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ARTICLE INFO ABSTRACT

MSC: A new class of coupled poroelastic problems describing fluid-driven cracks (called fractures) subjected to
35C10 non-penetration conditions between opposite crack faces (fracture walls) is considered in the incremental
35M85 form. The nonlinear crack problem for a plane isotropic setting in a two-phase medium is expressed in polar
74F10 coordinates as a variational inequality with respect to the solid phase displacement and the pore pressure.
Keywords: Applying nonlinear methods, the asymptotic theory and Fourier analysis, a semi-analytic solution given as
Poroelasticity the power series in the sector of angle 2z is proven using rigorous expansions with respect to the distance
gzlctl;ct to the crack-tip. Here no logarithmic terms occur in the asymptotic expansion. Consequently, a square-root

Variational inequality
Asymptotic approximation
Fourier series

Singularity

Stress intensity factor

singularity for the poroelastic medium with a non-penetrating crack is derived, and the integral formulas for
calculating the corresponding stress intensity factors are obtained.

1. Introduction

The physical model under consideration is motivated by the hy-
drofracking techniques used in pumping oil and natural gas from
boreholes in earth reservoirs. The reservoir is modeled as a two-
phase poroelastic medium comprising solid particles and fluid saturated
pores. It contains a hydraulic fracture (crack) generated by pumping
a fracturing fluid. The mathematical model is described by a coupled
system of poroelastic equations in the incremental form with respect
to the solid phase displacement and the pore pressure. The system is
subjected to fluid pressure prescribed at the fracture walls (crack faces).
In contrast to the classical description, we allow a compressive pressure
at which the crack may close, which is physically consistent. This as-
sumption necessitates the consideration of non-penetration conditions
between the opposite crack faces.
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Kozlov, 2008; Kovtunenko, 2001), and thin inclusions (Rudoy et al.,
2021).

The general concept of soil and poro-mechanics was established
in classic works (Barenblatt et al., 1960; Biot, 1956; Terzaghi, 1943).
Further developments are related to the challenging aspects of multi-
scale modeling, e.g., Meirmanov (2014). In particular, we cite (Fellner
and Kovtunenko, 2016; Kovtunenko and Zubkova, 2018) for the ho-
mogenization of a two-phase medium comprising solid phase and pores,
and Sazhenkov et al. (2021) for the related micro-meso-macro analy-
sis. In our modeling, we follow the hydraulic fracturing relations for
poroelastic media given in Golovin and Baykin (2018), Shelukhin et al.
(2014), and the engineering description, e.g., Skopintsev et al. (2020),
Valov et al. (2021). Recently, we had derived new non-penetration
conditions for a fluid-driven crack in two-phase poroelastic media and
had established well-posedness for the corresponding variational in-
equality (Kovtunenko, 2022). Furthermore, we had investigated shape
perturbations of a non-penetrating crack after semi-discretization in
time (Kovtunenko and Lazarev, 2022). Adopting Lagrange multiplier
approach and shape sensitivity analysis methods, we derived semi-
analytic formulas for calculating the strain energy release rate. In this
study, we investigate asymptotic representation with the power series
and obtain the so-called stress intensity factors (SIFs) for the poroelastic
problem in an incremental form. SIFs are important in the Griffith—
Irwin criterion of brittle fracture for crack propagation, as discussed
in the concluding remarks in Section 5.

For mathematical description, let the time interval of interest be
discretized by points 7, with time-steps 4z, > 0 for k = 0,1,2,.... For
a fixed integer k, we consider the equilibrium equation in Cartesian
coordinates for displacements u* and pore pressure p*:

pAu® + (A + @)V (diva*) — aVpFI =0, ¢

which are coupled by the k-dependent mass balance equation in the
incremental form

S = pF + atre(uk —ub!) — xar 4pF =0, @)

with Lamé parameters A and u, storativity S, Biot coefficient «, per-
meability x, and identity I. After semi-discretization, the incremental
problem depends on time by means of parameter k. Thereby, the output
state is considered at the current k > 0, and the input data are
prescribed apriori at the previous (k— 1)-th state. To adjust iterations to
the initial state, we assume that u and p at k = 0 satisfy the governing
Egs. (1) and (2), which should be k-independent, i.e.,

pAu+ (A + p)V(diva) —aVpl =0, Ap=0. 3

These relations (3) are decoupled and correspond to a certain undrained
state of the poroelastic media. Subtracting the linear governing equa-
tions, following (Atkinson and Craster, 1991), we split the solution at
every k into the k-independent part solving (3) and the k-dependent
remainder:

k

uf=u+ik, pF=p+p~ @

The model is provided with appropriate boundary conditions, which we
introduce later. It can be noted that splitting (4) is an important tool
for further asymptotic analysis.

In Section 2, we give the boundary-value setting in 2d polar coordi-
nates for the poroelastic model (1), (2) with a non-penetrating crack
driven by hydraulic fracture, and establish well-posedness through
its weak formulation by a variational inequality. Based on splitting
(4) and developing asymptotic methods including Fourier analysis, a
semi-analytic solution for the non-linear crack problem expressed as
a convergent power series with respect to the distance r > 0 to the
crack-tip is derived in Section 3. To engineers it is important to note
that no log-oscillations occur in the asymptotic expansion in Appendix.
In Section 4, a singular solution implying the main asymptotic term of
order \/; in the series is described in details, and integral formulas for
finding the respective weights called SIFs are rigorously proven.
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Fig. 1. Example geometry of 2d sectorial domain £, with crack I.

2. Setting and well-posedness of the problem

We begin with the geometric description of a reservoir (associated
with domain £) with a fluid-filled fracture (crack I) that typically
has a planar structure. Let £ be a 2d bounded domain with a Lipschitz
continuous boundary 02 consisting of mutually disjoint parts I'y and
I, # ¢, and the normal vector n be outward from Q. The origin 0 in
the domain is associated with the tip of a semi-infinite crack, which
on finite interaction with Q builds a line segment I, as illustrated in
Fig. 1. Thus, the cracked domain &, := @\ I, presents a finite part
of the sector of angle 2z bounded by 0. Here, we introduce a polar
coordinate system r > 0, § € (—z,x) such that the upper and lower
crack faces correspond to § = +x.

