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Introduction

The script mainly follows the sources by (Clason 2013, Ciarlet and Lions 1991,
Grossmann, Roos and Stynes 2007, Hackbusch 1992, Keeling 2016), other references
will be given when used.

1. Classification of PDE problems

1.1. Classification of PDEs. Let the following data be prescribed:

(i) a domain (open set) Ω ⊂ Rd, d ∈ N, which can be bounded with the
boundary ∂Ω =: Γ, as well as unbounded;

(ii) symmetric coefficients aij(x) = aji(x), bi(x), c(x) ∈ C(Ω) for i, j =
1, . . . , d and x = (x1, . . . , xd), which imply continuous functions.

For a twice differentiable function u(x) : C2(Ω) 7→ R (or C), we consider a
differential operator L : C2(Ω) 7→ C(Ω) given by

(1.1) L
(
x,

∂

∂x

)
u := −

d∑
i,j=1

aij(x)
∂2u

∂xi∂xj
+

d∑
i=1

bi(x)
∂u

∂xi
+ c(x).

The total symbol is defined as the corresponding polynomial operator

p(x, ξ) := L(x, ξ) = −
d∑

i,j=1

aij(x)ξiξj +

d∑
i=1

bi(x)ξi + c(x),

the principle symbol is set to

σ(x, ξ) :=

d∑
i,j=1

aij(x)ξiξj = ξ⊤A(x)ξ, ξ =

ξ1...
ξd

, ξ⊤ = (ξ1, . . . , ξd),

where the symmetric d-by-d matrix A(x) =

a11(x) . . . a1d(x)...
ad1(x) . . . add(x)

 ∈ Sym(Rd×d).

Definition 1.1. For d = 2, the second-order differential operator L given in
(1.1) is called

• elliptic in x ∈ Ω, if detA(x) > 0, that is a11(x)a22(x)− a212(x) > 0, then
two non-zero eigenvalues λ1, λ2 have the same sign;

• parabolic in x ∈ Ω, if detA(x) = 0, that is a11(x)a22(x) − a212(x) = 0,
then λ1 = 0;

• hyperbolic in x ∈ Ω, if detA(x) < 0, that is a11(x)a22(x) − a212(x) < 0,
then λ1, λ2 have different signs.

Exercise 1.1. Extend Definition 1.1 for d > 2.
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Example 1.1. • Laplace equation: ux1x1
+ ux2x2

= 0,

A =

(
1 0
0 1

)
, detA = 1 > 0, λ1 = λ2 = 1, hence elliptic;

• heat/diffusion equation: ut − uxx = 0,

A =

(
−1 0
0 0

)
, detA = 0, λ1 = 0, λ2 = −1, hence parabolic;

• wave equation: utt − uxx = 0,

A =

(
1 0
0 −1

)
, detA = −1 < 0, λ1 = 1, λ2 = −1, hence hyperbolic.

Consider the system of d ≥ 2 first-order PDEs for vectors u = (u1, . . . , ud) :
C1(Ω) 7→ Rd such that

(1.2) L
(
x,

∂

∂x

)
u =

{ d∑
j,k=1

akij(x)
∂uj
∂xk

+ ci(x), i = 1, . . . , d

}
.

Denoting the matrices Ak =

a
k
11 . . . a

k
1d

...
akd1 . . . a

k
dd

 for k = 1, . . . , d, the principle symbol

σ(x, ξ) := det
( d∑
k=1

Ak(x)ξk

)
= ξ⊤A(x)ξ

composes a matrix A, which determines type of the corresponding differential op-
erator (1.2) for systems according to Definition 1.1.

Other examples of typical PDE are presented in (Kovtunenko 2010a), and their
appearance in applications see in (Kovtunenko 2010b) and the references therein.

For a given right-hand side f(x) ∈ C(Ω), we set the initial/boundary value
problem (I/BVP): Find a solution u(x) ∈ C2(Ω) satisfying the equation:

Lu(x) = f(x), x ∈ Ω,

and

• boundary conditions (BC) for elliptic operator L;
• BC with respect to x and initial conditions (IC) with respect to t for
parabolic L;

• BC with respect to x and two IC with respect to t for hyperbolic L.

Definition 1.2 (Hadamar). A problem is called well-posed, if

(i) a solution exists (existence);
(ii) the solution is unique (uniqueness);
(ii) the solution depends continuously on data (stability).

1.2. Elliptic boundary-value problem (BVP). We assume that

(i) A(x) ∈ Spd(Rd×d) for all x ∈ Ω and there exists a > 0 such that

ξ⊤A(x)ξ ⩾ a∥ξ∥2, ξ ∈ Rd, ∥ξ∥2 :=

d∑
i=1

ξ2i ;

(ii) the coefficients aij(x), bi(x), c(x) are uniformly bounded for x ∈ Ω.
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For the elliptic differential equation

L
(
x,

∂

∂x

)
u = f in Ω

stated in the bounded domain with the unit normal vector n = (n1, . . . , nd)
⊤ at

the boundary ∂Ω and outward to Ω, the usual boundary conditions are:

• Dirichlet (1st kind): u = ϕ on ∂Ω, ϕ ∈ C(∂Ω);

• Neumann (2nd kind):
d∑

i,j=1

aij(x)
∂u

∂xi
nj = ψ on ∂Ω, ψ ∈ C(∂Ω);

• Robin (3rd kind):
d∑

i,j=1

aij(x)
∂u

∂xi
nj + α(x)u = ψ on ∂Ω, α ∈ C(∂Ω);

• mixed BC .

Lemma 1.1 (Weak maximum principle). (Kuttler 2003, Th.6.2, p.137) Let
c ≡ 0 and u ∈ C2(Ω)∪C(Ω), then Lu ⩽ 0 in Ω follows that max

x∈Ω
u(x) ⩽ max

x∈∂Ω
u(x),

where the closure Ω = Ω ∪ ∂Ω.

Lemma 1.2 (Comparison principle). Let c ⩾ 0 and u, v ∈ C2(Ω) ∪ C(Ω), then
Lu ⩽ Lv in Ω and u ⩽ v on ∂Ω follows that u ⩽ v in Ω.

Exercise 1.2. Prove that the weak maximum principle follows the comparison
principle. Hint: consider Ω+ = {x ∈ Ω : (u − v)(x) ⩾ 0} and Ω− = {x ∈ Ω :
(u− v)(x) ⩽ 0}.

We specify a homogeneous Dirichlet problem: Find u ∈ C2(Ω)∪C(Ω) such that{
Lu = f in Ω,

u = 0 on ∂Ω.

Lemma 1.3. The comparison principle follows uniqueness of the solution.

For existence of a solution, regularity of the domain is needed:

Definition 1.3. A boundary of domain Ω is said to belong to the class Cm,α

(write ∂Ω ∈ Cm,α) with m ∈ N0, α ∈ (0, 1], if

(i) a finite number of open balls (Bi)i∈I exists such that ∂Ω ⊂
⋃
i∈I

Bi;

(ii) a Hölder continuous function ϕi ∈ Cm,α(Bi) exists, that is

∥ϕi∥Cm,α(Bi) = ∥ϕi∥Cm(Bi) + max
|β|=m

sup
x ̸=y∈Bi

|Dβϕi(x)−Dβϕi(y)|
∥x− y∥α

<∞,

where ∥ϕi∥Cm(Bi) =

m∑
|β|=0

sup
x∈Bi

|Dβϕi| with the multi-index β = (β1, . . . , βd) of length

|β| = β1 + . . .+ βd, D
β = ∂β1 ...∂βd

∂x
β1
1 ...∂x

βd
d

, which maps one-to-one ∂Ω∩Bi to the image

in the hyper-space xd = 0, and Ω ∩Bi to the image in the half-space xd > 0.

In particular, ∂Ω ⊂ C0,1 is called the Lipschitz-continuous boundary.

Theorem 1.1 (Existence). (Wu, Yin and Wang 2006, Th.8.2.7, p.249) Let
c ⩾ 0, ∂Ω ∈ C2,α and aij , bi, c ∈ Cα(Ω), then the Dirichlet problem has a unique
classical solution.
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1.3. Parabolic initial-boundary value problem (IBVP). In the time-
space cylinder QT := (0, T ) × Ω with a final time T > 0, for a given f ∈ C(QT ),
initial data u0 ∈ C0(Ω) (continuous function with the trace u0 = 0 on ∂Ω), find
a solution u(t, x) ∈ C2,1(QT ) ∩ C(QT ) (i.e. x 7→ u : C2(Ω) ∩ C(Ω), t 7→ u :
C1(0, T ) ∩ C([0, T ]) such that

∂u

∂t
+ L

(
t, x,

∂

∂x

)
u = f in QT ,

u = 0 on (0, T )× ∂Ω,

u = u0 in Ω as t = 0.

Lemma 1.4 (Weak parabolic maximum principle). (Kuttler 2003, Th.6.7, p.142)

Let c ≡ 0 and u ∈ C2,1(QT ) ∩ C(QT ), then
∂u

∂t
+ Lu ⩽ 0 in QT follows that

max
(t,x)∈QT

u(x) ⩽ max
(t,x)∈QT : x∈∂Ω or t=0

u(x).

Lemma 1.5 (Parabolic comparison principle). Let c ⩾ 0 and u, v ∈ C2,1(QT )∩
C(QT ), then 

∂u

∂t
+ Lu ⩽

∂v

∂t
+ Lv in QT ,

u ⩽ v on (0, T )× ∂Ω,

u ⩽ v in Ω as t = 0

follows that u ⩽ v in QT .

Theorem 1.2 (Existence). (Wu et al. 2006, Th.8.3.7, p.251) Let ∂Ω ∈ C2,α

and aij , bi, c, f ∈ Cα(QT ), α > 0, then there exists a unique classical solution of
the parabolic IBVP.

Note that c ⩾ 0 is not needed here.

1.4. Hyperbolic IBVP. For given f ∈ C(QT ), v
0 ∈ C(Ω) and u0 ∈ C0(Ω),

find u ∈ C2(QT )∩C1,0(QT ) (i.e. x 7→ u : C2(Ω)∩C1(Ω), t 7→ u : C2(0, T )∩C([0, T ])
such that 

∂2u

∂t2
+ L

(
t, x,

∂

∂x

)
u = f in QT ,

u = 0 on (0, T )× ∂Ω,

u = u0, ut = v0 in Ω as t = 0.

Existence needs compatibility conditions.



CHAPTER 1

Numerics of Initial Boundary Value Problems

2. Discretization

For a given right-hand side f ∈ C(Ω) we start with a model Dirichlet problem
for the Poisson equation in the square Ω = (0, 1)2: Find a solution u(x) ∈ C2(Ω)∩
C(Ω) such that

(2.1)

{
−∆u = f in Ω,

u = 0 on ∂Ω =: Γ.

We call Ωh = {xij ∈ Ω, i, j = 0, . . . , N} the uniform grid consisted of equidis-
tant grid points xij = x(i,j) = (ih, jh) with the mesh size h > 0. The grid functions
are composed by values uij = u(i,j) ≈ u(xij), fij = f(i,j) ≈ f(xij) associated to the
grid points.

Passing h↘ 0 provides the Taylor expansion in the direction x1:

u((i+ 1)h, jh) = u(ih, jh) + h
∂u

∂x1
(ih, jh) +

h2

2

∂2u

∂x21
(ih, jh) + O(h3),

u((i− 1)h, jh) = u(ih, jh)− h
∂u

∂x1
(ih, jh) +

h2

2

∂2u

∂x21
(ih, jh) + O(h3);

analogously, in the direction x2:

u(ih, (j ± 1)h) = u(ih, jh)± h
∂u

∂x2
(ih, jh) +

h2

2

∂2u

∂x22
(ih, jh) + O(h3),

where the short notation ± stands, respectively, for two options ”+” and ”-”. After
summation of these four asymptotic relations we get:

u((i+ 1)h, jh) + u((i− 1)h, jh) + u(ih, (j + 1)h) + u(ih, (j − 1)h)

= 4u(ih, jh) + h2
(∂2u
∂x21

(ih, jh) +
∂2u

∂x22
(ih, jh)

)
+O(h3).

We note that
∂2u

∂x21
+
∂2u

∂x22
= ∆u. Therefore, based on the above expansion, the

problem (2.1) is approximated by a discrete problem on the grid Ωh such that

(2.2)


4u(i,j) − u(i+1,j) − u(i−1,j) − u(i,j+1) − u(i,j−1) = h2f(i,j),

i, j = 1, . . . , N − 1,

u(0,j) = u(N,j) = u(i,0) = u(i,N) = 0, i, j = 0, . . . , N.

From this consideration we arrive at generalization in Rd for

• grid functions uh : Ωh 7→ R;

11



12 V.A. Kovtunenko: Numerics of PDE

• discrete function spaces:

Uh := {uh : Ωh 7→ R}, U0
h := {uh ∈ Uh : uh = 0 on Γh := Ωh ∩ Γ};

• difference operators:

(D+
i u)(x) =

1

h
[u(x+ hei)− u(x)] called forward difference quotient,

(D−
i u)(x) =

1

h
[u(x)− u(x− hei)] called backward difference quotient,

(D0
i u)(x) =

1

2
[D+

i +D−
i ]u(x) called central difference quotient

with respect to the unit vector: ei = (0, . . . , 0, 1
ith
, 0, . . . , 0) in Rd.

2.1. Expansion of difference operators.

Lemma 2.1. (Hackbusch 1992, Lemma 4.1.1., p.39) The following expansions
of the difference operators hold:

(i) (D±
i u)(x) =

∂u

∂xi
(x) + hR±(x) with the reminders R± such that

|R+(x)| ⩽ 1

2
∥u∥C2([x,x+hei]), |R−(x)| ⩽ 1

2
∥u∥C2([x−hei,x]);

(ii) (D0
i u)(x) =

∂u

∂xi
(x) + h2R0(x), |R0(x)| ⩽ 1

6
∥u∥C3([x−hei,x+hei]);

(iii) (D−
i D

+
i u)(x) =

∂2u

∂x2i
(x) + h2R(x), |R(x)| ⩽ 1

12
∥u∥C4([x−hei,x+hei]).

2.2. Discrete norms. For grid functions uh ∈ U0
h given over equidistant

points of a uniform grid Ωh, in Ωh := Ωh ∩Ω consisted of interior points xh we set

• discrete maximum norm : ∥uh∥∞,h := max
xh∈Ωh

|uh(xh)|,

• discrete Lp-norm (where p ∈ [1,∞)): ∥uh∥pLp,h := hd
∑

xh∈Ωh

|uh(xh)|p,

• discrete L2-norm : ∥uh∥20,h := hd
∑

xh∈Ωh

|uh(xh)|2 = (uh, uh)h,

• discrete H1-norm : ∥uh∥21,h := ∥uh∥20,h + |uh|21,h and the seminorm :

|uh|21,h := hd
∑

xh∈Ωh

d∑
i=1

|(D+
i uh)(xh)|

2 =

d∑
i=1

(D+
i uh, D

+
i uh)h,

where the latter two norms are induced by the scalar product for uh, vh ∈ U0
h :

(2.3) (uh, vh)h := hd
∑

xh∈Ωh

uh(xh)vh(xh).

In non-equidistant case, replace hd with the weight |Dh(xh)| :=
∫
Dh(xh)

dx over

appropriate subdomains Dh(xh) (e.g. Voronoi boxes (5.1)), respectively, instead
(2.3) define the scalar product:

(uh, vh)h :=
∑

xh∈Ωh

|Dh(xh)|uh(xh)vh(xh).
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In fact, in the equidistant case the Voronoi box Dh(xh) =
{
x ∈ Ω : ∥x− xh∥ < h

2

}
has the area |Dh(xh)| = hd.

We note that the following norm equivalence is h-dependent:

min
xh∈Ωh

|Dh(xh)|1/2∥uh∥∞,h ⩽ ∥uh∥0,h ⩽ |Ω|1/2∥uh∥∞,h,

and in the equidistant case: min
xh∈Ωh

|Dh(xh)|1/2 = hd/2. As h ↘ 0+, the following

norm limit holds:

lim
h→0

∥u(xh)∥0,h = ∥u∥L2(Ω), lim
h→0

∥u(xh)∥∞,h = ∥u∥L∞(Ω).

