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1. Introduction

Our physical motivation stems from hydrofracking technologies for
extracting oil and natural gas from the earth by pumping a fluid
through a wellbore into a fracture. The hydraulic fracture is treated
mechanically as a single crack separated by two opposite faces and
filled with the pumped fluid. The corresponding mathematical model
is governed by a time-dependent system of coupled poroelastic equa-
tions given in the solid phase and pore space. We introduce and
study well-posedness for a class of variational inequalities describ-
ing the poroelastic body with a crack, which are subjected to non-
penetration conditions and cohesive forces imposed between the crack
faces (fracture walls).

The classical theory of poroelasticity was developed in Biot (1956),
Coussy (2004), Terzaghi (1943). The implicit model for describing the
small strain response of porous elastic solids whose material moduli
are dependent on the density was developed in Rajagopal (2021).
Unlike Biot’s model the above model stems from rigorous represen-
tation theorems. For development of a related multi-scale analysis
we cite Meirmanov (2014), Sazhenkov et al. (2021). In the formula-
tion (Baykin and Golovin, 2016; Shelukhin et al., 2014; Skopintsev
et al., 2020) governing poroelastic equations are coupled with Reynolds
lubrication equations for the fluid pressure to a single model. Model-
ing of the fluid pressure by a Darcy—Forchheimer law was suggested

in Kovtunenko (2023), and by a Darcy law in Mikeli¢ et al. (2015),
where a phase-field variable was used to represent the crack. In the
current modeling, the fluid pressure in the fracture is prescribed by
boundary data, which can be achieved either theoretically, or from
geomechanical measurement. For physical consistency we allow non-
penetration conditions imposed on a crack, that admit a compressive
pressure at which the crack might close. The well-posedness for non-
penetrating fluid-driven cracks was studied in Kovtunenko (2022).
Its shape sensitivity analysis is presented in Kovtunenko and Lazarev
(2023) for the incremental formulation of the problem, and the Fourier
series analysis is given in Itou et al. (2022) providing formulas for the
square-root singularity and stress intensity factors. Here we continue
with modeling of cohesive contact at the fracture walls.

The variational theory of solids with non-penetrating cracks and
their quasi-static propagation was established in the monograph by
Khludnev and Kovtunenko (2000). For a dynamic of cracks see Bra-
tov et al. (2009). The non-penetration approach was extended to
nonlinear elastic bodies in Itou et al. (2019, 2021) and viscoelastic
bodies in Itou et al. (2020), for cracks subjected to contact with
Coulomb friction in Itou et al. (2011), Kovtunenko (2000), cohesion
in Kovtunenko (2011), Shcherbakov (2022), and other non-smooth con-
straints in Knees and Schroder (2012). From optimization viewpoint,
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Fig. 1. Plane fracture between two fracture walls.

the non-penetrating cracks are described by variational inequalities
if the mechanical energy is constituted by a smooth and convex
functional, otherwise, by hemivariational inequalities for non-smooth
and non-convex energies. Efficient numerical methods that are suit-
able for solution of the constrained crack problems can be found
in Hintermiiller et al. (2005, 2009), Kovtunenko (2004).

Let us consider a two-phase poroelastic material comprising solid
particles and fluid-saturated pores. Within the model of linear elasticity,
the solid phase is described by the Hookes’s constitutive law:

c=Ae+17" 1.1

for the linearized strain ¢ and Cauchy stress ¢ with a given prestress °

and tensor A of elastic coefficients. Accounting for the pore pressure p,
the effective stress is introduced as

T=0—apl, (1.2)

where I is the identity transformation, and « € (0,1] is the Biot
coefficient. The equilibrium equation reads

divr =0 1.3)

when the inertia term and volume forces are omitted.

A Newtonian fluid in the pore space is described by the Fick’s
diffusion law:
% = —divq 1.4)
for the flow content ¢ and velocity q. The latter in turn is given by the
Darcy law

q=—-kVp (1.5)

recalling the pore pressure p, where the mobility x = x/n for the
permeability x > 0 and viscosity # > 0. The governing relations for fluid
are completed with the constitutive equation for ¢ using dilatation tre:

{=S8p+atre, (1.6)

where S > 0 is the storativity. Details of the poroelastic modeling can
be found in Adachi et al. (2007).

We consider a thin fracture inside the poroelastic media separated
by two fracture walls and filled with the same fluid, as illustrated in 3D
in Fig. 1. Let the fluid pressure f inside the fracture be prescribed. Fur-
ther we introduce geometrically and physically consistent conditions
suitable at the fracture walls.

In hydrofracking, the physical system is typically controlled by the
rate of fluid injected through an inlet. Increasing the injection affects
both the larger opening w and growth of fracture. Its decay may lead
to shrinking and partial closing the fracture. Then non-penetration
between the fracture walls necessitates the non-negative opening:

w > 0. 1.7)

This description allows a compression at which the fracture can be
mechanically close at w = 0, compared to the hydraulically open
fracture when w > w, with predefined small w, > 0.
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From the classical brittle fracture theory, the well-known square-
root singularity in the vicinity of the crack tip causes infinite stress that
is physically inconsistent. A cohesive zone model suggested by Baren-
blatt et al. (1960) allows to avoid this theoretical drawback by clos-
ing smoothly the crack faces. In the hydraulic fracture modeling the
traction-separation law is adopted with a bilinear cohesion force:

0 if w<0,
w/w if 0 <w < wy,
Fean) = fyg ] /M M (1.8)

(w, —w)/(w, —wyy)  if wy <w < w,,

0 if w>w,,

where 0 < wy; < w, and fy; > 0, which is depicted in the left plot of
Fig. 2. The bilinear function in (1.8) can be derived by differentiation
of a non-negative potential function drawn in the right plot:

0 if w <0,
w? [ Quwyy) if 0 <w < wy,

d(w) = fy

[wQRw, — w) — wwyl/2(w, — wy)]  if wy < w < w,,

w,/2 if w>w,.
(1.9
In general, we allow any uniformly continuous function f,, to repre-

sent a cohesion force, if it is uniformly bounded from below and above:
there exist F, > 0 and F > 0 such that

Foon(Ww = —Fylw|, | fon@)| <F for all w, 1.10)

and the following growth condition holds: there exists F > 0 such that

(foon(@1) = feon(W)) (W) — wy) > —F(w; — w,)* for all wy,w,. (1.11)

For the cohesion in (1.8) the constants are Fy = 0, F = fy/(w, — wy)
and F = fy.

