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Abstract

A new class of poroelastic dynamic contact problems stemming from hydraulic fracture
theory is introduced and studied. The two-phase medium consists of a solid phase and
pores which are saturated with a Newtonian fluid. The porous body contains a fluid-
driven crack endowed with non-penetration conditions for the opposite crack surfaces.
The poroelastic model is described by a coupled system of hyperbolic—parabolic partial
differential equations under the unilateral constraint imposed on displacement. After full
discretization using finite-element and Hilber-Hughes-Taylor methods, the well-posedness
of the resulting variational inequality is established. Formulation of the complementarity
conditions with the help of a minimum-based merit function is used for the semi-smooth
Newton method of solution presented in the form of a primal-dual active set algorithm
which is tested numerically.

Keywords: hydrofracking; Biot poroelasticity model; dynamic variational inequality; crack
non-penetration; primal-dual active set

MSC: 35L85; 49M15; 74505; 74R20

1. Introduction

In the current contribution, we present the mathematical modeling and finite-element
approximation of a new class of dynamic contact problems for fluid-driven cracks intro-
duced in [1-3]. These models describe hydraulic fractures subjected to non-penetration in
geological reservoirs when mining oil and natural gas from the earth; see the overview of
reservoir stimulation in hydraulic fracturing by [4]. We model the reservoir by a poroelastic
medium consisting of two phases: solid particles and pores which are saturated with a New-
tonian fluid. The two-phase body contains a single crack presenting the hydraulic fracture,
which is created by pumping fracturing fluid into the well-bore, as drawn schematically in
Figure 1. The novelty concerns inequality conditions at the crack preventing interpenetra-
tion of opposite crack surfaces. From a physical viewpoint, this allows for the compression
of pressure such that the crack can close.
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Figure 1. The right half of a fracture in reservoir.

The poroelastic problem consists of a dynamic system of coupled equations and in-
equalities for the unknown displacement in a solid, pressure in pores, and contact force
under prescribed fluid pressure at the crack. Basic equations of motion for porous media
were established by Biot [5] based on principles of soil mechanics; see [6,7]. For further de-
velopment and applications of the poroelastic theory, we refer to [8-10], and to [11-13] for
modeling aspects of a two-phase medium. From the mathematical viewpoint, the constitu-
tive equations for poroelasticity are similar to the thermoelastic model when replacing pore
pressure with temperature; see [14]. The problem of non-penetrating cracks in thermoe-
lastic plates was solved in [15] using pseudo-monotone operator theory. In the literature,
a quasi-static approximation of the Biot model is mostly considered by omitting the inertia
term, whereas treatment of the full dynamic Biot system is more complicated and rare.
In the variational form, the dynamic poroelastic problem implies a nonlinear evolution
equation. The existence and uniqueness of a global strong solution was proved in [16]
using the monotonicity method. The dynamic numerical solution was presented in [17].

Physical issues of dynamic fracture modeling are given in [18]. The Biot model
describing hydraulic fractures in the poroelastic medium is developed in [19-21] and
other works. We cite [22-24] for the phase-field approach to the geometric description of
crack singularities. Finite element approximations of V-notches and star-shaped cracks
with conventional stress-free faces were studied in [25,26]. For the variational theory of
elastostatic models of solids with non-penetrating cracks we refer the readers to [27-31],
and to [32] for its numerical treatment. Utilizing the penalty method, a poroelastic model
accounting for non-penetration of crack faces was simulated in [33], and in [34] for shear
fracture. For numerical solutions to complementarity problems, a semi-smooth Newton
(SSN) method is advantageous because it has the locally super-linear rate and converges
globally monotone; see [35]. It is based on a generalized gradient of non-smooth merit
functions, for this reason, typically utilizing the minimum function. The SSN is realized in
the form of a primal-dual active set (PDAS) algorithm. The PDAS strategy was applied to
Signorini’s contact problem with friction in [36,37], to dynamic frictional contact problem
in [38], and to non-penetrating crack problems in [39,40]. When reducing the dual variable,
the SSN can be reformulated as a purely primal Nitsche’s method [41].