In the sectorial domain £,, we look for an unknown displacement
vector u¥ = (u’:,ulg‘)(r, #) and pore pressure pX(r,), which build the
linearized strain e(u¥), the Cauchy stress (u*), and the effective stress

X . . X2 .
t%(r,0), given by symmetric tensors in stm, respectively
k k k k k k
£(ut) = En(u) e . o) = (W) opp () . th= T;V 729 .
() £gy(u) FICOR O] Ty Toy
%)
Relations (5) include the strain components
1 1 1 1 1
e,,(uk) = ulr‘,r, s,g(uk) = 5 (u’g‘,r + ;”f,e - ;u’e‘), sgg(uk) = ;u;g + ;u':
(6)

where the partial derivatives (-), = d(-)/dr and (-), = 9(-)/d6. The
stress is built according to the isotropic model in the state of plane stress
as follows:

GrB(uk) = 2/”£r6(uk)’

Ggo(X) = (A + 2p)tre(u’) — 2pe,, (u), @)

6,,(0F) = (1 + 2u)tre(@b) — 2pe gy (u"),

where the trace (dilatation) tre(u®) = ¢,,(u*) + gyp(u*) and the Lamé
parameters

Ev E

A= s = 8
Arvwd-2v " 21+v ®

with Young’s modulus E > 0 and Poisson’s ratio v € (0,1/2), and

™ = o(u¥) — ap*1 9

with the Biot coefficient a € (0,1] and 2 x 2 identity tensor I.
Excluding the dynamic terms, the equilibrium Egs. (1) in polar
coordinates are as follows:

1 1 1 2 1
rky +-7f 4+ ;Tk ko —, ng’r + ;ng + ;759,9 =0. (10)

The poroelastic mass balance law (2) can be represented by the follow-
ing incremental equation

. . 1y, 1
S@* - p*) + atre(ut — 1)—;{Ark(p§r+;p§+r—2pf;0) =0, (D
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where the storativity .S > 0, and the permeability coefficient x > 0. The
boundary conditions for the Egs. (5)—(11) are set as follows.

At the outer boundary, we prescribe mixed inhomogeneous con-
ditions using the fluid pressure f* and force gt = (gf,gg) such that

k

u =0 on Ip, rkn=g on Iy, pk=fk on 042, 12)

where 7¥n is the traction at 9.
Across the crack I, the functions are discontinuous allowing non-
Zero jumps

ﬂpk]] = Pk|9:n _Pk|9:—;r~
13)

k7 -— ik k Ky .— ok k
(L RER Vel PR ol PR (N A PRE ) PR

To be complementary to (13), the mean values over the crack are
introduced as

_ “k|9=” + “k|9=_,[ Tk|0=n + Tk|9=—zr

fu*) = —=2 2 fF) = ,
kl ’ kl ? as
kn - p 9:n+p O=—n
() = ==,

We suppose that there is no tangential stress at the crack, i.e., using
notations (13) and (14),

[f1=0, f{zk}=0. (15)
For the fluid pressure f* prescribed at the opposite crack faces
Plo=r = *lo=rs (16)

where might be f*|,_, # f*lo—
continuous normal stress

k k
P o=z = " o=r>

except the crack tip 0, we suppose

-

lzk, + F51=0 a7
and non-penetration conditions set in the complementary form:
[ugl <0, fz5+ ) <0,

The strict inequality [[“1511 < 0in (18) implies an open crack (see Fig. 1)
under standard condition

{zhy + fEYLub] = 0. 18)

{<k, + rf3 =0. 19

Otherwise, the crack is closed when [[u’;]] = 0 under compressive stress
{zk, + 1<} <o0.

We give a variational formulation to the boundary-value problem
(5)-(12) and (15)—(18). In a domain 2, which is radially convex with
respect to 0, the following Green’s formula

— / { ((’Tfr).r + ffM — ng)l}r + ((’ng),r + Tfa + T{;‘M)ug } drd0
o

= / (75 £, (V) + 225 £,0(v) + TE£09(V)) rdrd — / *n.vds
Q4 092

- /r (LI + (e + WD) + Ul Depl) e (20)
holds for smooth functions ¥ and v = (v,, vy), where the scalar product
of vectors 7%n - v and identity [uv]l = [ull{v} + {u}lv] are used.
Therefore, multiplying by v, —u¥ the first equilibrium equation in (10),
and by v, — u’g the second one, followed by summation and application
of Green’s formula (20), and considering the boundary conditions (12),
(15), and (17), for v =0 on I, we obtain

/ ™ e(v—u*)rdrdo
Q

= / (th e, (v —ub) + 225 £, 0(v — ub) + 28 €9 (v — ub)) rdrdo
fen

=/F g"-(v—u")ds—/ (L T8 vg — up} = fzy MIvg — ugl)rdr.(21)
N

T

Applications in Engineering Science 10 (2022) 100089

Consequently, using the complementarity conditions (18) rewritten in
the equivalent form

[k <0, {zk, + f* v, —ub1 >0 for all [v,] <0, (22)

and a relation [f*]1{vy —ul} + { f* vy —ub] = [£*(vy — ub)]l, we infer
from Eq. (21) the variational inequality

/ ™ e(v—u)rdrdo z/ gk-(v—uk)dS—/ £ 5wy —ub)l rdr (23)
Q I T

for all test functions such that [[vy]] < 0 on I';,. Multiplying mass balance
Eq. (11) by a smooth function g such that ¢ = 0 on 02 after integration
by parts yields the variational equation

/ { (SG*=p D +atre —u 1)) g+x At (pqu,,+ izpkgq‘9> } rdrd® = 0.
2 ’ re”
(@)
Let the problem data be given in function spaces

gt e (g RY,  fhp e HY(QsR), ol e HY(Q R, (25)

and the set of admissible displacements is defined as

K(2) = {v=(v,,v5) € H'(2;;R?)| v=0o0nTIp, [v,]<0on I}}.

(26)

Proposition 1 (Well-posedness). There exists a triple u* € K(2,), p* —
fke HS(Q,C;R), and ¢ € L2(_Q,€;Rfyxr§) from (9) solving uniquely the
incremental poroelastic problem with a non-penetrating crack driven by
hydraulic fracture, which is stated in the weak form (23) and (24) for all

test functions v € K(£2,) and g € H(; (82, R), respectively.

Proof. Substituting =¥ from (9) into (23) and summing with (24)
results in inequality

/ { a(uk) : E(v—uk)—apktre(v—uk)
2
+(Spk +atre(uk))q+xAtk<pk,q,+ izpkgq9> } rdrd@
o T2 P e,
2/ gk-(v—uk)dS—/ L5y — ub) I rdr
In Iy
+/ (Spk_l+atr£(uk_1))qrdrd6’. 27)
e

The left-hand side of (27) builds a continuous bilinear form. It is
coercive when v = 0, v = 2u¥, and ¢ = p* are substituted, because
terms —apXtre(u¥) and atre(u¥)p* are shortened, hence

: i
/ {o@h) : o)+ S + xar () + r—z(pg)z) } rarae

(o
= / gh-ukds - / LA ugllrdr + / (Sp*! + atreu*=")) p* rdrdo.
In T e
Therefore, as per the Lions—Stampacchia theorem, there exists a unique
solution.

Further, we derive the asymptotic solution as a convergent se-
ries for the boundary-value problem (5)-(11) and (15)—(18), omitting
conditions (12) at the outer boundary.