Accounting for the normal stress 7, fluid pressure f, and cohesion
feon» the force balance holds:

fe=1+ = feon(w).

The contact force f, and opening w should satisfy the complementarity
conditions (see Khludnev and Kovtunenko, 2000, Ch.1):

(1.12)

w20, f,<0, fuw=0. (1.13)

In particular, for the bilinear cohesion force given in (1.8), from (1.12)
and (1.13) we derive three scenarios:

(i) closed crack: 7,+f <0 ifw=0,

(ii) open crack with cohesion: 7, + f — f ., (w) =0 if0<w<w,,

(iii) open crack without cohesion: z,+ f =0 if w> w,..

This includes as special cases the boundary conditions known from the
literature. Indeed, (ii) and (iii) coincide with the cohesive condition
for the open crack from Baykin and Golovin (2016); case (iii) at w, =0
implies the standard linear condition for the open crack from Shelukhin
et al. (2014); cases (i) and (iii) at w, = 0 describe cohesionless
non-penetration introduced earlier in Kovtunenko (2022).

For analysis of the governing system, it is worth noting that poroe-
lastic equations (see (2.12) and (2.13)) formally coincide with ther-
moelastic equations when p is replaced for the temperature. From the
literature we know that the system of thermoelastic equations is degen-
erate, due to mixed elliptic-parabolic type. Its solvability is provided
in Showalter (2000) by applying the theory of accretive operators
for an implicit parabolic equation. However, the parabolic problem
does not conform well to unilateral conditions under consideration.
Applying the pseudo-monotone theory over a compact feasible set,
in Homberg et al. (2001), Shi and Shillor (1992) the existence result
for thermoelastic contact problems is proved under assumption of a
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Fig. 2. The bilinear cohesion force f.,, (left) and its potential ¢ (right) for w > 0.
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Fig. 3. Plane cross-section of the fracture.

small coupling coefficient «. For arbitrary «, we prove existence of
solution for the constrained poroelastic problem using Rothe’s method
of temporal semi-discretization.

In Section 2 we endow with a variational formulation the poroe-
lastic problem subjected to non-penetration conditions and cohesion
forces at the crack faces. In Section 3 we rigorously prove solvability
of the incremental approximation, then pass it to the limit in the virtue
of uniform a-priori estimates of the incremental solution, which hold
under assumption of a small coefficient F in the lower bound (1.11)
for the cohesion (see the sufficient condition (3.16)).

2. Variational formulation

We start describing geometry of a poroelastic body with a fluid-
driven crack in the Euclidean space of points x = (x|,...,x;) € R,
where spatial dimensions d =2 and d = 3 are relevant physically.

Let 2 be a domain with the Lipschitz boundary 92, which has
normal vector n = (n, ..., n,) directed outward €2, and consists of two
disjoint sets 92 = I, U Iy. We assume that a manifold X (that is a
curve in 2D, and a surface in 3D) splits £ into two sub-domains Q*
with Lipschitz boundaries 0Q* such that

0T N =%, Q=0QtuvuQ Uz, 2.1)

where the normal vector n at X is directed outward 2~, hence inward
Qt. Let I, be a part of the interface associated with the crack, and its
two faces I'* be such that

r,cz, TFfcz* 2.2
Then a reservoir without crack is associated by the complement set
Q. =0\ T.. (2.3)

In time 7 € [0,T] with a final time T > 0, the time-space cylinder is
determined as follows:

QL = 0,72, 0Q" =(0,T)x02, I =(0,T)XT, for y € {¢c,D,N},
(2.4

see 2D illustration in Fig. 3.
Next we give a function setting of the problem. We assume a
function prescribed in the cylinder Q7:

ft,x)e H'(0,T; H'(2,)) (2.5)

conforming the initial and boundary data for the fluid pressure. Let
us note that such f can differ on the opposite crack faces and should
coincide at the crack tip (the crack front in 3D). For the solid phase,
the symmetric tensor of prestress 70 = (szj);i,j=1’ vectors of undrained
state and boundary force are given by

0,x) € H'(0,T; LY Q)™ ug = (upy, ... gy ) (X) € L7(£2,)%,

g=(g,....8)t.%) € H'(0,T; L*(Iy))". (2.6)

Let the mobility for pressure allow cross-diffusion described by the
tensor of inhomogeneous coefficients ¥ = (k; j)fj=1(x) € L®(Q,),
which is symmetric: x;; = x;;, and uniformly positive definite: there

exist 0 < k < x such that for all p,q € H'(Q2,)

/ kVp-Vpdx 2 klIVpll, , |/ kVp - Vqdx| <klVpll 2,1Vl 20,
Q ¢ 2

(2.7)

Rl

where “.” stands for the scalar product, and using the multiplication of
tensors kVp. The fourth-order tensor of inhomogeneous elasticity co-
efficients A = (4; jk/)ij,kJ:l(x) € L®(Q,)?xdxdxd i5 assumed symmetric:
Ajji = Ajig = Agyy; and uniformly elliptic. Therefore, applying Korn
and Poincaré inequalities to the second-order tensor of linearized strain
€= (eij);”j=1 given by

() = %(Vu + VuT), £(v) = %(Vv + VvT), (2.8)

where T stands for transposition, there exist constants 0 < a < a such
that for all u,v € H'(2,):
2 e
/Q Ae(u) - () dx > Qllu”m(gc) ifu=0on Iy,
¢ (2.9)
| / Ac() - ey dx| < alull o Vo,
QC

At the boundary, the following trace inequality holds: there exists K, >
0 such that

2 2
llull < Kyllull

L20QUIfury) = HI(Q) (2.10)

