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Introduction

The script mainly follows the sources by (Clason 2013, Ciarlet and Lions 1991,
Grossmann, Roos and Stynes 2007, Hackbusch 1992, Keeling 2016), other references
will be given when used.

1. Classification of PDE problems

1.1. Classification of PDEs. Let the following data be prescribed:
(i) a domain (open set) Q@ C R? d € N, which can be bounded with the
boundary 02 =: T', as well as unbounded;
(ii) symmetric coefficients a;;(z) = aji(z), bi(z), c(lx) € C(Q) for i,j =
1,...,d and z = (x1,...,2q), which imply continuous functions.
For a twice differentiable function u(x) : C%(Q) — R (or C), we consider a
differential operator L : C?(2) — C(Q) given by

0 d Pu o ou
.1 _— = — . [ . X
(1.1) L(x, 3:1:)u ijZZI a;j(x) 9207 + ;bl(x) oz, + c(x)
The total symbol is defined as the corresponding polynomial operator
d d
p(z,§) = L(x,§) = — Z aij(2)&&; + sz‘(ff)fz‘ + c(z),
i,j=1 i=1
the principle symbol is set to
d &
o(2,8) ==Y ai(@)&& = A@)E, =1 |, ¢ = (& ),
=1 €
a11(x)...a14(x)
where the symmetric d-by-d matrix A(z) = € Sym(R4*4),

ag1(x)...aqq(x)
DEFINITION 1.1. For d = 2, the second-order differential operator L given in
(1.1) is called
e elliptic in x € Q, if det A(x) > 0, that is a11(z)aga(z) — aly(x) > 0, then
two non-zero eigenvalues A1, A have the same sign;
e parabolic in x € Q, if det A(z) = 0, that is a11(7)ag(z) — aly(z) = 0,
then A1 = 0;
e hyperbolic in x € Q, if det A(z) < 0, that is ai1(x)ax(z) — afy(x) <0,
then A1, Ao have different signs.
EXERCISE 1.1. Extend Definition 1.1 for d > 2.

7



8 V.A. Kovtunenko: Numerics of PDE

ExamPLE 1.1. o Laplace equation: Uy, 2, + Uzyz, =0,
A= <é (1)), det A=1> 0, \y = Ay = 1, hence elliptic;
e heal/diffusion equation: uy — Uy, = 0,
A= (01 8), det A =0, \y =0, Ay = —1, hence parabolic;
o wave equation: Uy — Ugy = 0,
A= (é 01>7 det A=—-1<0, A\; =1, Ay = —1, hence hyperbolic.
Consider the system of d > 2 first-order PDEs for vectors u = (u1,...,uq) :
C1(9) — R? such that

(1.2) L(x, %)u - { i afj(x)% tei(x), i= 1,...7d}.

Ji.k=1
k k
ayy...ayy,
Denoting the matrices A* = for k =1,...,d, the principle symbol
k k
ay,...ak,

d
o(x,€) = det (D A*@)r ) = €7 A()e
k=1

composes a matrix A, which determines type of the corresponding differential op-
erator (1.2) for systems according to Definition 1.1.
Other examples of typical PDE are presented in (Kovtunenko 2010a), and their
appearance in applications see in (Kovtunenko 2010b) and the references therein.
For a given right-hand side f(z) € C(f), we set the initial/boundary value
problem (I/BVP): Find a solution u(x) € C?(£) satisfying the equation:

Lu(z) = f(x), z€q,

and
e boundary conditions (BC) for elliptic operator L;
e BC with respect to = and initial conditions (IC) with respect to t for
parabolic L;
e BC with respect to  and two IC with respect to t for hyperbolic L.
DEFINITION 1.2 (Hadamar). A problem is called well-posed, if

(i) a solution exists (existence);
(ii) the solution is unique (uniqueness);
(i) the solution depends continuously on data (stability).

1.2. Elliptic boundary-value problem (BVP). We assume that
(1) A(z) € Spd(R?*?) for all € Q and there exists a > 0 such that

d
TA@)E > allE]?, €eRY, g =D&k
=1

(ii) the coefficients a;;(x), b;(x), c¢(z) are uniformly bounded for = € Q.
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For the elliptic differential equation
0
L(x, —)u =f inQ
ox

stated in the bounded domain with the unit normal vector n = (nq,...,nq)
the boundary 092 and outward to €2, the usual boundary conditions are:

e Dirichlet (1st kind): v = ¢ on 99, ¢ € C(0N);
d

T at

e Neumann (2nd kind): Z aij(x)%nj =1 on 09, P € C(9N);
i,j=1 v
¢ J ou
e Robin (3rd kind): Z aij(x)ajnj + a(z)u =1 on 0Q, o € C(9N);
ij—1 @

e mized BC.

LEMMA 1.1 (Weak maximum principle). (Kuttler 2008, Th.6.2, p.137) Let

c=0anduc C*Q)UC(Q), then Lu < 0 in Q follows that max u(x) < max u(z),
e T

where the closure = QU 9.

LEMMA 1.2 (Comparison principle). Let ¢ > 0 and u,v € C*(2) U C(Q), then
Lu < Lv in Q and u < v on 09 follows that u < v in Q.

EXERCISE 1.2. Prove that the weak maximum principle follows the comparison
principle. Hint: consider Q@ = {z € @ : (u —v)(x) > 0} and Q_ = {z € Q :
(u—v)(x) < 0}.

We specify a homogeneous Dirichlet problem: Find u € C*(Q)UC(Q) such that

Lu=f in ,
u=20 on 0f).

LEMMA 1.3. The comparison principle follows uniqueness of the solution.
For existence of a solution, regularity of the domain is needed:

DEFINITION 1.3. A boundary of domain Q is said to belong to the class C™®
(write 0Q € C™< ) with m € Ny, a € (0, 1], if
(i) a finite number of open balls (B;);ecr exists such that 0Q C | By;
i€l
(ii) a Hélder continuous function ¢; € C"™(B;) exists, that is

|D5¢i($) - Dﬁfﬁi(y”
@illcm.a(s,y = Pillom(p,) + max  sup
(5 BT BEm gy, eyl

< 00,

where || ¢l cm(B,) = Z sup |DP¢;| with the multi-index 8 = (Bu, . . ., Ba) of length
|5‘:0 zEB;

1Bl =B1+...+Ba, DP = %, which maps one-to-one OQ N B; to the image
201 0;

d
in the hyper-space rq = 0, and N B; to the image in the half-space x4 > 0.
In particular, 99 C C%! is called the Lipschitz-continuous boundary.

THEOREM 1.1 (Existence). (Wu, Yin and Wang 2006, Th.8.2.7, p.249) Let
c> 0,00 € C* and a;j,b;,c € C*(Q), then the Dirichlet problem has a unique
classical solution.
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1.3. Parabolic initial-boundary value problem (IBVP). In the time-
space cylinder Qr := (0,7) x Q with a final time T' > 0, for a given f € C(Q7),
initial data u® € Co(Q) (continuous function with the trace u® = 0 on 9Q), find
a solution u(t,z) € C*YHQr) N C(Qr) (ie. x — u: C*(QNCQ), t — u :
C1(0,T) N C([0,T]) such that

(PR A o
u=0 on (0,T) x 09,
u=u’ inQast=0.
LEMMA 1.4 (Weak parabolic maximum principle). (Kuttler 2003, Th.6.7, p.142)

Let c=0 and u € C*>1(Q7) N C(Qr), then Ou + Lu <0 in Qr follows that

ot
max__ u(x) < __max u(z).
(t,x)eQr (t,z)eQT: €0 or t=0

_LEmmA 1.5 (Parabolic comparison principle). Let ¢ > 0 and u,v € C**(Qr)N
C(Qr), then
ou Ov

aJrLug 8t+Lv mn Qr,
u<v on (0,T) x 09,
u<v mQast=0

follows that u < v in Q.

THEOREM 1.2 (Existence). (Wu et al. 2006, Th.8.3.7, p.251) Let 0Q € C**
and a;j,bi,c, f € CY(Qr), o > 0, then there exists a unique classical solution of
the parabolic IBVP.

Note that ¢ > 0 is not needed here.

1.4. Hyperbolic IBVP. For given f € C(Qr), v° € C(Q) and u° € Cy(Q),
findu € C?(Q7)NCY0(Q7) (ie. x> u: C>(Q)NCHQ), t — u: C%(0,T)NC([0,T))
such that o2 5

U .
Tl + L(t,x, %>u =f inQr,
u=0 on (0,T) x 09,
u=u uy =1 inQast=0.

Existence needs compatibility conditions.



CHAPTER 1

Numerics of Initial Boundary Value Problems

2. Discretization

For a given right-hand side f € C(2) we start with a model Dirichlet problem
for the Poisson equation in the square Q = (0,1)%: Find a solution u(z) € C%(Q) N

C(£2) such that

(2.1)

—Au=f in €,
u=20 on 902 =:T.

We call Qy = {z;; €Q, i,j =0,..., N} the uniform grid consisted of equidis-
tant grid points x;; = x(; jy = (ih, jh) with the mesh size h > 0. The grid functions
are composed by values wu;; = u(; jy = u(zij), fij = fuj) = f(xi;) associated to the
grid points.

Passing h \, 0 provides the Taylor expansion in the direction x:

w((i + 1)k, jh) = u(ih, jh) + h-2% (ih, jB) + hj@(m ih) + O(h?)
7] - 7j 83;1 7] 2 8x% ’.7 )
. . . ou . . h?o%u,
u((i — 1)h, jh) = u(ih, jh) — haT;l(Zh"]h) + 3@(“%]@ +O(h%);
analogously, in the direction xs:
ou h? 0%u
ih, (7 £ 1)h) = u(ih, jh) £ h—(ih, j — —(ih, jh 3
u(ih, (j £ 1)h) = u(ih, jh) D3 (ih, jh) + 5 923 (ih, jh) + O(h”),
where the short notation & stands, respectively, for two options ”+” and ”-”. After

summation of these four asymptotic relations we get:

w((i + 1)k, jh) +u((i — 1)h, jh) 4+ u(ih, (5 + 1)h) + u(ih, (j — 1)h)

0%u 0%u .
. . 2 . . . . 3
= 4u(ih, jh) + h (a—w%(zh,]h) + Tx%(zh,]h)) + O(h?).
u  0%u ,
We note that el + 92 = Awu. Therefore, based on the above expansion, the
L1 T2

problem (2.1) is approximated by a discrete problem on the grid ), such that
(i g) = U(ing) ~ UG-1d) ~ Uagn) T g1 = B ),
(2.2) h,j=1,...,N —1,
U(0,5) = W(N,j) = U0 = uu,N)y =0, 4,5=0,...,N.
From this consideration we arrive at generalization in R? for
e grid functions u, : Q, — R;

11



12 V.A. Kovtunenko: Numerics of PDE

e discrete function spaces:
Up:={up:Q =Ry, UY:={up,€U: u,=00nTy:=Q,NT}
e difference operators:
(Dfu)(z) = l[u(x + he') — u(z)] called forward difference quotient,

h

1 .
(D;u)(z) = E[u(m) —u(x — he")] called backward difference quotient,
(D%u)(z) = %[D;r + D; |u(z) called central difference quotient

with respect to the unit vector: e = (0,...,0, .1} ,0,...,0) in R4,
1th

2.1. Expansion of difference operators.

LEMMA 2.1. (Hackbusch 1992, Lemma 4.1.1., p.39) The following expansions
of the difference operators hold:

(i) (DFu)(z) = 887“(30) + hR*(x) with the reminders R* such that

1 _ 1
|R* (x)] < slullezeatney, IR (@)] < Sllullez(o-nei z;
.. DO _ au h2R0 RO < 1 X .
(i) (Diu)(z) = oz, (z) + (@), R (@) < gllullos a—net wtne;
B 0%u 9 1
(iti) (D; D u)(x) = 92 (@) +h°R(z),  |R(2)| < 35 l[ullos(@o—net ot ne))-

2.2. Discrete norms. For grid functions u; € U ,? given over equidistant
points of a uniform grid Q,, in Q, := Q;, N Q consisted of interior points z;, we set

e discrete maxzimum norm:  |up|loo,n = max |up(zp)l,
’ Th €D
e discrete LP-norm (wherep € [1,00)):  [unllf, ), = e Z [un (xn)[P,
ThEQ
o discrete L*-norm: ||lu||g ), = e Z lup (1) ]2 = (up, up)n,
TR EQ
o discrete H'-norm: |lup| ), := [lun|[§ j, + |unl? j, and the seminorm:
d d
unl? =0 D> UDFun)(@n)> =Y (D un, D un)n,
zp€Qp i=1 i=1

where the latter two norms are induced by the scalar product for uy, vy, € Up:

(2.3) (un,vn)n = h > un(wn)on(zn).
T €Qn
In non-equidistant case, replace h?® with the weight | Dy, (z)| := / dx over
Dy (xn)

appropriate subdomains Dy, (zp) (e.g. Voronoi boxes (5.1)), respectively, instead
(2.3) define the scalar product:

(wn,on)n =y [Dn(an)lun(@n)on(zn).

TR EQ



V.A. Kovtunenko: Numerics of PDE 13

In fact, in the equidistant case the Voronoi box Dy (z) = {z € Q: [z — x| < &}
has the area |Dy,(zp,)| = h.
We note that the following norm equivalence is h-dependent:

1/2

min | Dy (@) unloon < lunllon < 2 [[wnlloo,n,
TR E€QR

and in the equidistant case: zfleisrllh|Dh(xh)|1/2 = h%2. As h \, 0F, the following
norm limit holds:
Lim[lu(zn)llon = llullz2),  lim[[u@n)llocn = l[ullz=(0)-
2.3. Consistency, convergence, stability of discretization. Consider the
continuous problem given by an abstract operator equation: Find u € U such that
(2.4) Lu=f

with L : U — V, f € V over normed vector spaces U, V. For a discrete counterpart
Ly :Up — Vi, frn € V, the related discrete problem reads: Find uy € Uy such that

(25) Lhuh = fh-
Let a restriction operator ry, : U + Uy, (rpu)(zn) = u(xy) for z, € Q) be
defined.
DEFINITION 2.1. A discretization (2.5) of the problem (2.4) is called
e consistent, when the consistency error decays to zero:
||Lh(rhu) — thVh, —0 ash— 0,

and consistent of order p, if |Ly(rpu) — frllv, = O(h?);
e convergent, when the discretization error decays to zero:

lrnu —uplly, =0 ash—0,
and convergent of order g, if ||rpnu — upllu, = O(h?);
e stable, when there exists C' > 0 such that
lun — U}lHU}L < C||Lpup, — Lh'UhHVh for up,vp € Up,.

Note that for linear operators Ly, stability is equivalent to boundedness of the
inverse operator | L, || < C.

LEMMA 2.2. Let the problems (2.4) and (2.5) have solutions. If discretization
is consistent and stable, then it is convergent.

3. Finite difference method (FDM) for elliptic BVP
For twice differentiable functions u(z) :  — R, consider a second-order differ-
ential operator given in the divergence-form:

I o
(3.1) Lu = —div(A(z)Vu) = = Y > aij(a;)%j

ox;
i=1 =1

We assume that A = (aij)?,jzl € C1(Q) is uniformly symmetric positive-definite
matrix for x € Q and there exists a > 0 such that
d d
CTA@)E =) ai(0)&8 > ad & =all¢]* forall & € R

ij=1 i=1
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In particular, if A(x) = I is the identity matrix, then Lu = —div(Vu) = —Awu is
the Laplace operator.

For a given right-hand side f € C(Q), consider a Dirichlet problem in the
cube: Find u(x) € C?(Q) N C(Q) such that

_ : _ d
(3.2) Lu=f in = (0,1)°,
u=0 on 002 =:T.

In the closure Q we introduce the uniform grid of mesh-size h = 1/N > 0 for a
fixed natural number N € N:

Q= {zn = (x1,...,2q9) " €RY:  z;=hng, n; €{0,1,...,N}, i=1,...,d}.
Recall the discrete spaces U, = {up, : Q, = R}, Up = {up, € Up : up, =0 on Iy},

and set Vi, = {up, : Qp — R}
According to (3.1) we define the discrete difference operator Ly, : Uy, +— Vj,

d d
Lhuh = — Z Dz_ Z (lij (ZE)D;_’LL}L y
i=1 j=1

and set the finite-dimensional (discrete) problem for fy, := f(zp): Find up € U
such that

(33) Lhuh = fh-
Similarly to Lemma 2.1, the first-order consistency estimate holds:
1En(rnu) = fallvi, = max [([Ln — Llu)(@n)] < CllAller @ lulles @b, € >0,

since Ly (rpu) = (Lpu)(xp) and fr, = f(xn) = (Lu)(zp). Moreover, for the Laplace
operator (when A(z) = I), it follows the second-order consistency estimate:

d 2
(3.4) max [([A = Afu) ()] < 1 lullcs@h®
ExaMmpPLE 3.1. In 2d, for vectors u;, = (u(i,j))f\szl € U under the Dirichlet
BC: uo,5) = wnj) = ui,0) = ug,n) = 0, after reordering
2
Vp 1= (U(1,1)7 e UN=1,1)5 - W(N=1,1)5 - - - ,U(N71,N71)) e RV~ )

the discrete Laplace operator —Aj, implies multiplication with the block tridiagonal
matriz, which is sparse:

T -1 0 4 -1 0
_Ahuh:ﬁ -7 . . o, T — -1
. R I |
0 -1 T 0 -1 4
Our aim is to estimate the convergence error e; := wp — rpu based on the

Consistency error dh:
fh — Lh(rhu) = Lhuh — Lh(rhu) = Lh(uh — rhu) =: dh,
where

ldlloon < € 4 1Mo
’ Hu||c4(§)h2 for L =—A.
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3.1. Solvability. The following technical tools are employed later on.

LEMMA 3.1 (Discrete Green’s formula). (Grossmann et al. 2007, Lemma 2.33,
p.65) The operator —Dj is adjoint to D; with respect to the inner product (-, - )p:

(D; up,vp)n = —(uh,D;"vh)h for up, vy € U,?.