3. Power series solution

To solve the inhomogeneous problem, we decompose the solution
into two terms according to (4):

k ~k k

wf =u+if, F=r+7k pk=p+17k, (28)

and similarly, at k — 1. Thereby, according to (10) and (11), the k-
independent term (u, 7, p) is a solution for the homogeneous equations
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1 1
Pop =0, T+ =7,+ -7y
r r

1 1 1 2 1
Pt =P+ 06— ~To =0, T+ =T+ —Tpgp =0,
r ¥ r r r

(29)
and k-dependent term (ii*, %, 5*) is a solution for the inhomogeneous
equations

P P 1~k
Trr,r+ _T + r09 Too

-k 2. 1.
=0, T, T —‘L' + 969 =0,
|

e
S -5 1)+atr£(u — k- 1)—}{Atk(pf‘rr+;p,r+ %) =0, (30)

Using (28), we split the linear boundary conditions at the crack (15)-
(17) into homogeneous

P|9=in =0, [zl =0, {r7,3 =0, [zp1=0, (31)
and inhomogeneous ones
Flomir = Flomsn. [E1=0, {23 =0, [+ 1=0, (32)

where the complementarity conditions (18) remain coupled:

lug+ik1 <0, frpp+7h,+ Y <0, {rgo+7h,+*Jlup+ikl = 0. (33)

The following results establish asymptotic solutions in the sector of
angle 2z for the boundary-value problems (29), (30) and (31), (32)
coupled by (33). First, we apply the power series method in the general
form (see Kozlov et al. (2001, Sections 2.1 and 4.2)) to the poroelastic
relations (5)-(11).

Lemma 1 (Solution for the Poroelastic Equations). Excluding the term
p* ~ Inr and u* ~ Inr, which do not belong to H', a general solution
for the poroelastic relations (5)—(11) can be expressed as the functions of
power y # 0 for the solid displacement

4 2
uk(r,0) = 1" (Z ukw,.0) + % > ﬁkqu(,.+4)(0)), (34)
i=1 i=1

and as the functions of power y — 1 for the pore pressure

Pk, 0) = r"~ (PF cos(y — )0 + PFsin(y — 1)0), (35)
with arbitrary factors U, ..., U‘f, Pl", sz satisfying

2y(k = YU, = USSH + (S + p)(PF

- P, =12, (36)

when expressions (34) and (35) are assumed to hold at k — 1. In (34), the

six vectors are
_ [ cos(y + 1) _ (sin(y + DO
¥o= < i ) > ¥n= <cos(y + l)&) ’

—sin(y + 1)0

_{ (r =x)cos(y — 1)
B ( —(y +x)sin(y — 1)9> (37)
_ ((r=x)sin(y — 1)0 [ (r+Dcos(y — 1)
T\ +x)cos(y -8 )’ 757 \=(y = Dsin(y — 1)0
_ [+ Dsin(y — Do
“\ = Deosy — )P
and the parameters are defined as
L« _ A3
ﬂ'__l+2y’ = Tra =3 —4v. (38)

The corresponding strain components in (6) are
£, (u¥) = "y [Uf cos(y + D0 + UF sin(y + 1)0)
+ (ro-ouUk+ o+ 1)§Pf) cos(y — 1)9
+(ro-oul+ o+ 1)§P2k> siny — 16},
£,9F) = 7y [UF cos(y + 1)0 — UF sin(y + 1)0)]

(- 1)[(yUk n fpzk) cos(y — 1) — (yU; + §Pf> sin(y — 6]},
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egg(uk) =1 {—y [U

- (y(y — 240Uk + (- 3)%1){‘) cos(y — 1)0

Fcos(y + 1)8 + Uf sin(y + 1))

- (ro -2+ 0% +(y—3)§Pz">sin(y— 1o}, (39)
the dilatation

tre(ut) = 7 [<2y(k = DU + P} cos(y — DO+ [-2y (k= DUS + P} ] sin(y — 1)8},

(40)
and the stress components in (7) are
ot = {2y [Uf cos(y + 1)0 + U sin(y + 1)0)
+( —3)[(2 Uk + 2P costy - 10 + (20U + £ P4 sing - D8]}
Y YUy + 5P ) cos(y YUy + 5Py )sin(y ,
ot = {2y [UF cos(y + 10 — U sin(y + 1)6]
+ o= 0[(2ruf+ gpz") cos(y = 10 — (2rUf + gplk) sin(y — 1)0] },
8y = 7" u{=2y [UF cos(y + 1)0 + U sin(y + 1)0)]
- ( +1)[(2 Uk + L pk) costy - 10 + (2005 + £ PF) sing - Do)}
Y yUs 2 h cos(y rU, A sin(y .
(41)
At y = 0, the general solution takes a specific form:
0
k k
0= ;U Yo+ 575, 3;4 <—P2k cos 6 + P sine)' (42)

As the proof of Lemma 1 is highly technical, it is presented in
Appendix.

This is worth noting that the solid phase displacement in (34) and
the pore pressure in (35) have different asymptotic orders of r. One of
significant consequences is that the last equation in (30) is split and we
have the decoupled system instead:

P B a1 1 1.
P+ pgg 0, %, +-T + - rkeg 799 0,

S - pF 1)+atre(u - =0, (43)

where we first solve the Laplace equation in polar coordinates with
respect to 5, and then substitute the solution in the other equations
for ¢ and a*.

As per (34) and (35), we seek for an energy solution i € H'(2,;R?)
in the form of a convergent series for monotonically increasing (y,,),en
and y; =y, — 1 with integer / such that

4
vk —uk(0) = Z{ry”(zU (6)+—z
i=1

7n>0

yn<:+4)(9))} (44

where ¥, ,....,%¥, ¢ are from (37) with y = y,, and P e H'(Q;R)
yields
P = £50) = Y {1 (Pf cosy,0 + PEsiny,6) ). (45)

71>0

These series include constant u*(0) and p*(0), which are not present
in the strain and stress tensors because £(uf) = e(uf — u¥(0)) and
Vpk = V(p* — p¥(0)). Based on (44) and (45) we construct an energy
solution for the k-independent boundary-value problem.

Lemma 2 (k-independent Series). An energy solution for the boundary-
value problem (29) and (31) is given as a convergent series with respect
to integer n for the solid-phase displacement:

) 4 2
u—u0) = Z{rn/z (z U,,,.'I’%i + % Z P(n,z),.'lfg(,.+4))}, (46)
n=1 i=1 i=1 -

where vectors 'ng ,Tgé, are from (37) with y = n/2, and for the pore

pressure:

p=Z{r"/2<P,,l cos%+Pn2sin %)} (47)
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Six factors U,,;,
n=2m, meN:

coo s Upgs Pu_ay1» Piu—nyp should satisfy the conditions for even

B
Pom1 =0, Uy pp+(m— 1)(U(2 md mpam—z)z) =0, (48)

and forodd n=2m—1, m € N:

2m -3 p
Pom-12=0, Upp_iy + (U(zm—m + mf’(zm—3)1) =0,
2m+ 1
Uom—1y2 + — Uom-14 =0, (49)

where Py, = P_;); = 0 are set.