In the geometry (2.1)-(2.4), we look for the unknown displacement
and pore pressure in .QCT:

u=(uy,...,uy)t,x) € H'(0,T; H(Q)),

2.11
p@t,x) € H'(0,T; L2(2,)) n L*(0,T; H'(22,)). 21D

The symmetric second-order tensors of stress 7 = (z; j)‘_’_ and ¢ =

i,j=1
(03 );’jzl are defined according to (1.1) and (1.2). The mechanical stress
o(u) 'depends on u through the linearized strain £(u) in (2.8). Avoiding
redundant ¢ and q, the governing system (1.1)-(1.6) is reduced to the

Stokes equation:

—dive()+aVp=0 inQ7, (2.12)
and the following mass balance equation:
2 (Sp+ atre(u)) — div(kVp) =0 in QT, (2.13)

ot
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where the trace tre(u) = divu. They are endowed with the initial
condition:

w0 =u, p0) =0 inQ, (2.14)

and mixed Dirichlet-Neumann conditions at the boundary of reservoir:

u=0 onlJ, ocn-apm=g only, p=f onoQ" (2.15)

for the data from (2.5) and (2.6).
In view of the presence of a crack, the fields are discontinuous
allowing jumps:

[ull :==ulp+—ulp-, (o] = o)+ —o@|y-. ol :=plpr —plr;

(2.16)

We decompose vectors into the normal and tangential components at
the boundary 0Qu I’y u I:

u=u,n+u, for u, :=u-n, on=o,(wWn+o () for ¢,(u) := c(wn-n,

(2.17)

such that 7, = ¢,(u) —ap in (1.12). At the crack faces, there is no stress
in tangential direction:

or(w)=0 on I"C+ url, forteO,7T), (2.18)
and the pore pressure p is continuous
p=f onrI}ulr; forte(0,T), (2.19)

with the fluid pressure f prescribed in (2.5). In the normal direction,
the crack opening w = [[u,]] and p = f according to (2.19), then from
(1.12) and (1.13) we infer the following complementarity conditions:

o, (W + (1 = a)f = feon ([u,1) <0,
[O'n(u)""(l —(Z)f - fcoh([[un]])][[unl] =0 on FCT'

For H'-functions in (2.11), and similarly in (2.5), the jump and the
normal stress are defined as

[o,()+ 1 -a)f1 =0,

[, ] > 0, (2.20)

1/2

llw, 1. IpD. L1 € Hy ().

1/2

o, () € H)) (I (2.21)

in the Lions-Magenes space H, 12

0o ) of functions, which continuation
by zero belongs to H'/2(X), and its adjoint space of linear continuous
functionals H;gz(l“ »)*. Then relations in (2.20) are well defined in the
sense of distributions in the dual spaces, see Khludnev and Kovtunenko
(2000, Ch.1) for details.

Now we give a variational formulation to the problem.

Proposition 2.1 (Variational Problem). The poroelastic problem with fluid-
driven crack subjected to non-penetration and cohesion conditions consists in
finding u and p in (2.11) which satisfy the initial condition (2.14), equality
and inequality constraints from (2.15), (2.19) and (2.20):

u=0onI}, p=fondQUIFUrI; forte(.T), [u,]>0o0nT],

(2.22)

att € (0,T). They solve the following variational inequality:

/ (6(u)-&(v—u) —aptre(v—w) dx + / Feon ([, 1) v, — u,11d Sy
rC

c

> / g-(v—u)dS, + / [, —u,)]dS, (2.23)
In I

for dll test functions v € H'(Q,)? with v =0 at I, and [v,] > 0 at T,

and variational equation:

/ [%(Sp+atre(u))q+pr- Vq]dx:O (2.24)
2

. 1 _ _
for all test functions q € H(£2,) such that g =0 at 0QuU I u T, .
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Proof. For smooth functions u, v and p, the following Green formula
associated to Stokes equation holds:

—/ (div o(u) — thp) cvdx = / (o-(u) -e(v)—ap tre(v)) dx
Q

c c

- / (c(wn —apn) - vdS, + / [(o(wn - apn) - v dS, (2.25)
N

I,

c
if v = 0 on I. For the transport, Green’s formula takes place for all
smooth functions p and g:

—/ diV(K‘Vp)qu:/ kVp - Vqdx,
Q Q

ifg=0onoQurfur;.

c c

(2.26)

Since pointwise conditions in (2.20) can be expressed equivalently in
the variational form:
[o,(w)+ (1 -a)f1 =0,

[4,120. [o,@)+1—a)f = fe(Iu,1)][v, — 1,1 <0

(2.27)

and boundary conditions from (2.15), (2.18), (2.19) and (2.27) into
Green'’s formula (2.25) tested with v—u yields the variational inequality
(2.23). Inserting the mass balance equation (2.13) into (2.26) leads
straightforwardly to (2.24).

Conversely, H2-smooth solution of (2.22)—(2.24) after integration
by parts justifies equations and inequalities (2.12)—(2.15) and (2.18)-
(2.20). This completes the proof. []

for all [v,] > 0. Substitution of the equilibrium equation (2.12)

Within the variational theory, it is worth noting the following issue.
If there exists a potential ¢ constituting the cohesion force f,, = ¢/,
then an energy functional can be introduced by

5(u,p):/ <%o‘(u)-5(u)—aptr£(u))dx+/ b (Iu,1) dSy
a2, I,

—/ g~udSX—/|[fu,,1]de
Iy I,

such that constrained minimization
min E(v, p) subject to ve H'(2,)! with v=0on I, and [[v,] >0 on I,
v

(2.28)

yields the first-order necessary optimality condition (2.23). However,
a solution of the variational inequality (2.23) does not provide the
minimum in (2.28) because of the lack of convexity of ¢, e.g. given
by (1.9).

3. Existence theory

In order to prove a variational solution for the poroelastic prob-
lem with fluid-driven crack subjected to non-penetration and cohe-
sion conditions, we approximate (2.12)-(2.15) by applying Rothe’s
method of temporal semi-discretization, where the time derivative is
approximated by a difference quotient.

For a fixed final time T and integer N > 0, let the uniform mesh of
size 6 =T /N > 0 be given by points:

=0 =5 ..,1°=ks ..