LEMMA 3.2 (Discrete Poincaré inequality). (Grossmann et al. 2007, Lemma 2.35,
p.66) There exists Kp () > 0 such that

[ullg.n < Kp(@)unl?),  for un € Uy
In particular, Kp(Q2) =1 for Q = (0,1)4.

THEOREM 3.1 (Solvability). For each fr € Vy, the discrete problem (3.3) has
a unique solution.

3.2. H'-convergence error.

THEOREM 3.2 (H!-convergence error). (Grossmann et al. 2007, Th 2.36, p.67)
Let the solution of (3.2) be smooth u € C3(Q). Then there exists C > 0 such that

lun = raullon < V/Ep(@)llun = rulyn < Cllull s apyh-

For L= —A, ifue C4Q), then

[un = rnullon < VEp(Q)llun = raullin < Clluflgagyh®

REMARK 3.1. Applying the norm equivalence h%2||ep,||loo.n < |lenlo.n < ch we
can estimate the maximum norm ||es||so.n < ch?~%2 for d = 1 only.

3.3. L°°-convergence error.

LEMMA 3.3 (Discrete mazimum principle). (Grossmann et al. 2007, Lemma 2.39,
p.68) For grid functions up, € Uy, if —(Apup)(zrn) <0 for xp, € Qy,, then it follows

max up(zp) < max up(zp).
f}zem zpel'y

LEMMA 3.4 (Discrete comparison principle). For up, v, € Uy, if

—(Ahuh)(xh) < —(Ahvh)(xh) for xp € Qp,
up(zn) < on(zn)  for zn € Ty,

then up(xp) < vp(zp) for all xp, € Q.
EXERCISE 3.1. Derive Lemma 3.4 from the maximum principle.

THEOREM 3.3 (L°°-convergence error). LGrossmann et al. 2007, Th 2.41, p.69)
Let the solution of (3.2) be smooth u € C*(Q) for L = —A, then

d 2
lun — rat|son < %||U||c4(§)h -
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4. Properties of discrete operators

4.1. M-matrices. We start with the following

DEFINITION 4.1 (M-matrix). (Hackbusch 1992, Def.4.3.1, p.45)
(i) A= (aij)f\fj:l € RNVXN s called L-matriz, if a;; > 0 and a;; <0 fori # j.
(ii) L-matriz which is inverse monotone (exists A= > 0) is called M-matriz.

2 -1 0
For example, A= | =1 2 —1| is M-matrix with A=! = 1
0o -1 2

— N W

2 1
4 2
2 3
LEMMA 4.1 (M-criterion). Let A be L-matriz. A is inverse monotone if and

only if one of the following conditions (i)—(iv) holds.

(i) There exists a majoring element v € RN such that v > 0 and Av > 0,
in this case, the stability estimate holds

(4.1) sup A7 ]| = |A7Y) < —lt
[|z]|=1 ie{1

.....

(ii) A is strongly diagonally dominant: a;; > Z|aij| foralli=1,...,N,

J#i
in thi A7l <1 i i — ijl) -
in this case, || I < /ie{rlr}.{?N}(a11 §|a”|)
(iii) A is diagonally dominant: a; > Z|aij\ for all i = 1,...,N with
J#i

strict inequality at least for one indexr i, and irreversible: there is no
permutation matriz B € RV*N (all entries in all rows and columns are 0
Bi1 B2

except exactly one entry 1) such that BABT = { 0 DBy

] 1s block upper

triangular matriz.
(iv) The spectral radius (the maximal eigenvalue) of the following matrix

P =1 — (diag(A))™*A
1s less than 1.

For (i) see (Grossmann et al. 2007, Th.2.73, p.70), for other criteria see (Hackbusch
1992, Criterion 4.3.7 and Lemma 4.3.9, p.48).

EXAMPLE 4.1. Consider the discrete Laplace operator —Ay,.

e It is evidently L-matriz, criterion (iii) argues M-matriz.
e The majoring element v(z) = x1(1 —x1) + ... +x4(1 — z4) is such that v > 0

2

in Q = (0,1)¢, with the maximum norm |v|| = 1/4 and —Av = | : |, provides
2

the criterion (i) and the stability estimate: || —A; || < % = 144 =1

ie{l,...,

e From the consistency estimate (3.4) implying

[(An(un —rpw))(zn)] = [([A = Anlu)(zn)] < Fllullgagyh® =: 22
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we evaluate the convergence error by applying the Cauchy—Schwarz inequality:

lun = rrulloon == sup |(up — rpu)(en)| = sup (AL (=AR) (un — rau) (zs)]
rp el rhrEL,

—_

(0%
< =250 sup [(=An)(un = rnu)(zn)| < g2 =7

ThpE

oo

that agrees the assertion of Theorem 3.3.

4.2. Difference stencil. Consider the discrete Laplace operator —Ay in 2d.
For inner points xj; of a uniform grid we construct a 9-point stencil with unknown
weights c(; jy (see Fig. 4.2) by means of the approximation

1 . .
Lpup(zp) = ) E c(m)uh(xl +ih, o + jh).
i,j€{-1,0,1}

After expansion in Taylor’s series it has the asymptotic form:

(98] Co,1 €1
-1
C(.1,0) (0,0 C1,0
1 4|%n 1
T Ce1,-1) C,-1 Ca,-n
FIGURE 4.1. 5-point stencil FIGURE 4.2. 9-point stencil

L) = iz {compulan) + Y e [uen) + i s (@) + 2 o)

i,j=%+1
0*u h?
12 n 3
ijht G (en) + 5 Au(an) + O(h)]
u h? 0*u 3
+Z§£10(10) (en) +ihg(@n) + 5 702 Sa(@n) +O(hY)]

du h2 9% .
£ 3 e [ulan) +dhg (@) + 5 5 () +O(R)] |
j==1

The consistency needs the following conditions:
e by (%15 Dt Z'(C(i,O) + Zj::l:l C(i,j)) =0,
* by 597?2: Zj::tlj(c(oyj) + D et C(i,j)) =0,
* by afj&{ i j=t1 ¢G5 = 0,
and, due to the symmetry c(1+1,0) = ¢(o,+1) =: ¢1 and ¢(_1 +1) = ¢(1,41) =: ¢2 also:
e by w: Zi,j::l:l,O Ci,j) = 0,
e by (8927?3 Zi:ﬁ(c(uo) + Zj:il C(z}j)) = 2¢; + 4ey,

2
o by Tf Xmni(C) T imsr Cigy) = 21 + dea.
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Then cg + 4ey + 4ea = 0, where ¢ := ¢(g,0), and we calculate

1 h?
Lyu(zy) = 2 —(2¢1 + 4e2)Au(xy) + O(h)
which for ¢; + 2¢o = —1 describes the consistent 9-point stencil (see Fig. 4.3). To

C2 €1 C2

¢y Cy c;

C2 €1 C2

FI1GURE 4.3. A consistent 9-point stencil

compare, ¢ca = 0, ¢; = —1, ¢p = 4 implies the standard 5-point stencil (see Fig. 4.1).
ExaMPLE 4.2. Consider ¢y = f%, c = f%, co = ?.

In this case, the expansion refined with high-order asymptotic terms reads

ot 0ty

Lyu(zy) = —Au(xp) — 7z { { (2817 (zn) + 2871:‘21(33”) + O(hﬁ)}
*é[ﬁ("“gi(“)Ha FEA )) 2]7;438246 2(“”0@6)}}
= —Au(zp) — { ( 4; (9:52 28.17(?((%%) (xn) + O(h6)}

= —Du(an) — 5 A%u(a) + O()

Moreover, we obtain the /-order consistency when we approximate f as

fn= [Sf vh)+ > flan+ihe’) + > flan +jh€2)}

i==+1 Jj==1

= B [8700) + 27100 + 125 01) + O) + 25n) 41 )+ O(HY

8 2
= f(zn) + EAf(mh) + O(h%).

4.3. Shortley—Weller difference operator. For boundary points z;, given
by parameters sy, sw, s, sg € (0,1], see Fig. 4.4, the Shortley—Weller operator:

2 1 1
— Ah up(zp) = 2 [(E + SSSN)uh(xh)

- ——up(zn + sWhel) — !
w(se + sw) sg(sg + sw
1 1

- uplxp + 8 h€2 _
N(SS+5N) h( h N ) 85(85+$N)

)uh(xh — sphe')

up(xp — ssheQ)} .
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north
x,+syhe’
east X west
xy-sghel xp+syhe!
Xp-Sshe’
south

FIGURE 4.4. Shortley—Weller difference operator

LEMMA 4.2. (Hackbusch 1992, Th.4.8.4, p.81) The Shortley—Weller difference
operator has the following properties:
(i) if sy = sw = 85 = sp = 1, then —A7W = —Ay,;
(ii) consistency error is of order one: ||([A — APW]u)(x)]] = O(h);
(iii) 4t is M-matrix;
(iv) for the domain Q C (29,29 + X) x R inside a strip, the majoring element
v = %(xl — 20 (29 + X — x1) provides estimate of the inverse operator:

2
(=A< 5

4.4. Discretization of mixed derivative. The 9-point stencil with weights
c(i,j) from Fig. 4.2 is consistent with the mixed derivative, when
1 ) , 0%u
w2 ceaun(@ihas+ih) = 5o
i.je{-1,0,1} 1

zp) + O(h).

The form yields any consistent stencil, see (Grossmann et al. 2007, p.84):
1 —1l+a—-b+c 2(—a—c¢) l+a+b+c
2(—a+10) 4a 2(—a—10)
l1+a—-b—¢c 2(—a+c¢) —-1+a+b—c

12, _~
5,7 = e

of the lst-order, and 2nd-order if b = ¢ = 0. The common choice is a = b = ¢ = 0.
For the elliptic operator in non-divergence form compared to (3.1):
0%u 5 0%u 0%u
—011 == — 20412 =————, — Q22—
H oz? 20,00, 22 03

by summation over points in the patch with the following stencil

Lu=

1 —ayy —ag; + |a1| —agy
72 | T +laiz|  2(a11 + a2 —lar2|) —a11 +laz| |,
—af, —as2 + |a12] —ap,
where aB = max(0,a12) > 0 and aj, = —min(0, a;2) > 0, constitutes an M-matrix
Ly, if the coefficients satisfy a;; > |a12| and aga > |a12|. Here we use b = ¢ = 0,
and either a = —1 as a12 < 0, or a = 1 as a3 > 0 such that
1 -2 2 0 1 0o -2 2
either S}2=—1 2 —4 2 |, orS?=—| -2 4 -2
b 4p2 b 4p2

2 =2
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5. Finite Volume Method (FVM) on unstructured grids

Let ©Q C R? be a convex polyhedron obeying flat faces. We distinguish
interior grid points x; € Q,i=1,..., N and
boundary grid points x; €T, i=N+1,...,N,
by the mean of index sets J := {1,..., N} and J := {1,...,N}.
DEFINITION 5.1. For i € J, a Voronot box is called the geometric set
(5.1) Q= () Bij={zeQ: |z—z<|z—z}
JeJ, j#i

Assume that Q; NT = (. We can define

o midpoint x;; := MTIJ such that ||z; — zi;|| = ||lz; — x| = w,

o hyper-plane 0B;; D @ﬂﬁj =: I';; with the unit normal vector n;; = ﬁ,
J

o boundary T'; := |J Ty; of the cell Q; = (| B, for essential neighbours

JEN; JEN;
N;={j€eJ, j#i: (d—1)-dimensional measure |[€2; N Q;| # 0}.

5.1. Discetization of Poisson equation. We consider the Dirichlet prob-
lem: For f(z) € C(R2) and g(x) € C(T) find u(z) € C(2) N C?(N) such that

{—Au: f o oinQ,

5.2
(5.2) U=g on I

Integrate (5.2) by parts over the Voronoi box €2; with the unit normal vector n; =
UjeNi ni; at 0€; which is outward to Qi, to derive:

/fdx——/ Audr = — Z/ an”

Denoting by | - | the Hausdorff measure of a set and by diam (- ) its diameter, the
following expansion holds

/Q Fda = 9] (:) + O(10% diam (2)),

and similarly
ou
Fij 5‘nm

We apply the Taylor series:

Sy —|Fu| (%)Jro Tajllls = a51])-

ou 1 0%u
u(@y) = wlwi) + g = @il 5= (wi5) + 5ll25 = @i 1° 55 (i) + Ol — 2i5°),
Nij ij
ou 1 0%u
w(zy) = w(wi) = lloi — il 5 — (i) + Sllzi = 2ijl|* 5 (i) + Ollzi — 245]%)
i ij i ij anij ij o I ij on 2 ij i ij
and subtract them recalling ||x; — x| = ||z; — 45| = w, such that

ou
uley) — (@) = lloj — @il 5 — (@) + O(ll; —zi|*),
ij
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hence the normal derivative admits the expansion:

ou :M o — w2

Based on the above representations, we discretize the problem (5.2) as follows

—ui) = Q| f(zs), i€,

Hlj—lzll
(5'3) JEN; )
u;i = g(xi), ieJ\J,
or, equivalently, in the matrix form deJ = f;, i€ J, with the coefficients
[T e .
Ty HJ=1€J,
keN;
Lij = Ty e fi =1 f () + Tk | g(z),
_ ”mjjmiH if j € N;nJ, ke]%:at - zk—x:]|
0 otherwise,

where the latter term is according to the inhomogeneous BC at I'. Gathering the
components u, = (u;)ics, fn = (fi)ies € RN, and Ly, = (Lij)i jes € RV Y implies
the linear system: Lpup = fn.

LEMMA 5.1. (Grossmann et al. 2007, Lemma 2.60, p.94) Ly, is M-matriz.

EXAMPLE 5.1. For uniform grid of the size hin Q = (0,1)2, the Voronoi box
is Q = (2 — el w4+ Le')x (v — 2e?, m; + Le?) with [Q] = k2, ||lz; — x| = h,
IT;;| = h, the cardinality |N;| =4 for all i € J and j € J, thus

4 ifj=ie

Lij={-1 ifjeNinJ,  fi=hfl)+ >  glax).
0  otherwise, kEN; at T
In this case, L, = —Aj, agrees the standard 5-point stencil.

5.2. L*-convergence error. On a uniform grid we have |[';;| = h¢~! in R%.
Therefore, define the discretization parameter (mesh size) h by

1
h:=maxh;, h;:= (maX|FijD =t d>2.
ieJ JEN,;
THEOREM 5.1 (L*-convergence error). (Grossmann et al. 2007, Lemma 2.63,

p.96; Th.2.65, p.98) Let the solution of (5.2) be smooth u € C*(Q), the areas of
cells (2;)icg be uniformly bounded from below:

(54) |Q | Clh ied, ¢ >0,

and the consistency estimate holds:
I .

(5.5) ‘Z ||x| jL H u(w;) —w(z;)) + || fx)| < b i€ J, g >0.
J T P

Then the convergence error is of order h:
llerlloo,n = [Tt — Un|loo,n < ch, ¢>0.

Note that the left-hand side of (5.5) is [(—Lpu)(xp)+ f(zn)| = [([L— Lp]u)(xh)]
in €;, thus its maximum over ¢ € J implies the L>-consistency ||[L — Lp]u||oo n-
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REMARK 5.1. For the Neumann BC: 9u/dn = g on T it holds:

fda:— Z/ on;j 45 = Z / 8nzk

keEN; at T’
:_Z/ n”dS— > / gdS,.
JEN; kEN; at T

EXERCISE 5.1. Generalize FVM (5.3) for the inhomogeneous medium:
—div(a(z)Vu) = f in Q.

5.3. FVM for low-order convection terms. Consider the stationary diffusion-
convection equation given in the divergence form: find u(z) € C(Q) N C?(Q) such
that

Lu(z) := —div(a(z)Vu(z) — b(z) - u(z)) = f(z) inQCR%

where the right-hand side f(x) € C(9), coefficients a(z), b;(z) € C*(Q) with vector
b= (by...,bq), and a > 0.

Using Voronoi diagram on unstructured grids we generalize FVM. Denote by
Bij = b-n;; on the box sides I';; and decompose 3;; = B — B;; into the positive

ij
BZT’JT > 0 and the negative parts §;. > 0, the 1-st order consistent approximation

’L]—

(Enuten)); = - 30 { [Tl8) 4 52T - [Tl | o)

o Wl =l [ — i

constitutes L-matrix Ly,.

6. FDM for parabolic IBVP

In the 1d-spatial domain © = (0, 1), we consider a parabolic equation

0
o

Namely, in the cylinder Qr = (0,T) x £ we look for u(t,z) € C*'(Qr) N C(Qr)
satisfying

-I-L]u—f

2
% Ou =f forte(0,T7),z€Q (diffusion/heat equation),

(6.1) u(t, ) = g(t,ac) for t € (0,T), x € 00 :={0,1} (Dirichlet BC),
w(0,7) =u’(z) fort=0,2€Q=(0,1) (IC).
6.1. Full discretization. For equidistant grid points: ; =ih, i =0,..., N,
h =1/N and t* = kr, k = 0,...,M, 7 = T/M, we discretize (6.1) by 6-point

schemes with an extra parameter o € [0,1]: Find a discrete function u(, ) =
(U?)i:o’”"]\]’ k=0,...,M such that

[DFf + L{Ju(rn) = frn)
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by means of the relations

B b
“—t = D D (ouf !+ (1= o)uf) = fF,

(6.2) i=0,...,N, k=0,..., M,
uf = g1(t%), uf = g2(t%), k=0,...,M,
uf = ul(z;), i=0,...,N.

Set «y := 7/h? for short. From (6.2) we have an equivalent o-dependent scheme:

(6.3) (14 207)u; ™ — oy(ui ! +uif))
= (1201 = o)y)ui + (1= o)y(uiy +ufyy) +7fF = F}.
In particular, it establishes different stencils (see Fig. 6.1):

e (0 =0) explicit (forward) Euler scheme:
wtt = (1= 29)ulf +y(uf_y +ufyr) + 78, ).
e (0 =1) implicit (backward) Euler scheme:
(L 27)u™ = () + ) = wf + 7 ).
e (0 =1/2) Crank—Nicolson scheme:
201+ =y (ui] + i)

=201 —y)uf +y(uf_y +ufyy) + 27 f (¢ +7/2,25).

k+1 k+1 k+1

i-1 i i+1 i-1 i i+1 i-1 i i+l

(4) (B) (c)

FIGURE 6.1. (A) explicit Euler, (B) implicit Euler, (C) Crank-Nicolson.