Suitable finite element (FEM), finite volume, and boundary element (BEM) methods
can be found in [42—-45]. FEM has historically been the method of choice for space-time
formulations to tackle hyperbolic problems. However, recent advances in time-domain
BEM such as [46,47] have significantly improved its applicability to dynamic elasticity. In
the context of contact computational mechanics (see [48]), finite element approximation of
elastodynamic contact problems was elaborated in [49]. The space semi-discretization is in
general not stable with respect to the mechanical energy when decreasing the time step or
increasing simulation time. To remedy well-posedness, a viscosity regularization is helpful;
see [50-52]. For temporal (semi)discretization, the Hilber-Hughes-Taylor (HHT) scheme
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is adopted in the literature [53]. We follow a generalized-a« method [54] for & = 1 + agyr.
In the standard HHT-scheme, apyyt is usually taken in the non-positive range [—0.5,0] to
provide high-frequency dissipation. By this, the widely used schemes of the Newmark
family can be described by two weight parameters v, 8, and & = 1 (that is aggr = 0) as the
particular case of HHT-«.

In the current contribution, in Section 2 we formulate the poroelastic dynamic contact
problem for a crack subject to non-penetration constraint. Following [55,56], in Section 3
the corresponding FEM discretization in space and HHT-a scheme in time are introduced,
and the existence of the variational solution to the fully discretized problem is proved
rigorously. In Section 4 we present a PDAS algorithm based on SSN for the problem stated
in the mixed primal-dual form and perform a numerical test in Section 5.

2. Setting of the Poroelastic Dynamic Contact Problem for
Fluid-Driven Crack

For the geometric description, we assume that points x = (x1,...,%4) € R, d=2,3,
occupy a domain Q) with the Lipschitz boundary 0Q2 = I'p U I'y and outward normal
n = (ny,...,n4). Let some surface ¥ split Q) into two sub-domains QO and Q~ with
Lipschitz boundaries 90" and 9Q) ™. By this, 00" N9~ =L and Q = QT UQ~ UX with
the normal n at interface X outward to Q) and inward to Q" see illustration in Figure 2.
LetI'. C X be a portion of the interface with two opposite facesTf C ZT and Iy C ™.
We denote by Qe = )\ T the domain with the crack. In the time t € [0, T), where the final
time T > 0 is fixed, this determines the time-space cylinder Q! = (0, T) x Q¢ with the
outer side 907 = (0, T) x 9Q) and surfaces I’} = (0, T) x I, for the index v € {c,D,N}.

000000000
0G0 E00300

Figure 2. The poroelastic body with a crack in 2D.

In the solid phase, displacement field u = (uy, ..., u;)(t,x) defines a 2nd-order sym-

d

metric tensor of linearized strain & = {e;;}¢._; (t,x) with the entries

ij=1
£ )—1(%+%) ij=1,...d (1)
Z]u _2 ax] E)xi ! ,]_ A

Given a prestress ¥ = {Tg ‘Z =1 (x), the pore pressure field p(t,x) and the 2nd-order

d

symmetric tensor of Cauchy stress o = {07; } i1 (t,x) compose the effective stress:

T=0c(u) —apl, o(u) = Ae(u)+7° )

with the 4th-order symmetric tensor A = {Aijkl}’f iki=1 of elastic coefficients Ay = Ajiy = Apij-
In (2) the Biot coefficient a € (0,1] and I € R?*4 stands for the identity. Given the
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volume force f = (f1,..., f4)(t,x), constant density of the elastic material p > 0, and the
acceleration field ii(t, x), the equation of motion reads component-wisely:

L : - Ql
P”i_zg:ﬂf 121/---/d1 anC' (3)
j=1 ]

In pores, applying Fick’s diffusion law and Stokes flow leads to the fluid mass balance:
Sp +adiva —kAp =0 inQf, (4)

where u(t,x) and p(t, x) are velocity fields, S > 0 denotes storativity, and the diffusion
coefficient x = k;/#, employs permeability k, > 0 and effective viscosity 7, > 0. The
governing Equations (1)—(4) are supported by the initial conditions prescribed at t = 0:

u0,-)=u’, a0, -)=u’ pO-)=p(0,-) inQ (5)

For given boundary force g = (g1, ..., 84)(t,x) and pore pressure p¢(t,x) conforming (5) at
t = 0, there are prescribed mixed boundary conditions at the outer side:

u=0 onT), tn=g onTL, p=p; onoQl. (6)

Typically, leaving the Neumann portion empty is used to confine with Dirichlet conditions
over the outer boundary 90 stress and pressure measured in far-field. Contact conditions
at the crack are derived below.

At T we decompose displacement and stress fields into tangential and normal components:

u=uyn+ur, U,:=u-n, TN =T,N+ TN, T, := TN-N,

where the dot implies the scalar product such thatu - n = Z?Zl un;and Tn-n = 2"1

i,j:1 'L'l']'}’lii’lj.