- s —
; : b= L1 =N&s=T. 3B.1

The time-continuous functions from (2.5) and (2.6) constitute the
sequence of data:

fLi=ra) e H(QynLXUNuTiury), 2 =105 e L2(Q)™,
g =g(t}) € LAy
(3.2)

for k = 1,..., N. Initializing with the initial conditions (2.14), we look
for the unknown pore pressure p}(x)— f2(x) € H, (£,) and displacement
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ué(x) € K from the feasible set

K={ve H'(Q)! v=0onTIp [uv,]>00nT,}, (3.3)

which solve subsequently the recursive relations for k = 1,..., N:

/ (Ae(ui) -e(v— ui) - apztre(v - ui)) dx + / fcoh(II(Mi),,]])IIl),1 - (ui)"]] ds,
2. I

2/,

Tgé.s(v—ui)dﬁ/r gi-(v—ui)de+/rﬂff(vn—(ui)n)]]de,
N c

c

3.4

/!2 [(Spi + atre(ui))q + 51(sz . Vq] dx = /!2 (Spk Tt atre(uk 1))q dx

c c

(3.5)

for all test functions v € K and ¢ € Hé(_QC).

Theorem 3.1 (Solvability of the Incremental Problem). Let the uniform
conditions (2.7) and (2.9) on the coefficients k and A, and (1.10) on the
cohesion force f,, hold. For every k = 1,...,N there exists a solution
. p-fHek XHS(QC) to the incremental poroelastic problem (3.4) and
(3.5) for the fluid-driven crack subject to non-penetration and cohesion. If
feon monotonically increases, then it is unique.

Proof. Summation of (3.4) and (3.5) builds a single variational in-
equality:

a’ul,pl,v—ul q)+ bl v—ud) > 5(v—us,q) forall (v,q) € Kx HJ(Q),
(3.6)

with a bilinear function:

a‘s(u, DV, q) :=/ [Ae(u)~E(V)+Spq+a(tr£(u)q—ptre(v))+5KVp~Vq] dx

©

3.7)

and a nonlinear bifunction in the left-hand side:

b(u,v) := / Feon ([, 1) [0, 11 d Sy, (3.8)
Ie

and a linear function in the right-hand side:

15(v.q) :=/Q [t9 - () + (Sp}_, + atre(ul_)))q] dx
y (3.9

+/ g§~vdsx+/[[f,fun]]dsx.
I'n I,

For a penalty parameter ¢ > 0 and the bifunction associated with
the non-penetration in K:
1 .
B.(u,v) := ;/ min(0, [[u,])[v,]dS, (3.10)
rC
such that g.(u,u) > 0, we introduce a standard penalization of the
variational inequality (3.6):

a® (e, pi°. v, q) + b(ui®,v) + f.(ui,v) = 13(v.q) (3.11)

for all test functions (v,q) € H(£2,) x H(} (£,) such that v = 0 on
I'y. The uniform conditions (2.7) and (2.9) on « and A, and (1.10) on
feon guarantee boundedness and coercivity of [a® + b + f.] in the left-
hand side of Eq. (3.11), noting that the term a(tre(u)q — ptre(v)) = 0
in (3.7) for (u,p) = (v,q). Moreover, the nonlinear bifunction [b + ,]
is weakly continuous in the following sense: if u” — u weakly in
HY (2,4 as m — oo, then [u"] — [u,] strongly in L*(I,) by the compact
embedding, and uniformly continuous functions preserve the strong
convergence:

[b+ B 1™, v) = [b+ f.)u,v) asm— . (3.12)
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Therefore, Galerkin’s approximation and Brouwer’s fixed point theorem
proves existence of a solution (uie, pif ) to the penalty equation (3.11).
Taking the limit as ¢ — 0 in the standard way, and using the weak
continuity

b(ude, ud) — b(ud,ul) as ul — ul weakly in H'(,)%, (3.13)

it justifies that (ui, pi -f ,f) € ICXHS(QC) is a solution to the variational
inequality (3.6).

Testing (3.6) with ¢ = 0 implies the variational inequality (3.4), next
choosing v=0and v = Zuz yields the variational equation (3.5).

The uniqueness result is well-known under the monotony assump-
tion. The proof is completed. []

Next we derive uniform estimates for the solution of the incremental
problem, which are independent of the time step §. For this task we
introduce a piecewise-affine interpolant for the semi-discrete functions:

5 5
t— t

5 k=15

u) = ———

O} 5

-t s
—p_, (314

N, which have piecewise-constant

té
k=1 5
—pk+

-t
k 5 _
u + 5 o, »Po=

att e (Ik 1,té] = I} fork=1,..,
time derivatives:
5

5
o Py =Py
t=—F—

55
ou’ W
) ’ ot )

- 0= atre 1. (3.15)

The interpolants f4(t), 7%(t), g’(¢) are similarly defined from (3.2).

Theorem 3.2 (Uniform Estimate of the Incremental Solution). Let the
growth condition (1.11) on the cohesion force f_,, hold with a sufficiently
small lower bound F such that

a
K == -FK,>0.
54
The solution (u®, p? — f?) of the incremental poroelastic problem for the
fluid-driven crack (3.4) and (3.5), after interpolation (3.14) and (3.15),
possesses the following estimates:

(3.16)

allv’|3 + S’ N1 +xllVAI2

LoO.T:H (2,) LeO,T; L2<fz )] L2@l)
<alugliy, g, + SISOl )+ 3 IIVf(O)llem)
+TF + 3||1>5||L2(0 7 —6P%(0) + ||Q5||L2(0T)7
op® 5
L0 +IR ,
K[| 2 HLZ(OTHI(Q S HLZ(QT) < SISO, + IR N30

(3.17)

where the constants are taken from conditions (1.10) and (1.11) on f,y,
(2.7) on k, (2.9) on A, and (2.10) on the boundary trace, and the data are
gathered within

S . 06 2 2
P =112, + @+ SIS ﬂ(m+<x+K">||f‘>|| vy HILIE

Q5 = (1+ad+(2+F)Ktr) %”H'(!)c){- ”E

@)
© = 2 {15 o, < Z T,
’ 4a L2(Q,) L2(Iy)
I ) L] }
LZ(I‘*UI‘ ) LZ(QC)