6.2. Error estimates.

LEMMA 6.1 (L°-consistency error). (Grossmann et al. 2007, Lemma 2.73,
p.105) Let the solution of (6.1) be smooth such that u € C**(Q7), then the con-
sistency error estimate holds:

I[DF + L) (rrmyu) = Firmylos,(rmy = O(lo = 1/2|7 + 72 4 B?).

LEMMA 6.2. For the linear system (6.2), stability and a-priori estimates are
equivalent.

LEMMA 6.3 (L*°-stability error). (Grossmann et al. 2007, p.106-107) If the
Courant—Friedrichs—Lewy (CFL) condition holds, namely:

(1—0)y=(1-0)1/h*<1/2,
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then the stability estimate holds:

M—1
max b < max  |ul|+7 g max_|f7].
i€{0,....N}, ke{0,....M—1} i€{0,...,N} =5 i€{0. N}

THEOREM 6.1 (L°-convergence error). (Gﬁossmann et al. 2007, Th.2.74, p.107)
Let the solution of (6.1) be smooth u € C*>*(Q0), and (1, h)-discretization (6.2) is
such that the CFL-condition holds. The convergence error admits the estimate:
max lu(t?, z;) — uf| = O(|lo — 1/2|7 + 72 + h?).
1€{0,...,N}, ke{0,....M—1}
6.3. Semi-discretization. The vertical method of lines (MOL): Find the vec-
tor u(t) = (uy(t),...,un—1(¢)) such that

du; 1 .

CZ *ﬁ(ui+1+ui—172ui):fia Z:L"'vaL
uOEg(O)a UNEg(l),

i (0) = u0(;) i=1,...,N—1

implies the system of (N — 1) first-order linear ODE supported by (N — 1) initial
conditions, see illustration in Fig. 6.2.

x9=0 x;=h xy=1 x

FIGURE 6.2. Vertical method of lines.

tM=T

t'=T

=0
0 1 x

FIGURE 6.3. Horizontal methods of lines.
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While the horizontal (Rothe’s) MOL: Find the vector u(z) = (u!(z),...,u™ (z))
such that

B R R

- = f*, k=0,....,M—1,
T dz?
uktH0) = ¢g(0), WFi(1)=g(1), k=0,...,M—1,
ud =uf

results in the system of M second-order elliptic PDE supported by the Dirichlet
BC, see illustration in Fig. 6.3.

7. FDM for hyperbolic IBVP

7.1. The 1d wave equation on uniform grid. Consider the wave equation:

82

Lo

and the respective hyperbolic IBVP: Find u(t,z) € C?(Qr) N C19(Qr) in the
1d-spatial domain Q = (0, 1) such that

—A]u:f

% 82 = f(t,x) fort € (0,7), z € Q,
"D utz) = (,) for t € (0,T), z € T := {0, 1},

u(0,7) = u’(z), %( x) =09 () for z € Q.

Rl TTTTITIIII AT R+1t :

kL . P N '

Bl ] ' ko1 .

i-1 i i+1 i-1 i i+1
(4) (B)

FIGURE 7.1. (A) explicit and (B) implicit schemes for hyperbolic IBVP.

We discretize [D D + Lp|u(r py = fr,n) by means of the schemes, see Fig. 7.1:
(E) 5-point explicit scheme:

k k—
(7 2) ui+1 + U; ' 2“? _ U’?Jrl + ui‘ﬁfl 7 2”5 + fk
. T2 h2 ()

or, in the equivalent form with the Courant number v = 7/h:
upth = TR 21 = P (e ) + TR

(I) 7-point implicit scheme:

k+1

k41 k41 k41 k-1 k—1
—Fulc ! 2u§c 7I1 +u,; + —2u z+ 1+1 +u; oy — 2w
(7.3) . - 2h2 - 572 = I,

or, equivalently,

2
1+ ) P ( ic-tllJrukH)*2U§*(1+72)U§_1+77( Uiy q Jruz 1)*7'2f’C
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The discrete equations are supported by the discrete initial data:
ud = ul(z), uf =ud + 700 (xy).

7.2. Three-term recurrence and stability. Consider the second order dif-
ference equation (three-term recurrence relation): given coeflicients aq,ag, initial
data U°, U', and right-hand side 72F* € R, find U* € R such that

U+ a U + aUF 2 = 72F%  for k> 2.
The characteristic equation p? + a1p + as = 0 has two complex roots p1,ps € C.
—k = — — —k
We express U as the sum UF = U + U, where U’ = U°, U' = U',and U solves

the homogeneous equation

T +a 0 4a0" =0 fork>2.
Whereas U* satisfies zero initial data U° = U = 0 and the recurrence equation
Uk —l—alﬁk*l +a2(7k72 =72F* for k > 2.

LEMMA 7.1 (Stability of three-term recurrence). (Rannacher 2008, Satz 6.1,
S.225) Let |p1] <1 and |p2| < 1. Then stability error estimate holds:

(7.4) T* < cmax{|U°),[U]}, ¢>0, |0%< 2k? max |F7].
J=2,.s

With the help of Lemma, for the discretizations of the wave equation we estab-
lish consistency, stability, and the following convergence results.

7.3. von Neumann convergence analysis.

THEOREM 7.1 (Convergence error). (Rannacher 2008, Satz 6.2, S.223) Let the
solution of (7.1) be smooth u € C*(Qr) and the Courant-Friedrichs—Lewy (CFL)
condition v := 7/h < 1 hold for the explicit scheme (7.2), then both discretizations
(7.2) and (7.3) obey the convergence error

t*) —u*[lon = O(7% + b?).
o [|u() = uon = O+ 17)

7.4. First order hyperbolic system. In 1d-spatial cylinder Qr = (0,T) X
(0,1), for given coefficient a € R, continuous functions f, initial data v°, and
continuously differentiable u°, consider IP for the wave equation from (7.1):

o? o? 0

8T;j/_a287;::finQT7 u:u07a—?:v0ast=0.
Introducing new variables v; = du/dt and vy = a du/Ox such that

vy 0%u 5 0%u vy Ovy 0%u ovy

ot o2 o2 “ox ot “otor  "ox’
we can express it as a lst-order linear hyperbolic system for the pair v(t,z) =
(v1,v2) T € CHQr)?> N C(Qr)? with a symmetric 2 x 2 matrix A:

ov ov 0 —a 00

54_,4%_07 A= (—a O)’ v = (a%qf:) att = 0.
For periodic data such that f(t,z + 1) = f(t,z), 0u®/dz(x + 1) = ou’/0x(x),
v9(z+1) = v%(z) in Q7, we complete the system with periodic boundary conditions:

v(t,0) =wv(t,1) forte (0,T).

In this way we arrive at the form of conservation laws following next.
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8. FDM for linear conservation law

Let a vector-function f = (f1,...,fa)7 : R¥™2 s R? and the initial data
u® € WH>°(R?) be given. Consider the first order, nonlinear PDE problem: Find
u(t,x) € WH (R, x R?) such that

(8.1) % +divaf(t,z,u) =0 ae t>0z€RY
u(0,z) =u’(z) ae. z€RY
where J
) - of  Of ou
div, f(t, @, u) = ;(81:1- e )

If f is differentiable, then it can be rewritten as a nonlinear transport problem (TP):

d
A of
E‘FU'V‘TU—F.——i:Elaxi

with the velocity v := %(t,x, u).

In the linear case, v(t,z) and F(t,x) do not depend on w.
8.1. Linear transport problem in 1d. For a constant velocity v > 0, con-
sider the linear transport problem in 1d: Find u(t,z) € W5 (R, x R) such that
ou ou

- — =0 ae t>0 R
(8.2) 8t+1}8x ae. t>0,r €R,

u(0,z) =u’(z) ae z€R.
LEMMA 8.1 (Solution formula and maximum principle). A unique solution to
(8.2) is given by the explicit formula
(8.3) u(t,z) = u®(z — vt)
and satisfies the mazimum principle:

inf u°(z) < wu(t,z) < supu’(x).
z€R z€R

EXERCISE 8.1. Justify (8.3) by differentiation, take infimum and supremum.

On the uniform grid (t*,z;) = (k7,ih) for k € N, i € Z, explicit discretization
of (8.2) with respect to time implies upwind schemes:
Diu=—v[eD} + (1 —0)D; Ju, o€]0,1]
with the particular stencils illustrated in Fig. 8.1.

k+1 k+1 k+1

i-1 i i+1 i-1 i i+1 i-1 i i+1

(a) (B) (©)

FIGURE 8.1. Stencils for (A) 0 =1/2, (B) 0 =0, (C) 0 = 1.
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8.2. L*°-error analysis.

THEOREM 8.1 (L*°-error analysis). (Grossmann et al. 2007, Th.2.7, p.39) Let
u® € CYL(R) have a Lipschitz continuous derivative. In the mazimum norm, the
explicit upwind scheme (0 =0): Find u( ) = (u¥)iez ken such that

(8.4) [DF +vDy Juen =0
U(T,h) (O, xh) = uo(mh)

is consistent of order 1. Under the CFL-condition v := vr/h < 1, the discrete
mazximum principle holds:

inf uf < uf < sup uf,

i€EZL icZ

then (8.4) is stable and convergent of order 1 in any finite time interval t € [0,T).

8.3. Fourier stability analysis. Take a countable complex-valued basis in
the space L?(—m,7):

no
(8.5) vj(z) = \/%e”w, JEL, *=—1,

T

which is orthogonal such that / v;T; doz = hd;; with the complex conjugate func-

—T

1, 5=1 )
tion vy(z) = y/£e " and the Kronecker delta §;; = {0 J';él . For a grid
y J
function wj, = (u;) ez on the equidistant space grid x;, = (jh);jez, we define the
discrete Fourier transform:

F %= {uy: Z luj|* < oo} = L (—m,m), Fup(z) = Zujvj(a:),
JEL JEZ
and for u € L?(—m, ) the inverse Fourier transform F~': L?(—m, m) — [ by
1 /7
=5 B

LEMMA 8.2 (Parseval’s identity). The norms are equal:

(Flwn = (F'u)y)jez,  (Flu); u(z)v;(z) du.

[ FunllZe—rmy = lunllg »-
LEMMA 8.3 (Shift property).
Fl(ujrr)jezl(x) = e (Fun)(x), Fl(uj-1)jezl(x) = e (Fun)(z).

THEOREM 8.2 (L?-error). (Grossmann et al. 2007, Th.2.10, p.43) For the ini-
tial data u® € CH1(R), let its derivative (u®)’ have a compact support in interval
(=P, P) with a finite number P > 0.

(i) With respect to the norm i {max }|| “|lo.n, the explicit upwind scheme
€{0,....M
s consistent of order one.
(ii) Under the CFL-condition v < 1, it is stable and convergent of order one.
REMARK 8.1. Consider a difference equation satisfying the generic estimate:
Wb < aluf| +7|fl, k=1,...,M —1,7=T/M,
where a is called an amplification factor. A sufficient condition for stability is

a<1+1/k
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Indeed, we estimate iteratively

k—1
W) < afaluf M 7D+ 7S < < aFlud 47 Y allf)
j=0

If a <1+ 1/k, then a* < (1 +1/k)* < e, and the geometric series yields:

k—1 1710;:_1 < 17 ifa < 1’ k > 2
aj = I{j’ lfa == ].,
j=0 1*1‘12_1 < Zj, ifl<a<1l41/k.

8.4. Instability analysis.
REMARK 8.2. For v > 1, the upwind scheme (8.4) is unstable.

If v > 1, then for € € (0,2(y — 1)) there exists § € (0,7/2) such that a :=
(1 =)+ ~e™| =2y—1>1+e¢e. Therefore, the amplification factor a > 14 ¢ and
using €)) = 0, from (??) we estimate the error asymptotically for 7 = M /k:

k
lex™ lon = —allefllon + Tl IElon = ... = (—a)* Mefllon + 7>
=0
k+1 _ 1 1 k+1 _ 1 1 k+1
:Ta >7'( +¢) 20(7( +¢) ) —  00.
a—1 a—1 k k—o0

REMARK 8.3. The upwind scheme (o = 1): u?“ =1+ 'y)uéC — ’yu?H is
unstable.

. . k+1 _ k k k
Applying the Fourier transform we have Fej™ " = (1+v)Fej —vFej  +7FI7,

where F e? 1= e i F e? according to the shift property. Henceforth,
lei* lon = |1 +7) + e~ llexllon + 75 llo,n,
and the amplification factor a =14 2y > 1.

EXERCISE 8.2. Prove that the upwind scheme (o = 1/2) is unstable.

9. FDM for nonlinear conservation law and systems

For f € C%*(R) with f” > 0 and u® € WH>(R), consider the 1d nonlinear
conservation problem: Find u(t,z) € W1 (R, x R) such that

Oou 0

— + — = .e. R
9.1) 5 +axf(u) 0 ae t>0,z€R,

u(0,2) = u’(z) a.e. r € R.

LEMMA 9.1 (Solution formula). Let the derivative (u®) > 0, then the unique
solution to (9.1) is given by the implicit formula:

u(t,z) = u®(z — tf' (u(t, 2))).
The explicit method suggests the discretization:
Dfu+[oD;f 4+ (1—0)D; ]f(u) =0, o€]0,1].
For example, for o = 1/2 we get:

u ™t = uf = g [fuf) = flufy)].
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It can be generalized to a conservation scheme:

-
(9'2) u;ﬁl = u? - E[F(uf+1’uf) - F(uf’u? 1)] = H(uf 17uf,uf+1)

with a numerical flur F(v,w) : R? — R such that F(v,v) = f(v). Indeed, from
#[F(u(z +h),u(@)) = F(u(@), u(z — h)] = g F(u(z), u(z ))@ +O(h)
= () 98+ O(h) = A f(u(a)) + O(h),

it follows the consistency when F(v,v) = f(v).

9.1. Lax—Friedrichs flux. The well-known Laz—Friedrichs fluz has the form:

F(o,0) = 3/(0) + Fw) + 2w = )]

With this flux the conservation scheme reads:

(9:3) uftt =wf — Z[f(ub ) + fuf) + 2(ub —ub,y)
h uk uk
— ff) = flub ) = S (uf o — k)] = it k) — fab)).

-
DEFINITION 9.1. A conservation scheme (9.2) is called monotone, if the func-
tion (u,v,w) — H(u,v,w) is non-decreasing.
LEMMA 9.2. The Laz—Friedrichs scheme (9.3) is monotone, if the CFL-condition
\f’\% <1 holds.

Note that in the linear case of f(u) = vu, the CFL-condition implies [’ = v.

LEMMA 9.3. (Grossmann et al. 2007, Lemma 2.19, p.55) From the monotone
property, it follows the discrete maximum principle:

mk k+1

k ko k \_. ark
i < max(ui_y, ui, uiyy) =1 M;

— in(uk ok ok
= min(ug_q,up, Uiy ) < U i

REMARK 9.1. (Grossmann et al. 2007, Th.2.21, p.56) A monotone conservation
scheme is convergent of order at most 1.

9.2. Lax—Wendroff method. Begin with the linear transport problem (8.2):

0
E_F a%;:oast>o, u:uoatt:O, for z € R.

Look the explicit scheme in the form (Larsson and Thomee 2008, Sec.12.1):
bt = qul |+ buf + cuf,

with unknown coefficients a, b,c € R. To get the second-order consistency, we need
b=1—a — c such that solution of (8.2) after Taylor’s expansion in (¥, x;) yields

w(t™ ) — au(t®, zi) = bu(th, z;) — cu(t®, ziga)

w(th T ) — u(th, z) + a(u(tk, z;) — u(t®, a:i_l)) — c(u(tk, Tiy1) — u(th, xz))

ou ou 0%u h? 9%u7, 3 .3
:[Ta—l—(a—c)ha——ﬁ—Tw—(a—i— )QW}( ;) + O(r3 + ).
Differentiating (8.2) we substitute here 873 = 71}81&8“ and gxfj = 7%% and use

the Courant number v = v, then the expression in square brackets is zero when
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a—c = and a+c = 72 Solving three relations we determine uniquely the
coefficients

1 1
a=370r+1), e=351(y=1), b=1-7%
which constitute the Laz—Wendroff scheme:
(9.4) i = b = by — b))+ (b - 2uf k).
For stability, we apply the Fourier transform F to (9.4) and use (8.2) to obtain
the following equation for the error e, ) 1= 77 p)u — Uz p):
1 —1
Fept @) = YR F((ef 1)jezl(@) + (1= 2*)Fefi(@) + G2 Fl(efy1) ez (@)
_ (’Y(’Y2+1)ezx +1-~% 4 7(72—1)e—zx)]_—eﬁ(m)

in virtue of the shift property. The amplification factor here

|1 =% +~%cosz +vysinz|> = (1 —7*(1 — Cosac))2 +~%(1 — cos? )
=1-7*(1 -1 —cosz)* <1

implies the stability, if the CFL condition v < 1 holds.
For the nonlinear scalar conservation law in (9.1):

ou 0
E‘F% (u) =0,

the Lax—Wendroff scheme (9.4) can be generalized as follows
w =i = g (Fuf) = f(uly)

o [ () (Flabin) = 7)) = /(5 () - Fby)) -

9.3. Symmetric hyperbolic system. We look for an unknown vector U =

(u1,...,un) " (t,z) satisfying the hyperbolic system of linear equations in 1d:
ou ou
—+A—=0, t>0 R
ot + o7 ) >0, z e R,

with given symmetric matrix A € RY*N . For the symmetric system, the Lax—
Friedrichs scheme (9.3) reads (Larsson and Thomee 2008, Sec.12.1):

(95) Ut =51 - FA)US, - 5(I+ FA) UL,
= 3 (Ul + Uy — 55 A(USL — U,
whereas the Lax Wendroff scheme (9.4) turns into
(9.6) UM =TA(TA+ UL, + (I - LA?)UF + TA(EA - 1)UL,
= UF — Z AU, —UF ) + 5 A2(UF, - 20F +UE).