The discontinuous fields allow a jump across the crack:

[u] := u‘rj - u|rg, [tn] := Tn|rc+ - Tn|1-;, [p] == F"rj - P|rg‘

Let the pore pressure be prescribed at the opposite crack faces by p/f (t,x) and p; (t,x)
conforming (5) and (6) which can be different but should coincide at the crack tip. The fluid
pressure is continuous over the crack, and friction-free contact respectively implies that

p= pft, tnr =0 onT!, (7)

To prevent interpenetration between the opposite crack faces, we suggest unilateral contact
conditions written in the complementary form:

[t+p] =0, Tu+p<0, [us]>0, (tu+p)[un] =0 onTl. 8)

Physically, conditions (8) imply compression for contact pressure allowing the crack to close.
To validate relations (1)—-(8) in function spaces, we introduce the Sobolev space:

HL(Q) ={ve H(Q): v=0ae w}, w e {Ip,dQ},
owing to the Dirichlet condition in (6) and (7), and the corresponding Bochner space

We = {v € L*(0, T; H,(Q)), 0 € L*0,T; L*(Q))}.
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Feasible displacement fields satisfying non-penetration in (8) build the convex closed cone:
K={ve H%D(Qc)d ¢ [Joull > 0ae. T}

Let forces f € C([0, T]; L*(Q)?), g € C([0, T]; L*(T'n)“), pressure p; € C([0, T]; L2(Q)),
prestress 70 € L*(Q)?*¥, and initial fields in (5) satisfy u® € K with [u)] = 0,
a’ € L2(Qe) .

For smooth tensor field T and vector field v the following Green’s formula takes place:

d 9T
- / v dx = / T: s(v)dx—/ Tn-vdF+/ [tavn + Tor - vr] dT,
im170c 0% Qc 90 Tc
where “:” implies the double inner product. Testing it with v —u ¢ H}D(Qc)d after

substitution of the equation of motion (1) and boundary conditions from (6)—(8) yields

/ ((pl’i—f)~(v—u)+‘r:£(v—u))dx+/r[[Tn(vn—un)]]dl":/F g-(v—u)dl. (9)

C N

Similarly, standard Green’s formula for smooth scalar fields p and g:

[ (A d:/V-Vd—/ Vp-n)gdl
/QC( p)q dx o, VP Vadx aQc(r’n)q

owing to the fluid mass balance Equation (4) follows when g = 0 at 9Q):
/Q ((Sp + adiva)g +xVp - Vq) dx = 0. (10)

The integration of (9) and (10) by parts over time using initial conditions (5) and inequali-
ties in (8) leads to the variational formulation of the dynamic poroelastic problem: Find
u€ Wl‘iD withu(t, -) € Kfort € (0,T), u(0, -) = u® and p — p; € Wjq, such that

/QCT(*PI'I (V—u)+T:e(v—u))dxdt — /rCT Ipe(vn — uy)] dTdt

> Qcpﬁo-(v(O,-)—uo)dx—i-/ﬂzf-(v—u)dxdt—i—/rgg-(v—u)dl"dt, (11)

/()T((Sp—i-adivﬁ)q—i—KVp - Vq) dxdt =0, (12)

C

forallvEWl’iD,v(t, -) € Kwithv =ufort > T —atsome( > 0,and g € W)q_.

3. Full Discretization of the Dynamic Contact Problem

Let 7, be a regular quasi-uniform triangulation of the domain Q. = Ugc7, K with the
mesh size 1 > 0. The FEM space is build by piecewise on 7} polynomials of degree p € N:

Viw = {vn € C°(Qc) : vp|y €Pp(K) forallK e Ty, v, =00nw}, w € {Tp,a0}.

Let the triangulation be conformal to the subdivision of crack faces implying that the nodal
points T"+  T'f and T~ C T coincide. Denoting the finite set T” := T+ = T~ of
cardinality Nch € N at the crack I'c, we look for the discrete contact force A, = T, + py,
verifying complementarity conditions (8) on F?T = (0, T) x T'". Let the FEM approximation
of initial fields u2 € Vfler, ﬁg € Vfll@, respectively pg, € Vyp. The semi-discretized in
space variational inequality (11) and Equation (12) are expressed in the primal-dual form
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as follows: Find displacement uy, : [0, T) V;ZFD with u; (0, -) = ug, u,(0,-) = 1'12, pore

pressure py, — pg, = [0, T) = Vyaq, with p, (0, -) = pg(0, - ),and Ay, : [0,T) — RN validating