5
” o ”H'(Q) (3.18)

Proof. (i) Uniform estimate of interpolates in (3.14). Let us test (3.5)
with g = pf — f € H}(Q,):

/Q [(Sp + atreud)) (p — £2) + 6xVpS - V(B — £7)] dx

c

= /-Q (szi1 +“tr5(ui,1))(172 —ff)dx

c
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and subtract (3.4) tested with v = u®

k-1
/ (Ae(ui) . e(ui_l

c

e K:
- ui) - apitre(ui_l - ui)) dx
+ /F Feon (L@, D)@ _ ), — @), 1dSy

05 5 5
Z/Q T, ~£(uk_1—uk)dx

c

+ /F g - w_ —ud)ds, +/F LA (@), — @),)1d Sy (3.19)
N c
such that the term o:pitre(ui_1 —ug) is canceled, then we have
. . 5
/Q (Ae(u) - e(uf) + S(p)* +6xVpl - Vol ) dx < Y (3.20)
c I=1

5 _ . .
att e I) for k=1,..., N, where the integrals are given by

I, = / (As(ui) . e(ui_l) + 126 ‘s(ui - ui_l) + atre(uz - ui_l)f,f) dx

c

I :=/ (SPEpS_, + S} — p_)f2 +6kVp - Vf7)dx
0

c

I3 5:/ g - (W) —uw;_)dS,,
N

I :=/ L (W), — @S
I

Is = / Foon (L@, L@ _ ), — @), 1S,
TIe

Da)1d Sy,

Using the symmetry of A and «, notation (3.15), tr’e(u) < d||e(w)|?,
Cauchy-Schwarz, weighted Young and trace (2.10) inequalities, the
upper bounds in (1.10), (2.7) and (2.9) provide estimates of I,—I5:

11| < %/Q (Ae(ud) - e(u) + Ae(ul_)-£(ud_)))dx

c

3105
+ Ell‘f I’ 7||fk 20,

2
raan* 30 +‘”’)“% 1

S6 (||9p 5112
11 < 3 (19, + 1 g, ) + 22 (|2 ol 1))

+§/ (kVPE - VP, +xkVf1 - VfP)dx
Q

©

5 ou’ oK,
131 < gl |05 | N5l
1151 < ligell 2o |05 or I ”gk”LZ(rN) 2 Wy

L2(Iy)
ou’®

7'12“L2(rjurg)
s, 2
(”fk ”H‘(.Q ) + ”aalt‘lf”m(gc))’
15| < | [[5(‘36—‘%” lg” Hmm < %F(l + )-

Inserting these estimates into (3.20), using the upper bound for « in
(2.7) and gathering the same terms, the result multiplied by 2 yields

5
sl < N 2oy

ou’ 2
5Ll
kU HY(Q,)

/ Ae(ud) - £(uk)dx+S||pk||L2(Q)+5/ xVp? - Vpl dx
QC

2

g/ Aeud_)-ed_ ) dx+ S|p_ 1||L2(Q)+5(f+P]f+Q5|,f), (3.21)
Q

c

where the notation Q° in the right-hand side is given in (3.18), and

056
Pl = 1P + @ SIS + @+ KIS + 1812,

Summing up (3.21) over k = 1, ...
we have

m
5w
/Q Ae(®) - e(ud) dx + S||p?, ||L2(Q)+6;;/ac kVp? - Vpl dx

C

,m and using the telescope rule,
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< / Ae(w) - e(u)dx + SIpgl,,  +8 Y (F+ P +0°15).  (3:22)
k=1

The left-hand side of (3.22) is estimated due to the lower bounds in
(2.7) for k and (2.9) for A. Taking maximum over m € [1, N] in (3.22),
recalling the initial condition (2.14) and the upper bound for A in (2.9),
it follows the estimate:

a, max gl o+ S max 1517, +x52 (A

N
T 1) 1
+5NF+5,;(Pk +0%159).

<alluyl; +SILFOI3 (3.23)

HY(Q,) L2(R;)

Since Kepler’s integration rule applied to the piecewise-affine inter-
polant from (3.14) gives the following form

/o”“ ||H1(Q)dz—2/ P12 g

N

U-’|°')

8 )
“ukllHl(Q ) + ||uk 1”H1(_(2 ) + ”ukllHl(Qc)”uk_l ”HI(_QC))’
k=

by use of algebraic inequality 2xy < x* + y* we obtain

S (11né
2 (1w ||H1(Q)+22 ||uk||H1(Q)+||uN||Hl(Q))</0 12,1 g do

6
< S(IW1, g, +2 2 12,1, + I 121 )

This provides the lower and upper bounds for the sum:

T
e’
/0 PR

g ||H1(Q)_6Z||u e,

T
S
<3 [ IR g =

With its help, the estimate (3.23) can be rewritten for the time-
dependent interpolant functions:

@ max I, + S max 17 ||L2(Q> /0 IV 1, g,

< alluollﬂlm . Sllf(O)Ile(A,2 )t ||Vf0 lle(g )

+TF+3/ P? dz—5P5(0)+/ Q° dt, (3.24)
0 0

where §N = T, piecewise-affine P® and piecewise-constant Q° are

defined in (3.18).

(ii) Uniform estimate of interpolates in (3.15). Summation of the
variational inequality (3.4) at t = ’2—1 gives

/Q‘ (Ae(ui_l) ce(v— ui_l) - api_ltre(v - ui_l)) dx
+ /r Jeon (1651w, = af_ ), 11 d Sy

z/ 12§1~e(v—ui_l)dx+/ g - (v—ul_)dsS,
2 In

+ / [[flf—l (v
rC

Taking v = ui € K in (3.25) and using (3.19), after division by &7 it

yields the inequality:

[ (5 ) (50 ) —o e () g

s or
(3.26)

ul ,)1dSy. (3.25)

c
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atrel I‘f for k = 1,..., N, where the integrals I,—I; are determined as

05 9
I = "T—-e(‘)“ Jax. 1= o o .
o, ot or n o ot

s
LRI e RIS
or ot
Testing the variational equation (3.5) with ¢ = pz - pi_l
H,(2,) and dividing by 52 we get

e B Ty

—f,f+f,f_1 €

ot k ot
(3.27)

att € I;(S for k = 1,...,N. In the sum of (3.26) and (3.27) the term
adp® /ot tre(du® /at) is canceled, then lower bounds in (1.11) for f,, and
(2.9) for A provide

2

e HY(2,)

2 9
0[[u
—E| = < Xnl + ho
2 k
ey ™ 5

” 6; | HLZ(Q ) + % /-QC KVpZ . Vpi dx
(3.28)

where the integrals I, and I, are given by

9 )
Iy ::/ atre( ) S dx,
2, ot ot
f§

= [ (Levy . vy 9
Iy = /Qc(éprk Vi, +xVh] -V |1£)dx.