Proof. In the homogeneous boundary conditions (31), we substitute
ansatz (44) for u—u(0), and (45) for p with p(0) = 0, and k-independent
coefficients U,,,, ...,U,4, P;;, P,. The homogeneous Dirichlet condition
for p at 0 = +x is satisfied when the following holds for every / € N:

Py cosyr = Ppsiny;r =0.

Hence, y, = 1/2 and either sin(//2)x = 0 and P;; = 0 in (48) for even /,
or cos(//2)xr =0 and P, =0 in (49) for odd /.

Using expressions (41), the boundary stress at § = =z in (31)
provides three equations:

W = =t Y7y Uy + = (U + =P ) sintr, = 1) =0

n=1

fzed =20 Y {rm "y, U + @, = 1>(Un4 + ﬁl’/z)] cos(y, — Dz} =0,
n=1 n

g 1 i
(7901 = —4142{”" Y, [Unz + @+ ])(Un4 + %PIZ) - mplz] sin(y, = Dz} =0

n=1

(50)

with respect to the unknown U,,;, ..., U, for every n € N. As P, =0, the
last two equations in (50) are homogeneous and solvable for non-trivial
U,,.U,, only under zero Jacobian determinant, that is sin 2(y,— 1)z = 0.
Henceforth, y, = n/2, and | = n — 2 since

§=71:7n_1:g_1'

For even n = 2m and y,, = m, due to sin(m—1)x = 0, the first and the third
equations in (50) are satisfied identically, and the second one leads to
the condition on U, ,,, and U, 4 in (48). For odd n = 2m — 1 and
v, = m—1/2, due to cos(m — 3/2)z = 0, the second equation in (50) is
satisfied, and the remaining ones result in the latter two conditions in
(49). This completes the proof.

To extend Lemma 2 to the k-dependent problem (43) under inho-
mogeneous boundary conditions (32), we observe there that f* should

have r"/2-asymptotic terms. Therefore, we assume that
[o]
0 . nf
fk—fk(0)=2{r"/2<Frﬁcosn7+F:231nn7)} (51)
n=1

is prescribed by the given coefficients F f ,F:z; the same is true at k — 1
and f5(0) = f<=1(0).

Lemma 3 (k-dependent Series). Under assumption (51), the energy solution
for the boundary-value problem (43), (32) is given as a convergent series
with respect to integer n for the displacement:

0 4 2

Y 2 rk s Bk

@ —ak = Y (" (Z ks, +2-, P(n_z)ill’%(iM))}, (52)
n=1 i=1 i=1

and for the pore pressure:

[e+]
- rko) = Z{rn/z(ﬁfl cos % + 15;‘2 sin %)} (53)
n=1

: Frk k pk Bk ; .
Six factors ..U, P(n—Z) Iy 1’("72)2 should satisfy the conditions for even
n=2m, meN:

3 ﬁ pk
+on=1)(Th + =P,

pk — ik Tk —
pk  =F U g (Zm_m) =0,

@ ml @ m1’ 2 m2
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k k—1
S+ aﬂ)(F(Zm_z)l - F

(2m—2)1) -2 m(x - l)a(U(kz m3 Ukl ) =0, (54)

@ my3

and for odd n =2m -1, m e N:

Bk _ ok
Fon-1z = Famoiyps

Pk 2m -3 ( Pk B Bk ) _
Um-i + 5 em-13 T 20@m = I)P(2m73)1 =0,

~k 2m+1 ( ~rk p k )
U(2m—1)2 + 2 2m—-1)4 + 2(2m _ 1) F(2m—3)2

1 k _
T u@m— 1)F(2m—3)2 =0,
k k-1
S+ "’ﬂ)(F(zm—3)2 - F(Zm—3)2)

—Qm = 1)(x — 1)0;(0{2,”_”4 - k!

(2m—1)4) =0, (55)

Bk _ Bk _ pk _ gk _

where Py = ]P(_l)1 =Fy = F(_l)2 =0.

Proof. We insert the ansatz (44) for i#i* — w*(0) and (45) for p* —
£¥(0) with arbitrary coefficients U :1 .U '11‘4, PI’j , P[’;, in inhomogeneous
boundary conditions (32) and in the last Eq. (43). From the Dirichlet
condition j* = f* at § = +r, it follows that

(13/1 - F/i)cos = (13/5 - Fé)sin ym=0

and y;, = [/2, then Pl’i - F[’; =0 in (54) for even /, and PI’; - FI’; =0in
(55) for odd 1.

Akin to (50), the boundary stress at § = +x in (32) implies the
following relations

B

E151’;)] sin(y, — Dz} =0,

o0
Lk = =4 Y {7, [OF + (= DT +
n=1

o
1750 =26 Y {7, [0 + (s - 1)(054 + ﬁﬁ,’;)] cos(y, — Dz} =0,
n=1 . n
2, + 1= —4/4; {1y, [U,’:z + (0, + 1)((7}54 + %PI’;) - #}/”F’I;]
X sin(y, — Dz }=0 (56)

and the last two equations necessitate sin2(y, — )z = 0, thus y, = n/2 =
v, + 1 as Il = n—2. For even n, we have sin(y, — 1)z = 0 and obtain the
second condition in (54); for odd » such that cos(y, — 1)z = 0, we obtain
the two conditions for the coefficients in (55).

Inserting (52) and (53) with y, = n/2 and | = n—2 in the dilatation
(40,

n—2

tre@) = Y { P’ [BBE_,), — n(c = DT ] cos “==0
n=1

Sk rk .. n—2
+ [BP)_,, = nl = DU | sin 50 b
the same at k — 1, and gathering the like asymptotic terms, from the

last equation of (43) we have

[(S+ap)BE_, — Pk n-2

n-2)1 (n—12)1) = nk = 1)“(053 - ﬁ:,%_])] cos 6

n—2

+[(S +ap)(B,_,), = P — nlk = Da(@, = U, D] sin 0=0,
and S(f¥ — f¥1)0) = 0. This equation follows the last condition in
(54) for even n = 2m, and the last condition in (55) for odd n = 2m — 1,

completing the proof.

Combining Lemmas 2 and 3, and satisfying the complementarity
conditions (33), follows the main theorem.