[ >0, Ay <0, Ayfup,] =0 onTly, (13)

/QT (pllh VT S(Vh)) dxdt + /I“h Ap [[vhn]] dr'dt
C T

_ /QTf~vh dxdt—i—/rT gV, dl“dt+/rh [Ponon] dTdt, (14)
C N cT

/QT ((Spn + adivin,) gy + €Vpy, - Vay) dxdt =0, (15)
for all test functions v;, € C°([0, T]; V;frD) and g5 € C°([0, T]; Vo, )-

Given N € N and the step size T = T/ N, consider uniform time-discretization of [0, T
by points " = mt,m = 0,..., N. Denote by u}’, u;’, i} the discrete displacement, velocity,
acceleration, respectively, for the pore pressure p;', p;’, multiplier A}, and discrete forces
" =£(t", - ), g™ = g(t", - ) at the time t". For a € [0, 1] we introduce the weighted sum:

vt = avff“ + (1 —a)vy

for intermediate time steps m + a. It is well-known that the 2nd-order consistent, stan-
dard Crank-Nicolson scheme is not stable for dynamic contact when decreasing step
size. Given the Newmark parameters v € [0,1] and B € [0,0.5], we realize the implicit
Hilber-Hughes-Taylor (HHT-«) method from [54]. For m > 0 we fully discretize problem
(13)~(15): Find u}"™, a1, a1 € Viro Pt = pan Pt € Vian,, and AT € RN

such that:
m+1 _ m - m ﬁ..m-ﬁ-?_ﬁ SmA1l _ m . M4y m+1 _ m o m+1
u, =uy + ™y, + 5 u, sy =uy + T, s Py = Py + TPy (16)
[ulte] >0, AMF* <0, AP =0 onTly, 17)

/ (P vy + T e(vy,)) dx + /r AT o, ] T

= /Q e v dx + /F gm+a v dl + /l"h [[p;r}ler“UhnH dr, (18)
C N c

/ ((Spj™ + adiva)™)g, +xVpl'tt - Vg,) dx =0, (19)

for all test functions v;, € forD and g, € Vj, - The acceleration may be initialized through

| et-vi+ 7o) ax = [ € vyax+ [ g vdl+ [ [phon]dr.
QC Qc 1—'N ri’

Further, we prove the well-posedness of the problem (16)—(19). We recall the estimates
for stress in (2): The constants Cg, Ck, Cp, C; > 0 exist independent of / such that

levi)lliz@a0) < IVVlliziay, 1AV [l20) < CellVVAl 2y (20)

the Korn and Poincaré inequalities yield:

/ Ae(vy) : e(vy) dx > Cicllvillin o). /Q KV Vapdx > Collanlin o, 1)

C
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and the inverse inequality holds:
Ivillz g = CllIVAl g ag)- (22)

Theorem 1. At each time-step m, the fully discrete mixed variational problem (16)—(19) admits the
unique solution.

Proof. Reducing the implicit acceleration and velocities by the mean of identities:

. i Ty TN 1
a = g () (U a1 gl Pt = 20 - ),
1 1
a = (T ) - e (L g, @3)

the HHT system can be rewritten with respect to u)" %, p/***, and A}*** in the explicit form:

Huh +IX]] >0, /\hm+rx <0, Am+zx [uh +1x]] =0 on 1—~ (24)
Ac(u]'t, vy) —/ ap) T divvy, dx+/ A [0y, ] dT = FY (vy,), (25)
Be(pj ) + [ Zeivey g, dx = G (), (26)

for all test functions v, € V,‘frD and g, € Vppq,, with bilinear operators A¢ : V;frD X V;frD —
Rand Br : Viga, X Viaa, H— R in the left-hand side of (25) and (26):

Ac(u]' ™, vy) = /Q (a[gTzu’TM v, + Ae(u m“‘) 's(vh))dx,

B (p)'*, qn) 5_/ ( P gy + kVpp V%)

and linear operators F7' : V,‘frD — Rand G¥' : V50, — R in the right-hand side:

F"(vy,) := /Q{ [ # (%uf + ol 4 72(1 — Bt )| v — 70 e(v) fax

+ / g" vy dl + / [pf*op,] dr,
I'n

G (qp) = /Q (;(Sp;’f +adiva]’) + (x — 1) (SpJ* + adivu;"))qh dx.