Applying Cauchy-Schwarz and weighted Young inequalities, using
tr2e(u) < d||e(u)||?, it follows from the upper bounds in (2.7), (2.9), and
(2.10) that

I ot a o7%
161 < |5 s 1 B e = 515 H,,l(g) al 5 e
02 N Ly < SN, 2
= L2(Ty) 2 S5 @) | 4a lor l2ayy
/ 0u2
Ig] < ” HLZ(rmr ot Nle2arrurs)
A Ay
< 5 H'(Q,) 4g L2(ryuryy’
af° aou’ 5a2d

< <=

ol a\/_H ”1—1'(:)) ot LZ(QC)_SH ”H'(Q) H |LZ<9)

1 1
|I|0|§%/ K'Vpk Vpkdx+25/ K'Vpi_l -Vpi_ldx

afe _of?
+L max / KVp‘s-Vp‘sdx+Z/ (K‘VL~VL)‘511X.
2T kell,N1 /g, ko Pk 2 Ja, ot or i

Inserting these estimates into (3.28) and using the trace inequality,
after gathering the same terms give

2
a ou’ op’ 1 PR
= - FK, ) — K‘V - Vp? dx
(3 o ‘zk”m(m S| 57| kHLz(Q) 2 P VP
1 5 5 4
< — .
/ K‘Vpk ) Vpk Lax+ = 5T kglll NJ/ kVp, - Vp; dx+ R lI/f’

(3.29)

where the term R’ is determined in (3.18).
Summing (3.29) over k = 1,...,m for integer m and using the
telescope rule and lower bound in (2.7), we obtain

(2-25) SIS S5, .

kH1(Q,)

5 3
+§/QCKme~medx

L2(Q)
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m
1 b 3 LI
s%/ KVpl - Vpodx+ﬁk€ ax LCKVpk-VpkdX+l;R|,Z.

Taking maximum over m € [1, N] we have

(-—FKu)ZH ) ZH'Z’H .

k Hl(.o)
1 5 5

+ — max kVp® - Vp® dx
26 me[l,N] /Qc P ¥ Pm

N
1 5 N 5 5 5

< — kVp) - Vpldx+ — ma kVpS - Vpl dx + R .

- 26 /QC 2 VE 2T kell, N]/ P Py Z{ l’f

Since the max-norm of Vp? is canceled due to T = 6N, after multiplica-
tion by &, by use of the upper bound in (2.7) and the interpolant from
(3.15) with the norm

R WA

the following inequality holds:

I\Hl(g)f—fil) A,
(g-F )L 1

k Hl(.o)
T s 2
0
s / [
o ot ez
S5
EIVPO g * / R di,

From (3.24) and (3.30) we infer assertions (3.16)—(3.18) of the
theorem. The proof is completed. []

L2(Q)

(3.30)

Finally, on the basis of uniform estimates we prove the main exis-
tence theorem.

Theorem 3.3 (Solvability of the Temporal Problem). Under assumptions
of Theorems 3.1 and 3.2, there exists a variational solution (u,p) to the
poroelastic problem for the fluid-driven crack subject to non-penetration and
cohesion, which is defined in (2.11) and satisfies the initial condition (2.14),
variational inequality (2.23) and variational equality (2.24).

Proof. Let Theorems 3.1 and 3.2 hold true. In the virtue of convergence
of the interpolants as 5 — 0:

06 0 5
% 5 0, o ‘)L 35 f, 9" ﬂ
ot ot oat Jat (3.31)
g’ og ’
¢ >g % - strongly in L?(0,T),

from (3.17) and (3.18), under condition (3.16) we infer the uniform
estimates:

allv’|3 +SlI2°N17 + VPl < const,

L°°(() T:H(2,)) L°°(() T;L2(2,)) 2@l

ap®
JES) S|, s comst
L2(0,T;H(2,)) ot N2l

Therefore, there exists a convergent subsequence §,,, and an accumula-

tion point (u, p) from the function space described in (2.11), such that
as 6, — O:

u’n »u weakly in H'(0,T; H'(R,)), 332)
strongly in L2(0,T; L*(Iy U I} UT)),
where the strong convergence is provided by the compact embedding,
and

p’» — p weakly in H'(0,T; L*(2,)) n L*(0,T; H'(2,)), strongly in L*(Q]),

(3.33)

where the strong convergence is according to Aubin-Lions lemma
(cf. Simon, 1986, Theorem 5 on p.84).

Taking the limit in the incremental problem (3.4) and (3.5) as
6, — 0 on the basis of convergences (3.31)-(3.33), we conclude
that (u, p) solves the variational inequality (2.23) and the variational
equation (2.24). This finishes the proof. []
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This is worth noting that passing in (3.17) and (3.18) to the limit
as 6, — 0 according to the convergences (3.31)-(3.33) will justify
corresponding a-priori estimates for the solution from Theorem 3.3.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Data availability
No data was used for the research described in the article.
Acknowledgments

The authors acknowledge the financial support by the University
of Graz. H. Itou is partially supported by a Grant-in-Aid for Scientific
Research (C) (No. 18K03380) of the Japan Society for the Promotion of
Science (JSPS). The results of the section 2 and section 3 were obtained
by V.A. Kovtunenko and N.P. Lazarev with the support of the Ministry
of Science and Higher Education of the Russian Federation, agreement
No. 075-02-2023-947, February 16, 2023.