2.3. Consistency, convergence, stability of discretization. Consider the
continuous problem given by an abstract operator equation: Find u ∈ U such that

(2.4) Lu = f

with L : U 7→ V , f ∈ V over normed vector spaces U , V . For a discrete counterpart
Lh : Uh 7→ Vh, fh ∈ Vh, the related discrete problem reads: Find uh ∈ Uh such that

(2.5) Lhuh = fh.

Let a restriction operator rh : U 7→ Uh, (rhu)(xh) = u(xh) for xh ∈ Ωh be
defined.

Definition 2.1. A discretization (2.5) of the problem (2.4) is called

• consistent, when the consistency error decays to zero:

∥Lh(rhu)− fh∥Vh
→ 0 as h→ 0,

and consistent of order p, if ∥Lh(rhu)− fh∥Vh
= O(hp);

• convergent, when the discretization error decays to zero:

∥rhu− uh∥Uh
→ 0 as h→ 0,

and convergent of order q, if ∥rhu− uh∥Uh
= O(hq);

• stable, when there exists C > 0 such that

∥uh − vh∥Uh
⩽ C∥Lhuh − Lhvh∥Vh

for uh, vh ∈ Uh.

Note that for linear operators Lh, stability is equivalent to boundedness of the
inverse operator ∥L−1

h ∥ ⩽ C.

Lemma 2.2. Let the problems (2.4) and (2.5) have solutions. If discretization
is consistent and stable, then it is convergent.

3. Finite difference method (FDM) for elliptic BVP

For twice differentiable functions u(x) : Ω 7→ R, consider a second-order differ-
ential operator given in the divergence-form:

(3.1) Lu := −div(A(x)∇u) = −
d∑

i=1

∂

∂xi

 d∑
j=1

aij(x)
∂u

∂xj

 .
We assume that A = (aij)

d
i,j=1 ∈ C1(Ω) is uniformly symmetric positive-definite

matrix for x ∈ Ω and there exists a > 0 such that

ξ⊤A(x)ξ =

d∑
i,j=1

aij(x)ξiξj ⩾ a

d∑
i=1

ξ2i = a∥ξ∥2 for all ξ ∈ Rd.
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In particular, if A(x) ≡ I is the identity matrix, then Lu = −div(∇u) = −∆u is
the Laplace operator.

For a given right-hand side f ∈ C(Ω), consider a Dirichlet problem in the
cube: Find u(x) ∈ C2(Ω) ∩ C(Ω) such that

(3.2)

{
Lu = f in Ω = (0, 1)d,

u = 0 on ∂Ω =: Γ.

In the closure Ω we introduce the uniform grid of mesh-size h = 1/N > 0 for a
fixed natural number N ∈ N:
Ωh = {xh = (x1, . . . , xd)

⊤ ∈ Rd : xi = hni, ni ∈ {0, 1, . . . , N}, i = 1, . . . , d}.
Recall the discrete spaces Uh = {uh : Ωh 7→ R}, U0

h = {uh ∈ Uh : uh = 0 on Γh},
and set Vh = {uh : Ωh 7→ R}.

According to (3.1) we define the discrete difference operator Lh : Uh 7→ Vh,

Lhuh = −
d∑

i=1

D−
i

 d∑
j=1

aij(x)D
+
j uh

 ,
and set the finite-dimensional (discrete) problem for fh := f(xh): Find uh ∈ U0

h

such that

(3.3) Lhuh = fh.

Similarly to Lemma 2.1, the first-order consistency estimate holds:

∥Lh(rhu)− fh∥Vh
= max

xh∈Ωh

|([Lh − L]u)(xh)| ⩽ C∥A∥C1(Ω)∥u∥C3(Ω)h, C > 0,

since Lh(rhu) = (Lhu)(xh) and fh = f(xh) = (Lu)(xh). Moreover, for the Laplace
operator (when A(x) ≡ I), it follows the second-order consistency estimate:

(3.4) max
xh∈Ωh

|([∆h −∆]u)(xh)| ⩽
d

12
∥u∥C4(Ω)h

2.

Example 3.1. In 2d, for vectors uh = (u(i,j))
N
i,j=1 ∈ U0

h under the Dirichlet
BC: u(0,j) = u(N,j) = u(i,0) = u(i,N) = 0, after reordering

vh := (u(1,1), . . . , u(N−1,1), . . . , u(N−1,1), . . . , u(N−1,N−1)) ∈ R(N−1)2 ,

the discrete Laplace operator −∆h implies multiplication with the block tridiagonal
matrix, which is sparse:

−∆huh =
1

h2


T −I 0

−I
. . .

. . .

. . .
. . . −I

0 −I T

 vh, T =


4 −1 0

−1
. . .

. . .

. . .
. . . −1

0 −1 4

 .

Our aim is to estimate the convergence error eh := uh − rhu based on the
consistency error dh:

fh − Lh(rhu) = Lhuh − Lh(rhu) = Lh(uh − rhu) =: dh,

where

∥dh∥∞,h ⩽ C

{
∥u∥C3(Ω)h,

∥u∥C4(Ω)h
2 for L = −∆.
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3.1. Solvability. The following technical tools are employed later on.

Lemma 3.1 (Discrete Green’s formula). (Grossmann et al. 2007, Lemma 2.33,
p.65) The operator −D+

i is adjoint to D−
i with respect to the inner product ( · , · )h:

(D−
i uh, vh)h = −(uh, D

+
i vh)h for uh, vh ∈ U0

h .

Lemma 3.2 (Discrete Poincaré inequality). (Grossmann et al. 2007, Lemma 2.35,
p.66) There exists KP(Ω) > 0 such that

∥u∥20,h ⩽ KP(Ω)|uh|21,h for uh ∈ U0
h .

In particular, KP(Ω) = 1 for Ω = (0, 1)d.

Theorem 3.1 (Solvability). For each fh ∈ Vh, the discrete problem (3.3) has
a unique solution.

3.2. H1-convergence error.

Theorem 3.2 (H1-convergence error). (Grossmann et al. 2007, Th 2.36, p.67)
Let the solution of (3.2) be smooth u ∈ C3(Ω). Then there exists C > 0 such that

∥uh − rhu∥0,h ⩽
√
KP(Ω)∥uh − rhu∥1,h ⩽ C∥u∥C3(Ω)h.

For L = −∆, if u ∈ C4(Ω), then

∥uh − rhu∥0,h ⩽
√
KP(Ω)∥uh − rhu∥1,h ⩽ C∥u∥C4(Ω)h

2.

Remark 3.1. Applying the norm equivalence hd/2∥eh∥∞,h ⩽ ∥eh∥0,h ⩽ ch we

can estimate the maximum norm ∥eh∥∞,h ⩽ ch1−d/2 for d = 1 only.

3.3. L∞-convergence error.

Lemma 3.3 (Discrete maximum principle). (Grossmann et al. 2007, Lemma 2.39,
p.68) For grid functions uh ∈ Uh, if −(∆huh)(xh) ⩽ 0 for xh ∈ Ωh, then it follows

max
xh∈Ωh

uh(xh) ⩽ max
xh∈Γh

uh(xh).

Lemma 3.4 (Discrete comparison principle). For uh, vh ∈ Uh, if{
−(∆huh)(xh) ⩽ −(∆hvh)(xh) for xh ∈ Ωh,

uh(xh) ⩽ vh(xh) for xh ∈ Γh,

then uh(xh) ⩽ vh(xh) for all xh ∈ Ωh.

Exercise 3.1. Derive Lemma 3.4 from the maximum principle.

Theorem 3.3 (L∞-convergence error). (Grossmann et al. 2007, Th 2.41, p.69)
Let the solution of (3.2) be smooth u ∈ C4(Ω) for L = −∆, then

∥uh − rhu∥∞,h ⩽
d

96
∥u∥C4(Ω)h

2.
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4. Properties of discrete operators

4.1. M-matrices. We start with the following

Definition 4.1 (M-matrix). (Hackbusch 1992, Def.4.3.1, p.45)

(i) A = (aij)
N
i,j=1 ∈ RN×N is called L-matrix, if aii > 0 and aij ⩽ 0 for i ̸= j.

(ii) L-matrix which is inverse monotone (exists A−1 ⩾ 0) is called M-matrix.

For example, A =

 2 −1 0
−1 2 −1
0 −1 2

 is M-matrix with A−1 = 1
4

3 2 1
2 4 2
1 2 3

 .

Lemma 4.1 (M-criterion). Let A be L-matrix. A is inverse monotone if and
only if one of the following conditions (i)–(iv) holds.

(i) There exists a majoring element v ∈ RN such that v > 0 and Av > 0,
in this case, the stability estimate holds

(4.1) sup
∥x∥=1

∥A−1x∥ =: ∥A−1∥ ⩽ ∥v∥
min

i∈{1,...,N}
(Av)i

.

(ii) A is strongly diagonally dominant: aii >
∑
j ̸=i

|aij | for all i = 1, . . . , N ,

in this case, ∥A−1∥ ⩽ 1
/

min
i∈{1,...,N}

(
aii −

∑
j ̸=i

|aij |
)
.

(iii) A is diagonally dominant: aii ⩾
∑
j ̸=i

|aij | for all i = 1, . . . , N with

strict inequality at least for one index i, and irreversible: there is no
permutation matrix B ∈ RN×N (all entries in all rows and columns are 0

except exactly one entry 1) such that BAB⊤ =

[
B11 B12

0 B22

]
is block upper

triangular matrix.
(iv) The spectral radius (the maximal eigenvalue) of the following matrix

P := I − (diag(A))−1A

is less than 1.

For (i) see (Grossmann et al. 2007, Th.2.73, p.70), for other criteria see (Hackbusch
1992, Criterion 4.3.7 and Lemma 4.3.9, p.48).

Example 4.1. Consider the discrete Laplace operator −∆h.

• It is evidently L-matrix, criterion (iii) argues M-matrix.
• The majoring element v(x) = x1(1−x1)+ . . .+xd(1−xd) is such that v > 0

in Ω = (0, 1)d, with the maximum norm ∥v∥ = 1/4 and −∆hv =

2
...
2

, provides

the criterion (i) and the stability estimate: ∥−∆−1
h ∥ ⩽ ∥v∥

min
i∈{1,...,N}

(−∆hv)i
= 1/4

2 = 1
8 .

• From the consistency estimate (3.4) implying

|(∆h(uh − rhu))(xh)| = |([∆−∆h]u)(xh)| ⩽ d
12∥u∥C4(Ω)h

2 =: 2α
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we evaluate the convergence error by applying the Cauchy–Schwarz inequality:

∥uh − rhu∥∞,h := sup
xh∈Ωh

|(uh − rhu)(xh)| = sup
xh∈Ωh

|(−∆−1
h )(−∆h)(uh − rhu)(xh)|

⩽ ∥ −∆−1
h ∥ sup

xh∈Ωh

|(−∆h)(uh − rhu)(xh)| ⩽
1

8
2α =

α

4

that agrees the assertion of Theorem 3.3.

4.2. Difference stencil. Consider the discrete Laplace operator −∆h in 2d.
For inner points xh of a uniform grid we construct a 9-point stencil with unknown
weights c(i,j) (see Fig. 4.2) by means of the approximation

Lhuh(xh) =
1

h2

∑
i,j∈{−1,0,1}

c(i,j)uh(x1 + ih, x2 + jh).

After expansion in Taylor’s series it has the asymptotic form:

xh4

-1

-1

-1 -1

Figure 4.1. 5-point stencil

c(0,1) c(1,1)

c(1,0)

c(1,-1)

c(0,0)

c(0,-1)

c(-1,1)

c(-1,0)

c(-1,-1)

Figure 4.2. 9-point stencil

Lhu(xh) =
1

h2

{
c(0,0)u(xh) +

∑
i,j=±1

c(i,j)
[
u(xh) + ih

∂u

∂x1
(xh) + jh

∂u

∂x2
(xh)

+ ijh2
∂2u

∂x1∂x2
(xh) +

h2

2
∆u(xh) + O(h3)

]
+
∑
i=±1

c(i,0)
[
u(xh) + ih

∂u

∂x1
(xh) +

h2

2

∂2u

∂x21
(xh) + O(h3)

]
+
∑
j=±1

c(0,j)
[
u(xh) + jh

∂u

∂x2
(xh) +

h2

2

∂2u

∂x22
(xh) + O(h3)

]}
The consistency needs the following conditions:

• by ∂u
∂x1

:
∑

i=±1 i
(
c(i,0) +

∑
j=±1 c(i,j)

)
= 0,

• by ∂u
∂x2

:
∑

j=±1 j
(
c(0,j) +

∑
i=±1 c(i,j)

)
= 0,

• by ∂2u
∂x1∂x2

:
∑

i,j=±1 ijc(i,j) = 0,

and, due to the symmetry c(±1,0) = c(0,±1) =: c1 and c(−1,±1) = c(1,±1) =: c2 also:

• by u:
∑

i,j=±1,0 c(i,j) = 0,

• by ∂2u
∂x2

1
:

∑
i=±1

(
c(i,0) +

∑
j=±1 c(i,j)

)
= 2c1 + 4c2,

• by ∂2u
∂x2

2
:

∑
j=±1

(
c(0,j) +

∑
i=±1 c(i,j)

)
= 2c1 + 4c2.
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Then c0 + 4c1 + 4c2 = 0, where c0 := c(0,0), and we calculate

Lhu(xh) =
1

h2
h2

2
(2c1 + 4c2)∆u(xh) + O(h)

which for c1 + 2c2 = −1 describes the consistent 9-point stencil (see Fig. 4.3). To

c1

c0

c2

c1

c2 c1 c2

c1

c2

Figure 4.3. A consistent 9-point stencil

compare, c2 = 0, c1 = −1, c0 = 4 implies the standard 5-point stencil (see Fig. 4.1).

Example 4.2. Consider c2 = − 1
6 , c1 = − 2

3 , c0 = 10
3 .

In this case, the expansion refined with high-order asymptotic terms reads

Lhu(xh) = −∆u(xh)−
1

h2

{2
3

[h4
4!

(
2
∂4u

∂x41
(xh) + 2

∂4u

∂x42
(xh)

)
+O(h6)

]
+

1

6

[h4
4!

(
4
∂4u

∂x41
(xh) + 4

∂4u

∂x42
(xh)

)
+

h4

2!2!
4

∂4u

∂x21∂x
2
2

(xh) + O(h6)
]}

= −∆u(xh)−
1

h2

{h4
12

(∂4u
∂x41

+
∂4u

∂x42
+ 2

∂4u

∂x21∂x
2
2

)
(xh) + O(h6)

}
= −∆u(xh)−

h2

12
∆2u(xh) + O(h4).

Moreover, we obtain the 4-order consistency when we approximate f as

fh =
1

12

[
8f(xh) +

∑
i=±1

f(xh + ihe1) +
∑
j=±1

f(xh + jhe2)
]

=
1

12

[
8f(xh) + 2f(xh) + h2

∂2u

∂x21
(xh) + O(h4) + 2f(xh) + h2

∂2u

∂x22
(xh) + O(h4)

]
= f(xh) +

h2

12
∆f(xh) + O(h4).

4.3. Shortley–Weller difference operator. For boundary points xh given
by parameters sN , sW , sS , sE ∈ (0, 1], see Fig. 4.4, the Shortley–Weller operator:

−∆SW
h uh(xh) =

2

h2

[( 1

sEsW
+

1

sSsN

)
uh(xh)

− 1

sW (sE + sW )
uh(xh + sWhe1)− 1

sE(sE + sW )
uh(xh − sEhe

1)

− 1

sN (sS + sN )
uh(xh + sNhe

2)− 1

sS(sS + sN )
uh(xh − sShe

2)
]
.
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north

xheast

south

west

xh+sNhe2

xh-sShe2

xh+sWhe1xh-sEhe1

Figure 4.4. Shortley–Weller difference operator

Lemma 4.2. (Hackbusch 1992, Th.4.8.4, p.81) The Shortley–Weller difference
operator has the following properties:

(i) if sN = sW = sS = sE = 1, then −∆SW
h = −∆h;

(ii) consistency error is of order one: ∥
(
[∆−∆SW

h ]u
)
(xh)∥ = O(h);

(iii) it is M-matrix;
(iv) for the domain Ω ⊂ (x01, x

0
1 +X)×R inside a strip, the majoring element

v = 1
2 (x1 − x01)(x

0
1 + X − x1) provides estimate of the inverse operator:

∥(−∆SW
h )−1∥ ⩽ X2

8 .

