduced by

\% min([[uh,,]], —r/lh) = (I-A(”v.”hn]]vlh)’ —rll([[uhn]],,lh)), (4~2)

where the indicator function 1 is used for the strictly active set:

Aupls Ap) = {x, €TL 0 ([up,] +rAp)(x;) <0}, 4.3

and for its complementary inactive set:

T([upal. )= (x4 €TL 1 ([up,] +rAp)(x,) > 0} (4.4)

The function is semi-smooth (see [22]) on the finite set:

”min([[uhn]], —riy) —min([vy,], —ru)

et el [ IR el (W)

Based on (4.2)-(4.5) we formulate the semi-smooth Newton method for iterative solution of the nonlinear system (4.1). Initializing
m+ay.,0 /lm+a2,0

h
A )EVEX R™C at k=0, at every k > 0 solve the linear system:

with a guess (u,;
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m+ay,k+1 /lm+a2,k+]

hé

A Nt m+a2 k+17vh)+z( ekl é/[[“;,n;,,az’kﬂﬂdr)[[uhn]](xh)

Find (u, )EV, X R™E such that:

(4.6)
=F"(v,) + ~ A’”+"‘2 Z[[U,m]](x,,) for all V4 €V
Fh
m+ay,k+1 m+ay,k+1
hén ]]IA([[um-sz k]] Am+a2 Wk /Ihﬁ 11([[ m+az k]] Am+a2 K =0.

Theorem 4.1. At each time step k, the semi-smooth Newton iterate (4.6) has one unique solution. If the initial guess is chosen sufficiently
close to the solution of problem (4.1), then the iteration sequence converges super-linearly by increasing k.

Proof. The unique solution to the linear system (4.6) is a consequence of Theorem 3.1.
Let us gather the terms in the following increment:

m+ayk m+a2]] (/1m+a2 ko m+/12)1

hén h&n A([[ ;In;—naz k]] Am+a2 K h I(Ilu;ln;laz k]] Am-HlZ k
k .

= —min([uj 3] + Ay, 0) + min([u)' 2] + Ay, 0)
mtay.k m+a2 m+ay,k m+ay
+ ([uys, +r(a, 2" =4 )1A([[u:;a2kﬂ sty
In virtue of (4.5) it follows the asymptotic estimate:
m+a: m+a: m+a m+a
1o = o ™" = a4+ (™ = 2 o) “.7)

Subtracting the variational equations (4.1) and (4.6) we get:

A et gy 4 1 / [t ™" Z;“Zﬂer[[vhn]](xp— 2 (A= = 2 [oalxy) - for all v, €V
Fh
C

(4.8)

For v, such that ||v,l; o < C\I[va]lle with C; > 0, using the bounds (3.7) and G|l [vpa]llor. < I1[van]lle with C; > 0 we estimate
from (4.8) the dual norm:

+ag k+1 + pay oy kel 1 okl m
et = e, < (25 4 ce) @l w g+ T = e 4.9)
a, pr? Cy6
Testing (4.8) with v;, = m+a2 ket _ uZ;az and using the bounds (3.8), (3.9) gives

palh 2 m+a: k+1 m+a C2 m+a ,k+1 m+a:
( ﬂ 2C +CK>” o 2” +_||[[ h5n2 h5n2ﬂ||0FC

1 m+ay.k m+a2 m+ay.k m+a2
<o (|5 T = + le ). (410)

m+ay, 0

The estimates (4.8)—(4.10) yield the super-linear convergence for the iterates, when the initial guess (u m+a2 ) is sufficiently

close to (uerO’2 A'"Mz) O

We realize the semi-smooth Newton iteration (4.6) as a primal-dual active set (PDAS) iterates of the active (4.3) and complemen-
tary inactive (4.4) sets.