References

Adachi, J., Siebrits, E., Peirce, A., Desroches, J., 2007. Computer simulation of hydraulic
fractures. Int. J. Rock Mech. Min. 44 (5), 739-757. http://dx.doi.org/10.1016/j.
ijrmms.2006.11.006.

Barenblatt, G., Zheltov, 1., Kochina, I., 1960. Basic concepts in the theory of seepage
of homogeneous liquids in fissured rocks. J. Appl. Math. Mech. 24 (5), 1286-1303.
http://dx.doi.org/10.1016,/0021-8928(60)90107-6.

Baykin, A., Golovin, S., 2016. Modelling of hydraulic fracture propagation in inhomo-
geneous poroelastic medium. J. Phys. Conf. Ser. 722, 012003. http://dx.doi.org/
10.1088/1742-6596,/722/1/012003.

Biot, M., 1956. Theory of propagation of elastic waves in a fluid saturated porous
solid. I and II. J. Acoust. Soc. Am. 28 (2), 168-191. http://dx.doi.org/10.1121/1.
1908239.

Bratov, V., Morozov, N., Petrov, Y., 2009. Dynamic Strength of Continuum.
St.Petersburg University.

Coussy, O., 2004. Poromechanics. Wiley, Chichester, http://dx.doi.org/10.1002/
0470092718.

Hintermiiller, M., Kovtunenko, V., Kunisch, K., 2005. Generalized Newton methods for
crack problems with non-penetration condition. Numer. Methods Partial Differential
Equations 21, 586-610. http://dx.doi.org/10.1002/num.20053.

Hintermiiller, M., Kovtunenko, V., Kunisch, K., 2009. A Papkovich-Neuber-based
numerical approach to cracks with contact in 3D. IMA J. Appl. Math. 74, 325-343.
http://dx.doi.org/10.1093/imamat/hxp017.

Homberg, D., Khludnev, A., Sokolowski, J., 2001. Quasistationary problem for a
cracked body with electrothermoconductivity. Interfaces Free Bound. 3, 129-142.
http://dx.doi.org/10.4171/IFB/36.

Itou, H., Kovtunenko, V., Lazarev, N., 2022. Asymptotic series solution for plane
poroelastic model with non-penetrating crack driven by hydraulic fracture. Appl.
Eng. Sci. 10, 100089. http://dx.doi.org/10.1016/j.apples.2022.100089.

Itou, H., Kovtunenko, V., Rajagopal, K., 2019. Well-posedness of the problem of non-
penetrating cracks in elastic bodies whose material moduli depend on the mean
normal stress. Internat. J. Engrg. Sci. 136, 17-25. http://dx.doi.org/10.1016/j.
ijengsci.2018.12.005.

Applications in Engineering Science 15 (2023) 100136

Itou, H., Kovtunenko, V., Rajagopal, K., 2020. The Boussinesq flat-punch indentation
problem within the context of linearized viscoelasticity. Internat. J. Engrg. Sci. 151,
103272. http://dx.doi.org/10.1016/j.ijengsci.2020.103272.

Itou, H., Kovtunenko, V., Rudoy, E., 2021. Three-field mixed formulation of elasticity
model nonlinear in the mean normal stress for the problem of non-penetrating
cracks in bodies. Appl. Eng. Sci. 7, 100060. http://dx.doi.org/10.1016/j.apples.
2021.100060.

Itou, H., Kovtunenko, V., Tani, A., 2011. The interface crack with Coulomb friction
between two bonded dissimilar elastic media. Appl. Math. 56, 69-97. http://dx.
doi.org/10.1007/s10492-011-0010-7.

Khludnev, A., Kovtunenko, V., 2000. Analysis of Cracks in Solids. In: Int. Ser. Adv.
Fract. Mech., vol. 6, WIT-Press, Southampton, Boston.

Knees, D., Schroder, A., 2012. Global spatial regularity for elasticity models with
cracks, contact and other nonsmooth constraints. Math. Methods Appl. Sci. 35 (15),
1859-1884. http://dx.doi.org/10.1002/mma.2598.

Kovtunenko, V., 2000. Crack in a solid under Coulomb friction law. Appl. Math. 45
(4), 265-290. http://dx.doi.org/10.1023/A:1022319428441.

Kovtunenko, V., 2004. Numerical simulation of the non-linear crack problem with non-
penetration. Math. Methods Appl. Sci. 27 (2), 163-179. http://dx.doi.org/10.1002/
mma.449.

Kovtunenko, V., 2011. A hemivariational inequality in crack problems. Optimization
60, 1071-1089. http://dx.doi.org/10.1080/02331934.2010.534477.

Kovtunenko, V., 2022. Poroelastic medium with a non-penetrating crack driven by
hydraulic fracture: variational inequality and its semidiscretization. J. Comput.
Optim. Appl. 405, 113953. http://dx.doi.org/10.1016/j.cam.2021.113953.

Kovtunenko, V., 2023. Mixed variational problem for a generalized Darcy-Forchheimer
model driven by hydraulic fracture. J. Vib. Test. Syst. Dyn. 7 (1), 15-21. http:
//dx.doi.org/10.5890/JVTSD.2023.03.003.

Kovtunenko, V., Lazarev, N., 2023. The energy release rate for non-penetrating crack
in poroelastic body by fluid-driven fracture. Math. Mech. Solids 28 (2), 592-610.
http://dx.doi.org/10.1177/10812865221086547.

Meirmanov, A., 2014. Mathematical Models for Poroelastic Flows. Atlantis Press, Paris,
http://dx.doi.org/10.2991/978-94-6239-015-7.

Mikelié, A., Wheeler, M., Wick, T., 2015. A phase-field method for propagating fluid-
filled fractures coupled to a surrounding porous medium. SIAM Multiscale Model.
Simul. 13 (1), 367-398. http://dx.doi.org/10.1137/140967118.

Rajagopal, K., 2021. An implicit constitutive relation for describing the small strain
response of porous elastic solids whose material moduli are dependent on
the density. Math. Mech. Solids 26 (8), 1138-1146. http://dx.doi.org/10.1177/
10812865211021465.