CHAPTER 2

Numerics of Variational Problems (VP)

10. Variational theory

Let V' be a Hilbert space (a complete vector space, that is, every Cauchy se-
quence converges) with the norm || - || induced by a scalar product (-, -). Its dual
space V* consists of linear continuous functionals f : V +— R equipped with the

dual norm
1fll, o= sup L0

0#£veV HU” 7
where f(v) = (f,v) implies the duality pairing (-, -) between V* and V. For a
given f € V* and a bilinear form a : V x V — R, consider an abstract variational
problem (VP): Find w € V such that

(10.1) a(u,v) = f(v) forallveV.
10.1. Lax—Milgram theorem.

THEOREM 10.1 (Lax—Milgram). (Grossmann et al. 2007, Lemma 3.25, p.145)
If a is continuous:

(10.2) there existsa > 0:  |a(u,v)| < allul|||v]
for all u,v € V, and coercive:
(10.3) there exists 0 < a<a: a(u,u) > allul?

then VP (10.1) has the unique solution satisfying the a-priori estimate:
1
< - 5o
[Jull < Qllfll

10.2. Minimization problem.

COROLLARY 10.1. (Grossmann et al. 2007, Lemma 3.26, p.146) Within the
Laz—Milgram theorem, if a is symmetric such that a(u,v) = a(v,u) for allu,v € V,
then (10.1) is equivalent to the minimization problem:

(10.4) J(u) = iréi‘r/lJ(v), J: V=R, J():=sa(v,v) = f(v).

10.3. Second-order elliptic BVP. For example, consider the elliptic BVP
in a domain Q C R¢ with the Lipschitz boundary 0Q = T pUT x such that T pNI'y =
(), under the mized Dirichlet—-Neumann BC:

d

d d
0 ou ou .
Lui=— ; s (j_l aij(x)axjﬁzi_l b(a) g +e(wu=1 nQ,
d

(10.5)
ou

u=0 atTp, Z a;j(x)z—mn; =0 at 'y,
8mj

i,j=1

33
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which is uniformly elliptic with respect to z € 2, when

d

aZéQ Z al] 516] X Z fOI‘f 517'~-a§d)—r € Rd'

1,j=1 =1

Multiply (10.5) with a smooth test function v and integrate by parts in 2 such that

d
A(Lu)vdz/{z{mz_lalj 88; aa;: ;b U+c( YU U} dz
[ (S estorgn)asie [ (32 autergin s = [ goie =gt

1,j=1 i,j=1

The boundary terms here are equal to zero due to the Neumann BC in (10.5) and
for v = 0 on I'p, thus we arrive at the bilinear form

a(u,v) /{Z a;j(z 88; ng Zb —U—i—c uv}dac

3,j=1
Introduce the Sobolev function space:
V={veH'(Q): v=0 ae onlp},

which is equipped with the norm induced by the inner product:

||UH?L11(Q) z/fz(v2+|Vv|2)dx, (u,v) () :/Q(uv—l—Vu-Vv) dz,

d
where |Vv|? = Vv - Vo and Vu - Vo = %%. The norm is equivalent to the
. i=1
semi-norm:

o = [ [Vl de
Q

due to the Poincare inequality (Clason 2013, Th.2.5, p.17):
(10.6) / 2 dy < KP(Q)/ V0|2 da
Q Q

which holds for all v € H*(£2) such that v =0 on I'p.
The right-hand side f € L%(2) is endowed with the respective norm

nmam=4ﬂm.

In order to apply the Max—Milgram Theorem 10.1, we check properties of the
bilinear form a : V x V — R.
e The continuity of a needs the coefficients to be uniformly bounded, i.e
a;;(x),bi(x), c(x) € L=(Q).
e Consider
d

8u ou ou
(10.7) a(u,u) / Z 8 3x,d —l—/QZbi(x)axi /Qc(m)u2dx.

i,j=1 i=1
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We show coercivity of a. Due to the ellipticity of (a;;)¢ j—1 and applying the
Poincare inequality, the first integral in (10.7) can be estimated as

au au d au 9
/ Z aij (@ aat Oz >a/g1;(8xi) dx:QHVquLQ(Q)

i,j=1

1 Kp(Q2) 2 a 2
- Q(l-‘!‘KP(Q) + 1+112p(9))||v“”L2(9) > H%M||“|‘Hl(ﬂ)'

Integrating by parts and using the identity 2 o Ly = é aa (u?), the second integral

in the right-hand side of (10.7) is estimated as follows:

/Zb —udxff /Z wtde + = /FmeudS

N =1
/ Z (bing)u dSTf—f/(divb)uzdz+l/ (b-n)u®dsS,,
T Q 2 I'n

D =1

where the integral over I'p is equal to zero due to the homogeneous Dirichlet BC.
As the result, we proceed with the estimate:

Q 2 1 . 2 1 / 2
JU) 2 ————— + — —divb)u“dx + - b- dsS,,
) > gl + [ (e gdivonlde g [ o
which follows the sufficient conditions for the coercivity:
1
bi(x) e Wh®(Q): ¢~ idivb >0 inQ, b-n>0 only.

e (a-priori estimate) Applying the Cauchy—Schwarz inequality and the contin-
uous embedding H!(2) < L?(Q) provides the chain of inequalities:

HT()HUHHNQ) / Judz < ||f||L2(Q ||U||L2(Q 1f1 22 Q)HUHHl(Q

which implies the a-priori estimate in the form: |Ju|g1 (o) < %”f”[ﬁ(g).
e For symmetric a;; = aj; and b; = 0, we get the equivalent minimization
problem (10.4) with the objective function J : H'(Q) — R,
d

J() = %/Q{ Z aij(m)(;?;;g; +c(x)v2}dx— /vadx,
i,j=1 v

which coercivity is provided by the lower bound:
1 a .
(v) 5%”“”%(9) - Hf||L2(Q)HU||L2(Q)a if ¢(z) >0,
J(v) =
= 1 a .
i@~ K@l Il @) — 1F 2 lola(o). otherise

11. Galerkin method

Let V}, C V' (conforming approximation) be a finite dimensional subspace of V|
then V}, is also a Hilbert space endowed with the topology of V. The bilinear form
a: Vi x Vi — R has the same properties. From the Lax—Milgram Theorem 10.1,
there exists a unique solution u;, € V}, of the discrete variational problem:

(11.1) a(up,vy) = f(vp) for all vy, € V.
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A discrete approximation is called consistent if the exact solution u € V satisfies
the discrete variational formulation. Since Vj, C V', we can test (10.1) with the test
function v = wy, € Vj:

(11.2) a(u,wp) = f(wp) for all wy, € Vy,
thus justifying that (11.1) is consistent.

11.1. Cea’s lemma on discretization error.

LEMMA 11.1 (Cea). (Grossmann et al. 2007, Th.3.31, p.152) The discretiza-
tion error for solutions of the problems (10.1) and (11.1) is estimated by the best
approximation error:

[l — un|| <

ISHEST

inf |lu — vy].
v;relthIU |

COROLLARY 11.1. If a is symmetric, then the improved estimate holds

a
|lu—upl < /= inf ||u—ovpl.
a vpEVh

EXERCISE 11.1. Prove the corollary by checking the estimate a(u—uy,, u—uyp) <
a(u — vp,u — vp) and using J(up) < J(vp).

Let the dimention of V}, be finite, say N € N, then there exists a basis (;)¥,
such that V;, = span{p1,...,pn € V}. Taking the ansatz for a trial function

N
up = Zujgoj(x), u; € R,
j=1

and test functions vy, = @; in (11.1), we get the linear system:

N
(11.3) Za(gpj7api)uj = f(p;), i=1,...,N,

j=1
with the stiffness matric L = (Lij)%zl € RVXN "where L;; := a(yp;, ;).
LEMMA 11.2. L is positive definite: €T LE > 0 for 0 # & € RV,
COROLLARY 11.2. If a is symmetric, then L is a Spd-matriz.

There are two general approaches to the basis choice:

e by spectral elements, every basis function ¢;(z) has a global support;
e by finite elements, every basis function ¢;(z) has a local support.

11.2. Discretizations of Poisson equation in 1d. For example, consider
the mized BVP for the Poisson equation in 1d:

' =f inQ=(0,1),
u(0) = 0 (Dirichlet BC), /(1) =0 (Neumann BC).

In the function space V = {v € H*(0,1) : v(0) = 0} the corresponding variational
problem reads: Find u € V' such that

1 1
/ u'v' dr = / fvdz forallveV.
0 0
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1. Discretization by monomial basis. Let p; = %xi, ¢l = 271 then the stiffness
matrix with entries

L ) o 1 1 1
L” = / xlilx‘jil dr = / I‘Z+‘772 dr = fx”r]*l = —F
0 0 1+7—1 o 1+75—1
1 1/2 1/3

1/2 1/3
IVE

is called the Hilbert matriz: L = . The condition number

(L) = f\‘;—‘:‘ > 1, hence the method is unstable.

2. Discretization by eigenbasis. Solving the eigenvalue problem:
—¢"=Xp in(0,1),
¢(0)=0, ¢'(1)=0,

we get the eigenvectors ¢;(z) = sin[m (3 + )] for i € N, such that

pi(@) = (5 + ) cosfr(z +i)al, @l (@) = —(n(g +0))sinln (5 +)al,

and the eigenvalues \; = —(m(% +1))%
The corresponding stiffness matriz can be calculated as follows, for i # j:

Ly = (5 +9)(} +j)/0 cosfr(L + i)a] coslr(L + f)a] do

= 772(% + z)(% —|—j)/0 (cos[w(i —j)x] + cos[m(1+1 +j):1c]) dx
1 1

sinfr(i—j)a] \0+m

= 12 () (3 +)] $nhd1+ﬁfﬂm”i}zz&

1
(i =)
and for i = j:

1
Ly =73+ 1)2/ cos?[m(3 +i)z] dx
0

1
— 1Ly i)2/ (1 + cosm(1 + 20)a]) dx = La2(L + )2,
0

The equation (11.3) implies 372 (3 +i)%u; = f; == fol fi dz following u; = #{‘H)Q
and the analytic solution given explicitly by the series:
N
un(@) = 3w fipi(@).
i=1

Here up, — 0 as ¢ — oo provides stability. However, the disadvantage is that the
method needs a-priori to know an eigenbasis.
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3. Discretization by finite element method (FEM). On the uniform grid Qp =
{z; =1ih, i=0,...,N}in Q = [0, 1] of the mesh size h = 1/N, construct continuous
piecewise-linear basis functions (so-called “hat” functions):

ma WS (xiflaxi), %7 WS (xiflami)a
pi(r) = %7 T € (T4, 2iq1), @;(x) = _%a T € (T4, 2iq1),
0, otherwise, 0, otherwise,
as illustrated in Figure 11.1.
J 0, (x)
% —
: ¢/ (x)
0 t } t t
Xig X Xy 1 x
: | |
Xi-1 X; Xi+1 1 X
(4) (B)
e ?, Pn.1 Py
0 f Y
h 1 x

()

FIGURE 11.1. (A) function ¢;, (B) derivative ¢, (C) basis (p;)X,.

The corresponding stiffness matrix computes

T T 9 Li41 9
o= [ (D@ de=—h Leo= [ @Paes [ () a3

Ti— Ci— i

resulting in the tridiagonal system:
(114) —’ll/i—l+2ui_uz'+1 :hfz for 1 = 1"._7]\]_17
up =0, —un-1+uy=0,

which coincides with the discretization by finite differences.

LEMMA 11.3. (Clason 2013, Section 1.3, p.7-8) Let the solution of (11.4) be
smooth u € H?(0,1). The discretization error admits the estimate:

lw —unll10,1) < %||U||H2(0,1)~

12. Finite element (FE) method
DEFINITION 12.1 (FE). A finite element (FE) is called the triple (T, P, ¥):

(i) element T C RY as a simply-connected domain with a piecewise-smooth
boundary,
(ii) space of shape functions P of dimension k € N,
(iii) basis U = {WUy,..., Ui} : P +— R in the dual space P* of linear continuous
functionals.
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For example, the elements are: line segment, arc in 1d; triangle, quadrilateral
in 2d; tetrahedron, polyhedron in 3d.

The space P = span{¢1, ..., ¢k} is composed by shape functions (¢;)%_, which
are, typically, polynomials.

12.1. Polynomial bases of shape functions. The standard basis is defined
with the help of 1d Lagrangian polynomials on a grid (¢;)%_, in [0, 1]:

sk = o
j=1,....k,j#i > v
e On 2 points {0, 1}, the linear interpolation u(¢) = u(0)S?(&) + u(1)S2(¢)
is provided by the shape functions:
S7(0) =1, S7(1) =0, then S7(§) =1 —¢& S5(0) =0, S5(1) = 1, then S3(¢) =&,
e On 3 points {0,1/2,1}, the quadratic interpolation holds:

u(€) = u(0)S7(€) +u(1/2)S3(€) + u(1)S3(€),

where S3(0) =1, S§(1/2) = S3(1) = 0, then S}(&£) = (26 — 1)(€ — 1);
53(1/2) = 1, 53(0) = S3(1) = 0, then S}(€) = 4€(1 — &);
S3(1) =1, S5(0) = S§(1/2) = 0, then S3(£) = (26 — 1)¢.

The hierarchical is called a basis such that (¢;)%_, C (¢;)¥*}. The example is

based on the Gegenbauer polynomials in [0, 1] which are defined recursively as

(n+1DGYP () = (20— 1)(26 — DETVD(€) - (n - 2062 (©)

n—1

starting from G((fl/z)(g) =1, Ggfl/Z)(f) :=1—2¢, then the next are calculated as
Gy (€ =26(1-6), Gy VP () = 26(1 - (26 1), et

In this case, the shape functions are: 57 = %(G((flm) + G§71/2)) =1-¢,
Sy = %(Géﬁl/m - GY””) =¢, 85 = Gg71/2) (the bubble mode), etc.

The Hermit (cubic) basis in [0,1] is defined such that

ij 00 01 10 11 hoo = (1+28)(1 = &), hfyy = —3¢(1 — &),
hi;(0) 1 0 0 0 _ 2 ;o _

A 0 1 0 o hor = €7(3 = 26), hfy = 3¢(1 - €),
R0 0 0 1 0 hio = &§(1 = €)*, by = (€ - 1)(3¢ — 1),
hiy1) 00 0 1 hir = €2(§— 1), by = £(36 - 2).

It follows the spline interpolation: w(€) = hoou(0) + horu(1) + higu'(0) + hyyu/(1).

12.2. Dual basis. For a nodal basis (¢;)¥_; of shape functions, the dual basis
is characterized by the property:
(121) \Ili(apj):&j, i,jzl,...,k.
For example,
e the Lagrange element: ¥1(p) = ¢(0), Ua(p) = p(1);
o the Hermite element: ..., Us(p) = ¢’'(0), Tu(p) = ¢'(1).
LEMMA 12.1 (Criterion of dual basis). (Clason 2013, Lemma 4.3, p.30) The
functions (U;)5_, form a basis in P* if and only if the equalities ¥;(u) = 0 for all
1=1,...,k and uw € P follow that u = 0.
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12.3. FE interpolation.

DEFINITION 12.2 (Triangulation). The decomposition (T;)icr is called an ad-
missible triangulation of a domain Q C R?, when
(i) T; are elements of the same type (e.g. triangles);
(ii) they are disjoint: T; NT; =0 fori# j, and |JT; = Q;
=
(iii) hanging nodes are excluded, that is, for i # j, the intersection T; NT; is
either empty or a nodal point (in 1d, 2d, 3d), or a complete edge (in 2d,
3d), or a complete face (in 3d).

DEFINITION 12.3 (FE interpolation). For every FE (T;, P, ¥%) with a nodal
basis (goj);’?:l, the operator I : P+ P defined as

(12.2) Tu:=Y W;(u)p,

determines a local interpolant of uw. The map I : C™(Q) — C™(Q), m € Ny, such
that its restriction on every element T; coincides with (12.2), determines a global
interpolant. The space Vi, = {ITu: u € C™(2)} is called C™-finite element space.

LEMMA 12.2 (Properties of FE interpolation). (Clason 2013, Lemma 4.6, p.35)

(i) The operator I is linear.
(ii) Interpolation property: W;(Iu) = V;(u), j=1,...,k, on T;.
(iii) I is a projection (that is I> = 1) such that Iu = u for u € Vj,.

The following lemma is useful for conforming FEM later on.

LEMMA 12.3. (Grossmann et al. 2007, Lemma 4.1, p.179) If u € C™(Q) and
u € C™T(T,) for alli € I, then uw € H™H1(Q).

13. Simplex FE

We consider a triangulation Q = (JT; C R, which vertexes 27 compose the
i€l
grid Qp, = (27 )évzl Every element T; given by a convez polytope (bounded by flat
sides) with vertexes (27);cs,, where the indexes J; = {j1,...,jj5} C {1,...,N},
can be described by a convex hull/envelope in the form
‘ [Ji [ ]
(13.1) T =conv{(z?)jes,} ={x = Z)\lxl : N =0foralll, A =1},
1=1 1=1
where (Al)}ﬂ are called barycentric coordinates.

13.1. The d-simplex.

DEFINITION 13.1. Based on the formula (13.1),

(i) the element T; C R is called d-simplex, if the cardinality |J;| = d + 1.
(ii) The unit d-simplex is the set

d+1 d+1

T={=> Ne': N>0foralll, > N=1},
=1 1=1
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with the following d + 1 vertezes (el)fill in R%:
el =(0,0,...,0), €>=(1,0,...,0), ..., etl=1(0,0,...,1).

In Figure 13.1 the unit simplexes are illustrated in local coordinates (&1, ..., &q):
1-simplexr which is segment; 2-simplex which is triangle; 3-simplex which is tetra-
hedron.

)

1Q
e1 62
: : ! ¢
0 1 ¢ 0 1 ¢

FIGURE 13.1. (A) 1-simplex, (B) 2-simplex, (C) 3-simplex.