4.4. Discretization of mixed derivative. The 9-point stencil with weights
c(i,j) from Fig. 4.2 is consistent with the mixed derivative, when

1

h2

∑
i,j∈{−1,0,1}

c(i,j)uh(x1 + ih, x2 + jh) =
∂2u

∂x1∂x2
(xh) + O(h).

The form yields any consistent stencil, see (Grossmann et al. 2007, p.84):

S12
h :=

1

4h2

 −1 + a− b+ c 2(−a− c) 1 + a+ b+ c
2(−a+ b) 4a 2(−a− b)

1 + a− b− c 2(−a+ c) −1 + a+ b− c


of the 1st-order, and 2nd-order if b = c = 0. The common choice is a = b = c = 0.

For the elliptic operator in non-divergence form compared to (3.1):

Lu = −a11
∂2u

∂x21
− 2a12

∂2u

∂x1∂x2
,−a22

∂2u

∂x22
,

by summation over points in the patch with the following stencil

1

h2

 −a−12 −a22 + |a12| −a+12
−a11 + |a12| 2(a11 + a22 − |a12|) −a11 + |a12|

−a+12 −a22 + |a12| −a−12

 ,
where a+12 = max(0, a12) ≥ 0 and a−12 = −min(0, a12) ≥ 0, constitutes an M-matrix
Lh if the coefficients satisfy a11 > |a12| and a22 > |a12|. Here we use b = c = 0,
and either a = −1 as a12 < 0, or a = 1 as a12 > 0 such that

either S12
h =

1

4h2

 −2 2 0
2 −4 2
0 2 −2

 , or S12
h =

1

4h2

 0 −2 2
−2 4 −2
2 −2 0

 .
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5. Finite Volume Method (FVM) on unstructured grids

Let Ω ⊂ Rd be a convex polyhedron obeying flat faces. We distinguish{
interior grid points xi ∈ Ω, i = 1, . . . , N and

boundary grid points xi ∈ Γ, i = N + 1, . . . , N̄ ,

by the mean of index sets J := {1, . . . , N} and J̄ := {1, . . . , N̄}.

Definition 5.1. For i ∈ J , a Voronoi box is called the geometric set

(5.1) Ωi =
⋂

j∈J̄, j ̸=i

Bij := {x ∈ Ω : ∥x− xi∥ < ∥x− xj∥}.

Assume that Ωi ∩ Γ = ∅. We can define

• midpoint xij :=
xi+xj

2 such that ∥xi − xij∥ = ∥xj − xij∥ =
∥xi−xj∥

2 ,

• hyper-plane ∂Bij ⊃ Ωi∩Ωj =: Γij with the unit normal vector nij =
xi−xj

∥xi−xj∥ ,

• boundary Γi :=
⋃

j∈Ni

Γij of the cell Ωi =
⋂

j∈Ni

Bij for essential neighbours

Ni = {j ∈ J̄ , j ̸= i : (d− 1)-dimensional measure |Ωi ∩ Ωj | ≠ 0}.

5.1. Discetization of Poisson equation. We consider the Dirichlet prob-
lem: For f(x) ∈ C(Ω) and g(x) ∈ C(Γ) find u(x) ∈ C(Ω) ∩ C2(Ω) such that

(5.2)

{
−∆u = f in Ω,

u = g on Γ.

Integrate (5.2) by parts over the Voronoi box Ωi with the unit normal vector ni =⋃
j∈Ni

nij at ∂Ωi which is outward to Ωi, to derive:∫
Ωi

f dx = −
∫
Ωi

∆u dx = −
∫
Γi

∂u

∂ni
dSx = −

∑
j∈Ni

∫
Γij

∂u

∂nij
dSx.

Denoting by | · | the Hausdorff measure of a set and by diam ( · ) its diameter, the
following expansion holds∫

Ωi

f dx = |Ωi|f(xi) + O(|Ωi|diam (Ωi)),

and similarly ∫
Γij

∂u

∂nij
dSx = |Γij |

∂u

∂nij
(xij) + O(|Γij |∥xi − xj∥).

We apply the Taylor series:

u(xj) = u(xij) + ∥xj − xij∥
∂u

∂nij
(xij) +

1

2
∥xj − xij∥2

∂2u

∂n2ij
(xij) + O(∥xj − xij∥3),

u(xi) = u(xij)− ∥xi − xij∥
∂u

∂nij
(xij) +

1

2
∥xi − xij∥2

∂2u

∂n2ij
(xij) + O(∥xi − xij∥3)

and subtract them recalling ∥xi − xij∥ = ∥xj − xij∥ =
∥xi−xj∥

2 , such that

u(xj)− u(xi) = ∥xj − xi∥
∂u

∂nij
(xij) + O(∥xj − xi∥3),
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hence the normal derivative admits the expansion:

∂u

∂nij
(xij) =

u(xj)− u(xi)

∥xj − xi∥
+O(∥xj − xi∥2).

Based on the above representations, we discretize the problem (5.2) as follows

(5.3)

−
∑
j∈Ni

|Γij |
∥xj−xi∥ (uj − ui) = |Ωi|f(xi), i ∈ J,

ui = g(xi), i ∈ J̄ \ J,

or, equivalently, in the matrix form
∑

j∈J Lijuj = fi, i ∈ J , with the coefficients

Lij =


∑
k∈Ni

|Γik|
∥xk−xi∥ if j = i ∈ J,

− |Γij |
∥xj−xi∥ if j ∈ Ni ∩ J,

0 otherwise,

fi = |Ωi|f(xi) +
∑

k∈Ni at Γ

|Γik|
∥xk−xi∥g(xk),

where the latter term is according to the inhomogeneous BC at Γ. Gathering the
components uh = (ui)i∈J , fh = (fi)i∈J ∈ RN , and Lh = (Lij)i,j∈J ∈ RN×N implies
the linear system: Lhuh = fh.

Lemma 5.1. (Grossmann et al. 2007, Lemma 2.60, p.94) Lh is M-matrix.

Example 5.1. For uniform grid of the size h in Ω = (0, 1)2, the Voronoi box
is Ωi =

(
xi − h

2 e
1, xi +

h
2 e

1
)
×
(
xi − h

2 e
2, xi +

h
2 e

2
)
with |Ωi| = h2, ∥xi − xj∥ = h,

|Γij | = h, the cardinality |Ni| = 4 for all i ∈ J and j ∈ J̄ , thus

Lij =


4 if j = i ∈ J,

−1 if j ∈ Ni ∩ J,
0 otherwise,

fi = h2f(xi) +
∑

k∈Ni at Γ

g(xk).

In this case, Lh = −∆h agrees the standard 5-point stencil.

5.2. L∞-convergence error. On a uniform grid we have |Γij | = hd−1 in Rd.
Therefore, define the discretization parameter (mesh size) h by

h := max
i∈J

hi, hi :=
(
max
j∈Ni

|Γij |
) 1

d−1 , d ≥ 2.

Theorem 5.1 (L∞-convergence error). (Grossmann et al. 2007, Lemma 2.63,
p.96; Th.2.65, p.98) Let the solution of (5.2) be smooth u ∈ C4(Ω), the areas of
cells (Ωi)i∈J be uniformly bounded from below:

(5.4) |Ωi| ⩾ c1h
d
i , i ∈ J, c1 > 0,

and the consistency estimate holds:

(5.5)
∣∣∣∑
j∈Ni

|Γij |
∥xj − xi∥

(u(xj)− u(xi)) + |Ωi|f(xi)
∣∣∣ ⩽ c2h

d+1
i , i ∈ J, c2 > 0.

Then the convergence error is of order h:

∥eh∥∞,h = ∥rhu− uh∥∞,h ⩽ ch, c > 0.

Note that the left-hand side of (5.5) is |(−Lhu)(xh)+f(xh)| = |([L−Lh]u)(xh)|
in Ωi, thus its maximum over i ∈ J implies the L∞-consistency ∥[L− Lh]u∥∞,h.



22 V.A. Kovtunenko: Numerics of PDE

Remark 5.1. For the Neumann BC: ∂u/∂n = g on Γ it holds:∫
Ωi

f dx = −
∑
j∈Ni

∫
Γij

∂u

∂nij
dSx −

∑
k∈Ni at Γ

∫
Γik

∂u

∂nik
dSx

= −
∑
j∈Ni

∫
Γij

∂u

∂nij
dSx −

∑
k∈Ni at Γ

∫
Γik

g dSx.

Exercise 5.1. Generalize FVM (5.3) for the inhomogeneous medium:

−div(a(x)∇u) = f in Ω.

5.3. FVM for low-order convection terms. Consider the stationary diffusion-
convection equation given in the divergence form: find u(x) ∈ C(Ω) ∩ C2(Ω) such
that

Lu(x) := −div
(
a(x)∇u(x)− b(x) · u(x)

)
= f(x) in Ω ⊂ Rd,

where the right-hand side f(x) ∈ C(Ω), coefficients a(x), bi(x) ∈ C1(Ω) with vector
b = (b1 . . . , bd), and a > 0.

Using Voronoi diagram on unstructured grids we generalize FVM. Denote by
βij := b · nij on the box sides Γij and decompose βij = β+

ij − β−
ij into the positive

β+
ij ≥ 0 and the negative parts β−

ij ≥ 0, the 1-st order consistent approximation

(Lhu(xh))i = −
∑
j∈Ni

{[ |Γij | a(xij)
∥xj − xi∥

+ β−
ij

]
u(xj)−

[ |Γij |a(xij)
∥xj − xi∥

+ β+
ij

]
u(xi)

}
constitutes L-matrix Lh.

6. FDM for parabolic IBVP

In the 1d-spatial domain Ω = (0, 1), we consider a parabolic equation[ ∂
∂t

+ L
]
u = f.

Namely, in the cylinder QT = (0, T ) × Ω we look for u(t, x) ∈ C2,1(QT ) ∩ C(QT )
satisfying

(6.1)


∂u

∂t
− ∂2u

∂x2
= f for t ∈ (0, T ), x ∈ Ω (diffusion/heat equation),

u(t, x) = g(t, x) for t ∈ (0, T ), x ∈ ∂Ω := {0, 1} (Dirichlet BC ),

u(0, x) = u0(x) for t = 0, x ∈ Ω = (0, 1) (IC ).

6.1. Full discretization. For equidistant grid points: xi = ih, i = 0, . . . , N ,
h = 1/N and tk = kτ , k = 0, . . . ,M , τ = T/M , we discretize (6.1) by 6-point
schemes with an extra parameter σ ∈ [0, 1]: Find a discrete function u(τ,h) =

(uki )i=0,...,N, k=0,...,M such that

[D+
τ + Lσ

h]u(τ,h) = f(τ,h)
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by means of the relations

(6.2)



uk+1
i − uki

τ
−D−

hD
+
h (σu

k+1
i + (1− σ)uki ) = fki ,

i = 0, . . . , N, k = 0, . . . ,M,

uk0 = g1(t
k), ukN = g2(t

k), k = 0, . . . ,M,

u0i = u0(xi), i = 0, . . . , N.

Set γ := τ/h2 for short. From (6.2) we have an equivalent σ-dependent scheme:

(6.3) (1 + 2σγ)uk+1
i − σγ(uk+1

i−1 + uk+1
i+1 )

= (1− 2(1− σ)γ)uki + (1− σ)γ(uki−1 + uki+1) + τfki =: F k
i .

In particular, it establishes different stencils (see Fig. 6.1):

• (σ = 0) explicit (forward) Euler scheme:

uk+1
i = (1− 2γ)uki + γ(uki−1 + uki+1) + τf(tk, xi).

• (σ = 1) implicit (backward) Euler scheme:

(1 + 2γ)uk+1
i − γ(uk+1

i−1 + uk+1
i+1 ) = uki + τf(tk+1, xi).

• (σ = 1/2) Crank–Nicolson scheme:

2(1 + γ)uk+1
i − γ(uk+1

i−1 + uk+1
i+1 )

= 2(1− γ)uki + γ(uki−1 + uki+1) + 2τf(tk + τ/2, xi).

i-1 i i+1
k

k+1

(a)

i-1 i i+1
k

k+1

(b)

i-1 i i+1
k

k+1

(c)

Figure 6.1. (A) explicit Euler, (B) implicit Euler, (C) Crank–Nicolson.

6.2. Error estimates.

Lemma 6.1 (L∞-consistency error). (Grossmann et al. 2007, Lemma 2.73,
p.105) Let the solution of (6.1) be smooth such that u ∈ C3,4(QT ), then the con-
sistency error estimate holds:

∥[D+
τ + Lσ

h](r(τ,h)u)− f(τ,h)∥∞,(τ,h) = O(|σ − 1/2|τ + τ2 + h2).

Lemma 6.2. For the linear system (6.2), stability and a-priori estimates are
equivalent.

Lemma 6.3 (L∞-stability error). (Grossmann et al. 2007, p.106-107) If the
Courant–Friedrichs–Lewy (CFL) condition holds, namely:

(1− σ)γ = (1− σ)τ/h2 ⩽ 1/2,
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then the stability estimate holds:

max
i∈{0,...,N}, k∈{0,...,M−1}

|uk+1
i | ⩽ max

i∈{0,...,N}
|u0i |+ τ

M−1∑
j=0

max
i∈{0,...,N}

|f ji |.

Theorem 6.1 (L∞-convergence error). (Grossmann et al. 2007, Th.2.74, p.107)
Let the solution of (6.1) be smooth u ∈ C3,4(Ω), and (τ, h)-discretization (6.2) is
such that the CFL-condition holds. The convergence error admits the estimate:

max
i∈{0,...,N}, k∈{0,...,M−1}

|u(tk, xi)− uki | = O(|σ − 1/2|τ + τ2 + h2).

6.3. Semi-discretization. The vertical method of lines (MOL): Find the vec-
tor u(t) = (u1(t), . . . , uN−1(t)) such that

dui
dt

− 1

h2
(ui+1 + ui−1 − 2ui) = fi, i = 1, . . . , N − 1,

u0 ≡ g(0), uN ≡ g(1),

ui(0) = u0(xi) i = 1, . . . , N − 1

implies the system of (N − 1) first-order linear ODE supported by (N − 1) initial
conditions, see illustration in Fig. 6.2.

T

t

0
x0=0 x1=h xN=1 x

Figure 6.2. Vertical method of lines.

tM=T

t

t0=0
0 1 x

t1=

Figure 6.3. Horizontal methods of lines.
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While the horizontal (Rothe’s) MOL: Find the vector u(x) = (u1(x), . . . , uM (x))
such that 

uk+1 − uk

τ
− d2uk+1

dx2
= fk, k = 0, . . . ,M − 1,

uk+1(0) = g(0), uk+1(1) = g(1), k = 0, . . . ,M − 1,

u0 ≡ u0

results in the system of M second-order elliptic PDE supported by the Dirichlet
BC, see illustration in Fig. 6.3.

7. FDM for hyperbolic IBVP

7.1. The 1d wave equation on uniform grid. Consider the wave equation:[ ∂2
∂t2

−∆
]
u = f

and the respective hyperbolic IBVP: Find u(t, x) ∈ C2(QT ) ∩ C1,0(QT ) in the
1d-spatial domain Ω = (0, 1) such that

(7.1)


∂2u

∂t2
− ∂2u

∂x2
= f(t, x) for t ∈ (0, T ), x ∈ Ω,

u(t, x) = g(t, x) for t ∈ (0, T ), x ∈ Γ := {0, 1},
u(0, x) = u0(x), ∂u

∂t (0, x) = v0(x) for x ∈ Ω.

k+1

k

k-1
i-1 i i+1

(a)

k+1

k

k-1
i-1 i i+1

(b)

Figure 7.1. (A) explicit and (B) implicit schemes for hyperbolic IBVP.