C

The summation of (25) with (26) multiplied by T yields a single equation for the solution

m+a ,m—+u

pair (u;'"™, p;"™*) and builds a bilinear from in the left-hand side which is coercive:

A (u;ln-i-a m+v¢)_|_TB (plr:l-l-a,p;ln-&-a)

h2C2
> (=0 4 o) a3, Ty + (SPCE+1Co) I 30 )

because the mixed terms are canceled, and using the norm estimates (13)—(15). Therefore,
reducing AJ"** from the problem (24)—(26) it implies a variational inequality with the
coercive bounded bilinear operator subjected to the inequality constraint in the cone K,
thus has the unique solution according to the Lions-Stampacchia theorem. The proof
is finished. [
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4. Semi-Smooth Newton Method for the Solution of the Mixed
Variational Problem

For arbitrary constant » > 0 we introduce a merit function arising as the minimum:
®:R?— R, O(&n):=min(¢ —ry).
The complementarity conditions (24) can be expressed equivalently as the nonlinear equation:
O([u" ], Ay =0 onT?; (27)

Rewriting (27) in the following way: rA}"™* = min([u]! "] +rA}'™,0), we split the contact
set T" into the strictly active set of nodes:

Ao, ™, A s= {x € TEs ([, + A+ (x) < 0, (28)
and its complementary inactive set:
([, A5 1= {x € Te = ([T +rAF ) (x) > 0}, (29)
such that
[uprte] = 0 on A([ue™], AFF%), A = 0 on Z([ujl ], A7 ). (30)

For the solution of the primal-dual system (24)—(26), we perform the semi-smooth Newton
method as a primal-dual active set (PDAS) algorithm based on formalism (28)—(30).
1. Initialization:
Initialize A, 1 € ' with some guesses.
2. Iteration step:

At every iterate k > —1, solve the successive linear problem with respect to the triple

) . .
(u) e k1 pi k1 pfh,)\ZH“’kH) € V;frD X Viaa, * RNe, which validates:

[ulre K] = 0 on AL, Al k1 _ 0 on T, (31)
AT(uhm+zx,k+l,Vh) _/ apt 1 divy, dx+/ A K1, 1dT = F (vy), (32)

Be(py ) + [ divu g, dx = G (), )

for all test functions vy, € V;‘frD and q;, € Vian,
3. Iteration step:

Compute the complementary active and inactive sets:

Ak+1 _ {X c r? . ([[um-i-tx k+1ﬂ _’_r/\ZH-tx,k-!-l)(x) < 0}
T = (x e T ([u Pk ] Atk ) (x) > 0}, (34)

4. Stopping rule:
If AK*1 = AK, then stop with the exact solution to the problem (25), (26), (28)—(30):

( m+ta m+a /\Z1+IX) ( m+a,k+1 pm+ak+l /\m+1xk+1)

Py u, + Py
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From the property of coercivity of the bilinear form established in the proof of Theo-
rem 1, it follows straightforwardly the unique solution to the Newton iterate (31)—(33) at
each k.

5. Numerical Test

For computer simulation, we choose the following geometry given in meters in 2D:

O ={x€ (0,25 x(0,1)}, QF ={xe(0,25)x(1,2)},
PD = 80, PN = @, FC = {XQ = 1}

The parameters are, for the isotropic solid: material density p = 2700 [kg/m3], Young
modulus E = 73 [GPa] and Poisson ratio v = 0.34 yielding the shear modulus
u = E/(2(1+v)) ~ 27 [GPa]; for fluid: storativity S = 0.0146 [1/GPa], diffusion co-
efficient ¥ = 0.01 [m?/(GP xs)], and Biot coefficient a = 0.75. We test the poroelastic body
which is uniformly compressed with the body force f = (0,50) [kN]in Q~, and f = (0, —50)
[kN]in O, such that the crack is closed.

The fluid pressure at the crack is prescribed by a piecewise-linear “hat” function:

ps = S%txl forx; € (0,1.25], pf= S%t(ZS —x7) for xy € (1.25,2.5)

for loading as t € [0, T/2), and respective unloading as t € [T/2,T|:

pe = %(T —H)x; forx € (0,125), pp— %(T )25 — xy) for 21 € [1.25,2.5),

The initial data are velocity Y = 0, acceleration i? = 0, and ps = 0 on I'p. We utilize the
standard piecewise IP1-polynomial FEM for V. In Figure 3, the loading—unloading loop is
shown at time " = mt, m = 0, ..., 8 in the current configuration x + u;}’ for grid points
x;, € Q¢ with the mesh size h = 0.1 [m] and step size T = 0.625 [s]. The corresponding pore
pressure p;! calculated for m =0, ..., 8 in the domain with crack (). is depicted in Figure 4.