Theorem 1 (Power Series Solution). Under assumption (51), the energy
solution to the boundary-value problem (5)-(11) and (15)—(18) is given
as a sum (28) of the convergent series (46), (52) for the solid phase
displacement:
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4

uk—uk(0) = i{r”/z(Z(Um+U D+
n=1

i=1

2
ﬂ
30 2P+ B ¥ e )
i=l
(57)

and (47), (53) for the pore pressure:
< < 0 Sk . nf

o= £r©) = Z{r”/2<(Pn] + Ply)ycos T+ (B + BY)sin %)} (58)
n=1

Twelve factors U,,,, U% . ..., U4, 0%, P, PX,
lowing for even n =2m, m € N:

P,y, P should satisfy the fol-

[Ug w1 + (m+ DU 3] cosm — Dz > 0,

B
Ui myp + (m — ])(U(z ma T Im P(szz)z) =0,

(08 + Gm+ D(TE s+ 4’; Fiy) = Syom Fon-ay] costm =D 2.0,

P(z m1 = 0, P(,E ml = F(z ml’

0y o+ m= (T 0 + 4/;%"1 ) =0,

(S +ap)(Fh @em-2)1 Fém] 2)1) 2 m(x = Da (U @ m3 U(k2 rln)S) 0, (59)

and the following conditions for odd n =2m — 1, m € N:

Pom-12 =0, Ugpiy + % (U(mel)z + %EZW;—B)I) =0,

Uom-p + %Uam—m =0, Ugy_qysin Zm — >0,

U(kzm 138 i %7[ 0,

P(l;m 12 F(zm 12’

U(kz»n ot %(U(’;m 13 ﬁﬁém—m) =0,

U(’;m mt % (U(’;m 14 %Fgmsn) - mﬁgm&)z =0,
(S+ aﬁ)( m-312 F(z:n 3)2) @m—1)(x - l)a( Q@m—1)4 U(,;ml—1)4) =0, (60)
recalling that Py, = P_yy; = P ( " F0 F( 12 =0

Proof. Substituting series (57) and (58) into the jump and the stress
in (41) at & = +x, the following expressions are obtained for the
complementarity conditions (33):

[kl = —22 {2 (U, +T*)+
=1

(n Z)ﬂ
an

(§+K)( 5+ U5

-2
+ (P + Pn 2)])] sin 2 7 " 1 (61)

Ueky+ /Y = -un 3 { r<"—2>/2[(U,,1 +0 ((U3+Uk)
n=1
p =k 1 n—2
+2, Po-2n + Fayy) ) _ﬁF(n—Z)l] cos ——7 IE (62)

Even n implies that sinz(n — 2)/2 = 0 and identity IIu’e‘]] = 0 in (61).
Then based on (62),

n+2 p n—2
[Unl + T(Un3 + Z_P("_Z)l )] Ccos 5 7 >0,

n+2 ﬂ Sk 1 n—2
[U ( 2n P(n 2)1) n F(n—Z)I] cos 720

leads to {{ré,‘e + f*) <0, which together with (48) and (54) composes
conditions (59).

For odd n we have respectively cosz(n — 2)/2 = 0 and identity
{{rgg + f*} = 0 in (62). Rearranging the terms in (61) as follows, the
inequality [[u’;]] < 0 requires that

[0, ”gz(Un3+zﬂp(n_z)])+(K+1)Uﬂ3]sin”;2nzo,
n

~k n—2 ~k ﬁ =k ~k . n—2

[0+ 552 (O + 2Bt ) + e+ DOK sin =7 > 0,
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which together with conditions (49) and (55) builds (59). The proof is
completed.

It can be observed that seven relations (59) connect twelve factors
with five free parameters, and nine relations (60) connect twelve fac-
tors with three free parameters. The inequalities here can be replaced
with equations.

Further, we study the first asymptotic terms in (57), (58) called
singular solutions, which are of primary importance in engineering
practice.

4. Singular solution

Extracting the asymptotic term with m = n = 1 in formulas (57),
(58) and (60), using the Landau notation O(r) as r — 0, we obtain the
decoupled expressions for the displacement

4
uk =k 0) =12 Y (WU + TP L+ O0), (63)
i=1 2
since P_;y = F(k_ i =0ati=12, and the decoupled expressions for
the pore pressure are

pk—fk(()):rl/z((P“ +P )cos—+(P12+P )smg)+(9(r), (64)
with twelve factors U, UF,,..., Uy, Uf,, Pyy, P, Py, P}, satisfying
U =20 =0, Up+2U,=0, Us<0, O-Lg% 0 % <o
n1=3%3 =0, 12""2 14 =0, 13=Y, 1n-77%i3=% 13="
(65)
_ 5k ko ko Sk _ Ak _ k-1
Pp=0, Ph=F Oh+30f =0 0f=0}" (66)

The last equation Uf, = Uf! in (66) implies k-independence, hence,
k-dependent factors U k = U " = 0 should be set in (66). This reduces
the factors to eight unknowns Uy, ....Up, U11’U13’P11’P1k1 satisfying
the five relations in (65).

Applying Theorem 1 and the non-energy solutions (see Maz'ya et al.
(2000, Section 8.5)), we infer the following.

Theorem 2 (Singular Solution). Under fluid pressure f* prescribed such
that assumption (51) holds, the energy solution to the variational problem
(23) and (24) admits the following asymptotic expansion as r — 0 for the
solid-phase displacement:

vt —uk(0) = 7 P2 (KR K ) + O, 67)
p
and for the pore pressure:
Kk ckegy — 172 pk 0, k0
pF=rYoy=r Pf| cos 2 + F, sin > + O(r), (68)

with three factors K* > 0, K 11> and P“, where the vectors are

1 30 (1 ) 0
—=cos — — |- —kKk)cos —

¥,0)= fsin3—92_<12+K sing2 7
5 s (69)
_é i ﬁ_(l-){ Sini
¥Yr0) = _5 é+(i+ ) 5
cos > 5+ )cos

Let t°n denote the normal force at the outer boundary 0%2. For the
non-energy displacement

gcosg (1+K>C05—9
(o) =Pz 25 % (21 ) 3
—=sin—- — = —«)sin—
2 2 2 2
lsing—(l+1()sm3—‘9
+r 1/22” P % % %9 (70)
ECOSE+(§—K>COS—
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with free factors Z; and Z,;, the corresponding boundary force ¢({)n at
0%2, and the dilatation

tre(§) = (x — l)r’S/z(Z,cos% + Z;;sin 3?0) (71)

the stress intensity factors K ;‘ and K;; can be calculated using the following
integral formula

[ [0 - oon: (@ -uo)] as
02
+ / apfire(¢) rdrdd + / [zpyColl rdr
Q2 I
1
K* for Z; = ———— and Z;; =0,
I
_ 44/ 2x(1 —v) | (72)

K, forZ;,=0and Z;; = ——.
4\ 2x(1 —v)

For the normal derivative Vp* - n at 02 and the non-energy pore pressure

& 0) = %r‘l/z cos g, 73)

factor Pl"1 can be calculated using the following formula

Pl =/m[(Vp"~n)§—(V.§~n)(p"—fk(0))]dS—/r [Eq(f* = £5) D rdr.
k

74
Proof. Setting the factors in accordance with (65),
1 ~ ~
Kf=-2U,, +Uf)=-U;5-Uf; >0,
2V 2rmu
{ (75)
Kip==3Un="Uw P{ =Py + P,
2V 27zu
and combining the respective vectors in (37),