We discretize [D−
τ D

+
τ +Lh]u(τ,h) = f(τ,h) by means of the schemes, see Fig. 7.1:

(E) 5-point explicit scheme:

(7.2)
uk+1
i + uk−1

i − 2uki
τ2

=
uki+1 + uki−1 − 2uki

h2
+ fki ,

or, in the equivalent form with the Courant number γ = τ/h:

uk+1
i = −uk−1

i + 2(1− γ2)uki + γ2(uki+1 + uki−1) + τ2fki ;

(I) 7-point implicit scheme:

(7.3)
uk+1
i + uk−1

i − 2uki
τ2

−
uk+1
i+1 + uk+1

i−1 − 2uk+1
i

2h2
−
uk−1
i+1 + uk−1

i−1 − 2uk−1
i

2h2
= fki ,

or, equivalently,

(1 + γ2

2 )uk+1
i − γ2

2 (uk+1
i+1 + uk+1

i ) = 2uki − (1 + γ2)uk−1
i + γ2

2 (uk−1
i+1 + uk−1

i−1 ) + τ2fki .



26 V.A. Kovtunenko: Numerics of PDE

The discrete equations are supported by the discrete initial data:

u0i = u0(xi), u1i = u0i + τv0(xi).

7.2. Three-term recurrence and stability. Consider the second order dif-
ference equation (three-term recurrence relation): given coefficients a1, a2, initial
data U0, U1, and right-hand side τ2F k ∈ R, find Uk ∈ R such that

Uk + a1U
k−1 + a2U

k−2 = τ2F k for k ≥ 2.

The characteristic equation ρ2 + a1ρ + a2 = 0 has two complex roots ρ1, ρ2 ∈ C.
We express Uk as the sum Uk = U

k
+ Ũk, where U

0
= U0, U

1
= U1, and U

k
solves

the homogeneous equation

U
k
+ a1U

k−1
+ a2U

k−2
= 0 for k ≥ 2.

Whereas Ũk satisfies zero initial data Ũ0 = Ũ1 = 0 and the recurrence equation

Ũk + a1Ũ
k−1 + a2Ũ

k−2 = τ2F k for k ≥ 2.

Lemma 7.1 (Stability of three-term recurrence). (Rannacher 2008, Satz 6.1,
S.225) Let |ρ1| ≤ 1 and |ρ2| ≤ 1. Then stability error estimate holds:

(7.4) |Uk| ⩽ cmax{|U0|, |U1|}, c > 0, |Ũk| ⩽ τ2k2 max
j=2,...,k

|F j |.

With the help of Lemma, for the discretizations of the wave equation we estab-
lish consistency, stability, and the following convergence results.

7.3. von Neumann convergence analysis.

Theorem 7.1 (Convergence error). (Rannacher 2008, Satz 6.2, S.223) Let the
solution of (7.1) be smooth u ∈ C4(QT ) and the Courant–Friedrichs–Lewy (CFL)
condition γ := τ/h ⩽ 1 hold for the explicit scheme (7.2), then both discretizations
(7.2) and (7.3) obey the convergence error

max
tk∈[0,T ]

∥u(tk)− uk∥0,h = O(τ2 + h2).

7.4. First order hyperbolic system. In 1d-spatial cylinder QT = (0, T )×
(0, 1), for given coefficient a ∈ R, continuous functions f , initial data v0, and
continuously differentiable u0, consider IP for the wave equation from (7.1):

∂2u

∂t2
− a2

∂2u

∂x2
= f in QT , u = u0,

∂u

∂t
= v0 as t = 0.

Introducing new variables v1 = ∂u/∂t and v2 = a ∂u/∂x such that

∂v1
∂t

=
∂2u

∂t2
= a2

∂2u

∂x2
= a

∂v2
∂x

,
∂v2
∂t

= a
∂2u

∂t∂x
= a

∂v1
∂x

,

we can express it as a 1st-order linear hyperbolic system for the pair v(t, x) =
(v1, v2)

⊤ ∈ C1(QT )
2 ∩ C(QT )

2 with a symmetric 2× 2 matrix A:

∂v

∂t
+A

∂v

∂x
= 0, A =

(
0 −a
−a 0

)
, v =

(
v0

a∂u0

∂x

)
at t = 0.

For periodic data such that f(t, x + 1) = f(t, x), ∂u0/∂x(x + 1) = ∂u0/∂x(x),
v0(x+1) = v0(x) in QT , we complete the system with periodic boundary conditions:

v(t, 0) = v(t, 1) for t ∈ (0, T ).

In this way we arrive at the form of conservation laws following next.
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8. FDM for linear conservation law

Let a vector-function f = (f1, . . . , fd)
⊤ : Rd+2 7→ Rd and the initial data

u0 ∈ W 1,∞(Rd) be given. Consider the first order, nonlinear PDE problem: Find
u(t, x) ∈W 1,∞(R+ × Rd) such that

(8.1)


∂u

∂t
+ divxf(t, x, u) = 0 a.e. t > 0, x ∈ Rd,

u(0, x) = u0(x) a.e. x ∈ Rd,

where

divxf(t, x, u) =

d∑
i=1

( ∂f
∂xi

+
∂f

∂u

∂u

∂xi

)
.

If f is differentiable, then it can be rewritten as a nonlinear transport problem (TP):

∂u

∂t
+ v · ∇xu = F := −

d∑
i=1

∂f

∂xi

with the velocity v := ∂f
∂u (t, x, u).

In the linear case, v(t, x) and F (t, x) do not depend on u.

8.1. Linear transport problem in 1d. For a constant velocity v > 0, con-
sider the linear transport problem in 1d : Find u(t, x) ∈W 1,∞(R+ × R) such that

(8.2)


∂u

∂t
+ v

∂u

∂x
= 0 a.e. t > 0, x ∈ R,

u(0, x) = u0(x) a.e. x ∈ R.

Lemma 8.1 (Solution formula and maximum principle). A unique solution to
(8.2) is given by the explicit formula

(8.3) u(t, x) = u0(x− vt)

and satisfies the maximum principle:

inf
x∈R

u0(x) ⩽ u(t, x) ⩽ sup
x∈R

u0(x).

Exercise 8.1. Justify (8.3) by differentiation, take infimum and supremum.

On the uniform grid (tk, xi) = (kτ, ih) for k ∈ N, i ∈ Z, explicit discretization
of (8.2) with respect to time implies upwind schemes:

D+
τ u = −v[σD+

h + (1− σ)D−
h ]u, σ ∈ [0, 1]

with the particular stencils illustrated in Fig. 8.1.

i-1 i i+1
k

k+1

(a)

i-1 i i+1
k

k+1

(b)

i-1 i i+1
k

k+1

(c)

Figure 8.1. Stencils for (A) σ = 1/2, (B) σ = 0, (C) σ = 1.
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8.2. L∞-error analysis.

Theorem 8.1 (L∞-error analysis). (Grossmann et al. 2007, Th.2.7, p.39) Let
u0 ∈ C1,1(R) have a Lipschitz continuous derivative. In the maximum norm, the
explicit upwind scheme (σ = 0): Find u(τ,h) = (uki )i∈Z,k∈N such that

(8.4)

{
[D+

τ + vD−
h ]u(τ,h) = 0,

u(τ,h)(0, xh) = u0(xh)

is consistent of order 1. Under the CFL-condition γ := vτ/h ⩽ 1, the discrete
maximum principle holds:

inf
i∈Z

uki ⩽ uki ⩽ sup
i∈Z

uki ,

then (8.4) is stable and convergent of order 1 in any finite time interval t ∈ [0, T ].

8.3. Fourier stability analysis. Take a countable complex-valued basis in
the space L2(−π, π):

(8.5) vj(x) =

√
h

2π
eıjx, j ∈ Z, ı2 = −1,

which is orthogonal such that

∫ π

−π

vjvl dx = hδjl with the complex conjugate func-

tion vl(x) =
√

h
2π e

−ılx and the Kronecker delta δjl =

{
1, j = l

0, j ̸= l
. For a grid

function uh = (uj)j∈Z on the equidistant space grid xh = (jh)j∈Z, we define the
discrete Fourier transform:

F : l2 := {uh :
∑
j∈Z

|uj |2 <∞} 7→ L2(−π, π), Fuh(x) =
∑
j∈Z

ujvj(x),

and for u ∈ L2(−π, π) the inverse Fourier transform F−1 : L2(−π, π) 7→ l2 by

(F−1u)h = ((F−1u)j)j∈Z, (F−1u)j =
1

h

∫ π

−π

u(x)vj(x) dx.

Lemma 8.2 (Parseval’s identity). The norms are equal:

∥Fuh∥2L2(−π,π) = ∥uh∥20,h.

Lemma 8.3 (Shift property).

F [(uj+1)j∈Z](x) = e−ıx(Fuh)(x), F [(uj−1)j∈Z](x) = eıx(Fuh)(x).

Theorem 8.2 (L2-error). (Grossmann et al. 2007, Th.2.10, p.43) For the ini-
tial data u0 ∈ C1,1(R), let its derivative (u0)′ have a compact support in interval
(−P, P ) with a finite number P > 0.

(i) With respect to the norm max
k∈{0,...,M}

∥ · ∥0,h, the explicit upwind scheme

is consistent of order one.
(ii) Under the CFL-condition γ ⩽ 1, it is stable and convergent of order one.

Remark 8.1. Consider a difference equation satisfying the generic estimate:

|uk+1
i | ⩽ a|uki |+ τ |f |, k = 1, . . . ,M − 1, τ = T/M,

where a is called an amplification factor. A sufficient condition for stability is

a ⩽ 1 + 1/k.
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Indeed, we estimate iteratively

|uk+1
i | ⩽ a(a|uk−1

i |+ τ |f |) + τ |f | ⩽ . . . ⩽ ak|u1i |+ τ

k−1∑
j=0

aj |f |.

If a ⩽ 1 + 1/k, then ak ⩽ (1 + 1/k)k < e, and the geometric series yields:

k−1∑
j=0

aj =


1−ak−1

1−a ⩽ 1, if a < 1, k ≥ 2

k, if a = 1,
1−ak−1

1−a < e−1
a−1 , if 1 < a < 1 + 1/k.

8.4. Instability analysis.

Remark 8.2. For γ > 1, the upwind scheme (8.4) is unstable.

If γ > 1, then for ε ∈ (0, 2(γ − 1)) there exists δ ∈ (0, π/2) such that a :=
|(1− γ) + γeıx| = 2γ − 1 > 1+ ε. Therefore, the amplification factor a > 1+ ε and
using e0h = 0, from (??) we estimate the error asymptotically for τ =M/k:

∥ek+1
h ∥0,h ⩾ −a∥ekh∥0,h + τ∥Ikh∥0,h ⩾ . . . ⩾ (−a)k+1∥e0h∥0,h + τ

k∑
j=0

aj

= τ
ak+1 − 1

a− 1
> τ

(1 + ε)k+1 − 1

a− 1
= O

( (1 + ε)k+1

k

)
→

k→∞
∞.

Remark 8.3. The upwind scheme (σ = 1): uk+1
j = (1 + γ)ukj − γukj+1 is

unstable.

Applying the Fourier transform we have Fek+1
j = (1+γ)Fekj −γFekj+1+τFIkj ,

where Fekj+1 = e−ixFekj according to the shift property. Henceforth,

∥ek+1
h ∥0,h ⩾ −|(1 + γ) + γe−ix| ∥ekh∥0,h + τ∥Ikh∥0,h,

and the amplification factor a = 1 + 2γ > 1.

Exercise 8.2. Prove that the upwind scheme (σ = 1/2) is unstable.

9. FDM for nonlinear conservation law and systems

For f ∈ C2(R) with f ′′ > 0 and u0 ∈ W 1,∞(R), consider the 1d nonlinear
conservation problem: Find u(t, x) ∈W 1,∞(R+ × R) such that

(9.1)


∂u

∂t
+

∂

∂x
f(u) = 0 a.e. t > 0, x ∈ R,

u(0, x) = u0(x) a.e. x ∈ R.

Lemma 9.1 (Solution formula). Let the derivative (u0)′ ⩾ 0, then the unique
solution to (9.1) is given by the implicit formula:

u(t, x) = u0
(
x− tf ′(u(t, x))

)
.

The explicit method suggests the discretization:

D+
τ u+ [σD+

h + (1− σ)D−
h ]f(u) = 0, σ ∈ [0, 1].

For example, for σ = 1/2 we get:

uk+1
i = uki − τ

2h [f(u
k
i+1)− f(uki−1)].
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It can be generalized to a conservation scheme :

(9.2) uk+1
i = uki − τ

h
[F (uki+1, u

k
i )− F (uki , u

k
i−1)] =: H(uki−1, u

k
i , u

k
i+1)

with a numerical flux F (v, w) : R2 7→ R such that F (v, v) = f(v). Indeed, from

1
h [F (u(x+ h), u(x))− F (u(x), u(x− h))] = ∂

∂uF (u(x), u(x))
∂u
∂x +O(h)

= f ′(u(x))
∂u

∂x
+O(h) =

∂

∂x
f(u(x)) + O(h),

it follows the consistency when F (v, v) = f(v).

9.1. Lax–Friedrichs flux. The well-known Lax–Friedrichs flux has the form:

F (v, w) =
1

2
[f(v) + f(w) +

h

τ
(w − v)].

With this flux the conservation scheme reads:

(9.3) uk+1
i = uki − τ

2h [f(u
k
i+1) + f(uki ) +

h
τ (u

k
i − uki+1)

− f(uki )− f(uki−1)−
h

τ
(uki−1 − uki )] =

uk
i+1+uk

i−1

2 − τ
2h [f(u

k
i+1)− f(uki−1)].

Definition 9.1. A conservation scheme (9.2) is called monotone, if the func-
tion (u, v, w) 7→ H(u, v, w) is non-decreasing.

Lemma 9.2. The Lax–Friedrichs scheme (9.3) is monotone, if the CFL-condition

|f ′| τ
h
⩽ 1 holds.

Note that in the linear case of f(u) = vu, the CFL-condition implies f ′ = v.

Lemma 9.3. (Grossmann et al. 2007, Lemma 2.19, p.55) From the monotone
property, it follows the discrete maximum principle:

mk
i := min(uki−1, u

k
i , u

k
i+1) ⩽ uk+1

i ⩽ max(uki−1, u
k
i , u

k
i+1) =:Mk

i .

Remark 9.1. (Grossmann et al. 2007, Th.2.21, p.56) A monotone conservation
scheme is convergent of order at most 1.

9.2. Lax–Wendroff method. Begin with the linear transport problem (8.2):

∂u

∂t
+ v

∂u

∂x
= 0 as t > 0, u = u0 at t = 0, for x ∈ R.

Look the explicit scheme in the form (Larsson and Thomee 2008, Sec.12.1):

uk+1
i = auki−1 + buki + cuki+1

with unknown coefficients a, b, c ∈ R. To get the second-order consistency, we need
b = 1− a− c such that solution of (8.2) after Taylor’s expansion in (tk, xi) yields

u(tk+1, xi)− au(tk, xi−1)− bu(tk, xi)− cu(tk, xi+1)

= u(tk+1, xi)− u(tk, xi) + a
(
u(tk, xi)− u(tk, xi−1)

)
− c
(
u(tk, xi+1)− u(tk, xi)

)
=
[
τ
∂u

∂t
+ (a− c)h

∂u

∂x
+ τ2

∂2u

∂t2
− (a+ c)

h2

2

∂2u

∂x2

]
(tk, xi) + O(τ3 + h3).

Differentiating (8.2) we substitute here ∂2u
∂t2 = −v ∂2u

∂t∂x and ∂2u
∂x2 = − 1

v
∂2u
∂t∂x and use

the Courant number γ = v τ
h , then the expression in square brackets is zero when
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a − c = γ and a + c = γ2. Solving three relations we determine uniquely the
coefficients

a =
1

2
γ(γ + 1), c =

1

2
γ(γ − 1), b = 1− γ2,

which constitute the Lax–Wendroff scheme:

(9.4) uk+1
i = uki − γ

2 (u
k
i+1 − uki−1) +

γ2

2 (uki+1 − 2uki + uki−1).