To examine the stability of the discrete dynamic contact problem, let us consider
the energy:

1
Ep =5 [ (pla 2+ S(pp!)? + Ae(uf!) : e(uf)) +xVpjl - Vo) dx, (3

form = 0,...,N. We compare the discrete energy E;' computed by (35) for three differ-
ent HHT-« schemes: the standard Cranck-Nicolson (CN) scheme [y = 0.5, § = 0.25,
« = 1], the fully implicit Newmark scheme [y = 1, = 05,04 = 1], and the HHT
scheme [y = 0.6, = 0.3025,« = 0.9]. The particular choice « = 0.9 corresponds to
the family of schemes ayyr = —0.1 taken from [53]. The result is given in [M]] as presented
with solid lines during the time T = 5 [s] in the three corresponding rows (a), (b), and (c) of
Figure 5. In each row, three different plots are related to time steps T € {9,18,35} [ms] at
fixed h = 5 [em]. For comparison, dashed curves present filtered data Ej'y;, . .4 obtained
with the filter command in Matlab. From experiments, we report that the numerical scheme
may become unstable when the step size drops, and moderate oscillations appear. The
jumps in the energy take place at the initial time ¢t = 0 of crack nucleation, as marked by
crosses in Figure 5.
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For t > 0, Table 1 compares numerical oscillation amplitudes:

Or = maXN |E}rln - EZfﬁltered‘ (36)

m=1

A

computed for the three HHT-a schemes in dependence of time-step sizes.

Table 1. Oscillation amplitudes O across step sizes T.

Scheme: T = 0.035 T = 0.018 T = 0.009
[y =05,8=0250«a=1] 0.0141 0.0230 0.1196
[y=1,8=050a=1] 0.0117 0.0229 0.1181
[y =0.6,8 =0.3025,0 = 0.9] 0.0138 0.0255 0.1318

For the iterative solution of the discrete problems, we realize the semi-smooth Newton
iteration in the form of the PDAS algorithm stated between the lines (31)—(34). The typical
behavior starting with A~! = @ and r = 1 is demonstrated for the intermediate time
m = 17 in Figure 6. The spatial system has 16194 unknowns as 1 = 0.02, and 90 time
steps for T = 0.055. The crack opening [[uhm’;k}], Lagrange multiplier /\}'Z"’k ,and active set A*
are depicted at N = 90 points along the discretized crack I'"'. The algorithm converges
in only five iterations at the exact solution of the poroelastic contact problem (16)—(19).
From Figure 6 we can justify a monotone and super-liner convergence of the semi-smooth
Newton iterates.

x 107 (a) crack opening (b) contact force (c) active set
=+ T
+ - iterate k=0 50 f\ I °
10 - % —iterate k=1 pnow
~A iterate k=2 op + ity 4 |
8 — ¥ —iterate k=3 ] \
— * —jterate k=4 —50s i \
6 / \ 3 |
-100 /
\ / |
4 -150¢, / | 2 e
2 200} / \\ /
I ~ \
\ / \ / 1 | ccrErTrorm|
Of——— = -250 ) \ //
7 -300—=~ 0
0 0.5 1 1.5 2 25 0.5 1 1.5 2 0 0.5 1 1.5 2 25

Figure 6. PDAS iterates k: crack opening [[uzzk]] ; contact force A™¥; active set A¥ (in the blue color).

Table 2 presents computational efficiency for the PDAS algorithm in dependence of
step sizes: number of constraints, maximal number of iterations, and CPU time in seconds
pro iteration, observed in experiments and presented at selected times for the HHT scheme
[y =0.6,8=0.3025,a = 0.9].

Table 2. Computational efficiency of PDAS across step sizes.

Step-Size T Constraints Iterations CPU Times
0.312 15 5 0.0018
0.138 35 4 0.0199
0.092 53 4 0.0560
0.070 70 5 0.1518
0.056 88 4 0.1815

6. Conclusions

In the current contribution, the primal-dual active set algorithm is justified within
time-integration schemes based on the Hilber-Hughes-Taylor method. It is applied to
the dynamic variational inequality describing non-penetrating fractures in poroelastic
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reservoirs. For further developments in the field of fracture applications, we cite the
nonlinear modeling of a porous body with a fluid-driven crack under cohesion contact
conditions and fluid volume control [57]. In the context of an algorithmic solution of
dynamic contact problems, future research directions concern full space-time finite-element
approximation matching discontinuous velocities; see the recent concept [58,59].
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