1 3
TI:_ET%]_T%y T,,Z—ET%2+T%4.
Thus, from (63) and (64) we arrive straightforwardly at (67)-(69), and
the equilibrium equations

kool e 1k _ I 1k _
p,rr + ;p,r + r_zpﬂﬂ =0, Trrr + ;Trr + ;TrG,B - ;TBB =0,

2 1 6
Tf@.r + ;Tfe + ;Tge,e =0.
It is well-known (e.g., Kozlov et al. (2001, Section 4.2)) that the
singular solution r'/2(K¥¥, + K;;¥,;) in (67) fulfills the stress-free
conditions at the crack. Therefore, the energy solution u* and p*
satisfies asymptotically the following boundary conditions at I':

T lgmsn =0, Thylomsr = OCD). 77)

As n = -1 in the series (46) and (47), from Lemma 2 we get a
non-energy solution

4
o0 =r12 Z Ui

- 0 .0
Ly Er,0)=r '/Z(P(_l)1 cos 5—1’(_1)2 sin —)
i=1

2
78)
for the Poisson and Lamé equations expressed in polar coordinates
&t %‘f,r + rlzf,ee =0, o, (O+ %Gn(‘:) + %Ure,e(g) - %‘7«96(() =0,

010,00+ 20,0(0)+ L) =0, 79)

with six factors Uc_yyy, ..., U_yus P11 Po1y2- To fulfill the homoge-
neous conditions at the crack

§|9=in = 0’ Gr€(€)|0=iﬂ = O’ 609({)'9:17: = O’ (80)

according to (49) at m = 0, we set

2
Zy= §U(71)1 =Ucis Zi=2Uc_ip==-U_y Prip=0, (81)
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and from (78) derive representations (70) and (73) normalized by
factor Py = 1/z. The formula for tre(¢) in (71) follows from (40)
asy=-1/2.

Let B,(0) denote a disk of radius p > 0 centered at origin 0. We
consider a domain £, \m, bounded by the crack I, outer boundary
0%, and circle 9B,(0) of radius p > 0 (see Fig. 1). Excluding the
neighborhood of the crack-tip and using the equilibrium Egs. (76) in
the sector of angle 2, akin to (20), we have Green’s formula

/ ™ e(&)rdrdd = / *n-¢ds. (82)
.Qk\B”(O) B(Qk\B,,(O))

Interchanging u* and ¢, by virtue of (9) and equilibrium Egs. (79), we
get

/ €@ rdrdo = / (6(2) : e(ub) — ap*tre(d)) rdrdo
Q(\B,(©) 2\B,©0)

= / o(n- (vt —uk(0)) ds - / ap*tre(¢) rdrdd. (83)
A2\ B,(0)) 24\B,(0)

The respective Green’s formula for the pore pressure is given by

/ (VpF -m)éeds =/ Vpk VErdrdo
Q4 \B,(0) 2\B,(©)

=/ Vé-Vp¥rdrdo =/ (Ve-m(p* - r50) ds, (84)
.Qk\B,,(O) d(Qk\BP(O))

recalling that £(u¥) = e(u¥ —u*(0)) and Vp* = V(p* — £¥(0)). From (82)-
(84) it follows Green’s second identities at the boundary 0(£2; \ B,(0)
for the displacement:

/ [**n-¢ - 6(@n - (uf —u*(©@)] dS + /
02

2\B,(0)

apktre(f) rdrd0
:/ [t*n-¢ - o(@n- (u* —u*(0)) ] rdr
I\B,(0)

—p /” [t*n- ¢ - o(On - (u* - uk(O))]r=pd6', (85)

v

and for the pore pressure considering p* = f* at the crack:
/ (VP e = (Ve - m)(p* = 75O)] dS
bYel

= / [(VP* - mé = (VE-m)(p* — 75 O) 1 rdr
T \B,(0)

-p / [(VP* - — (Ve -m)(£* - r4O)],_, de. (86)

v
where the normal force and normal derivative at the circle and the
crack imply, respectively,

k

thn = — <T;;> . Vpb-n=—p* at 9B,(0);
T 9 i

' 87

k ng k |
Tn = — ng , Vp -n=—;pﬂat1"kA

Inserting expressions (87) in the integrals over the crack part I, \
B,(0), the terms in (85) are: 7% = 0, 7},¢, = O@F1/2) in series (70),
(77), and 6,4(§) = 64y(¢) = 0 due to (80), hence

= [l — 0@ = ) = o€ (u — )
T} \B,(0)
- —/ [Tgeé’g]] rdr (88)
I
in the limit as p — 0. The respective terms in (86) are: & ,(f*— f*(0))r =
O(r) in accordance with series (51), (73), and & = 0 at § = +x by (80),
providing the limit

_/ ﬂpf}f—é,g(fk —fk(O))]]rdr
T \B,(0)

> [ [Eg(fF = rf®)lrdr asp—o. (89)
T
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Due to the asymptotic p*tre(¢)r = O(r~1/2) according to (68), (71), there
also exists a limit

/ aptre(&) rdrdo — / ap“tre(@) rdrdd as p — 0. (90)
2,\B,(0) [en

For the expressions (87) of the normal force and the normal deriva-
tive at the circle 9B,(0), according to Egs. (41) with y = 1/2 and (63),
we have the following asymptotic formulas

0 4 utysn 22 - Sulcos?

_ 12 k K g
r,rl,‘, p /[l{U cos — +U12 2

+ SU" sin = } +0(1),

71/2# { —U sin379+U1"2coss—€—lUk 'ng

Tr9|’:ﬂ =0, 2 213 St 2
- %Uk cos— } +O). (C2)]

Multiplication of the normal force in (91) by £(p,8) ~ p~!/2 from (78)
yields

JAAT

v

do = zp { —2cUf U 13

+2cUK Uy, — 20K Uy +2URU ) } +000'%)

T
= —\/— {(c +DHKFZ; + Bk + DK Z11 } + O('?) 92)
2v2
according to notation (75), (81), using Ul"2 = Up, U1"4
orthonormality in L?(—x, z) of a trigonometric basis:
1 30 1 . 30 1 2 .
——cos —, ——=sin=—, —=cos sin —.