LEMMA 13.1 (Parametrization). (Hackbusch 1992, Exercise 8.3.14, p.177) Any
d-simplex T; with vertexes (le);iill can be uniquely mapped to the unit simplex T

by means of the affine transformation:

d
X TeT, x=X'"(:=a"+ Zgl(leﬂ — 2i)
=1
with the Jacobian determinant
X, X jo

J1 Jd+1 J1
5. OE P —ayt o T -
| X := det - = - > 0.
ax} ax’ J2 J1 Jd+1 J1
&, o BEy d d d d

EXERCISE 13.1. Check that X?(e!) = 2/t forall [ =1,...,d + 1.

13.2. Triangular FE. In 2d, consider a triangular FE consisting of element
T; which is the triangle with vertexes (z!, 2%, ), P being the space of linear func-
tions, U,;(¢) = (), j = 1,2,3 implying a nodal basis. We assume the uniform

triangulation in the unit square Q = (0,1)? endowed with the grid
Q,={27ecQ,j=1,....,N: 2 = (kh,lh), k,1 € Ny}

of the mesh size h = 1/vV/N — 1, as illustrated in Figure 13.2 for N = 16.
For the lower triangles we calculate the affine transformation:

) . . . h 0 ) —
X' =2l 4 &(h0) +&(0,n) =a? + ke, |XT| = | 1= (X)7 =T,
similarly, for the upper triangles:
; j ; ; —h 0 ; -z
X :ijgl(h,())*fg(o,h):‘ijhf, |X |: ‘ 0 _h’h27 (X) ! n
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X2

0 1 %
FIGURE 13.2. Example triangulation with h = 1/3 for N = 16.

The shape functions in the unit 2-simplex T should satisfy S;(e’) = §;; for the
nodal basis, thus

S1(§)=1-& =&, S206) =&, S3(¢) =&

The transformed shape functions in T; are

() Sj(“:_hwj) for lower triangles;
i(z) = ,
o S5( 2=2)  for upper triangles.

h
For every node z/ € €y, consider a patch ﬁj = |JT; over the index set
icl;
I; ={iel: je€ J;} consisted of maximum 6 triangles T}, , ..., T;, adjacent to z7.

From local hat-functions we compose a global basis function (which are continuous
piecewise linear) ¢;(z) on every patch II; C  as illustrated in Figure 13.3.

A+Chh)  DHO) ss(-5%) 1 (3)
J 1|1 1(1
| AN HIRNHE
*/+(-h,0) \ */+(h,0) - - - -
¥ 31('”7) 32('%) 5 (5) 5 (é)
-7 i)
PH0h) D) ss(%5) R\l
(a) (B) (c)

FIGURE 13.3. (A) patch II;, (B) function ¢;, (C) gradient V;(x).

13.3. Stiffness and mass matrices for Poisson equation.

ExampPLE 13.1. Consider the Dirichlet problem for the Poisson equation: Find
u € HY(Q) such that u|r, =0 and

/(Vu-VU—fU)dsz
Q

for all v € H'(Q2) such that v|p, = 0. The Galerkin ansatz

N N
un =Y w, o=y i,
=1 =1
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and the test function v, = ¢7 result in the discrete problem:
(13.2) > / (V@ -Vg; — figipjde) =0 for j=1,...,N, wujlr, = 0.
€L, A,
We compute the gradient of the global shape functions

x—at 275011 (gg; 1/h 0 1 /-1
vsl( h )‘(652 Vesi = | g 1/h VeSi=g 1)

oz 8302
va(52) -1 (5). w5 -1 ().

voaly _ (5 352 ~1/h 0 1
Vs (- )—(25 B ) vesi= (g0 ) Ve =7 (1)
x—al 1 /-1 r—af 170
vasa (- )_h<0>’ vass(-=; )_h(—1>

entering the integral in (13.2) by the mean of ), fl‘lml‘lv V@, - V@; dr which can
J J
be directly calculated for every element T; as follows

h? 1
2 — _ — 2 = —_— = - =
/ |[Vr|*da = (h2 h2 / Vi |* dx 3 h2 5 for [ = 2,3,

h? 1 1
/ﬂ Vi -Vyrde = ?(_ﬁ> =5 for I = 2,3, /T Vs - Vs dr = 0.

Consequently, we assemble the stiffness matriz and get the corresponding interior
stencil for the Laplace operator as illustrated below in Figure 13.4.

¢ Ty DN
5 0|-1|0
RN ) 1l a1
.1/2 1 1/21/2 -1/2
0|-1|0
-1/2 -1 0
2 0

FIGURE 13.4. Interior stencil for the stiffness matrix for —Ay,.

Next we calculate the mass matriz > lel, fl‘[ml‘[- p1pj dx entering (13.2) for
E J
every element T; as

h? . h2
/(%) d$*|XZ|/52d§** / sﬁjwdz:\XZ\/SjSldﬁif
T T, T 24

as shown in Figure 13.5, using the ezxact integration formula over the unit d-simplex
(Ciarlet and Lions 1991, (25.14), p.187):

m!ng!...nd!
13.3 mepr L EhdE = :
(13.3) /T£1 &7t dg (d+n1+ny+...+ng)!

EXERCISE 13.2. Calculate integrals in the mass matrix using formula (13.3).
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11 11
1(1]|0
2 2
5 g 161
0 1
11 11

FIGURE 13.5. Interior stencil for the mass matrix.

14. Rectangular FE in 2d
For the unit square 7' = (0,1)? with vertexes
el =(0,0), €*=(1,0), *=(0,1), e*=(1,1),
a special parametrization such that \;(e/) = d;;, given by

M=01-&)1-&), A=41-&), A=0-84)&, =4,
follows that ()‘l)?:l are barycentric coordinates with the properties:
e )\; >0 for all [,

o i N=(1-& —E+&E)+ (6 — &) + (&2 — &) + &&= 1,
o T4 L (1 =&)+&&) _ (&
L Ne = ((1 —&1)6 + 51§2> B (52)
LEMMA 14.1 (Bilinear mapping). (Brenner and Scott 2008, Fx.4.x.21, p.127)

Any quadrilateral T; with vertezes (x7')}_, can be transformed to the unit square by
the bilinear coordinate transformation (isomorphismus) X® : T s T,

r=X (&)= (1-&)1 —&)7 + & (1 — &) + (1 — &)&a?® + & &l
with the Jacobian determinant %
— det ((1 - §2)(l‘{2 - I{I) + 52(3:{4 — mjf’), (1-— §1)(m{3 — x{l) + 51(1‘{4 — xjf))
(1 =&)(x5 —23') + &z —29°), (1—-&) (@ —23") + ey —23°)

For conver T;, the mapping is a diffeomorphism (i.e. the both X' and (X*)~! are
differentiable).

EXERCISE 14.1. Give an example of a nonconvex quadrilateral T; such that

aa)g (§)| =0 in some £ € T.

14.1. Bilinear elements. Let P, denote the set of polynomials of degree at
most k € Ny:

k

Pr={p() =) a&, ceR, i=0,... k}

i=0
In any element T in R? define the set of polynomials of degree k in each variable:

k
Qk(T) = {p(f) = Z C(n,@)filf?» C(iy,iz) € R, d1,12 =0, .. ~7k}7

i1,i2=0
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and the smaller set P (T) C Qx(T) of polynomials of the total degree k:
k . .
Pe(T) ={p(§) = D i€l €8, Clinia) ER, i1 +i2=0,...,k}.
i14i2=0
On the unit square T', we consider the bilinear Q;-basis (S;)%_, formed by linear

Py-polynomials:
l 1 2 3 4
S | (1=&)(1=8&) [ &(1—-E&) [ (1=E&)& | &ié

v (Ch0g) () () (@)

For a rectangle T; of the size h; x ho, the bilinear mapping X°* : T +— T from
Lemma 14.1 is affine:

ox? hi O
— = hih =
af 0 hQ‘ 1742, El
DEFINITION 14.1. The rectangular FE consists of

o hy x ho-rectangle T; with vertezes (z71)}_,,

e the space P = Qq(T;) of bilinear functions,

e a dual basis (V)1 in P* such that V() = o(a’t) forl=1,...,4.

-z

Xl(g) = l'j + (§1h17£2h2)7 h;

L l=1,2.

On the uniform triangulation by hy X hg-rectangles in Q@ = (0,a1) x (0, az)
endowed with the grid:

Q={27€Q,j=1,....,N: a7 = (khy,lhy), k,1 € Ny},
for every vertex 27 € Qy, consider the patch
0= JT; forl;={icl:jeJ;}
=
consisting of maximum 4 rectangles adjacent to 2. The nodal basis (gZJj)évzl is

composed of continuous bilinear functions in {2 and implies that ¢;(z!) = §;; for all
vertexes x! of II; (maximum 9), thus forming the Galerkin ansatz

N
(14.1) up =Y _u;p; € Vi C H'Y(Q).

Jj=1

14.2. Stiffness and mass matrices. To compute the stiffness and mass ma-
trices for uy, given by (14.1), the Gauss—Legendre quadrature is useful which is exact

for P5(0,1):
[ i M o ()

Using it, we can calculate the stiffness matriz for the Laplace operator (see (13.2)):

R ~ ox LS ISY ’
Z/ wl-wjd:czla—gt/ 95 9w | Vs,
Hlﬂﬂj T

i )ves| G

[0 )] (4 )
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Ay Az | A3 Ay
Ay Ay | A Ay
Ay AL | A A
Ay Az | A3 Ay
(Thomson and Pinsky 1995):

hihy , 1 1 hihs

on the interior patch with the following coefficients due to

2 1

A - Ay = . —
T3 (h% hg)’ 2 6 (h% hg)’
h1h2 1 2 hlhg 1 1

A - — — 5 - A = = — — ).

° G h%+h§)’ ! 6 (h§+h§)
Ag | 2A3 | Ay -1 -1]-1

The resulting 9-point stencil | 245 | 4A; | 2A5 | is equal to % -1 8 | —-1]in

As | 2A3 | As —1]-1]-1

the case of square when h; = hs.
For example, if 7 =, then

4
R 1/hq 0
Vil = hih E/‘( )VS
/m‘ i St AN VP A
and for [ = 1:

o [
_ hth/Ol{hl%(l e +/01 hi%u - &) da }des = hlhz(g%% + 3%3)

due to formula [ b (1= &) déa = i [(1 = =542)%+ (1 = H2)7] = g

2
dg,

EXERCISE 14.2. Calculate the coefficients Ay, Az, A4 by the Gauss—Legendre
quadrature.

Similarly, the mass matriz according to (13.2):

A O |
Z/Hmj Py da = ]%];/Tszsjds

lel;

can be computed on the interior patch as

1/36 1/18 | 1/18 1/36 T
1/18 1/9|1/9 1/18 . . hiho

hihs /18 191 1/9 /18 following the stencil 36 411 146 111 .
1/36 1/18 | 1/18 1/36

EXERCISE 14.3. Calculate the mass matrix by the Gauss—Legendre quadrature.

14.3. Helmholtz equation. Consider Dirichlet problem for the Helmholtz
equation: Fixed a wave number k € R, find u € H'(Q) such that u = u° on 9Q and

/(VU'VU— E*uv)dr =0
Q

for all v € H}(Q). The discretization on the rectangular FE with the trial functions

N N
_ ~ 0 __ 0~
Up = E upr, uUp = E Uy @1
=1 =1
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and the test functions v = ¢; leads to the relations:

Z/ W[V -V — kK@il de forj=1,...,N, u;=u ondQ
te1; /NI

yielding the system matrix stencil:

2 2 2
L Phaha [ TR [ R R
T T T
24y — 12 | 4A, - 2 19y, B2
k2hyh k2hyh 2yl
A4 - 1762 2143 B 1762 A4 B 1702
36 9 36

We note numerical difficulty (pollution effect, instability) for large wave number k.

15. Interpolation error estimate

We specify FE-interpolation (see Definition 12.3) for the Sobolev spaces WP,
k,p € N in a domain Q with the Lipschitz boundary 052, equipped with the norm

lalyemy = S ID“ullqys Nully g == /Q uf? da,
0| <k
alely
Bm;"l“.[‘)m;d
(a1,...,aq) € Nd of the length |a] = a1 + ... + ag.
Generalization of the Poincare inequality (10.6) is called Poincare—Friedrichs
inequality (Brenner et al. 2008, Th.10.6.12, p.299): For v € W*?(Q) it holds

p
151) [olpn < Ke@] 3 ‘/QD%M olney b Kp(@) >0

0<|or|<h—1

where the derivative D%u = is determined by the multi-index o =

with the seminorm |U‘€V’W(Q) = |al=k ||Dau\|’£p(m.
15.1. Bramble—Hilbert lemma.

LEMMA 15.1 (Bramble-Hilbert). (Grossmann et al. 2007, Th.4.25, p.224) Let
a functional f: WFP(Q) — R be
(i) bounded: |f(u)| < eilullwr.r(q), c1 >0,
(i) sublinear: |f(u+v)| < ca(|f(w)| + |f()]), c2 > 0.
If f(u) = 0 for all polynomials u € Px_1, then there exists ¢ > 0 such that

(15.2) [ (u)] < clulwnr ).

15.2. Interpolation by simplex FE. Consider a triangulation Q = |JT;
i€l
by a family of FE (T;, P, ¥). Let h; := max lx — y|| be the diameter, and p; > 0
z,ycT;

be the largest radius of a ball inscribed in the element T;.

DEFINITION 15.1. (i) The triangulation is called affine-equivalent, if there exists
an affine bijection X : T+ T; for all i € I.
(ii) Triangulation is called quasi-uniform, if there exists o > 0 such that
hi .
(15.3) — <o foraliel.
Pi

The mesh-size is defined as h = max h.
1€



48 V.A. Kovtunenko: Numerics of PDE

For a nodal basis (¢;)5_; in P and a dual basis (¥;)5_, in P* we recall a global
FE-interpolation I : W*P(Q) +— V}, C V such that

k
ITu = Z U;(u)p; for every element T;.
j=1

THEOREM 15.1 (Interpolation error). (Grossmann et al. 2007, Th.4.28, p.225)
For an affine-equivalent, quasi-uniform triangulation, let the interpolation I be a
projection (i.e. if u € Vy, then Iu = u) on the space Vi, of polynomials of degree at
most k — 1 defined piecewisely over the triangulation. Then the interpolation error:

(15.4) > = Tuflwesr,) < e ulyin@y  for 0< 1< k.
il
EXAMPLE 15.1. Let u € H%(Q) := W22(Q) (i.e. k =p = 2), and [u be the

linear interpolant (since k — 1 = 1) on simplexes. In this case, the estimate (15.4)
has the form as [ = 1 and [ = 0, respectively:

Hu - I’U,HHI(Q) < Ch|u|H2(Q)7 HU, — Iu||L2(Q) < ch2|u|H2(Q).

15.3. Interpolation by rectangular FE. We consider the triangulation

Q = |JT; by rectangles. Each rectangle T; allows affine transformation to the
=
unit square T as shown in Figure 15.1.

e’=(0,1) e*=(1,1)

J+(0,h) (ko)
x = 3+Eh Ehy)
T hg Ti
&= 1=1,2
P00 om0 M o he b, 0)

FIiGURE 15.1. Rectangular element bijection.
Introduce the FE-interpolation operator I : H*(2) C C(Q) — Vj, where Vj, is
the space of continuous in € and piecewise polynomials Qy (T;) = Py (7, ] 4+ h1) x
]P’l(xé, x} + hg) on every T;. The interpolation I is uniquely defined by the vertexes
(7)1, therefore,

LEMMA 15.2. The interpolation I is a projection such that Iup = up for all
up, € Vi. Moreover, since P1(T;) C Q1(T;), then Tup = up for up € P1(T3).

EXERCISE 15.1. Take u(&) = ¢o + c1&1 + c2&2 and calculate Tu(§).

THEOREM 15.2 (Interpolation error). (Le Dret 2012, Th.5.32, p.135) For a
quasi-uniform triangulation by rectangular FE such that
max(h1,h2)

<o (with fized o > 0),

in(hy,h2)
iy Fz)

where the mesh-size h 1= II_laIX(hl, hs), the interpolation error admits the estimate:
1€

ZHU_IUHLz(Ti) < Ch2|U‘H2(Q), Z|U_IU|H1(Ti) < Ch‘u|H2(Q), c>0.
i€l i€l
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16. Approximation error estimate

For a suitable subspace V' of H™ (), m € N, which is a Hilbert space again,
consider the continuous and bilinear form a : V x V +— R satisfying assumptions
(10.2) and (10.3), linear continuous functional f : V +— R, and recall the elliptic
VP (10.1): Find v € V such that

(16.1) a(u,v) = f(v) forallveV.

For a finite dimensional subspace Vi, C V (implying the conforming method), recall
the discrete problem (11.1): Find wuyp, € V3 such that

(16.2) a(up,vn) = f(vy) for all v, € V.

THEOREM 16.1 (Approximation error). Let the interpolation operator I : V —
Vi, satisfy the assumptions of Theorem 15.1. If the solution of (16.1) is smooth
u € H*Y(Q) with k > m, then the discrete solution of (16.2) has the error:

(163) ||u - uhHHm(Q) < Chk+1_m|u‘Hk+1(Q)7 c> 0.

16.1. Aubin—Nitsche lemma. For the linear continuous functional f(v) :=
(f,0)2) = fQ fvdx recalling the notation of the scalar product in L?(Q2), we
consider the adjoint problem: Find uy € V}, such that

(16.4) a(v,uf) = (f,v)r2@ forallveV.

LEMMA 16.1 (Aubin-Nitsche). (Ciarlet and Lions 1991, Th.19.1, p.141) For
the solutions u, un, us of problems (16.1), (16.2), (16.4), the error estimate holds:

1
16.5) ||lu—un| 2 < a|llu—un||lgmq) sup { inf ||lur —vp|gmiq }
(16.5) || 220 <@ |2 ( S ||f||Lz(Q)vhth,H f |z ()

16.2. Duality-based error estimates.

COROLLARY 16.1 (Duality-based L%-estimate). (Ciarlet and Lions 1991, Th.19.2,
p.142) Within the Aubin—Nitsche Lemma 16.1, if the solutions u € H*T1(Q), k > 1,
and uy € H*(Q) with lug| 20y < ¢l fllL2(q), then the L*-error estimate holds:

(16.6) |lu — Uh”LQ(Q) < Chk+1‘U|Hk+l(Q)7 c> 0.