For stability, we apply the Fourier transform F to (9.4) and use (8.2) to obtain
the following equation for the error e(τ,h) := r(τ,h)u− u(τ,h):

Fek+1
h (x) = γ(γ+1)

2 F [(ekj−1)j∈Z ](x) + (1− γ2)Fekh(x) +
γ(γ−1)

2 F [(ekj+1)j∈Z ](x)

=
(γ(γ+1)

2 eıx + 1− γ2 + γ(γ−1)
2 e−ıx

)
Fekh(x)

in virtue of the shift property. The amplification factor here

|1− γ2 + γ2 cosx+ ıγ sinx|2 =
(
1− γ2(1− cosx)

)2
+ γ2(1− cos2 x)

= 1− γ2(1− γ2)(1− cosx)2 ≤ 1

implies the stability, if the CFL condition γ ≤ 1 holds.
For the nonlinear scalar conservation law in (9.1):

∂u

∂t
+

∂

∂x
f(u) = 0,

the Lax–Wendroff scheme (9.4) can be generalized as follows

uk+1
i = uki − τ

2h

(
f(uki+1)− f(uki−1)

)
+

τ2

2h2

[
f ′
(uk

i+1+uk
i

2

)(
f(uki+1)− f(uki )

)
− f ′

(uk
i +uk

i−1

2

)(
f(uki )− f(uki−1)

)]
.

9.3. Symmetric hyperbolic system. We look for an unknown vector U =
(u1, . . . , uN )⊤(t, x) satisfying the hyperbolic system of linear equations in 1d :

∂U

∂t
+A

∂U

∂x
= 0, t > 0, x ∈ R,

with given symmetric matrix A ∈ RN×N . For the symmetric system, the Lax–
Friedrichs scheme (9.3) reads (Larsson and Thomee 2008, Sec.12.1):

(9.5) Uk+1
i = 1

2

(
I − τ

hA
)
Uk
i+1 − 1

2

(
I + τ

hA
)
Uk
i−1

= 1
2

(
Uk
i+1 + Uk

i−1

)
− τ

2hA
(
Uk
i+1 − Uk

i−1

)
,

whereas the Lax–Wendroff scheme (9.4) turns into

(9.6) Uk+1
i = τ

hA
(
τ
hA+ I

)
Uk
i−1 +

(
I − τ2

h2A
2
)
Uk
i + τ

hA
(
τ
hA− I

)
Uk
i+1

= Uk
i − τ

2hA
(
Uk
i+1 − Uk

i−1

)
+ τ2

h2A
2
(
Uk
i+1 − 2Uk

i + Uk
i−1

)
.





CHAPTER 2

Numerics of Variational Problems (VP)

10. Variational theory

Let V be a Hilbert space (a complete vector space, that is, every Cauchy se-
quence converges) with the norm ∥ · ∥ induced by a scalar product ( · , · ). Its dual
space V ∗ consists of linear continuous functionals f : V 7→ R equipped with the
dual norm

∥f∥∗ := sup
0̸=v∈V

|f(v)|
∥v∥

,

where f(v) = ⟨f, v⟩ implies the duality pairing ⟨ · , · ⟩ between V ∗ and V . For a
given f ∈ V ∗ and a bilinear form a : V × V 7→ R, consider an abstract variational
problem (VP): Find u ∈ V such that

(10.1) a(u, v) = f(v) for all v ∈ V.

10.1. Lax–Milgram theorem.

Theorem 10.1 (Lax–Milgram). (Grossmann et al. 2007, Lemma 3.25, p.145)
If a is continuous:

(10.2) there exists a > 0 : |a(u, v)| ⩽ a∥u∥∥v∥
for all u, v ∈ V , and coercive:

(10.3) there exists 0 < a ⩽ a : a(u, u) ⩾ a∥u∥2,
then VP (10.1) has the unique solution satisfying the a-priori estimate:

∥u∥ ⩽
1

a
∥f∥∗.

10.2. Minimization problem.

Corollary 10.1. (Grossmann et al. 2007, Lemma 3.26, p.146) Within the
Lax–Milgram theorem, if a is symmetric such that a(u, v) = a(v, u) for all u, v ∈ V ,
then (10.1) is equivalent to the minimization problem:

(10.4) J(u) = min
v∈V

J(v), J : V 7→ R, J(v) := 1
2a(v, v)− f(v).

10.3. Second-order elliptic BVP. For example, consider the elliptic BVP
in a domain Ω ⊂ Rd with the Lipschitz boundary ∂Ω = ΓD∪ΓN such that ΓD∩ΓN =
∅, under the mixed Dirichlet–Neumann BC:

(10.5)


Lu := −

d∑
i=1

∂

∂xi

( d∑
j=1

aij(x)
∂u

∂xj

)
+

d∑
i=1

bi(x)
∂u

∂xi
+ c(x)u = f in Ω,

u = 0 at ΓD,

d∑
i,j=1

aij(x)
∂u

∂xj
ni = 0 at ΓN ,

33
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which is uniformly elliptic with respect to x ∈ Ω, when

a

d∑
i=1

ξ2i ⩽
d∑

i,j=1

aij(x)ξiξj ⩽ a

d∑
i=1

ξ2i for ξ = (ξ1, . . . , ξd)
⊤ ∈ Rd.

Multiply (10.5) with a smooth test function v and integrate by parts in Ω such that∫
Ω

(Lu)v dx =

∫
Ω

{ d∑
i,j=1

aij(x)
∂u

∂xj

∂v

∂xi
+

d∑
i=1

bi(x)
∂u

∂xi
v + c(x)uv

}
dx

−
∫
ΓN

( d∑
i,j=1

aij(x)
∂u

∂xj
ni

)
v dSx−

∫
ΓD

( d∑
i,j=1

aij(x)
∂u

∂xj
ni

)
v dSx =

∫
Ω

fv dx =: f(v).

The boundary terms here are equal to zero due to the Neumann BC in (10.5) and
for v = 0 on ΓD, thus we arrive at the bilinear form

a(u, v) :=

∫
Ω

{ d∑
i,j=1

aij(x)
∂u

∂xj

∂v

∂xi
+

d∑
i=1

bi(x)
∂u

∂xi
v + c(x)uv

}
dx.

Introduce the Sobolev function space:

V = {v ∈ H1(Ω) : v = 0 a.e. on ΓD},

which is equipped with the norm induced by the inner product:

∥v∥2H1(Ω) =

∫
Ω

(v2 + |∇v|2) dx, (u, v)H1(Ω) =

∫
Ω

(uv +∇u · ∇v) dx,

where |∇v|2 = ∇v · ∇v and ∇u · ∇v =

d∑
i=1

∂u
∂xi

∂v
∂xi

. The norm is equivalent to the

semi-norm:

|u|2H1(Ω) =

∫
Ω

|∇u|2 dx

due to the Poincare inequality (Clason 2013, Th.2.5, p.17):

(10.6)

∫
Ω

v2 dx ⩽ KP(Ω)

∫
Ω

|∇v|2 dx

which holds for all v ∈ H1(Ω) such that v = 0 on ΓD.
The right-hand side f ∈ L2(Ω) is endowed with the respective norm

∥f∥2L2(Ω) =

∫
Ω

f2 dx.

In order to apply the Max–Milgram Theorem 10.1, we check properties of the
bilinear form a : V × V 7→ R.

• The continuity of a needs the coefficients to be uniformly bounded, i.e.
aij(x), bi(x), c(x) ∈ L∞(Ω).

• Consider

(10.7) a(u, u) =

∫
Ω

d∑
i,j=1

aij(x)
∂u

∂xj

∂u

∂xi
dx+

∫
Ω

d∑
i=1

bi(x)
∂u

∂xi
u dx+

∫
Ω

c(x)u2 dx.
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We show coercivity of a. Due to the ellipticity of (aij)
d
i,j=1 and applying the

Poincare inequality, the first integral in (10.7) can be estimated as∫
Ω

d∑
i,j=1

aij(x)
∂u

∂xj

∂u

∂xi
dx ⩾ a

∫
Ω

d∑
i=1

( ∂u
∂xi

)2
dx = a∥∇u∥2L2(Ω)

= a
(

1
1+KP(Ω) +

KP(Ω)
1+KP(Ω)

)
∥∇u∥2L2(Ω) ⩾

a
1+KP(Ω)∥u∥

2
H1(Ω).

Integrating by parts and using the identity ∂u
∂xi

u = 1
2

∂
∂xi

(u2), the second integral

in the right-hand side of (10.7) is estimated as follows:∫
Ω

d∑
i=1

bi(x)
∂u

∂xi
u dx = −1

2

∫
Ω

d∑
i=1

∂bi
∂xi

u2 dx+
1

2

∫
ΓN

d∑
i=1

(bini)u
2 dSx

+
1

2

∫
ΓD

d∑
i=1

(bini)u
2 dSx = −1

2

∫
Ω

(div b)u2 dx+
1

2

∫
ΓN

(b · n)u2 dSx,

where the integral over ΓD is equal to zero due to the homogeneous Dirichlet BC.
As the result, we proceed with the estimate:

a(u, u) ⩾
a

1 +KP(Ω)
∥u∥2H1(Ω) +

∫
Ω

(c− 1

2
div b)u2 dx+

1

2

∫
ΓN

(b · n)u2 dSx,

which follows the sufficient conditions for the coercivity:

bi(x) ∈W 1,∞(Ω) : c− 1

2
div b ⩾ 0 in Ω, b · n ⩾ 0 on ΓN .

• (a-priori estimate) Applying the Cauchy–Schwarz inequality and the contin-
uous embedding H1(Ω) ↪→ L2(Ω) provides the chain of inequalities:

a

1 +KP(Ω)
∥u∥2H1(Ω) ⩽

∫
Ω

fu dx ⩽ ∥f∥L2(Ω)∥u∥L2(Ω) ⩽ ∥f∥L2(Ω)∥u∥H1(Ω),

which implies the a-priori estimate in the form: ∥u∥H1(Ω) ⩽
1+KP(Ω)

a ∥f∥L2(Ω).

• For symmetric aij = aji and bi = 0, we get the equivalent minimization
problem (10.4) with the objective function J : H1(Ω) 7→ R,

J(v) =
1

2

∫
Ω

{ d∑
i,j=1

aij(x)
∂v

∂xj

∂v

∂xi
+ c(x)v2

}
dx−

∫
Ω

fv dx,

which coercivity is provided by the lower bound:

J(v) ⩾


1

2

a

1 +KP(Ω)
∥v∥2H1(Ω) − ∥f∥L2(Ω)∥v∥L2(Ω), if c(x) ⩾ 0,

1

2

[ a

1 +KP(Ω)
−KP(Ω)∥c∥L∞(Ω)

]
∥v∥2H1(Ω) − ∥f∥L2(Ω)∥v∥L2(Ω), otherwise.

11. Galerkin method

Let Vh ⊂ V (conforming approximation) be a finite dimensional subspace of V ,
then Vh is also a Hilbert space endowed with the topology of V . The bilinear form
a : Vh × Vh 7→ R has the same properties. From the Lax–Milgram Theorem 10.1,
there exists a unique solution uh ∈ Vh of the discrete variational problem:

(11.1) a(uh, vh) = f(vh) for all vh ∈ Vh.
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A discrete approximation is called consistent if the exact solution u ∈ V satisfies
the discrete variational formulation. Since Vh ⊂ V , we can test (10.1) with the test
function v = wh ∈ Vh:

(11.2) a(u,wh) = f(wh) for all wh ∈ Vh,

thus justifying that (11.1) is consistent.

11.1. Cea’s lemma on discretization error.

Lemma 11.1 (Cea). (Grossmann et al. 2007, Th.3.31, p.152) The discretiza-
tion error for solutions of the problems (10.1) and (11.1) is estimated by the best
approximation error:

∥u− uh∥ ⩽
a

a
inf

vh∈Vh

∥u− vh∥.

Corollary 11.1. If a is symmetric, then the improved estimate holds

∥u− uh∥ ⩽

√
a

a
inf

vh∈Vh

∥u− vh∥.

Exercise 11.1. Prove the corollary by checking the estimate a(u−uh, u−uh) ⩽
a(u− vh, u− vh) and using J(uh) ⩽ J(vh).

Let the dimention of Vh be finite, say N ∈ N, then there exists a basis (φi)
N
i=1

such that Vh = span{φ1, . . . , φN ∈ V }. Taking the ansatz for a trial function

uh =

N∑
j=1

ujφj(x), uj ∈ R,

and test functions vh = φi in (11.1), we get the linear system:

(11.3)

N∑
j=1

a(φj , φi)uj = f(φi), i = 1, . . . , N,

with the stiffness matrix L = (Lij)
N
i,j=1 ∈ RN×N , where Lij := a(φj , φi).

Lemma 11.2. L is positive definite: ξ⊤Lξ > 0 for 0 ̸= ξ ∈ RN .

Corollary 11.2. If a is symmetric, then L is a Spd-matrix.

There are two general approaches to the basis choice:

• by spectral elements, every basis function φi(x) has a global support;
• by finite elements, every basis function φi(x) has a local support.

11.2. Discretizations of Poisson equation in 1d. For example, consider
the mixed BVP for the Poisson equation in 1d:{

−u′′ = f in Ω = (0, 1),

u(0) = 0 (Dirichlet BC), u′(1) = 0 (Neumann BC).

In the function space V = {v ∈ H1(0, 1) : v(0) = 0} the corresponding variational
problem reads: Find u ∈ V such that∫ 1

0

u′v′ dx =

∫ 1

0

fv dx for all v ∈ V.
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1. Discretization by monomial basis. Let φi =
1
i x

i, φ′
i = xi−1, then the stiffness

matrix with entries

Lij =

∫ 1

0

xi−1xj−1 dx =

∫ 1

0

xi+j−2 dx =
1

i+ j − 1
xi+j−1

∣∣∣1
0
=

1

i+ j − 1

is called the Hilbert matrix : L =


1 1/2 1/3

...

1/2 1/3
...

1/3
...

...

. The condition number

κ(L) = λmax

λmin
≫ 1, hence the method is unstable.

2. Discretization by eigenbasis. Solving the eigenvalue problem:{
−φ′′ = λφ in (0, 1),

φ(0) = 0, φ′(1) = 0,

we get the eigenvectors φi(x) = sin[π( 12 + i)x] for i ∈ N, such that

φ′
i(x) = π(

1

2
+ i) cos[π(

1

2
+ i)x], φ′′

i (x) = −(π(
1

2
+ i))2 sin[π(

1

2
+ i)x],

and the eigenvalues λi = −(π( 12 + i))2.
The corresponding stiffness matrix can be calculated as follows, for i ̸= j:

Lij = π2( 12 + i)( 12 + j)

∫ 1

0

cos[π( 12 + i)x] cos[π( 12 + j)x] dx

= π2( 12 + i)( 12 + j)

∫ 1

0

(
cos[π(i− j)x] + cos[π(1 + i+ j)x]

)
dx

= 1
2π

2( 12+i)(
1
2+j)

{ 1

π(i− j)
sin[π(i−j)x]

∣∣∣1
0
+

1

π(1 + i+ j)
sin[π(1+i+j)x]

∣∣∣1
0

}
= 0,

and for i = j:

Lii = π2( 12 + i)2
∫ 1

0

cos2[π( 12 + i)x] dx

= 1
2π

2( 12 + i)2
∫ 1

0

(1 + cos[π(1 + 2i)x]) dx = 1
2π

2( 12 + i)2.

The equation (11.3) implies 1
2π

2( 12+i)
2ui = fi :=

∫ 1

0
fφi dx following ui =

2fi
π2( 1

2+i)2

and the analytic solution given explicitly by the series:

uh(x) =

N∑
i=1

2
π2( 1

2+i)2
fiφi(x).

Here uh → 0 as i → ∞ provides stability. However, the disadvantage is that the
method needs a-priori to know an eigenbasis.
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3. Discretization by finite element method (FEM). On the uniform grid Ωh =
{xi = ih, i = 0, . . . , N} in Ω = [0, 1] of the mesh size h = 1/N , construct continuous
piecewise-linear basis functions (so-called “hat” functions):

φi(x) =


x−xi−1

h , x ∈ (xi−1, xi),
xi+1−x

h , x ∈ (xi, xi+1),

0, otherwise,

φ′
i(x) =


1
h , x ∈ (xi−1, xi),

− 1
h , x ∈ (xi, xi+1),

0, otherwise,

as illustrated in Figure 11.1.