Sazhenkov, S., Fankina, L., Furtsev, A., Gilev, P., Gorynin, A., Gorynina, O., Karnaev, V.,
Leonova, E., 2021. Multiscale analysis of a model problem of a thermoelastic body
with thin inclusions. Sib. Electron. Math. Rep. 18 (1), 282-318. http://dx.doi.org/
10.33048/semi.2021.18.020.

Shcherbakov, V., 2022. Shape derivatives of energy and regularity of minimizers for
shallow elastic shells with cohesive cracks. Nonlinear Anal. RWA 65, 103505.
http://dx.doi.org/10.1016/j.nonrwa.2021.103505.

Shelukhin, V., Baikov, V., Golovin, S., Davletbaev, A., Starovoitov, V., 2014. Frac-
tured water injection wells: Pressure transient analysis. Int. J. Solids Struct. 51,
2116-2122. http://dx.doi.org/10.1016/j.ijsolstr.2014.02.019.

Shi, P., Shillor, M., 1992. Existence of a solution to the N dimensional problem of
thermoelastic contact. Comm. Partial Differential Equations 17 (9-10), 1597-1618.
http://dx.doi.org/10.1080/03605309208820897.

Showalter, R., 2000. Diffusion in poro-elastic media. J. Math. Anal. Appl. 251, 310-340.
http://dx.doi.org/10.1006/jmaa.2000.7048.

Simon, J., 1986. Compact sets in the space L?(0,7;B). Ann. Mat. Pura Appl. 146,
65-96. http://dx.doi.org/10.1007/BF01762360.

Skopintsev, A., Dontsov, E., Kovtunenko, P., Baykin, A., Golovin, S., 2020. The coupling
of an enhanced pseudo-3D model for hydraulic fracturing with a proppant transport
model. Eng. Fract. Mech. 236, 107177. http://dx.doi.org/10.1016/j.engfracmech.
2020.107177.

Terzaghi, K., 1943. Theoretical Soil Mechanics. Wiley, New York, http://dx.doi.org/10.
1002/9780470172766.


http://dx.doi.org/10.1016/j.ijrmms.2006.11.006
http://dx.doi.org/10.1016/j.ijrmms.2006.11.006
http://dx.doi.org/10.1016/j.ijrmms.2006.11.006
http://dx.doi.org/10.1016/0021-8928(60)90107-6
http://dx.doi.org/10.1088/1742-6596/722/1/012003
http://dx.doi.org/10.1088/1742-6596/722/1/012003
http://dx.doi.org/10.1088/1742-6596/722/1/012003
http://dx.doi.org/10.1121/1.1908239
http://dx.doi.org/10.1121/1.1908239
http://dx.doi.org/10.1121/1.1908239
http://refhub.elsevier.com/S2666-4968(23)00011-0/sb5
http://refhub.elsevier.com/S2666-4968(23)00011-0/sb5
http://refhub.elsevier.com/S2666-4968(23)00011-0/sb5
http://dx.doi.org/10.1002/0470092718
http://dx.doi.org/10.1002/0470092718
http://dx.doi.org/10.1002/0470092718
http://dx.doi.org/10.1002/num.20053
http://dx.doi.org/10.1093/imamat/hxp017
http://dx.doi.org/10.4171/IFB/36
http://dx.doi.org/10.1016/j.apples.2022.100089
http://dx.doi.org/10.1016/j.ijengsci.2018.12.005
http://dx.doi.org/10.1016/j.ijengsci.2018.12.005
http://dx.doi.org/10.1016/j.ijengsci.2018.12.005
http://dx.doi.org/10.1016/j.ijengsci.2020.103272
http://dx.doi.org/10.1016/j.apples.2021.100060
http://dx.doi.org/10.1016/j.apples.2021.100060
http://dx.doi.org/10.1016/j.apples.2021.100060
http://dx.doi.org/10.1007/s10492-011-0010-7
http://dx.doi.org/10.1007/s10492-011-0010-7
http://dx.doi.org/10.1007/s10492-011-0010-7
http://refhub.elsevier.com/S2666-4968(23)00011-0/sb15
http://refhub.elsevier.com/S2666-4968(23)00011-0/sb15
http://refhub.elsevier.com/S2666-4968(23)00011-0/sb15
http://dx.doi.org/10.1002/mma.2598
http://dx.doi.org/10.1023/A:1022319428441
http://dx.doi.org/10.1002/mma.449
http://dx.doi.org/10.1002/mma.449
http://dx.doi.org/10.1002/mma.449
http://dx.doi.org/10.1080/02331934.2010.534477
http://dx.doi.org/10.1016/j.cam.2021.113953
http://dx.doi.org/10.5890/JVTSD.2023.03.003
http://dx.doi.org/10.5890/JVTSD.2023.03.003
http://dx.doi.org/10.5890/JVTSD.2023.03.003
http://dx.doi.org/10.1177/10812865221086547
http://dx.doi.org/10.2991/978-94-6239-015-7
http://dx.doi.org/10.1137/140967118
http://dx.doi.org/10.1177/10812865211021465
http://dx.doi.org/10.1177/10812865211021465
http://dx.doi.org/10.1177/10812865211021465
http://dx.doi.org/10.33048/semi.2021.18.020
http://dx.doi.org/10.33048/semi.2021.18.020
http://dx.doi.org/10.33048/semi.2021.18.020
http://dx.doi.org/10.1016/j.nonrwa.2021.103505
http://dx.doi.org/10.1016/j.ijsolstr.2014.02.019
http://dx.doi.org/10.1080/03605309208820897
http://dx.doi.org/10.1006/jmaa.2000.7048
http://dx.doi.org/10.1007/BF01762360
http://dx.doi.org/10.1016/j.engfracmech.2020.107177
http://dx.doi.org/10.1016/j.engfracmech.2020.107177
http://dx.doi.org/10.1016/j.engfracmech.2020.107177
http://dx.doi.org/10.1002/9780470172766
http://dx.doi.org/10.1002/9780470172766
http://dx.doi.org/10.1002/9780470172766

	Poroelastic problem of a non-penetrating crack with cohesive contact for fluid-driven fracture
	Introduction
	Variational formulation
	Existence theory
	Declaration of Competing Interest
	Data availability
	Acknowledgments
	References