LEMMA 16.2 (L*°-error estimate). (Ciarlet and Lions 1991, Th.17.2, p.135) In
the statement of Corollary 16.1, let the triangulation satisfy the inverse assump-
tion: there exists v > 0 such that the diameter h; of each element T; is uniformly
bounded from below as follows:

(16.7) hi > foralliel.

R =

If the solution of (16.1) is smooth u € H?(Q) N W1>(Q), then the L>-error is
estimated as:

||u — UhHLoc(Q) < Clh‘u|Wl,oc(Q) + 02h2id/2|u‘H2(Q) c1,c0 > 0.
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17. A-posteriori (residual-based) error estimate

17.1. Clement quasi-interpolant. For a non-continuous function v € V,
eg. u€ HY(Q) & C(Q) for d > 2, when a point-wise interpolation is not deter-
mined, we will define the Clement quasi-interpolant.

Let (¢;)i, be a nodal basis in Vj, associated to nodes (27)}_,. Locally, for

every FE (T}, P, V) there exist nodes x’ € T; such that for u;, € V3, NC(Q) it holds:

\Ill(uh):uh(xj)7 l:].,...,k.

For Lagrange elements, nodes can be vertexes, middles of edges, or centers of the
mass. For the triangulation 2 = |J T, for every such node a7 we define the patch

i€l
I = | J{T:: o’ € Ti).
i€l
DEFINITION 17.1 (local L2-projection). The projection 7 : L*(IIV) w Py, is
defined by

for 27 & 0N : / (u—mu)gdz =0 for all g € Pr(I1Y),
e
forz?i € 0Q: 7u=0.
Let V}, be the space of piece-wise polynomials of order at most k. For FE

(T;,Pi(T;), ¥) with the nodal basis (¢;)F_, and the dual basis (¥;)F_,, the local
Clement quasi-interpolant is defined by formula

k
Tu = Z U, (mu)p;.
=1

ExXAMPLE 17.1. In the case of piecewise constant u (k = 0), we have constant ¢
and [i; mudx = [, udz, then the Clement quasi-interpolant implies the average:

1

117 HJ‘U !

U

17.2. A-posteriori error estimate for Poisson equation. For adaptive
meshing, it needs to evaluate a-posteriori error depending on wy,.

Consider the Poisson equation in the form (10.1): For f € L%*(Q), find u €
H} () such that

/(Vu-Vv—fv)dsz for all v € H} (),
Q

and its discrete counterpart (11.1): Find a piecewise linear function v, € V}, C
H}(Q) such that

/(Vuh -Vup, — fop)dx =0 for all v, € Vj,.
Q

THEOREM 17.1 (A-posteriori error estimate). (Clason 2013, Section 6.2) Let
I be (quasi-)interpolant. If Auy, € L*(T;) and aa% € L?(T'y;) at the joint edges:

L= {T; ﬂTj . (d—1)-measure |T; ﬂTj| #0}, 4,j€el,
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then the a-posteriori error estimate holds with some c1,co > 0:
8uh
l — unll i () < @1 Zlh illf + Aunllzcr + ez ZIV il e e,
1€ 1,J€

More details concerning discontinuous functions with jumps [-] and the re-
specive Green’s formula see in (Khludnev and Kovtunenko, 2000, Section 1.4).

18. Generalization of FEM
Recall the VP (10.1) stated in the abstract form: Find u € V such that
(18.1) a(u,v) = f(v) forallveV.

18.1. Non-consistent FEM. After discretization a;, # a, f, # f when using
numerical integration typical for inhomogeneous coefficients, curved boundaries.

ExaMPLE 18.1. (Ciarlet and Lions 1991, (25.19), p.188) The following quad-
rature for nodes (¢7)7_, such that x', 2%, 2% are vertexes, z*,2°,2% are middles of
edges, and z7 is the center of mass, is exact for P3(T;):

| 3 6

/ u(z) de ~ |Z);Z) {3Zu(m]) + SZu(acj) +27u(z")}.
T, =

j=4

For a subspace V;, C V|, let a bilinear form ap : Vi X Vi — R be

o uniform continuous: 3a > 0 such that |ap(up, vn)| < allur|lv||vev,

e uniform coercive: 30 < a < a such that ap,(up,up) > allun||%,

and f, € V;© be a linear continuous functional. The Lax—Milgram Theorem 10.1
provides uniqueness of a solution to the discrete problem: Find uj € Vj, such that

(18.2) ap(up,vp) = fr(vy) for all vy € V.
The first Strang lemma generalizes Cea’s Lemma 11.1.
LeEMMA 18.1 (Strang). (Ciarlet and Lions 1991, Th.26.1, p.192) For the solu-

tions u, up of problems (18.1), (18.2), discretization error admits the estimate:

_ < inf { 1 -
fu—wnl < ing {(1+ )~ wnlv

1 — 1 —
+1 aup Ja(vn, wh) — an (v, wn)| +1 s |f (wn) fh(wh)l}_
a w,ev, l[wn v a w,ev, l[wn v

18.2. Poisson equation with inhomogeneous coefficient. For example,
consider the variational problem: For the given right-hand side f € W™ (Q),
m > 1, and uniformly bounded coefficients 0 < gy < a(z) < oy for all z € Q, find
u € H}(Q) such that

/ (a(z)Vu(z) - Vo(z) — f(z)v(z)) de =0 for all v € H)(Q),
Q
and its discretization by some Gaussian quadrature with weights w; > 0, j € K:

ST wila(@?)Vup(a?) - Vop(2?) = f(@?)on(27)] =0 for all v, € V.
iel jeEK
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For short we denote the (local) error:
E;(u) = / u(z) doe — |T;] Z wju(z?)
T JjEK

and assume that F;(u) = 0 for u € P,,_1, that means that the quadrature is exact
for polynomials of degree less than or equal to m — 1.
Since it holds the uniform continuity:

Z w;laVuy, - Vog]( :cj \/Z w;|Vup (27) \/Z w;|Vop (x7)

JEK jEK jEK

and the uniform coercivity:

D> wiolVun* (@) > a0 3wl Vunl?,

JEK jEK

we can apply the Lax—Milgram Theorem 10.1 providing existence of the unique
discrete solution uy € V.

COROLLARY 18.1. (Grossmann et al. 2007, Section 4.5.3) If u € H*(Q), then
from the first Strang Lemma 18.1 it follows the estimate:

||u - ’LLhHHl Q) S c{h|u|H2 ©) + hmeHWm oo Q)} c>0.

18.3. Non-conforming FEM. We consider the variational problem (18.1)
and the discretized problem (18.2) in the general case when V}, ¢ V.
Set the sum of the vector spaces V and V}, as

Zn=V+Vy={z=v+uvy: veV, v €V}
and extend the bilinear form ay, to ap : Zp X Z — R continuously:
there exists G > 0 such that |ap(wh, zn)| < élwnlz, |20lz,, Wh,2n € Zp,
with respect to the seminorm: |wp|%, = an(wp,ws).

LEMMA 18.2 (Strang). (Ciarlet and Lions 1991, Th.31.1, p.212) For the solu-
tions u, up of problems (18.1), (18.2) and Vi, ¢ V, the error estimate holds:

|fn(v) — an(u, vs)|
u—upl|z, < (1+a) inf |u—whlz
fu=unlz, < (1+@) Inf Ju—wnlz, + 72 sup ==—0n s

19. Petrov—Galerkin method

In two different Banach spaces U, V' (where V is reflexive), given the bilinear
form a : U x V + R and the linear continuous functional f € V*, set the generalized
VP extending (10.1): Find u € U such that

(19.1) a(u,v) = f(v) forallveV.

Generalization of the Lax—Milgram Theorem 10.1 is the following
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19.1. Ladyzhenskaya—Babuska—Brezzi-Ne¢as (LBBN) theorem.
THEOREM 19.1 (Ladyzhenskaya—Babuska—Brezzi—Necas (LBBN)). (Clason 20183,
Th.8.1, p.58) Under the following assumptions of
(i) continuity: |a(u,v)| < allul|vljv|v forueU, veV,
(ii) inf-sup condition:  inf sup _alwv)
welvey |lullullvllv
(iii) injectivity: a(u,v) =0 for all u € U follows v =0,
there ezists a unique solution to problem (19.1) satisfying the a-priori estimate
Jully < gl fllv-
REMARK 19.1. The inf-sup condition is equivalent to the following one
a(u,v)
vev [lvllv
REMARK 19.2. In the case of U =V, the coercivity follows

Za>0,

> alluljy for all w e U.

o inf-sup condition: al|ul| < % < sup a?ﬁ’ﬁ));
veV

o injectivity: if a(u,v) = 0 for all u € V, substitute here u = v, then
allv]|? < a(v,v) = 0 concludes |[v]| = 0.

REMARK 19.3. In the case of U = V and the symmetric form a(u,v) = a(v, u),
the inf-sup condition also follows injectivity: sup a‘(l';’ﬁ) > al|v|| implies v = 0.
uelU

Take the test space Vi, C V and the trial space U, C U. Even for U =V, it
can be different Uy, # V}, (e.g. for different shape functions). The Petrov—Galerkin
approximation reads: Find uj; € Uy such that

(19.2) a(up,vn) = f(vy) for all v, € V.

THEOREM 19.2 (Discrete version of LBBN). (Clason 2013, Th.8.2, p.61) Let
dim U,, = dimV,, and the discrete inf-sup condition hold:

inf sup a(un, vn)

AU > 0.
un€Unvy,evy, [unllullvnllv

Then the unique solution of (19.2) exists and satisfies the stability estimate:

lunllo < ~é”ﬂ

19.2. Generalized Cea’s lemma.

V.

LEMMA 19.1 (Generalization of Cea’s lemma). For solutions u, up of problems
(19.1) and (19.2), discretization error is estimated by the best approximation error:

a
— < (1+-) inf ||lu— .
[u—unlly < ( *’g)uégUhWL w ||

20. Mixed VP

Let V, A be two Hilbert spaces, f € V* be a linear continuous functional,
and a: VxV =R, b:V xA+— R be two bilinear forms. Consider the mized
primed-dual VP: Find a solution pair (u,v) € V' x A such that

(20.1a) a(u,v) +b(v,A\) = f(v) forallueV,

(20.1b) b(u,u) =0 forall p € A. (= g(p) can be extended for g € A*)
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20.1. Well-posedness theorem.

THEOREM 20.1 (Well-posedness). (Brezzi and Fortin 1991, Th.1.1, p.42)(Clason
2013, Th.10.1, p.75) Let the symmetric bilinear form a

i) be continuous: a(u,v)| < allu||lv||v|ly forue U, veV and
’ ()
.. . . - ., . . a(u,v
(ii) satisfy the inf-sup condition: l}rel{/ :1615 Tl ol =>a>0,

the bilinear form b:
(iii) be continuous:  |b(v,p)| < bl|v|lv||plla forv eV, ue A and
(iv) satisfy the Ladyzhenskaya—Babuska—Brezzi (LBB) condition:
inf sup b, 1)
ned vev [[oflv|plla
Then there exists the unique solution to (20.1) satisfying the a-priori estimate

1
m”f”v*-

=2 b>0.

[ullv +[[Alla <

20.2. Primal-dual variational formulation. Introduce a convez cone (i.e.
0 € K, and u,v € K follows au + fv € K for all o, 5 € R) treating (20.1b) as a
constraint:
K:={veV: bluou)=0 forall ueA},
its orthogonal complement with respect to a scalar product in V:
Kt={ueV: (uv)y=0 foralovecK},
and the dual cone:
K*:={peA: blvu) =0 foralveV}

COROLLARY 20.1. (Brenner et al. 2008, Lemma 12.2.12, p.335) By using the
closed range theorem (Steinbach 2008, Th.3.6, p.48), the inf-sup condition for u,v €
V' in Theorem 20.1 can be relazed to u,v € K.

Introduce the objective function J : V — R given by

1
J(w) 1= Ja(v,0) ~ (),
and the Lagrangian L£:V x A — R defined as the sum:
L(u,v) := J(v) +b(v, ).

THEOREM 20.2 (Optimality). (Grossmann et al. 2007, Section 4.6.1) The prob-
lem (20.1) is equivalent to

(i) minimazx (saddle-point) problem: Find (u,v) € V x A such that
L(u, p) < L(u, ) < L(v, ) for all (v,n) €V x A, that is

(20.2) L(u,A) = umel‘r/l max L(v, p);
(ii) comstrained minimization (primal) problem: Find u € K such that
J(u) = iré% J(v), which is equivalent to
(20.3a) a(u,v) = f(v) forallveK,
and its dual/adjoint problem: Find A € A such that
(20.3b) b(v,\) = f(v) —a(u,v) forallve K+,
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21. Mixed FEM

Within conforming approximation by finite dimensional subspaces V}, C V and
A, C A, the discrete mized VP reads: Find (up, A\n) € Vi, X Ay, such that

(21.1&) (uh,vh) +b(vh,)\h
(21.1b) b(un, pin

Introduce the discrete primal cone (which is also convex):

flug) for all vy, € Vp,

) =
) = 0 forall up € Ay.
Ky = {’Uh eV b(vh,uh) =0 forall JIRS Ah}
such that (21.1) leads to the discrete constrained VP: Find u;, € K}, such that
a(up,vp) = f(vp) for all v, € K.

It is important to note that:

e since K ¢ K the constrained formulation is not conforming with (20.3a),
e the continuous inf-sup condition over u, v € K does not follow any discrete
inf-sup condition over uy, vy € K.

21.1. Well-posedness and error estimate.

THEOREM 21.1 (Well-posedness and discretization error). (Clason 2013, Th.10.4,
p.78) If the discrete inf-sup and LBB conditions hold, respectively:

sup W) ol Sor alt uy € Ko,
v eKp ||'U H
sup Aoefd > Hlyanlln - for all pn € An,

oneK lonllv

then there exists the unique solution to (21.1) satisfying the stability estimate:

lunllv + [[Anlla < 1 fllv+,

{b}

and the discretization error can be estimated as
(21.2) lu —upllv + A = Anlla

max{a, b}
<V2(14+ —= f _ f
\[( +min{g,~b}){v,}gv s Uth—i- 1n H)‘ alla}

REMARK 21.1. Introducing the dual cone
Kj:={un € Ap: blop,pp) =0 forall vy, € Vi, }
and its orthogonal complement with respect to a scalar product in A:
(Ki)F={meAn: (Mn,pun)a=0 forall uy € Ki},

the LBB condition over u; € Ay in Theorem 21.1 can be relaxed to py, € (K;)*.
However, in this case we lose uniqueness and estimate for the dual variable Aj,.
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21.2. Mixed FEM for Poisson equation. For F' € L?(Q) consider the
Dirichlet problem written in the primal form: Find A € HJ(Q2) such that

(21.3) /(V/\-V,u—Fu)da::O for all u € H(Q),
Q

and in the primal-dual form: Find u € H(div,Q) =: V, where the space
H(div,Q) = {u = (u1,...,uq)" € L*(4RY) :  divu € L*(Q)},
and A € L?(Q) =: A such that

(21.4a) /(u v+ Mive)dz =0 for all v = (vy,...,vq)" € H(div, ),
Q
(21.4b) / pdivu de = 7/ Fudx for all u € L*(Q).
Q Q
The latter equation is equivalent to divu = —F by the fundamental lemma of

calculus of variations. The notation of bilinear and linear forms as
a(u,v) = / u-vdr, blv,\):= / Mivodz, g(p):= —/ Fudzx,
Q Q Q
agrees the general form (21.1).

LEMMA 21.1 (Equivalence). (Grossmann et al. 2007, Lemma 4.81, p.273) Let
A € H?(Q) N HE () exist and satisfy the Poisson equation —AX = F in Q. Then
problems (21.3) and (21.4) are equivalent with u = V.

21.3. Well-posedness of mixed FEM for Poisson equation.

LEMMA 21.2 (Well-posedness). (Clason 2013, Lemma 10.6, p.82) The primal-
dual VP (21.4) is uniquely solvable with the a-priori estimate:

S| =

1 1
lull #r(aiv,0) + 1M L20) < (1+ 3 + b7)||F||L2(Q)7 - =1+ Kp(Q)2.

21.4. Raviart—-Thomas FE. Let Q = |JT; be an affine-equivalent triangu-
=
lation. We define a conforming FE by the mean of finite-dimensional spaces:

Ap = {un € L*(Q):  pn €Po(Ty), i € I} (i.e. piece-wise constant),
Vi ={vp € H(div,Q):  wp(z)=b+cx, beR ccR forz €T ic I}

To determine b and ¢ we aim at the two key properties:

(i) divo, € L*(T;) for i € I,

(ii) the jump [vs] - n;; = 0 across the joint edges I';; for 4,5 € I.
The first property holds since div v, = div(b+ cx) = c¢d is constant in each T;. The
second property is possible by the choice of coefficients b, ¢ in V}, for plane edges

Tij={zcR: ny xz=7v, ~vcR}

because vy, - n;; = b+ cx) - ni; = b-ny; + ¢y is constant for z € I';;. Therefore,
for every element T;, we take shape functions (gal)le associated to the edge I
midpoints y' in the form ¢;(z) = b' + ¢;z such that after multiplication with the
normal vector n,, at I',,:

1
(21.5) o1(y™) = ——Oim.
|Fm|
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It forms a nodal basis with the dual basis: ¥, (v;) fF w1 -n"dSy = G-

LEMMA 21.3. (Grossmann et al. 2007, p.274) The Raviart-Thomas FE given
by (T, (p1)F_, (U)X ) is a valid FE.