1

0
xi-1 xxi xi+1 1

i (x)

(a)

0
xi-1 xxi xi+1 1

i (x)'
1
h

1
h

(b)

1

0
h x1

21 N-1 N

...

(c)

Figure 11.1. (A) function φi, (B) derivative φ
′
i, (C) basis (φi)

N
i=1.

The corresponding stiffness matrix computes

L(i−1,i) =

∫ xi

xi−1

(
− 1

h

)(
1
h

)
dx = − 1

h , L(i,i) =

∫ xi

xi−1

(
1
h

)2
dx+

∫ xi+1

xi

(
− 1

h

)2
dx = 2

h

resulting in the tridiagonal system:

(11.4)

{
−ui−1 + 2ui − ui+1 = hfi for i = 1, . . . , N − 1,

u0 = 0, −uN−1 + uN = 0,

which coincides with the discretization by finite differences.

Lemma 11.3. (Clason 2013, Section 1.3, p.7–8) Let the solution of (11.4) be
smooth u ∈ H2(0, 1). The discretization error admits the estimate:

∥u− uh∥H1(0,1) ⩽
h√
2
∥u∥H2(0,1).

12. Finite element (FE) method

Definition 12.1 (FE). A finite element (FE) is called the triple (T, P,Ψ):

(i) element T ⊂ Rd as a simply-connected domain with a piecewise-smooth
boundary,

(ii) space of shape functions P of dimension k ∈ N,
(iii) basis Ψ = {Ψ1, . . . ,Ψk} : P 7→ R in the dual space P ∗ of linear continuous

functionals.
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For example, the elements are: line segment, arc in 1d; triangle, quadrilateral
in 2d; tetrahedron, polyhedron in 3d.

The space P = span{φ1, . . . , φk} is composed by shape functions (φi)
k
i=1 which

are, typically, polynomials.

12.1. Polynomial bases of shape functions. The standard basis is defined
with the help of 1d Lagrangian polynomials on a grid (ξi)

k
i=1 in [0, 1]:

Sk
i (ξ) =

∏
j=1,...,k, j ̸=i

ξ − ξi
ξj − ξi

.

• On 2 points {0, 1}, the linear interpolation u(ξ) = u(0)S2
1(ξ) + u(1)S2

2(ξ)
is provided by the shape functions:

S2
1(0) = 1, S2

1(1) = 0, then S2
1(ξ) = 1− ξ; S2

2(0) = 0, S2
2(1) = 1, then S2

2(ξ) = ξ.

• On 3 points {0, 1/2, 1}, the quadratic interpolation holds:

u(ξ) = u(0)S3
1(ξ) + u(1/2)S2

2(ξ) + u(1)S3
3(ξ),

where S3
1(0) = 1, S3

1(1/2) = S3
1(1) = 0, then S3

1(ξ) = (2ξ − 1)(ξ − 1);
S3
2(1/2) = 1, S3

2(0) = S3
2(1) = 0, then S3

2(ξ) = 4ξ(1− ξ);
S3
3(1) = 1, S3

3(0) = S3
3(1/2) = 0, then S3

3(ξ) = (2ξ − 1)ξ.

The hierarchical is called a basis such that (φi)
k
i=1 ⊂ (φi)

k+1
i=1 . The example is

based on the Gegenbauer polynomials in [0, 1] which are defined recursively as

(n+ 1)G
(−1/2)
n+1 (ξ) = (2n− 1)(2ξ − 1)G(−1/2)

n (ξ)− (n− 2)G
(−1/2)
n−1 (ξ)

starting from G
(−1/2)
0 (ξ) := 1, G

(−1/2)
1 (ξ) := 1− 2ξ, then the next are calculated as

G
(−1/2)
2 (ξ) = 2ξ(1− ξ), G

(−1/2)
3 (ξ) = 2ξ(1− ξ)(2ξ − 1), etc.

In this case, the shape functions are: S1 = 1
2 (G

(−1/2)
0 + G

(−1/2)
1 ) = 1 − ξ,

S2 = 1
2 (G

(−1/2)
0 −G

(−1/2)
1 ) = ξ, S3 = G

(−1/2)
2 (the bubble mode), etc.

The Hermit (cubic) basis in [0, 1] is defined such that

ij 00 01 10 11
hij(0) 1 0 0 0
hij(1) 0 1 0 0
h′ij(0) 0 0 1 0
h′ij(1) 0 0 0 1

h00 = (1 + 2ξ)(1− ξ)2, h′00 = −3ξ(1− ξ),

h01 = ξ2(3− 2ξ), h′01 = 3ξ(1− ξ),

h10 = ξ(1− ξ)2, h′10 = (ξ − 1)(3ξ − 1),

h11 = ξ2(ξ − 1), h′11 = ξ(3ξ − 2).

It follows the spline interpolation: u(ξ) = h00u(0) + h01u(1) + h10u
′(0) + h11u

′(1).

12.2. Dual basis. For a nodal basis (φi)
k
i=1 of shape functions, the dual basis

is characterized by the property:

(12.1) Ψi(φj) = δij , i, j = 1, . . . , k.

For example,

• the Lagrange element : Ψ1(φ) = φ(0), Ψ2(φ) = φ(1);
• the Hermite element : . . . , Ψ3(φ) = φ′(0), Ψ4(φ) = φ′(1).

Lemma 12.1 (Criterion of dual basis). (Clason 2013, Lemma 4.3, p.30) The
functions (Ψi)

k
i=1 form a basis in P ∗ if and only if the equalities Ψi(u) = 0 for all

i = 1, . . . , k and u ∈ P follow that u = 0.
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12.3. FE interpolation.

Definition 12.2 (Triangulation). The decomposition (Ti)i∈I is called an ad-
missible triangulation of a domain Ω ⊂ Rd, when

(i) Ti are elements of the same type (e.g. triangles);
(ii) they are disjoint: Ti ∩ Tj = ∅ for i ̸= j, and

⋃
i∈I

T i = Ω;

(iii) hanging nodes are excluded, that is, for i ̸= j, the intersection T i ∩ T j is
either empty or a nodal point (in 1d, 2d, 3d), or a complete edge (in 2d,
3d), or a complete face (in 3d).

Definition 12.3 (FE interpolation). For every FE (Ti, P
i,Ψi) with a nodal

basis (φj)
k
j=1, the operator I : P i 7→ P i defined as

(12.2) Iu :=

k∑
j=1

Ψj(u)φj

determines a local interpolant of u. The map I : Cm(Ω) 7→ Cm(Ω), m ∈ N0, such
that its restriction on every element Ti coincides with (12.2), determines a global
interpolant. The space Vh = {Iu : u ∈ Cm(Ω)} is called Cm-finite element space.

Lemma 12.2 (Properties of FE interpolation). (Clason 2013, Lemma 4.6, p.35)

(i) The operator I is linear.
(ii) Interpolation property: Ψj(Iu) = Ψj(u), j = 1, . . . , k, on Ti.
(iii) I is a projection (that is I2 = I) such that Iu = u for u ∈ Vh.

The following lemma is useful for conforming FEM later on.

Lemma 12.3. (Grossmann et al. 2007, Lemma 4.1, p.179) If u ∈ Cm(Ω) and
u ∈ Cm+1(Ti) for all i ∈ I, then u ∈ Hm+1(Ω).

13. Simplex FE

We consider a triangulation Ω =
⋃
i∈I

T i ⊂ Rd, which vertexes xj compose the

grid Ωh = (xj)N̄j=1. Every element Ti given by a convex polytope (bounded by flat

sides) with vertexes (xj)j∈Ji , where the indexes Ji = {j1, . . . , j|Ji|} ⊂ {1, . . . , N̄},
can be described by a convex hull/envelope in the form

(13.1) Ti = conv{(xj)j∈Ji
} := {x =

|Ji|∑
l=1

λlx
l : λl ⩾ 0 for all l,

|Ji|∑
l=1

λl = 1},

where (λl)
|Ji|
l=1 are called barycentric coordinates.

13.1. The d-simplex.

Definition 13.1. Based on the formula (13.1),

(i) the element Ti ⊂ Rd is called d-simplex, if the cardinality |Ji| = d+ 1.
(ii) The unit d-simplex is the set

T = {ξ =
d+1∑
l=1

λle
l : λl ⩾ 0 for all l,

d+1∑
l=1

λl = 1},
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with the following d+ 1 vertexes (el)d+1
l=1 in Rd:

e1 = (0, 0, . . . , 0), e2 = (1, 0, . . . , 0), . . . , ed+1 = (0, 0, . . . , 1).

In Figure 13.1 the unit simplexes are illustrated in local coordinates (ξ1, . . . , ξd):
1-simplex which is segment; 2-simplex which is triangle; 3-simplex which is tetra-
hedron.

0 1

e1 e2

(a)

1

0
e1 e2

1

e3
2

1

(b)

1

0
e1

e2

1

e3

3

1

2

e4

1

(c)

Figure 13.1. (A) 1-simplex, (B) 2-simplex, (C) 3-simplex.

Lemma 13.1 (Parametrization). (Hackbusch 1992, Exercise 8.3.14, p.177) Any

d-simplex Ti with vertexes (xjl)d+1
l=1 can be uniquely mapped to the unit simplex T

by means of the affine transformation:

Xi : T 7→ Ti, x = Xi(ξ) := xj1 +

d∑
l=1

ξl(x
jl+1 − xj1)

with the Jacobian determinant

|Xi| := det


∂Xi

1

∂ξ1
. . .

∂Xi
1

∂ξd

. . .
. . . . . .

∂Xi
d

∂ξ1
. . .

∂Xi
d

∂ξd

 =

∣∣∣∣∣∣∣
xj21 − xj11 . . . x

jd+1

1 − xj11

. . .
. . . . . .

xj2d − xj1d . . . x
jd+1

d − xj1d

∣∣∣∣∣∣∣ > 0.

Exercise 13.1. Check that Xi(el) = xjl for all l = 1, . . . , d+ 1.

13.2. Triangular FE. In 2d, consider a triangular FE consisting of element
Ti which is the triangle with vertexes (x1, x2, x3), P being the space of linear func-
tions, Ψj(φ) = φ(xj), j = 1, 2, 3 implying a nodal basis. We assume the uniform
triangulation in the unit square Ω = (0, 1)2 endowed with the grid

Ωh = {xj ∈ Ω, j = 1, . . . , N̄ : xj = (kh, lh), k, l ∈ N0}

of the mesh size h = 1/
√
N̄ − 1, as illustrated in Figure 13.2 for N̄ = 16.

For the lower triangles we calculate the affine transformation:

Xi = xj + ξ1(h, 0) + ξ2(0, h) = xj + hξ, |Xi| =
∣∣∣∣h 0
0 h

∣∣∣∣ = h2, (Xi)−1 =
x− xj

h
,

similarly, for the upper triangles:

Xi = xj−ξ1(h, 0)−ξ2(0, h) = xj−hξ, |Xi| =
∣∣∣∣−h 0
0 −h

∣∣∣∣ = h2, (Xi)−1 =
xj − x

h
.
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1

0 1 x1

x2

Figure 13.2. Example triangulation with h = 1/3 for N̄ = 16.

The shape functions in the unit 2-simplex T should satisfy Si(e
j) = δij for the

nodal basis, thus

S1(ξ) = 1− ξ1 − ξ2, S2(ξ) = ξ1, S3(ξ) = ξ2.

The transformed shape functions in Ti are

φj(x) =

{
Sj(

x−xj

h ) for lower triangles;

Sj(
xj−x

h ) for upper triangles.

For every node xj ∈ Ωh, consider a patch Πj =
⋃

i∈Ij

T i over the index set

Ij = {i ∈ I : j ∈ Ji} consisted of maximum 6 triangles Ti1 , . . . , Ti6 adjacent to xj .
From local hat-functions we compose a global basis function (which are continuous
piecewise linear) φ̂j(x) on every patch Πj ⊂ Ω as illustrated in Figure 13.3.

xj+(-h,h) xj+(0,h) 

xj+(h,0) 

xj+(h,-h) xj+(0,-h) 

xj+(-h,0) 
xj 

(a)

s3(-     )x-xj

h

x-xj

hs1(    )
x-xj

hs2(-     )

x-xj

hs3(    )

x-xj

hs1(-     )

x-xj

hs2(    )

(b)

(  )h
1 -1

0( )h
1 1

1

0
1( )h

1

1
0( )h

1

0
-1(  )h

1

-1
-1(  )h

1

(c)

Figure 13.3. (A) patch Πj , (B) function φ̂j , (C) gradient ∇φ̂j(x).

13.3. Stiffness and mass matrices for Poisson equation.

Example 13.1. Consider the Dirichlet problem for the Poisson equation: Find
u ∈ H1(Ω) such that u|ΓD

= 0 and∫
Ω

(∇u · ∇v − fv) dx = 0

for all v ∈ H1(Ω) such that v|ΓD
= 0. The Galerkin ansatz

uh =

N̄∑
l=1

ulφ̂l, fh =

N̄∑
l=1

flφ̂l,
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and the test function vh = φ̂j result in the discrete problem:

(13.2)
∑
l∈Ij

∫
Πl∩Πj

(ul∇φ̂l · ∇φ̂j − flφ̂lφ̂j dx) = 0 for j = 1, . . . , N̄ , uj |ΓD
= 0.

We compute the gradient of the global shape functions

∇xS1

(x− xj

h

)
=

(
∂ξ1
∂x1

∂ξ1
∂x2

∂ξ2
∂x1

∂ξ2
∂x2

)
∇ξS1 =

(
1/h 0
0 1/h

)
∇ξS1 =

1

h

(
−1
−1

)
,

∇xS2

(x− xj

h

)
=

1

h

(
1
0

)
, ∇xS3

(x− xj

h

)
=

1

h

(
0
1

)
,

∇xS1

(
−x− xj

h

)
=

(
∂ξ1
∂x1

∂ξ1
∂x2

∂ξ2
∂x1

∂ξ2
∂x2

)
∇ξS1 =

(
−1/h 0
0 −1/h

)
∇ξS1 =

1

h

(
1
1

)
,

∇xS2

(
−x− xj

h

)
=

1

h

(
−1
0

)
, ∇xS3

(
−x− xj

h

)
=

1

h

(
0
−1

)
entering the integral in (13.2) by the mean of

∑
l∈Ij

∫
Πl∩Πj

∇φ̂l ·∇φ̂j dx which can

be directly calculated for every element Ti as follows∫
Ti

|∇φ1|2 dx =
h2

2

( 1

h2
+

1

h2

)
= 1,

∫
Ti

|∇φl|2 dx =
h2

2

1

h2
=

1

2
for l = 2, 3,

∫
Ti

∇φ1 · ∇φl dx =
h2

2

(
− 1

h2

)
= −1

2
for l = 2, 3,

∫
Ti

∇φ2 · ∇φ3 dx = 0.

Consequently, we assemble the stiffness matrix and get the corresponding interior
stencil for the Laplace operator as illustrated below in Figure 13.4.

0

1

0

00

1 1/2

1/2
1/2

1/21/2-
1/2-

1/2-
1/2-

1/2-
1/2-

1/2-
1/2-

0

-1

-1

4

0-1

-1

0 0

Figure 13.4. Interior stencil for the stiffness matrix for −∆h.

Next we calculate the mass matrix
∑

l∈Ij

∫
Πl∩Πj

φ̂lφ̂j dx entering (13.2) for

every element Ti as∫
Ti

(φj)
2 dx = |Xi|

∫
T

S2
j dξ =

h2

12
,

∫
Ti

φjφl dx = |Xi|
∫
T

SjSl dξ =
h2

24

as shown in Figure 13.5, using the exact integration formula over the unit d-simplex
(Ciarlet and Lions 1991, (25.14), p.187):

(13.3)

∫
T

ξn1
1 ξn2

2 . . . ξnd

d dξ =
n1!n2! . . . nd!

(d+ n1 + n2 + . . .+ nd)!
.

Exercise 13.2. Calculate integrals in the mass matrix using formula (13.3).
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1

h2

24
2

2
2

2
2

2
1

1
1 1 1

1
11

1
1

1

1 1 0

1

110

1 6h2

24

Figure 13.5. Interior stencil for the mass matrix.