\/;2’\/;2\/;5’%2

k
—1/2 and Pl

= U,4 and the

Analogously, using (41) with y = =0fori=12we

find
_ 30 . 360
0 (Olrmp = P21 { =U_yy; cos 5 Ui sin=
7 0 7 .6 _
+ EU(_m cos > = SUppsin 5 } +O(r™h,

_ .30 360
69(Ol=p =p 32, {U_yy sin 3 - U(_y, cos 5

3 R 0 o
+ EU(_IB sin 5 + EU(_1)4 cos 5 } +O(r™),

and after multiplying it by u* — u*(0) ~ p'/? in (63) we calculate

K
—p / [0, (uf = uf () +0,9(&) (uy — u5(®)],_ d6
-
= 2u{ 20K U_13+20K5 U1, —2kUR U, +2kUK U, ) + O

= ﬁ{(1+3;<)1<§<z, +G+ 0K Z )+ 0. (93)
2V2
Substituting (88),(90), (92), (93) in (85) and passing p — 0 such that
/ [t“n- ¢ —o(@n - (u* —uk@)]ds + / ap*tre(¢) rdrdd
Q2 2

= —/ ek, collrdr + V2 + D(KYZ, + Ky Zy),
Iy

where k¥ + 1 = 4(1 — v) by (38), gives us the integral formula (72) for
the calculation of stress intensity factors K ’; and K;;.

Substituting p* — f%(0) ~ p'/2 from (68) and &(p,0) ~ p~'/2 from
(73),

p/ [Phe — ¢, (0" - ro)],_,d0

/{ P"cos +F]kzsing)lcos§

+—c090<P 0090+F sm—) }d0+(9(p1/2)— +(9(p1/2),

2z 2 2
and using (89) after taking the limit as p — 0 in (86) exactly implies
integral formula (74) for finding factor Pl"1 of the singularity of the pore
pressure. This completes the proof.
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We remark that the formulas proven in Theorem 2 can also be
applied to determine the k-independent and k-dependent factors sep-
arately on splitting

k ok k _ pk
Kf=K +RE, P =P, +P

according to the k-independent and k-dependent solutions in (28).
5. Concluding remarks

The stress intensity factors K f and K, in (67) are used in the classic
Griffith criterion of brittle fracture to determine whether the crack
I, starts to propagate when the strain energy release rate (calculated
using the Griffith-Irwin formula) exceeds the prescribed threshold (the
fracture toughness G > 0):

l—v

((K")2 +(Ki?) > Gy,

else, I, does not grow. However, the Griffith-Irwin formula is not
proven for poroelastic problems.

When driven by hydraulic fracture, factor Kf > 0 that describes
mode-I crack opening is k-dependent, whereas factor K;; under mode-II
crack shear is k-independent.

In the integral formula (74) for factor P"l characterizing the singu-
larity of the pore pressure, the term over the crack

/[[-fe

is due to the inhomogeneous Dirichlet boundary condition at 6 = +x.
In particular, this term is not present under constant fluid pressure
IE=rko).

Under a stress-free crack causing penetration if Kk < 0, the normal
stress 7¥, = 0 at # = +z, hence, the integral over the crack is excluded

00
from formula (72):

/ [ckyollrdr =0
Ty

The pore pressure p¥ is included in the formula (72) for K ;‘ and K;; by
means of the domain integral

(0))]]rdr

/ apktre(C) rdrd@.
or

This term is caused by the fluid-driven fracture and principally dis-

tinguishes a poroelastic body with crack from the pure elastic case of
k —

pc=0.
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Appendix. Proof of Lemma 1

We take a general power ansatz of the form

uk(r,0) = " (In PO U*P©B), p(r,0) = FP(nrfo Pka(6) (A1)

with scaling factors U*, P¥, and similarly at k — 1, then substitute it
first in the mass balance Eq. (11):

rPInrfo S(PX — PNy + ar? ™! { (Inr)0[¥) + (v + D¥,]
+(npyo~lygp, } Uk - U
—x Aty P2 { (InrPo (@ + pro)
+(nf0~'286,@ + (In =2 5y(fy — D@ } PF = 0. (A.2)

We can observe that o(u¥) ~ r’~! and p* ~ ¥ in the effective stress in
(9) are compatible when =y — 1.
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For § = y — 1, gathering the terms with like powers of r in (A.2), we
get two equations:
(InroS(PF — PEyd + o { (Inr)0[¥) + (y + ¥, ]
+ (npyotygp, } UF-U =0, (A.3)

and

{nro[@" +(y—1*®]+(In Y1 2(y—1)y@+(In /=2 (B, — D } P* = 0.
(A.4)

Since the powers of Inr in (A.4) are f, # fy— 1 # fy — 2, then PK #0 is
possible when

" +(y-1)’® =0, (A.5)

and either fi, = 0; or y = 1 and f, = 1, which implies that p* ~ Inr and
is not admissible in the energy H'-space.

Inserting f, = 0 in (A.3) and gathering the like terms of Inr, the
following two cases are possible. Either the log-powers y, = §, = 0,
then (A.3) yields

S(P* = PX" N +al®) + (v + WP IUF - U =0; (A.6)
or yy = fy + 1 =1 such that

¥+ + ¥, =0, (A7)
S(P* - PF Yo + o (U — U = 0. (A.8)

Next, we substitute (A.1) in the equilibrium Egs. (10). Because of
the symmetry of the mixed derivatives, differentiating (6) yields two
compatibility conditions

k k k
Errﬁ(u ) = ur,rH =u

k k k
ror = (Zrerg(u )— rug .+ ug)

Nd

= 2re,q, () + 26,5 (") — ruy (A.9)

regy, (UX) + £9y(0¥) — £, (") = (regp(u*) — u), = Uy g

oty (A10)

1 1 1
N 13 3 k) — k k
=y, = (25,9(u )= L) + ;ug) )= 2¢,9o(0") — < Ur00

Inserting g, (u*) from (A.10) in the first equation and &,, ,(u*) from (A.9)
in the second equation of (10), we express them equivalently via tre(u¥),
u® and p* in the form

Hiw 1 14 k
A+ 2p) (tre(ut ——( — Sk - ) —apt =0,
G 2ptrets), = 2, = L+ L) -t

A+2u

(A11)

1 1 a
k : K k ko
(tre®)) , + y(ug_r -yt ;ug) b= 0,

In the case of (A.7) and (A.8), using f = y — 1, the series (A.1) turns
in

u“(r,0) = (InHUPO), pr(r,0) = '~ Pka(0), (A.12)

where the function @ satisfies (A.5). In order to substitute (A.12) in
(A.11), we calculate the expressions

tre(ut) = (P, + Inr[(y + D¥, + P, U* = 7' U*Y,
due to (A.7), and

1 1 .
Uy, = ~ty + ~uy =1 (¥ +Inri(y + D¥, - #)U".