ExaMPLE 21.1. Consider the unit triangle in 2d with

the vertexes (0,0), (1,0), (0, 1);

the midpoints: y' = (3,0), y* = (0, 3), y*> = (%7
the unit normal vector: ny = (0, —1), ng = (—1,
x

the shape functions: ¢1(z) =z + n1, p2(z) =

Now we calculate the scalar products

(1=1): e1(y") - ni=y' -nm+ > =1, 1(y?) -n2 = H* +n1) -ny =0,
e1(y®) 3= (P +m) ny=(3,-3) (5. 75) = 0;

(1=2): @2(y') -n1=y" -n1 =0, @a(y?)-na=y* na+Ingf* =1,
Pa(y?) s = (P +m2) ms = (=3, 3) - (L5, 25) = 0;

(123)1 3(y L.

—_

5) with |F1‘ = |F2| =1 and ‘F3| = \/5

22. Variational theory of parabolic problems
Let index p € [1,00] and V be a reflective Banach space.

DEFINITION 22.1. Functions u : (0,T) — V with the norm ||u(t)||yv € LP(0,T)
form the Lebesgue—Bochner space LP(0,T; V') equipped with the norm

T
HW$@mw=AIMmW%

which is also a Banach space.
22.1. Gelfand triple.

LEMMA 22.1 (Gelfand triple). (Roubi¢ek 2005, Lemma 7.3, p.191) Let H be
a Hilbert space, the embedding V. — H = H* — V* be continuous such that
lullv+ < erllulla < collully with some 0 < ¢1 < co. For the dual index q € [1, ]
such that zl) + % =1, the Sobolev—Bochner space

WPV, V*) = {u € LP(0,T; V) — e L0, T;V*)} — C(0,t; H)

is embedded continuously, and dense when the embedding V. — H 1is dense. The
following formula for integration by parts holds for u,v € WLP4(V, V*):

T T
du dv T
| G == [ G + @ ol

In a Hilbert space V, for the given bilinear form a(t,+,-) : V. xV — R, right-
hand side f(¢,-) € L2(O,T7 V*) and initial data u® € H, consider the parabolic VP:
Find v € WH22(V, V*) such that

(22.1) / { Y-y + a(u,v) — f(v)}dt+ (u(0) — u®,0%) g =0

for all test functions (v, v9) € L3(0,T;V) x H
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22.2. Well-posedness theorem.

THEOREM 22.1 (Well-posedness). (Schoberl 2016, Ern and Guermond 2004,
Th.6.6., p.282) Let the mapping t — a(t,-,-) for all t € (0,T) be

(i) continuous;
(ii) wniformly bounded: Ja > 0 such that |a(t, u,v)| < a|lu|v]v|v;
(iii) wniformly coercive: 30 < a <@ such that al|ul|} < a(t,u,v).

Then, a unique solution to (22.1) exists and satisfies the a-priori estimate:

lullwrz2qve = ullz,rv) + H HLz 0Ty S (||fHL2(OTV* + (1w’ ).
dt )

EXERCISE 22.1. Prove the a-priori estimate, which follows in a usual way from
the inf-sup condition.

22.3. Space-time Galerkin method. Within the conforming approxima-
tion, choose finite dimensional subspaces Vj, C V for every t from the time-grid:
0=ty <ty <...<tpy =T. Denoting 74 := tx — tx_1 we consider:

o Piecewise-linear in time trial functions:
up(tk—1) + =t
Tk Tk

Note that, if all uy(t) € Vi, C V, then uy(t) € WHe(0,T; V) — WLH22(V,V*)
because of the embedding V, C V C V*.
o Piecewise-constant in time test functions:

’Uh(t) = ’Uh(tkfl), t e (tkfhtk]y k=1,..., M.

Note that, if vi(tx) € Vi C V, then v, (t) € L>®(0,T; V) < L*(0,T; V).
By inserting the ansatz u = uy, v = v, we discretize problem (22.1) as follows

d b
Z{/ uh S UR) (V1) dt+/
tk

tp —t

up(t) := up(ty), tE€[tp-1,tk), kE=1,...,M.

),vp)dt} = Z f(vh) dt

Expressing the discrete time derivative 2221 — un(te)=un(ts—1)

and using the trape-

dt - tr
zoidal rule ftt:_l a(up(t),vy)dt = a ft n(t)dt,vp) = a(Tk%,vh), we
can rewrite the scheme as iterations:
tk
Tk
(un(tr) — un(te—1),vn)(v=v) + E(I(Uh(tk) +up(tp-1),vn) = f(on)dt
th—1

fork=1,..., M; up(to) = ul.

This implies a semi-discrete Rothe method with the midpoint rule. But no any
discrete inf-sup condition holds.

23. Discontinuous Galerkin method for parabolic VP

For motivation we consider a non-differentiable function u € L?(0,T; V') which
time-derivative € can be still defined in the weak sense:

dt
T T
du dv
/0 <E7U>(V*7v) dt: 7/0 <u, dt>(vv )dt+ Uu,v |t 0

for v € WH22(V,V*), thus allowing discontinuity in time.
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23.1. Space of discontinuous in time functions. Discretize (0,7") by a
time grid 0 =ty < t1 < ... <ty =T with 7, =t —tp_1 for k=1,..., M, and
consider continuous from the left functions u(ty) := u(t, ), where tf = lirr(l)(tk +s),

5—

allowing jumps [u(ty)] == u(t{) — u(ty).

LEMMA 23.1 (Positivity property). For a function u € W2 (t,_1,t3; V) such
that ‘3—;‘ € Wh2(tp_1,t3; V*), the following formula holds:

M

(231) bo(u,u) = Z/k <(Cil (V* )dt+z tk 1 tk 1))H

k=1"tk—1
1
+ a7 = ZII (o017 + *Hu(tM)II?q + 5 Iutd)lI7 = 0.
Now define the discrete test space Y;, C L?(0,T;V) supported with the norm

tm
Jonl, = Z e = [ ol e = ol
te—1
and the discrete trial space X;, C L?(0,T;V) with the mesh-dependent norm

2
[unll,

—Z/ -+ 122212 e+ 3 e+
Pl

A typical approximation is realized by piecewise p-polynomials:
Xp=Y,={vn: (t{_ |, ts) » R, v, €P, fork=1,...,M}.

Since for polynomials vy, ~ (%)puh(t‘k’ll) + (%)puh(tk), then the integral

Tk

tr 1 tr
[ onlde~ = [ v atfontE I ~ ()
tre—1 T Jtp—1

Therefore, there exists ¢, > 0 such that the estimate holds for £ =1,..., M:

tr
(23.2) rellon(tE_DIE < e / ol d.

th—1

The discretized continuous problem (22.1) implies iterations: Find up € Xp
such that

| laton o) + (8 )y = ot + (o) Lon(td 1)) = O

tp—1

forall v, €Yy, k=1,..., M, up(to) = uP.

After summation over k we get an equivalent, discrete Galerkin (DG) scheme:

tr d
(23.3) by (un,vp) Z/ a(up,vp) <dt >(V*,V)—f(vh)]dt

tkl
M

+Z([[uh(tk—1)]]7vh(tzq))HJr(Uh(ték)avh(tSL))H=/0 fon) dt+(u®, on(t5))

k=2
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EXAMPLE 23.1. The piecewise-constant approzimation (p = 0) implying FVM:
Xn =Y, ={vp(t) =vp(ty) for t € (t;_,,tu), k=1,..., M}

follows dc’l‘t“ =0, and (23.3) results in the explicit Euler scheme for k=1,..., M:

(un(tr) — un(te—1),vn(te)) g + Ta(un(ty), va(te)) / f(un(te))

23.2. Existence based on discrete LBBN theorem.

THEOREM 23.1 (Existence). (Clason 2013, Th.12.1, p.96) There exists a unique
solution to DG problem (23.3).

23.3. Stability estimate.

REMARK 23.1. From the inf-sup condition it follows the stability estimate in
the mesh-dependent norm:

b )dt + t+
bllunl|x, < sup 71(%’%) = su fo (vn) (u®, vn(ty))m

vREYS ||UhHYh thYh thHYh

< fllz20,m:v+) + c2v/Cp—= [ -
\F

Alternatively, using (23.1) and inserting v, = uy, in (23.3) provides the lower bound:

M
1 1 1
br(un, un) > allunly, + 5 > Wunte-0))F + Sllun ()l + Sllun (&)1

and the upper bound:

b (un, un) < 7||f||L (0.3 )+*IIUh|y,L+\|u0||H+*HUh(to)||

23.4. Discretization error estimate. In the following we will utilize the
local projection operator 7 : C((t}_,,tx]) — P, given by

(1) Wu(t:—ﬂ = U(tz— 1)
(it) if p > 1, then ft (u—ru)pdt =0 forall p € P,_1((t) |, tk]).

For t — u: CPTY((t;_,,tx]), Theorem 15.1 provides the local error estimate:

o [P +1
(23.4) = mully < erf /t | ey di = O ™).
k—

THEOREM 23.2 (Discretization error). (Clason 2013, Th.12.4, p.102) For a
sufficiently smooth solution u of (22.1) such that the interpolation error estimate
(23.4) holds, the error of descretization by (23.3) is estimated as

lu=unlly, =O@"™), 7:= max 7.
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24. FEM for second order hyperbolic VP

In the time-space cylinder Q7 := (0,7 xQ which base Q@ C R? has the Lipschitz
boundary 092 =: I, consider the elliptic operator in the divergence form:

d d
0 0
- ; oz, (aj(t,x) ; (97:&)

with uniformly bounded and elliptic coeflicients possessing a;;, % € L>(Qr), and

the hyperbolic IBVP (e.g. the wave equation when L = —A):
2

Z?JrLu finQr; w=0o0n(0,T)xT; u(()):uo,%

We set the Gelfand triple of spaces V := H}(Q) C H := L*(Q) C V* = H-}(Q).

For the given right-hand side f € L?(0,7T; H), initial data u’ € V and v° €

H, the weak variational formulation reads: Find w € L*°(0,T;V), v = du

dt
L=(0,T; H), % = &4 ¢ [2(0,T;V*) such that

(0) = 0" in Q.

dt

Pu d ou Ou _
(241&) <W,’U/>(Vw7v) +Aljzl awaixlaix] (f, )H for all u € ‘/,
(24.1b) u(0) = u; %(0) =" in Q.

d
Ou 0u
We denote by a(u,u :z/ i -dz, and (f, / udz.
Y ( ) Qi; .Ia a (f ) Qf

24.1. Well-posedness theorem. Later on, the notion of energy will be used.

DEFINITION 24.1 (Energy). The energy for the hyperbolic equation (24.1a) is
determined as follows:
1 du 1
= Sl Ol + gatu(®), u(t).

THEOREM 24.1 (Well—posedness). (Hunter 2014, Th.7.3, p.213) A unique so-
lution to the hyperbolic VP (24.1) exists and satisfies the a-priori estimate:

sup E(u(t)) + H r(T), ¢>0,

se(0.T) 2 HL2 0omve) S €

t
where we have marked r(t) := |[u°||2, + ||v°||% +/ | £113; ds for short.
0
24.2. Semi-discretization by FE. Within conforming approximation, set

nite-dimensional subspaces Vi, C V by V = span{y; N by truncating the basis
JJ5=1
(¢j)52, in V. Now insert in (24.1) the truncated series

z) = Zuj (t)pj(z)
j=1

to get the discrete problem: Find wj, € Vj, such that
d2uh
dt?

dun
dt

+ Lyup, = fn; un(0) = uf,
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by means of the following ODE system:

ol d?u;
(24.2) Z[(%‘?%)Hﬁ +a(ej, pius] = (frpi)m, i=1,...,N.

j=1
The property of linear independence of the basis provides the system matrix to be
invertible, hence there exists a unique solution. -

We define the Ritz projector in the discrete space Vj, C V of continuous in 2,

piecewise-linear functions endowed by the h-dependent norm:

lu = un ¥, = lu— UhH%mz) + RV (u - Uh)||%2(9)~
DEFINITION 24.2. The Ritz projector: Ry : V +— V}, is defined by the function
Rpu € V), solving the discrete VP:
a(Rpu, ap) = a(u,@y) for all up, € V.

If u € H?(Q), then the interpolation error of the Ritz projector is estimated due to
Theorem 15.1 as follows

(24.3) llu— Ruull;, = llu = RnulZaq) + h* IV (u = Rpu)llZa() < ch*[lullfe -
THEOREM 24.2 (Space-discretization error). (Grossmann et al. 2007, Th.5.35,
p.361) Let the solution of the continuous problem (24.1) be smooth such that it holds

u(t),v(t) € H*(Q) and 7;;‘ € L?(0,T; H*(Q)). The error by discretization (24.2)
admits the estimate:

d 2
lu — unll, + H%(u = un)|| 20y < ANV = wp)l[720) + | B0 = 5720

du T d2u
1 ey + | G ey + | 1y @51}, >0

24.3. Semi-discretization in time. Now consider a semi-discretization by
Rothe’s method: For equidistant grid points ¢, = 7k, k = 1,..., M of the size
T = %, find u* € V solving

1
(44)  (DFD7ub a4 ol (W 4 uF ), m) = (f(0), 1)
forallue Vand k=1,...,M — 1, with the notation for means:
1 1
w2 = i(uk Fufth), Wbt = i(uk +ufh).

In other words, solve iteratively
1

1 1
S 2k ) o () L Y ) = (), B
.
starting from u°,u! € V, which implies the elliptic BVP:

1 1 1 1
ﬁ(uk“,ﬂ)H + Za(MH,a) = (f(tr), @) g + ﬁ(Zuk —ufml) — 1a(zu’c +uPt a).
Its right-hand side presents a linear continuous functional, which we denote by
b* (@) for short. The means in (24.4) are motivated by the following result.

LEMMA 24.1 (Conservation of energy). (Grossmann et al. 2007, Lemma 5.39,
p.369) If f =0, then for allk =1,..., M — 1 the energy is conserved:

1 1
B (u) i= D3k + Sa(ub 2, b 4Y2) = B ().
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24.4. Time-discretization error.

THEOREM 24.3 (Time-discretization error). (Grossmann et al. 2007, Th.5.40,
p.370) If the solution of problem (24.1) is smooth such that t — u : C3([0,T]), then
the error is estimated in the energy norm as:

E-(u(ty) —u®) < (v + | DF (u(to) —u®)|%), k=1,...,M -1, ¢>0.

REMARK 24.1. The full time-space discretization can be treated by combination
of Theorem 24.2 and Theorem 24.3 together.

25. Spectral Methods

In a Hilbert space V' with inner product (-, , - )y, consider an abstract varia-
tional problem: For given f € V* find uw € V such that
(25.1) (u,v)y = f(v) foralveV.

Two essential ingredients of any discretization are:

e choice of a finite-dimensional subspace Viy C V (of dimension N € N);
e choice of a suitable projection Py : V + Vi satisfying P% = Py and the
approximation property ||[u — Pyully — 0 as N — oo.

The Galerkin approzimation implies: for a basis (;)72, given in V, set the

finite subspace Viy = span{e1,...,on} and approximate u by the truncated series
N

(25.2) uN = ujp; €V, w€R, j=1,...,N.
j=1

Inserting (25.2) in (25.1) and testing it with v = ;, this gives the Galerkin equation:
Find v € Vi such that
N

(253) Z(@j,(ﬁi)vuj = f((pz), Z = 1,...,N.

j=1

The coefficients p;; := (¢, p;)v compose the system matrix P = (pij)ﬁ\fj:l. Since
the basis is linearly independent, then P is nonsingular and there exists the inverse
matrix P71 = (qij)ﬁ’j:l such that Zfil qriPii = Ok;. In this case, the projection
can be defined as follows:

N

N
Pyu = Zujcpj, where u; := Z(u, ©i)Vij-

j=1 i=1
EXERCISE 25.1. Check that P%u = Pyu by inserting v = Pyu.
Further we consider typical choices of basis and projection by spectral methods.

25.1. Approximation by the Fourier method. For piecewise-continuous
functions u(z), = € (0, 27|, the complex-valued Fourier series:

27
u™(z) = Zuje”x’ e* = cos(jz) +esin(jzr), w,:= / u(z)e 9" dx
jEL 0
is periodic such that u>(0) = u™(27) = F[u(0") — u(277)] for 2* = lir%(a: + ),
S5—r

where 2 stands for the imaginary unit such that 22 = —1.
If we split it in the real and the imaginary parts, then we obtain
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o Fourier sine series: usi"(x) = —us™( g u; sin(jz)
. 2 [T o JEL
with u; := — [ w(x)sin(jz) dz;
T Jo
e Fourier cosine series: us(x) = u®s(— E u; cos(jx)
2 JEZ

ith u; .= —— 3(j .
with u; 7r(1—|—5]-0)/0 u(x) cos(jx) dx

Consider the truncated Fourier series:

N
— LptJT
= E ujse
j=—N

LeEMMA 25.1 (Fourier approximation). (Gottlieb and Orszag 1977, (3.18)-
k

(3 19), p.26-27) If the derivatives % are continuous, periodic (i.e. %(0) =

n

azk (2m)) for k = 0,. —1, and grff is piecewise continuously differentiable in
x # x0, then

Uj = O(%), uN(m) — u(gj) —

{O(]\Ilvv)a z 7é Zo,
Consider the IBVP for 1d heat equation:
ou_ o
(25.4) ot 022
u=0, €0 u=u, t=0.
There exists a smooth solution u(t) € C1(0,7;L?(2)) N C(0,T;V) in the space
V = H}(Q) N H%(Q) satisfying the variational equation in the strong form:

=0, t>0,xz€Q

/(881: gZ)Uda:—O for all v € L*(Q).
Q

EXAMPLE 25.1. In the interval © = (0,7) with the boundary 0Q = {0,7},
analytical solution of (25.4) is given by the Fourier sine series:

.2
. _ . —3°t, 0
E u;(t)sin(jz), u;(t) =e7 tuy,

where u°

; are coefficients in the expansion of initial data:

o0 2 T
= Zug sin(jz), u(; == / u®(z) sin(jz) de.
i=1 0

™

For Vy = span{sin(z),...,sin(Nz)}, every basis function sin(jz) € V for j =

1,...,N. The corresponding spectral appro:m'mation'
Z u;(t) sin(jz)
- 0 0? 0
solves the semi-discrete problem: 5 —(Pnyu)— PNﬁ(PNU) =0, Pnu(0)=Pyu".
x

N

Here the projection Pyu = u"' implies component-wisely the ODE for coefficients:

du;

7 = —j2uj, w;(0)=u9, j=1,...,N.