Algorithm 4.1. PDAS

1: Choose some initial guess AZ’;’ L=l Fg, for instance AZ;I’_I =), and its complement I;l";l’

2: At every iterate k > —1 solve successively the linear system:

-1

m+ay.k+1  mt+ay,k+1

hé

k+1 k+1 1 k1
A ( m+a2 + Vh)+z< PLoEos 3/[[14:;:12 + Edl")[[vh,,}](xh)

X Tc (4.11)
=F"(vy) + 1 g Zﬂuhn}](xh) for all v, €V,

o )
Hu;n(;,az,k+l]] —=0on Am+l,k

h
Find (u,,; A )EV, X RN¢ such that:

m+ay.k+1

’ }'hé

_ m+1,k
=0on 1,5
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m=0 m=1 m=2 m=3 m=4

m=8 m=7 m=6 m=5

Fig. 2. Displacement field x,, +u}' for m=0, ..., 8 within extension-compression loop.

3: Compute the complementary active and inactive sets:

hé hén hé

m+1,k+1 _ ho. m4+ay,k+1 m+ay,k+1
1, ={x, €l (U, 1+ri,, )(x;,) >0},

m+1k+1 . +a. ket tag.ktl
{A T = (x €T ([ 4 a2 hx,) < 0}, (4.12)

m+ay k+1 _ um+012,k

. m+1.k+1 _ m+1k
4 IfALL =A,; " and |lu, s [l

< tol then stop.

The first stopping condition in the step 4 of Algorithm 4.1 guarantees fulfillment of the complementarity conditions at I'?, whereas
the second condition with a prescribed tolerance tol > 0 arises due to penalization of the volume constraint. In computer simulation
tol = 10710 and the penalty parameter 6 = 10~!0 are set. In the next section we validate numerically properties of the convergence
stated in Theorem 4.1.

5. Numerical experiment

For computer simulation, we choose the 2D geometry (given in [m]) drawn in Fig. 1:

Ql={xe(0,25%x(1,2)}, Q>={x€(0,2.5x (0,1},
Ip = {x; €[0,2.5], x, =0,2} U {x, =0,2.5, x, € (0,2)},
To={x, €(0,2.5), x,=1}.

For the isotropic solid, the material density p = 2700 [kg/m3], Young’s modulus E =73 [GPa] and Poisson ratio v = (.34 yield the
shear modulus y = E/(2(1 + v)) = 27 [GPa]. We test the elastic body which is uniformly compressed with the force f = (0, —50) [kN]
in Q!, and f = (0,50) [kN] in ©2, such that the crack I'c is closed.

The fluid volume A [m?] pumped in the crack is prescribed to be linear:

Alt) = %z fort€[0,T/2), A@)= %(T —Nforte[T/2,T],

within extension and compression, respectively. The initial velocity u, = 0 and acceleration ii, = 0. We utilize the standard piecewise
P,-polynomial FEM for V,,. For illustration, in Fig. 2 the extension-compression loop during T'=2.5 [s] is shown at times " = mr,
m=0,...,8 for grid points x;, +uj in the current configuration x;, € Q with the mesh-size 7 = 0.25 and step-site 7 = 0.3125.

At each time step, the system matrix of the problem has the number of rows and columns which corresponds to the number
of degrees of freedom (DOF). The DOF is proportional to the vector dimension, that is two in 2D, and inverse proportional to the
mesh-size squared. For instance, for 2~ =1/4 in Fig. 2 the DOF number is 88. For isotropic elastic equations the system matrix has a
sparse structure and forms both a P-matrix and a M-matrix. We find numerical solution to the linear system using a direct solver in
Matlab that is the backslash command.

To examine stability of the dynamic contact problem, we consider the energy:

1

E,':’(S:E/(plil;l”5|2+c(uza) De())dx, m=0,...,N. (5.1)

Q

The discrete energy EZ‘(; [kJ] in (5.1) computed by the Cranck—Nicolson (CN) scheme [y =0.5, # =0.25,a = (1, 1)] is compared with
the standard HHT scheme [y = 0.6, # = 0.3025, @ = (1,0.9)] and the generalized HHT scheme [y = 0.6, # = 0.3025, @ = (1.1, 1)]. In the
corresponding plots (a)-(c) of Fig. 3, three different curves are related to different time steps 7 € {1/25,1/20,1/15} at fixed h=1/20
(that is 1818 DOF). In Fig. 3 it can be seen that CN becomes unstable in the plot (a), spurious oscillations in the energy are reduced
by the a,-damping in the plot (b), whereas the oscillations are much better suppressed by the «,-damping in the plot (c).