14. Rectangular FE in 2d

For the unit square T = (0, 1)2 with vertexes

e1 = (0, 0), e2 = (1, 0), e3 = (0, 1), e4 = (1, 1),

a special parametrization such that λl(e
j) = δlj , given by

λ1 = (1− ξ1)(1− ξ2), λ2 = ξ1(1− ξ2), λ3 = (1− ξ1)ξ2, λ4 = ξ1ξ2,

follows that (λl)
4
l=1 are barycentric coordinates with the properties:

• λl ⩾ 0 for all l,

•
∑4

l=1 λl = (1− ξ1 − ξ1 + ξ1ξ2) + (ξ1 − ξ1ξ2) + (ξ2 − ξ1ξ2) + ξ1ξ2 = 1,

•
∑4

l=1 λle
l =

(
ξ1(1− ξ2) + ξ1ξ2
(1− ξ1)ξ2 + ξ1ξ2

)
=

(
ξ1
ξ2

)
.

Lemma 14.1 (Bilinear mapping). (Brenner and Scott 2008, Ex.4.x.21, p.127)
Any quadrilateral Ti with vertexes (xjl)4l=1 can be transformed to the unit square by
the bilinear coordinate transformation (isomorphismus) Xi : T 7→ Ti,

x = Xi(ξ) := (1− ξ1)(1− ξ2)x
j1 + ξ1(1− ξ2)x

j2 + (1− ξ1)ξ2x
j3 + ξ1ξ2x

j4

with the Jacobian determinant
∣∣∂Xi

∂ξ

∣∣
= det

(
(1− ξ2)(x

j2
1 − xj11 ) + ξ2(x

j4
1 − xj31 ), (1− ξ1)(x

j3
1 − xj11 ) + ξ1(x

j4
1 − xj21 )

(1− ξ2)(x
j2
2 − xj12 ) + ξ2(x

j4
2 − xj32 ), (1− ξ1)(x

j3
2 − xj12 ) + ξ1(x

j4
2 − xj22 )

)
.

For convex Ti, the mapping is a diffeomorphism (i.e. the both Xi and (Xi)−1 are
differentiable).

Exercise 14.1. Give an example of a nonconvex quadrilateral Ti such that∣∣∂Xi

∂ξ (ξ)
∣∣ = 0 in some ξ ∈ T .

14.1. Bilinear elements. Let Pk denote the set of polynomials of degree at
most k ∈ N0:

Pk = {p(ξ) =
k∑

i=0

ciξ
i, ci ∈ R, i = 0, . . . , k}.

In any element T in R2 define the set of polynomials of degree k in each variable:

Qk(T ) = {p(ξ) =
k∑

i1,i2=0

c(i1,i2)ξ
i1
1 ξ

i2
2 , c(i1,i2) ∈ R, i1, i2 = 0, . . . , k},
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and the smaller set Pk(T ) ⊂ Qk(T ) of polynomials of the total degree k:

Pk(T ) = {p(ξ) =
k∑

i1+i2=0

c(i1,i2)ξ
i1
1 ξ

i2
2 , c(i1,i2) ∈ R, i1 + i2 = 0, . . . , k}.

On the unit square T , we consider the bilinear Q1-basis (Sl)
4
l=1 formed by linear

P1-polynomials:

l 1 2 3 4
Sl (1− ξ1)(1− ξ2) ξ1(1− ξ2) (1− ξ1)ξ2 ξ1ξ2

∇Sl

(
−(1− ξ2)
−(1− ξ1)

) (
1− ξ2
−ξ1

) (
−ξ2
1− ξ1

) (
ξ2
ξ1

)
For a rectangle Ti of the size h1 × h2, the bilinear mapping Xi : T 7→ Ti from
Lemma 14.1 is affine:

Xi(ξ) = xj + (ξ1h1, ξ2h2),
∣∣∣∂Xi

∂ξ

∣∣∣ = ∣∣∣∣h1 0
0 h2

∣∣∣∣ = h1h2, ξl =
xl − xjl
hl

, l = 1, 2.

Definition 14.1. The rectangular FE consists of

• h1 × h2-rectangle Ti with vertexes (xjl)4l=1,
• the space P = Q1(Ti) of bilinear functions,
• a dual basis (Ψl)4l=1 in P ∗ such that Ψl(φ) = φ(xjl) for l = 1, . . . , 4.

On the uniform triangulation by h1 × h2-rectangles in Ω = (0, a1) × (0, a2)
endowed with the grid:

Ωh = {xj ∈ Ω, j = 1, . . . , N̄ : xj = (kh1, lh2), k, l ∈ N0},

for every vertex xj ∈ Ωh consider the patch

Πj =
⋃
i∈Ij

T i for Ij = {i ∈ I : j ∈ Ji}

consisting of maximum 4 rectangles adjacent to xj . The nodal basis (φ̂j)
N̄
j=1 is

composed of continuous bilinear functions in Ω and implies that φ̂j(x
l) = δjl for all

vertexes xl of Πj (maximum 9), thus forming the Galerkin ansatz

(14.1) uh =

N̄∑
j=1

ujφ̂j ∈ Vh ⊂ H1(Ω).

14.2. Stiffness and mass matrices. To compute the stiffness and mass ma-
trices for uh given by (14.1), the Gauss–Legendre quadrature is useful which is exact
for P3(0, 1): ∫ 1

0

f(ξ) dξ ≈ 1

2

[
f
(1− 1/

√
3

2

)
+ f

(1 + 1/
√
3

2

)]
.

Using it, we can calculate the stiffness matrix for the Laplace operator (see (13.2)):

∑
l∈Ij

∫
Πl∩Πj

∇φ̂l · ∇φ̂j dx =
∣∣∣∂x
∂ξ

∣∣∣ ∫
T

[(
∂ξ1
∂x1

∂ξ1
∂x2

∂ξ2
∂x1

∂ξ2
∂x2

)
∇ξSl

]⊤ ( ∂ξ
∂x

)
∇ξSj dξ

= h1h2

∫
T

[(
1/h1 0
0 1/h2

)
∇ξSl

]⊤(
1/h1 0
0 1/h2

)
∇ξSj dξ
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on the interior patch

A4 A3 A3 A4

A2 A1 A1 A2

A2 A1 A1 A2

A4 A3 A3 A4

with the following coefficients due to

(Thomson and Pinsky 1995):

A1 =
h1h2
3

( 1

h21
+

1

h22

)
, A2 = −h1h2

6

( 2

h21
− 1

h22

)
,

A3 = −h1h2
6

(
− 1

h21
+

2

h22

)
, A4 = −h1h2

6

( 1

h21
+

1

h22

)
.

The resulting 9-point stencil

A4 2A3 A4

2A2 4A1 2A2

A4 2A3 A4

is equal to 1
3

−1 −1 −1
−1 8 −1
−1 −1 −1

in

the case of square when h1 = h2.
For example, if j = l, then∫

Πj

|∇φ̂j | = h1h2

4∑
l=1

∫
T

∣∣∣∣(1/h1 0
0 1/h2

)
∇Sl

∣∣∣∣2 dξ,
and for l = 1:

A1 = h1h2

∫ 1

0

∫ 1

0

∣∣∣(−1− ξ2
h1

,−1− ξ1
h2

)∣∣∣2 dξ1 dξ2
= h1h2

∫ 1

0

{ 1

h21
(1− ξ2)

2 +

∫ 1

0

1

h22
(1− ξ21) dξ1

}
dξ2 = h1h2

( 1

3h21
+

1

3h22

)
due to formula

∫ 1

0
1
h2
2
(1− ξ21) dξ1 = 1

2h2
2

[(
1− 1−1/

√
3

2

)2
+
(
1− 1+1/

√
3

2

)2]
= 1

3h2
2
.

Exercise 14.2. Calculate the coefficients A2, A3, A4 by the Gauss–Legendre
quadrature.

Similarly, the mass matrix according to (13.2):∑
l∈Ij

∫
Πl∩Πj

φ̂lφ̂j dx =
∣∣∣∂x
∂ξ

∣∣∣ 4∑
l=1

∫
T

SlSj dξ

can be computed on the interior patch as

h1h2

1/36 1/18 1/18 1/36
1/18 1/9 1/9 1/18
1/18 1/9 1/9 1/18
1/36 1/18 1/18 1/36

following the stencil
h1h2
36

1 4 1
4 16 4
1 4 1

.

Exercise 14.3. Calculate the mass matrix by the Gauss–Legendre quadrature.

14.3. Helmholtz equation. Consider Dirichlet problem for the Helmholtz
equation: Fixed a wave number k ∈ R, find u ∈ H1(Ω) such that u = u0 on ∂Ω and∫

Ω

(∇u · ∇v − k2uv) dx = 0

for all v ∈ H1
0 (Ω). The discretization on the rectangular FE with the trial functions

uh =

N̄∑
l=1

ulφ̂l, u0h =

N̄∑
l=1

u0l φ̂l
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and the test functions v = φ̂j leads to the relations:∑
l∈Ij

∫
Πl∩Πj

ul
[
∇φ̂l · ∇φ̂j − k2φ̂lφ̂j

]
dx for j = 1, . . . , N̄ , uj = u0j on ∂Ω

yielding the system matrix stencil:

A4 −
k2h1h2

36
2A3 −

k2h1h2
9

A4 −
k2h1h2

36

2A2 −
k2h1h2

9
4A1 −

4k2h1h2
9

2A2 −
k2h1h2

9

A4 −
k2h1h2

36
2A3 −

k2h1h2
9

A4 −
k2h1h2

36

.

We note numerical difficulty (pollution effect, instability) for large wave number k.

15. Interpolation error estimate

We specify FE-interpolation (see Definition 12.3) for the Sobolev spaces W k,p,
k, p ∈ N in a domain Ω with the Lipschitz boundary ∂Ω, equipped with the norm

∥u∥p
Wk,p(Ω)

:=
∑

0⩽|α|⩽k

∥Dαu∥pLp(Ω), ∥u∥pLp(Ω) :=

∫
Ω

|u|p dx,

where the derivative Dαu = ∂|α|u
∂x

α1
1 ...∂x

αd
d

is determined by the multi-index α =

(α1, . . . , αd) ∈ Nd
0 of the length |α| = α1 + . . .+ αd.

Generalization of the Poincare inequality (10.6) is calledPoincare–Friedrichs
inequality (Brenner et al. 2008, Th.10.6.12, p.299): For v ∈W k,p(Ω) it holds

(15.1) ∥v∥p
Wk,p(Ω)

⩽ KP(Ω)
{ ∑
0⩽|α|⩽k−1

∣∣∣∫
Ω

Dαv dx
∣∣∣p + |v|p

Wk,p(Ω)

}
, KP(Ω) > 0

with the seminorm |v|p
Wk,p(Ω)

:=
∑

|α|=k ∥Dαu∥pLp(Ω).

15.1. Bramble–Hilbert lemma.

Lemma 15.1 (Bramble–Hilbert). (Grossmann et al. 2007, Th.4.25, p.224) Let
a functional f :W k,p(Ω) 7→ R be

(i) bounded: |f(u)| ⩽ c1∥u∥Wk,p(Ω), c1 > 0,
(ii) sublinear: |f(u+ v)| ⩽ c2(|f(u)|+ |f(v)|), c2 > 0.

If f(u) = 0 for all polynomials u ∈ Pk−1, then there exists c > 0 such that

(15.2) |f(u)| ⩽ c|u|Wk,p(Ω).

15.2. Interpolation by simplex FE. Consider a triangulation Ω =
⋃
i∈I

T i

by a family of FE (Ti, P,Ψ). Let hi := max
x,y∈Ti

∥x − y∥ be the diameter, and ρi > 0

be the largest radius of a ball inscribed in the element Ti.

Definition 15.1. (i) The triangulation is called affine-equivalent, if there exists
an affine bijection Xi : T 7→ Ti for all i ∈ I.

(ii) Triangulation is called quasi-uniform, if there exists σ > 0 such that

(15.3)
hi
ρi

⩽ σ for all i ∈ I.

The mesh-size is defined as h := max
i∈I

hi.
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For a nodal basis (φj)
k
j=1 in P and a dual basis (Ψj)

k
j=1 in P ∗ we recall a global

FE-interpolation I :W k,p(Ω) 7→ Vh ⊂ V such that

Iu =

k∑
j=1

Ψj(u)φj for every element Ti.

Theorem 15.1 (Interpolation error). (Grossmann et al. 2007, Th.4.28, p.225)
For an affine-equivalent, quasi-uniform triangulation, let the interpolation I be a
projection (i.e. if u ∈ Vh, then Iu = u) on the space Vh of polynomials of degree at
most k− 1 defined piecewisely over the triangulation. Then the interpolation error:

(15.4)
∑
i∈I

∥u− Iu∥W l,p(Ti) ⩽ chk−l|u|Wk,p(Ω) for 0 ⩽ l ⩽ k.

Example 15.1. Let u ∈ H2(Ω) := W 2,2(Ω) (i.e. k = p = 2), and Iu be the
linear interpolant (since k − 1 = 1) on simplexes. In this case, the estimate (15.4)
has the form as l = 1 and l = 0, respectively:

∥u− Iu∥H1(Ω) ⩽ ch|u|H2(Ω), ∥u− Iu∥L2(Ω) ⩽ ch2|u|H2(Ω).

15.3. Interpolation by rectangular FE. We consider the triangulation
Ω =

⋃
i∈I

T i by rectangles. Each rectangle Ti allows affine transformation to the

unit square T as shown in Figure 15.1.

x = xj+( 1h1, 2h2)

T

e1=(0,0)

e3=(0,1) e4=(1,1)

e2=(1,0)

Ti

xj+(0,h2) xj+(h1,h2)

xj+(h1,0)xj

h2

h1

xl-xl
j

hl
l=        , l=1,2

Figure 15.1. Rectangular element bijection.

Introduce the FE-interpolation operator I : H2(Ω) ⊂ C(Ω) 7→ Vh, where Vh is

the space of continuous in Ω and piecewise polynomials Q1(Ti) = P1(x
j
1, x

j
1 +h1)×

P1(x
j
2, x

j
2+h2) on every Ti. The interpolation I is uniquely defined by the vertexes

(xj)N̄j=1, therefore,

Lemma 15.2. The interpolation I is a projection such that Iuh = uh for all
uh ∈ Vh. Moreover, since P1(Ti) ⊂ Q1(Ti), then Iuh = uh for uh ∈ P1(Ti).

Exercise 15.1. Take u(ξ) = c0 + c1ξ1 + c2ξ2 and calculate Iu(ξ).

Theorem 15.2 (Interpolation error). (Le Dret 2012, Th.5.32, p.135) For a
quasi-uniform triangulation by rectangular FE such that

max
i∈I

(h1,h2)

min
i∈I

(h1,h2)
⩽ σ (with fixed σ > 0),

where the mesh-size h := max
i∈I

(h1, h2), the interpolation error admits the estimate:∑
i∈I

∥u− Iu∥L2(Ti) ⩽ ch2|u|H2(Ω),
∑
i∈I

|u− Iu|H1(Ti) ⩽ ch|u|H2(Ω), c > 0.
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16. Approximation error estimate

For a suitable subspace V of Hm(Ω), m ∈ N, which is a Hilbert space again,
consider the continuous and bilinear form a : V × V 7→ R satisfying assumptions
(10.2) and (10.3), linear continuous functional f : V 7→ R, and recall the elliptic
VP (10.1): Find u ∈ V such that

(16.1) a(u, v) = f(v) for all v ∈ V.

For a finite dimensional subspace Vh ⊂ V (implying the conforming method), recall
the discrete problem (11.1): Find uh ∈ Vh such that

(16.2) a(uh, vh) = f(vh) for all vh ∈ Vh.

Theorem 16.1 (Approximation error). Let the interpolation operator I : V 7→
Vh satisfy the assumptions of Theorem 15.1. If the solution of (16.1) is smooth
u ∈ Hk+1(Ω) with k ⩾ m, then the discrete solution of (16.2) has the error:

(16.3) ∥u− uh∥Hm(Ω) ⩽ chk+1−m|u|Hk+1(Ω), c > 0.

16.1. Aubin–Nitsche lemma. For the linear continuous functional f(v) :=
(f, v)L2(Ω) =

∫
Ω
fv dx recalling the notation of the scalar product in L2(Ω), we

consider the adjoint problem : Find uf ∈ Vh such that

(16.4) a(v, uf ) = (f, v)L2(Ω) for all v ∈ V.