After the substitution and division by the factor r*~2, this leads to the

following equations

{G+2m@ = DP, — u(P) +Inrl(y + D, —¥/'1) JU* —a(y — DP*D =0,

{420 + u(2r¥) =¥ + (y = DInr[(y + D¥, - ¥1) }U* — aP @' =0,
(A.13)

which necessitates

(r+ ¥y =¥/ =0. (A14)
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On the one hand, the relations (A.7) and (A.14) together imply
Y4+ (y+ 1) =0. (A.15)

On the other hand, excluding from (A.13) the derivatives ¥/ and ll’a’ with
the help of (A.7) and (A.14), using identities for the parameters from (8):
A+20)0@ =D+ uly +1) =y = DA+ p),

A+20)@ + D+ uly — 1) =y + DA+ p),

turns (A.13) in

A+ wky — DP,U* —a(y = DP*® =0, (A+ p)(xy + 1)¥P,U" —aP*®' = 0.
Due to (A.5) this follows
v 4@y -1 =0. (A.16)

From (A.15) and (A.16) we conclude with only y = 0 possible in the series
(A.12). Hence u* ~ Inr in (A.12), which is not admissible in the energy
H'-space.

The Eq. (A.5) has two general solutions @ = cos(y — 1)0 and @ =
sin(y — 1)8. Therefore, in the remaining case of the log-powers y, = §, = 0,
from (A.1) we conclude with (35) within the ansatz

u (r,0) = UM (0), pt(r,0) = r~' (P} cos(y — DO+ Pf sin(y — 1)0). (A.17)

According to (A.17) we calculate

1 1 -
, —;u’:’9+;u§ = =" \UMP - (r + )P,

up, tre(u®) = T URP + (r+ DL
(A.18)
Now we introduce notation f := a/(A + 2u) from (38) and auxiliary
functions X*(6), Y*(9) by
Xk =UP - (v + D,
(A.19)

YF = U + (v + D¥,] — B(PF cos(y — 1)0 + Pf sin(y — 1)9).

Applying (A.18) and (A.19), Egs. (A.11) divided by the factor =2 turn
into the 1st order ODE system for X* and Y*:

A+20 - DY+ u(X*Y =0, (A+2w@* —uz —DX* =0.  (A.20)

After differentiation, (A.20) are decoupled within the 2nd order ODE
system

X'+ -1?Xxk=0, ' +@F-17Y" =0,

which has a general solution with arbitrary coefficients c¥, c¥,

k.
12 620 €15 6t

X* = cFcos(y—D+ck sin(y—1)0, Y* =¥ cos(y—1)o+¢5 sin(z—1)0. (A.21)

2

Inserting (A.19) and (A.21) in (A.20) and using the identities (A.25), we
derive the 2nd order equations for ¥, and ¥,:

U + (v + 1)*?,] = 4y (a} cos(y — 10 + df sin(y — 1)0),

UFLY,) + (v + 1)*Wy] = 4y (@} cos(y — 1)0 + a5 sin(y — 1)6), (A.22)
where the coefficients for y # 0 are given by

k _ (y —K)(A+ ) ~k plr+1) k
ay =— P,

! w4y

k =G+ 4 Br+1D

=- P

“ A
P =_(7+K)(/1+M)ck ﬂ(?—l)Pk’

! dy(A+2p) ! 4y 2

w0l +w o -1
a, = 1+ 20 Cs ™ Py, (A.23)

and o = af = @} = @ =0 when y = 0.

The solution for the inhomogeneous Egs. (A.22) can be found by
summing the general and particular solutions in the following form with
arbitrary factors UF, U¥, UF, UF:

U, = Uf cos(y + 10 + Uf sin(y + 1)8 + a* cos(y — 1)0 + ab sin(y — 1)8,
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U, = Uf cos(y + 1)0 + U¥ sin(y + D)6 + a¥ cos(y — 1) + & sin(y — 1)6.
(A.24)

Using expression (A.24) we calculate X* and Y* in (A.19):
X* =@+ DWf = TFcosy + DO — (v + DU + UF)sin(y + 1o

+ [(y = Ddy = (7 + Dajlcosy — DO = [(r = Da} + (v + D3] sin(y — D),
YE =@+ DWUS + T cosy + DO + (v + DU — UF)sin(y + 1o

+ [(r + Da* + (v - Dak — pPFcos(y — 1O

+[(r + Day — (y - Da} — pPy]sin(y — 1o,

then insert them and their derivatives in Egs. (A.20) and use identities for
the parameters from (8):

G2y =D =p(y+1) = (r=x)(A+p),  (A+2u)(r+D—pu(y—1) = (r+x)(A+u),

(A.25)

such that, using the notation § := a/(A + ),
A+ =D { I +©)at + (r —x)as — fPfcos(y — 1O

+ [(r +K)dk = (v = w)a@ — fPF]sin(y — 10 }

+ G+ D& —x) { Uf+TF)cosy +1)0

+ Uy = UPsin(y + DO }=0,
G+ =D { [y + )5 — (v — )@} — Py cos(y — 1)0

- [y + K)a" + (v — )@k — fPF]sin(y — DO }

+ G+ DG +x) { UF =T cos(y + 1)0

— (U} +T))sin(y + DO }=0. (A.26)

The homogeneous system (A.26) for y # 0 has a nontrivial solution

+ K
L opr e P pr
vy —K v —K Y—K vY—K

(A.27)

fk _ ik ik — ik sk _
Uy =U;, Uy=-U; a/= =

At y =0, the like terms in (A.26) are gathered together as follows
[=(4+ wrU + U5) = aPf1cos 0 — [(A+ wi(Uy — UF) + aPy]sind =0,
[(A+ wxUSf = Tf) + aPflcos 0 + [-(A + wi(Uf + UF) + aPf]sin0 = 0.

This yields

a
A+3u

Frk _ rk k a k k _ k
Ul_Uz_ P2, A+3/4P1’ al =a

rk _ 7k sk _ sk _
Uy=-U;+ 1 2—a1—a2—0.

(A.28)

Substituting into (A.24) expressions (A.23) and (A.27) for y # 0,
using (1 +2u)f = (A + p)f, such that

Uky, = U{‘ cos(y + 1)0 + Uzk sin(y + 1)6

- _/14: Lo 1)(&F cos(y — 1)0 + & sin(y — 1)0)

u

+ %(7 + 1)(Pf cos(y = 1) + P sin(y = 1)9),

Ukl[/9 = Ué‘ cos(y + 1)@ — Ulk sin(y + 16
A
- ﬁ(y + x)(c"é‘ cos(y — 1) — 5{‘ sin(y — 1))
+ %(y — 1)(Pf cos(y — )0 — Pf sin(y — 1)0),

we arrive at formula (34) with the vectors from (37), where the
notation is used
k — _“_”5" k — _itm k
3 dyp 17 dyp

The respective substitution of (A.28) in (A.24) results in a specific
formula (42) at y = 0.

Applying the formulas (34) for the displacement and (35) for pore
pressure, from (6) we calculate the strain components (39) and dilata-
tion (40); from (7) we derive the stress components (41). In Eq. (A.6),
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inserting expressions (35) for p* and similarly for p*~!, and the expres-
sions (40) for tre(u) and tre(u*~1), collecting the like terms necessitates
relations (36) between the factors U3"—U3"’l and Pl"—Pl’"l, and between
UfF - Ut and Pf - PF1.
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