For solution we realize the PDAS Algorithm 4.1, where r = 1. Starting with A"*1~! =, the k-iterates at the time step m = 89

with 7 = 1/72 are demonstrated in Fig. 4. The spatial system has 10796 DOF for h = 1/50. The crack opening [[u;l";nl’k]], Lagrange
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(a) Crank—Nicolson [y=0.5,3=0.25,0=(1,1)] (b) HHT [y=0.6,$=0.3025,0=(1,0.9)] (c) HHT [y=0.6,3=0.3025,0=(1.1,1)]
1.9 -+ -1=1/15 1.9
1.8 —*— 1=1/20 1.8
17 —e—1=1/25 17 \
g g 1.6 g 1.6
3 5 15 / 5 1.5
[} (4] Q
S S 1.4 S 1.4
1.3 / 13
1.2 1.2
1.1 1.1
4
0 0.5 1 1.5 2 2.5 0 0.5 1 15 2 25 0 0.5 1 1.5 2 2.5
time [s] time [s] time [s]

Fig. 3. The discrete energy E,':ﬁ at times 1" for selected [y, f, @] when decreasing 7.

x 10~ (@) normal displacement (b) normal stress (c) active set
P \ L (A 5 [ I |
2 / \‘ ‘/ X o ! “I
1 - ol =801 1 b
o Lo [ b, 4 | I
o y+——————————=——1\ —100f 1 1 oy
1l I 4 () [ ! i
L I (I I 3 | I
n.g N msop o
HE \ A A
=3 + - iterate k=0 ' -200F 1y, ‘\‘ I 2 b ]
7’ : - Wl |
_4 — % —iterate k=1 d !
5 —A— iterate k=2 ~250 \\;’ \ , /J/’ 1 | EEEEEEEEETETETTTETTT|
- — v —iterate k=3 \\\ PR
-6 — % —iterate k=4 -300 o //
- N 0
0 0.5 1 1.5 2 25 0.5 1 1.5 2 0 0.5 1 1.5 2 25
m+1.k

Fig. 4. PDAS iterates k: crack opening [u ], contact force A;l";'l'k, active set A:‘;Lk-

hén

m+1,k m+1,k

multiplier 4, ", and active set A, are depicted along N é’ =90 points at the discrete crack Fg. The algorithm converges in only

6 iterations. From the plots (a) and (c) of Fig. 4 we report monotone properties of the convergence for [[u;l";]’k}] and .A;l";]’k, but not
for AZ’; Lk in the plot (b).

For the problem stated under the uniform force f = (f}, f>), one can observe in Fig. 2 and Fig. 4 that the fracture opening occurs
first time near the interface ends x; =0 and x; = 2.5. In another test problem we impose the inhomogeneous vertical force — f, (x) in
Q! and £,(x) in Q?, where

fr(x) =1 —-x,/1.25). (5.2)

The corresponding extension-compression loop x;, + u}’ over the grid points x, € Q as £ =0.25 and 7 =0.3125 is drawn in Fig. 5.

In Fig. 6 there are shown the crack opening [[u;l";; l’k}], Lagrange multiplier A;";l’k, and active set A:;l’k at the same parameters

m=389,r=1/72and h=1/50, for k=0, ..., 6 iterates under the inhomogeneous vertical force from (5.2). Here the last three iterates
are required to attain the tolerance with respect to the penalty approximation. In comparison with the previous test, in Fig. 6 the
fracture opening occurs first time around the interface center x; = 1.25. For the relevant physical foundation by cohesion forces
imposed at the interface we refer to [40,41].
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m=0 m=1 m=2 m=3 m=4

Fig. 5. Displacement field x,, + u}' for m=0, ..., 8 under inhomogeneous force.
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Fig. 6. PDAS iterates k: [u+"*], A""*, and A7"*'"* under inhomogeneous force.
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