27
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Since all derivatives of the solution are continuous and periodic in (0, 27], according
to Lemma 25.1 it follows the exponential convergence (Gottlieb and Orszag 1977,
p.2): uN(t, @) — u(t,z) = O(e=N°t).

25.2. Chebyshev polynomial approximation. The Chebyshev polynomi-
als can be defined recursively for x € [—1, 1]:
To(z) =1, Ti(x)=2, Tj11(z)=22T;(x)—Tj—1(x) forj>1.
They are orthogonal with respect to the weighted scalar product

0, jAI

. 1 w(1+6; ’ ’
BT = [ T de = TS d =0
5. i=l#0

Since Tj(cos @) = cos(j8), it is equivalent to the Fourier cosine series for € [0, 7].
LEMMA 25.2. (Gottlieb and Orszag 1977, p.28) The Chebyshev polynomial ap-
prozimation defined by

W) = Y wT(), 2 (0, T,
j=0

i~ 7T'(1 + (5j0)
has the following properties:
(1) u(z) = slu@@®) +u@?)],  wf(-1) =u(-1%), ut (1) = u(17);
(ii) of %(I) are continuous for k = 0,...,n — 1 and g;,’f
since |Tj(z)| < 1, then u; = O(J%) and uT (z) — uN (z)

() is integrable,
O(52=)-
These properties are directly inherited from the Fourier cosine series.

EXAMPLE 25.2. Consider the 1d heat equation (25.4) in Q = (—1,1).

N
According to T-method, we use the ansatz: u® (t,z) = Zuj (t)T;(z) =: Pnu.
7=0

Insert the ansatz in BC: Z;.V:O u;T;(—1) = Z;V:O u;T;(1) = 0, then

N

N
(25.5) > up =Y (~1)Yu; =0,
j=0

j=0
that reduces two degrees of freedom, next insert it in the variational equation:
J(Pnu 0% (Pyu ouN  9%uN
(Pyu) (Pru) poy = (OO
ot Ox? w ot Ox? w

For vV = Zl]io uTi(z), because of vy = vy_1 =0, we get N — 1 equations:

N du ; d2 N
> @ = (2 (Y wT). 1), 1=0,.. N -2
J=0 §=0

Using the differentiation formula (Gottlieb and Orszag 1977, (A.10), p.160):

0=( — Py

N N-2

2 g 1 '
dt? (Z u;Ty) = Z(l + 50 Z k(k* — j%)ug)T; =: u§2)Tj
Jj=0

7=0 k=j+2, k+j even

j=0,...,N=2 o =ufy =0,
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it follows the ODE system for [ =0,..., N — 2:

(25.6) % =ul® 4+ (N = D[(N =1)% = 2Juy_; + N[N? = 1ZJuy.
Summing and subtracting (25.5), we can exclude uny_1 and uy from (25.6) by
NEEQ w — {uN, N even, Jf w = {uNl, N even,
=0, aven I un_1, IN odd; =0, odd T UN, N odd.

25.3. Collocation (pseudo-spectral approximation). Choose collocation
points (zj);\[:l € Q and the projection Pyu := uN(t,z) = Z;\;l u;(t)p;(x), where
u;(t) solves the collocation equation:

N
> wt)a(a?) = u(t,2?),
=1
which implies that v (¢t,27) = u(t,2’) for all j =1,..., N.
e For the Fourier sine series ¢;(x) = sin(jz), set the collocation points a7 =

j=1,..., N+ 1. The corresponding collocation equation:

ﬂ']l
(t, 1) E wy(t) sin(525)

N+1’

is solved analytically:

‘n'jl
) sin( N ),

Uj j=1,...,N,

Mz

N+1

due to the identities (Gottlieb and Orszag 1977, p.14):

Trkl Tfjl _ N+1s5 s
E sin( N+1 sin N+1) 50k fork,j=1,...,N.

e For the C’hebyshev polynomials ¢j(x) = T;(z), take the extreme points zJ =
cos( %2 1), j=0,...,N — 1. Similarly, the collocation equation:

u(t, cos(§)) = Yilg " wi(t)Ti(cos(F))
admits analytical solution as follows (Mason and Handscomb 2003, (11.41), p.276):
N-1

> ult,a)Ti(at), j=0,...,N -1

J=0

2

4 = N5 050)



Bibliography

Ch. Bernardi and E. Siili, Time and space adaptivity for the second-order wave equation, Math.
Models Methods Appl. Sci. 15 (2005), 199-225. http://eprints.maths.ox.ac.uk/1178/1/
NA-04-12.pdf

S.C. Brenner and L.R. Scott, The Mathematical Theory of Finite Element Methods. Springer,
New York, 2008. https://link.springer.com/book/10.1007%2F978-0-387-75934-0

F. Brezzi and M. Fortin, Mized and  Hybrid  Finite  Element  Methods.
Springer, New York, 1991. https://ru.scribd.com/document/134779593/
brezzi-fortin-mixed-and-hybrid-finite-elements-methods-pdf

Ch. Clason, Numerical Partial Differential Equations. Lecture Notes, KF-University of Graz,
2013. https://www.uni-due.de/~adf040p/skripte/NumPDENotes12.pdf

P.G. Ciarlet and J.L. Lions (eds.), Handbook of Numerical Analysis. Vol. II: Finite Element
Methods (Part 1). North Holland, Amsterdam, 1991. https://www.ices.utexas.edu/sites/
oden/wp-content/uploads/2013/06/1989-010.finite_element.pdf

A. Ern and J.-L. Guermond, Theory and Practice of Finite Elements. Springer, New York, 2004.

D. Gottlieb and S.A. Orszag, Numerical Analysis of Spectral Methods: Theory and Applications.
STIAM, Philadelphia, 1977. http://epubs.siam.org/doi/book/10.1137/1.9781611970425

Ch. Grossmann, H.-G. Roos and M. Stynes, Numerical Treatment of Partial Differ-
ential FEquations. Springer, Berlin, 2007. https://link.springer.com/book/10.1007%
2F978-3-540-71584-9

W. Hackbusch, Elliptic Differential Equations. Theory and Numerical Treatment. Springer,
Berlin, 1992. https://link.springer.com/book/10.1007%2F978-3-658-15358-8

J.K. Hunter, Partial Differential Equations. Lecture Notes, University of California, 2014. https:
//www.math.ucdavis.edu/~hunter/pdes/pde_notes.pdf

F. Kappel, Lineare Algebra I € II. Lecture Notes, KF-University of Graz, 2006. https://imsc.
uni-graz.at/kappel/files/linalg.pdf

S. Keeling, Numerics for Partial Differential Equations. Lecture Notes, KF-University of Graz,
2016. http://imsc.uni-graz.at/keeling/numpde_ss16/numpde.pdf

A.M. Khludnev and V.A. Kovtunenko, Analysis of Cracks in Solids. WIT-Press, Southamp-
ton, 2000. https://static.uni-graz.at/fileadmin/_Persoenliche_Webseite/kovtunenko_
victor/kkl.pdf

P. Knabner and L. Angerman, Numerical Methods for Elliptic and Parabolic Partial Dif-
ferential Equations. Springer, New York, 2003. http://www.lib.ysu.am/disciplines_bk/
4cd0696bb9f1e1a65c5da8d743583b35. pdf

V.A. Kovtunenko, Proseminar aus Partielle Differentialgleichungen. Script, KF-University
of Graz, 2010a. https://static.uni-graz.at/fileadmin/_Persoenliche_Webseite/
kovtunenko_victor/proseminarPDG.pdf

V.A. Kovtunenko, Proseminar aus Mathematische Modellierung. Script, KF-University of Graz,
2010b. https://static.uni-graz.at/fileadmin/_Persoenliche_Webseite/kovtunenko_
victor/proseminarMM. pdf

K. Kuttler, Partial Differential Equations. Lecture Notes, Brigham Young University, 2003. https:
//math.byu.edu/~klkuttle/547notesB. pdf

S. Larsson and V. Thomee, Partial Differential Equations with Numerical Methods. Springer,
Berlin, Heildelberg, 2008. https://de.11lib.at/book/2420916/£80069

H. Le Dret, Numerical Approzimation of PDEs. Lecture Notes, UPMC Sorbonne University, 2012.
https://www.1ljll.math.upmc.fr/~ledret/M1ApproxPDE.html

J.C. Mason and D.C. Handscomb, Chebyshev Polynomials. Chapman & Hall/CRC, Boca Raton,
FL, 2003.

67


http://eprints.maths.ox.ac.uk/1178/1/NA-04-12.pdf
http://eprints.maths.ox.ac.uk/1178/1/NA-04-12.pdf
https://link.springer.com/book/10.1007%2F978-0-387-75934-0
https://ru.scribd.com/document/134779593/brezzi-fortin-mixed-and-hybrid-finite-elements-methods-pdf
https://ru.scribd.com/document/134779593/brezzi-fortin-mixed-and-hybrid-finite-elements-methods-pdf
https://www.uni-due.de/~adf040p/skripte/NumPDENotes12.pdf
https://www.ices.utexas.edu/sites/oden/wp-content/uploads/2013/06/1989-010.finite_element.pdf
https://www.ices.utexas.edu/sites/oden/wp-content/uploads/2013/06/1989-010.finite_element.pdf
http://epubs.siam.org/doi/book/10.1137/1.9781611970425
https://link.springer.com/book/10.1007%2F978-3-540-71584-9
https://link.springer.com/book/10.1007%2F978-3-540-71584-9
https://link.springer.com/book/10.1007%2F978-3-658-15358-8
https://www.math.ucdavis.edu/~hunter/pdes/pde_notes.pdf
https://www.math.ucdavis.edu/~hunter/pdes/pde_notes.pdf
https://imsc.uni-graz.at/kappel/files/linalg.pdf
https://imsc.uni-graz.at/kappel/files/linalg.pdf
http://imsc.uni-graz.at/keeling/numpde_ss16/numpde.pdf
https://static.uni-graz.at/fileadmin/_Persoenliche_Webseite/kovtunenko_victor/kk1.pdf
https://static.uni-graz.at/fileadmin/_Persoenliche_Webseite/kovtunenko_victor/kk1.pdf
http://www.lib.ysu.am/disciplines_bk/4cd0696bb9f1e1a65c5da8d743583b35.pdf
http://www.lib.ysu.am/disciplines_bk/4cd0696bb9f1e1a65c5da8d743583b35.pdf
https://static.uni-graz.at/fileadmin/_Persoenliche_Webseite/kovtunenko_victor/proseminarPDG.pdf
https://static.uni-graz.at/fileadmin/_Persoenliche_Webseite/kovtunenko_victor/proseminarPDG.pdf
https://static.uni-graz.at/fileadmin/_Persoenliche_Webseite/kovtunenko_victor/proseminarMM.pdf
https://static.uni-graz.at/fileadmin/_Persoenliche_Webseite/kovtunenko_victor/proseminarMM.pdf
https://math.byu.edu/~klkuttle/547notesB.pdf
https://math.byu.edu/~klkuttle/547notesB.pdf
https://de.1lib.at/book/2420916/f80069
https://www.ljll.math.upmc.fr/~ledret/M1ApproxPDE.html

68 V.A. Kovtunenko: Numerics of PDE

R. Rannacher, Numerische Mathematik 2 (Numerik partieller Differentialgleichungen). Vor-
lesungsskriptum, RK-Universitat Heidelberg, 2008. http://ganymed.math.uni-heidelberg.
de/~lehre/notes/num2/numerik2.pdf

T. Roubicek, Nonlinear Partial Differential Equations with Applications. Birkhduser, Basel,
Boston, Berlin, 2005. https://link.springer.com/book/10.1007%2F978-3-0348-0513-1#
authorsandaffiliationsbook

J. Schoéberl, Space-Time Formulation of Parabolic Equations. Lecture Notes, Vienna Univer-
sity of Technology, 2016. http://www.asc.tuwien.ac.at/~schoeberl/wiki/lva/numpdel5/
parabolic.pdf

O. Steinbach, Numerical Approximation Methods for Elliptic Boundary Value Problems. Springer,
New York, 2008. http://dl.iranidata.com/book/daneshgahi/Numerical_approximation_
methods_for%20Elliptic.Boundary.Value}20Problems (www.IraniData.com) . pdf

L.L. Thomson and P.M. Pinsky, A Galerkin Least-Squares finite element method for the two
dimensional Helmholtz equation, Int. J. Num. Meth. Engrg. 38 (1995), 371-397. https:
//www.researchgate.net/publication/227612503

Z. Wu, J. Yin and C. Wang, Elliptic & Parabolic Equations. World Scientific, Singapore, 2006.


http://ganymed.math.uni-heidelberg.de/~lehre/notes/num2/numerik2.pdf
http://ganymed.math.uni-heidelberg.de/~lehre/notes/num2/numerik2.pdf
https://link.springer.com/book/10.1007%2F978-3-0348-0513-1#authorsandaffiliationsbook
https://link.springer.com/book/10.1007%2F978-3-0348-0513-1#authorsandaffiliationsbook
http://www.asc.tuwien.ac.at/~schoeberl/wiki/lva/numpde15/parabolic.pdf
http://www.asc.tuwien.ac.at/~schoeberl/wiki/lva/numpde15/parabolic.pdf
http://dl.iranidata.com/book/daneshgahi/Numerical_approximation_methods_for%20Elliptic.Boundary.Value%20Problems(www.IraniData.com).pdf
http://dl.iranidata.com/book/daneshgahi/Numerical_approximation_methods_for%20Elliptic.Boundary.Value%20Problems(www.IraniData.com).pdf
https://www.researchgate.net/publication/227612503
https://www.researchgate.net/publication/227612503

	Introduction
	1. Classification of PDE problems
	1.1. Classification of PDEs
	1.2. Elliptic boundary-value problem (BVP)
	1.3. Parabolic initial-boundary value problem (IBVP)
	1.4. Hyperbolic IBVP


	Chapter 1. Numerics of Initial Boundary Value Problems
	2. Discretization
	2.1. Expansion of difference operators
	2.2. Discrete norms
	2.3. Consistency, convergence, stability of discretization

	3. Finite difference method (FDM) for elliptic BVP
	3.1. Solvability
	3.2. H1-convergence error
	3.3. L-convergence error

	4. Properties of discrete operators
	4.1. M-matrices
	4.2. Difference stencil
	4.3. Shortley–Weller difference operator
	4.4. Discretization of mixed derivative

	5. Finite Volume Method (FVM) on unstructured grids
	5.1. Discetization of Poisson equation
	5.2. L-convergence error
	5.3. FVM for low-order convection terms

	6. FDM for parabolic IBVP
	6.1. Full discretization
	6.2. Error estimates
	6.3. Semi-discretization

	7. FDM for hyperbolic IBVP
	7.1. The 1d wave equation on uniform grid
	7.2. Three-term recurrence and stability
	7.3. von Neumann convergence analysis.
	7.4. First order hyperbolic system

	8. FDM for linear conservation law
	8.1. Linear transport problem in 1d
	8.2. L-error analysis
	8.3. Fourier stability analysis
	8.4. Instability analysis

	9. FDM for nonlinear conservation law and systems
	9.1. Lax–Friedrichs flux
	9.2. Lax–Wendroff method
	9.3. Symmetric hyperbolic system


	Chapter 2. Numerics of Variational Problems (VP)
	10. Variational theory
	10.1. Lax–Milgram theorem
	10.2. Minimization problem
	10.3. Second-order elliptic BVP

	11. Galerkin method
	11.1. Cea's lemma on discretization error
	11.2. Discretizations of Poisson equation in 1d

	12. Finite element (FE) method
	12.1. Polynomial bases of shape functions
	12.2. Dual basis
	12.3. FE interpolation

	13. Simplex FE
	13.1. The d-simplex
	13.2. Triangular FE
	13.3. Stiffness and mass matrices for Poisson equation

	14. Rectangular FE in 2d
	14.1. Bilinear elements
	14.2. Stiffness and mass matrices
	14.3. Helmholtz equation

	15. Interpolation error estimate
	15.1. Bramble–Hilbert lemma
	15.2. Interpolation by simplex FE
	15.3. Interpolation by rectangular FE

	16. Approximation error estimate
	16.1. Aubin–Nitsche lemma
	16.2. Duality-based error estimates

	17. A-posteriori (residual-based) error estimate
	17.1. Clement quasi-interpolant
	17.2. A-posteriori error estimate for Poisson equation

	18. Generalization of FEM
	18.1. Non-consistent FEM
	18.2. Poisson equation with inhomogeneous coefficient
	18.3. Non-conforming FEM

	19. Petrov–Galerkin method
	19.1. Ladyzhenskaya–Babuška–Brezzi–Nečas (LBBN) theorem
	19.2. Generalized Cea's lemma

	20. Mixed VP
	20.1. Well-posedness theorem
	20.2. Primal-dual variational formulation

	21. Mixed FEM
	21.1. Well-posedness and error estimate
	21.2. Mixed FEM for Poisson equation
	21.3. Well-posedness of mixed FEM for Poisson equation
	21.4. Raviart–Thomas FE

	22. Variational theory of parabolic problems
	22.1. Gelfand triple
	22.2. Well-posedness theorem
	22.3. Space-time Galerkin method

	23. Discontinuous Galerkin method for parabolic VP
	23.1. Space of discontinuous in time functions
	23.2. Existence based on discrete LBBN theorem
	23.3. Stability estimate
	23.4. Discretization error estimate

	24. FEM for second order hyperbolic VP
	24.1. Well-posedness theorem
	24.2. Semi-discretization by FE
	24.3. Semi-discretization in time
	24.4. Time-discretization error

	25. Spectral Methods
	25.1. Approximation by the Fourier method
	25.2. Chebyshev polynomial approximation
	25.3. Collocation (pseudo-spectral approximation)


	Bibliography