Lemma 16.1 (Aubin–Nitsche). (Ciarlet and Lions 1991, Th.19.1, p.141) For
the solutions u, uh, uf of problems (16.1), (16.2), (16.4), the error estimate holds:

(16.5) ∥u−uh∥L2(Ω) ⩽ a∥u−uh∥Hm(Ω) sup
f∈L2(Ω)

{
1

∥f∥L2(Ω)
inf

vh∈Vh

∥uf − vh∥Hm(Ω)

}
.

16.2. Duality-based error estimates.

Corollary 16.1 (Duality-based L2-estimate). (Ciarlet and Lions 1991, Th.19.2,
p.142) Within the Aubin–Nitsche Lemma 16.1, if the solutions u ∈ Hk+1(Ω), k ⩾ 1,
and uf ∈ H2(Ω) with |uf |H2(Ω) ⩽ c∥f∥L2(Ω), then the L2-error estimate holds:

(16.6) ∥u− uh∥L2(Ω) ⩽ chk+1|u|Hk+1(Ω), c > 0.

Lemma 16.2 (L∞-error estimate). (Ciarlet and Lions 1991, Th.17.2, p.135) In
the statement of Corollary 16.1, let the triangulation satisfy the inverse assump-
tion: there exists ν > 0 such that the diameter hi of each element Ti is uniformly
bounded from below as follows:

(16.7) hi ⩾
h

ν
for all i ∈ I.

If the solution of (16.1) is smooth u ∈ H2(Ω) ∩W 1,∞(Ω), then the L∞-error is
estimated as:

∥u− uh∥L∞(Ω) ⩽ c1h|u|W 1,∞(Ω) + c2h
2−d/2|u|H2(Ω) c1, c2 > 0.
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17. A-posteriori (residual-based) error estimate

17.1. Clement quasi-interpolant. For a non-continuous function u ∈ V ,
e.g. u ∈ H1(Ω) ̸↪→ C(Ω) for d ⩾ 2, when a point-wise interpolation is not deter-
mined, we will define the Clement quasi-interpolant.

Let (φj)
N̄
j=1 be a nodal basis in Vh associated to nodes (xj)N̄j=1. Locally, for

every FE (Ti, P,Ψ) there exist nodes xj ∈ T̄i such that for uh ∈ Vh ∩C(Ω) it holds:

Ψl(uh) = uh(x
j), l = 1, . . . , k.

For Lagrange elements, nodes can be vertexes, middles of edges, or centers of the
mass. For the triangulation Ω =

⋃
i∈I

T i, for every such node xj we define the patch

Π
j
=
⋃
i∈I

{T i : x
j ∈ T i}.

Definition 17.1 (local L2-projection). The projection π : L2(Πj) 7→ Pk is
defined byfor xj ̸∈ ∂Ω :

∫
Πj

(u− πu)q dx = 0 for all q ∈ Pk(Π
j),

for xj ∈ ∂Ω : πu = 0.

Let Vh be the space of piece-wise polynomials of order at most k. For FE
(Ti,Pk(Ti),Ψ) with the nodal basis (φl)

k
l=1 and the dual basis (Ψl)

k
l=1, the local

Clement quasi-interpolant is defined by formula

Iu =

k∑
l=1

Ψl(πu)φl.

Example 17.1. In the case of piecewise constant u (k = 0), we have constant q
and

∫
Πj πu dx =

∫
Πj u dx, then the Clement quasi-interpolant implies the average:

πu =
1

|Πj |

∫
Πj

u dx.

17.2. A-posteriori error estimate for Poisson equation. For adaptive
meshing, it needs to evaluate a-posteriori error depending on uh.

Consider the Poisson equation in the form (10.1): For f ∈ L2(Ω), find u ∈
H1

0 (Ω) such that ∫
Ω

(∇u · ∇v − fv) dx = 0 for all v ∈ H1
0 (Ω),

and its discrete counterpart (11.1): Find a piecewise linear function vh ∈ Vh ⊂
H1

0 (Ω) such that ∫
Ω

(∇uh · ∇vh − fvh) dx = 0 for all vh ∈ Vh.

Theorem 17.1 (A-posteriori error estimate). (Clason 2013, Section 6.2) Let

I be (quasi-)interpolant. If ∆uh ∈ L2(Ti) and
∂uh

∂ν ∈ L2(Γij) at the joint edges:

Γij := {T i ∩ T j : (d− 1)-measure |T i ∩ T j | ≠ 0}, i, j ∈ I,
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then the a-posteriori error estimate holds with some c1, c2 > 0:

∥u− uh∥H1(Ω) ⩽ c1
∑
i∈I

hi∥f +∆uh∥L2(Ti) + c2
∑
i,j∈I

√
hi
∥∥[[∂uh

∂ν

]]∥∥
L2(Γij)

.

More details concerning discontinuous functions with jumps [[ · ]] and the re-
specive Green’s formula see in (Khludnev and Kovtunenko, 2000, Section 1.4).

18. Generalization of FEM

Recall the VP (10.1) stated in the abstract form: Find u ∈ V such that

(18.1) a(u, v) = f(v) for all v ∈ V.

18.1. Non-consistent FEM. After discretization ah ̸= a, fh ̸= f when using
numerical integration typical for inhomogeneous coefficients, curved boundaries.

Example 18.1. (Ciarlet and Lions 1991, (25.19), p.188) The following quad-
rature for nodes (xj)7j=1 such that x1, x2, x3 are vertexes, x4, x5, x6 are middles of

edges, and x7 is the center of mass, is exact for P3(Ti):∫
Ti

u(x) dx ≈ |Ti|
60

{
3

3∑
j=1

u(xj) + 8

6∑
j=4

u(xj) + 27u(x7)
}
.

For a subspace Vh ⊂ V , let a bilinear form ah : Vh × Vh 7→ R be

• uniform continuous: ∃ã > 0 such that |ah(uh, vh)| ⩽ ã∥uh∥V ∥vh∥V ,

• uniform coercive: ∃0 < a
˜
≤ ã such that ah(uh, uh) ⩾ a

˜
∥uh∥2V ,

and fh ∈ V ∗
h be a linear continuous functional. The Lax–Milgram Theorem 10.1

provides uniqueness of a solution to the discrete problem: Find uh ∈ Vh such that

(18.2) ah(uh, vh) = fh(vh) for all vh ∈ Vh.

The first Strang lemma generalizes Cea’s Lemma 11.1.

Lemma 18.1 (Strang). (Ciarlet and Lions 1991, Th.26.1, p.192) For the solu-
tions u, uh of problems (18.1), (18.2), discretization error admits the estimate:

∥u− uh∥V ⩽ inf
vh∈Vh

{(
1 +

ā

a
˜

)
∥u− vh∥V

+
1

a
˜

sup
wh∈Vh

|a(vh, wh)− ah(vh, wh)|
∥wh∥V

+
1

a
˜

sup
wh∈Vh

|f(wh)− fh(wh)|
∥wh∥V

}
.

18.2. Poisson equation with inhomogeneous coefficient. For example,
consider the variational problem: For the given right-hand side f ∈ Wm,∞(Ω),
m ⩾ 1, and uniformly bounded coefficients 0 < α0 ⩽ α(x) ⩽ α1 for all x ∈ Ω, find
u ∈ H1

0 (Ω) such that∫
Ω

(
α(x)∇u(x) · ∇v(x)− f(x)v(x)

)
dx = 0 for all v ∈ H1

0 (Ω),

and its discretization by some Gaussian quadrature with weights ωj ≥ 0, j ∈ K:∑
i∈I

|Ti|
∑
j∈K

ωj [α(x
j)∇uh(xj) · ∇vh(xj)− f(xj)vh(x

j)] = 0 for all vh ∈ Vh.
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For short we denote the (local) error :

Ei(u) =

∫
Ti

u(x) dx− |Ti|
∑
j∈K

ωju(x
j)

and assume that Ei(u) = 0 for u ∈ Pm−1, that means that the quadrature is exact
for polynomials of degree less than or equal to m− 1.

Since it holds the uniform continuity :∑
j∈K

ωj [α∇uh · ∇vh](xj) ⩽ α1

√∑
j∈K

ωj |∇uh(xj)|2
√∑

j∈K

ωj |∇vh(xj)|2,

and the uniform coercivity :∑
j∈K

ωjα|∇uh|2(xj) ⩾ α0

∑
j∈K

ωj |∇uh|2,

we can apply the Lax–Milgram Theorem 10.1 providing existence of the unique
discrete solution uh ∈ Vh.

Corollary 18.1. (Grossmann et al. 2007, Section 4.5.3) If u ∈ H2(Ω), then
from the first Strang Lemma 18.1 it follows the estimate:

∥u− uh∥H1(Ω) ⩽ c{h|u|H2(Ω) + hm∥f∥Wm,∞(Ω)}, c > 0.

18.3. Non-conforming FEM. We consider the variational problem (18.1)
and the discretized problem (18.2) in the general case when Vh ̸⊂ V .

Set the sum of the vector spaces V and Vh as

Zh := V + Vh = {z = v + vh : v ∈ V, vh ∈ Vh},

and extend the bilinear form ah to ah : Zh × Zh 7→ R continuously :

there exists â > 0 such that |ah(wh, zh)| ⩽ â|wh|Zh
|zh|Zh

, wh, zh ∈ Zh

with respect to the seminorm: |wh|2Zh
:= ah(wh, wh).

Lemma 18.2 (Strang). (Ciarlet and Lions 1991, Th.31.1, p.212) For the solu-
tions u, uh of problems (18.1), (18.2) and Vh ̸⊂ V , the error estimate holds:

|u− uh|Zh
⩽ (1 + â) inf

wh∈Vh

|u− wh|Zh
+

1√
a
˜

sup
vh∈Vh

|fh(vh)− ah(u, vh)|
∥vh∥Vh

.

19. Petrov–Galerkin method

In two different Banach spaces U , V (where V is reflexive), given the bilinear
form a : U×V 7→ R and the linear continuous functional f ∈ V ∗, set the generalized
VP extending (10.1): Find u ∈ U such that

(19.1) a(u, v) = f(v) for all v ∈ V.

Generalization of the Lax–Milgram Theorem 10.1 is the following
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19.1. Ladyzhenskaya–Babuška–Brezzi–Nečas (LBBN) theorem.

Theorem 19.1 (Ladyzhenskaya–Babuška–Brezzi–Nečas (LBBN)). (Clason 2013,
Th.8.1, p.58) Under the following assumptions of

(i) continuity: |a(u, v)| ⩽ ā∥u∥U∥v∥V for u ∈ U , v ∈ V ,

(ii) inf-sup condition: inf
u∈U

sup
v∈V

a(u, v)

∥u∥U∥v∥V
⩾ a > 0,

(iii) injectivity: a(u, v) = 0 for all u ∈ U follows v = 0,

there exists a unique solution to problem (19.1) satisfying the a-priori estimate

∥u∥U ⩽ 1
a∥f∥V ∗ .

Remark 19.1. The inf-sup condition is equivalent to the following one

sup
v∈V

a(u, v)

∥v∥V
⩾ a∥u∥U for all u ∈ U.

Remark 19.2. In the case of U = V , the coercivity follows

• inf-sup condition: a∥u∥ ⩽ a(u,u)
∥u∥ ⩽ sup

v∈V

a(u,v)
∥v∥ ;

• injectivity: if a(u, v) = 0 for all u ∈ V , substitute here u = v, then
a∥v∥2 ⩽ a(v, v) = 0 concludes ∥v∥ = 0.

Remark 19.3. In the case of U = V and the symmetric form a(u, v) = a(v, u),

the inf-sup condition also follows injectivity: sup
u∈U

a(v,u)
∥u∥ ⩾ a∥v∥ implies v = 0.

Take the test space Vh ⊂ V and the trial space Uh ⊂ U . Even for U = V , it
can be different Uh ̸= Vh (e.g. for different shape functions). The Petrov–Galerkin
approximation reads: Find uh ∈ Uh such that

(19.2) a(uh, vh) = f(vh) for all vh ∈ Vh.

Theorem 19.2 (Discrete version of LBBN). (Clason 2013, Th.8.2, p.61) Let
dimUn = dimVn and the discrete inf-sup condition hold:

inf
uh∈Uh

sup
vh∈Vh

a(uh, vh)

∥uh∥U∥vh∥V
⩾ a
˜
> 0.

Then the unique solution of (19.2) exists and satisfies the stability estimate:

∥uh∥U ⩽ 1
a
˜
∥f∥V ∗ .

19.2. Generalized Cea’s lemma.

Lemma 19.1 (Generalization of Cea’s lemma). For solutions u, uh of problems
(19.1) and (19.2), discretization error is estimated by the best approximation error:

∥u− uh∥U ⩽
(
1 +

ā

a
˜

)
inf

wh∈Uh

∥u− wh∥U .

20. Mixed VP

Let V , Λ be two Hilbert spaces, f ∈ V ∗ be a linear continuous functional,
and a : V × V 7→ R, b : V × Λ 7→ R be two bilinear forms. Consider the mixed
primed-dual VP : Find a solution pair (u, v) ∈ V × Λ such that

a(u, v) + b(v, λ) = f(v) for all u ∈ V,(20.1a)

b(u, µ) = 0 for all µ ∈ Λ. (= g(µ) can be extended for g ∈ Λ∗)(20.1b)
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20.1. Well-posedness theorem.

Theorem 20.1 (Well-posedness). (Brezzi and Fortin 1991, Th.1.1, p.42)(Clason
2013, Th.10.1, p.75) Let the symmetric bilinear form a

(i) be continuous: |a(u, v)| ⩽ ā∥u∥V ∥v∥V for u ∈ U , v ∈ V and

(ii) satisfy the inf-sup condition: inf
u∈V

sup
v∈V

a(u,v)
∥u∥V ∥v∥V

⩾ a > 0,

the bilinear form b:

(iii) be continuous: |b(v, µ)| ⩽ b̄∥v∥V ∥µ∥Λ for v ∈ V , µ ∈ Λ and
(iv) satisfy the Ladyzhenskaya–Babuška–Brezzi (LBB) condition:

inf
µ∈Λ

sup
v∈V

b(v, µ)

∥v∥V ∥µ∥Λ
⩾ b > 0.

Then there exists the unique solution to (20.1) satisfying the a-priori estimate

∥u∥V + ∥λ∥Λ ⩽
1

min{a, b}
∥f∥V ∗ .

20.2. Primal-dual variational formulation. Introduce a convex cone (i.e.
0 ∈ K, and u, v ∈ K follows αu + βv ∈ K for all α, β ∈ R) treating (20.1b) as a
constraint:

K := {v ∈ V : b(v, µ) = 0 for all µ ∈ Λ},
its orthogonal complement with respect to a scalar product in V :

K⊥ := {u ∈ V : (u, v)V = 0 for all v ∈ K},
and the dual cone:

K∗ := {µ ∈ Λ : b(v, µ) = 0 for all v ∈ V }.

Corollary 20.1. (Brenner et al. 2008, Lemma 12.2.12, p.335) By using the
closed range theorem (Steinbach 2008, Th.3.6, p.48), the inf-sup condition for u, v ∈
V in Theorem 20.1 can be relaxed to u, v ∈ K.

Introduce the objective function J : V 7→ R given by

J(v) :=
1

2
a(v, v)− f(v),

and the Lagrangian L : V × Λ 7→ R defined as the sum:

L(u, v) := J(v) + b(v, µ).

Theorem 20.2 (Optimality). (Grossmann et al. 2007, Section 4.6.1) The prob-
lem (20.1) is equivalent to

(i) minimax (saddle-point) problem: Find (u, v) ∈ V × Λ such that
L(u, µ) ⩽ L(u, λ) ⩽ L(v, µ) for all (v, µ) ∈ V × Λ, that is

(20.2) L(u, λ) = min
u∈V

max
µ∈Λ

L(v, µ);

(ii) constrained minimization (primal) problem: Find u ∈ K such that
J(u) = min

v∈K
J(v), which is equivalent to

(20.3a) a(u, v) = f(v) for all v ∈ K,

and its dual/adjoint problem: Find λ ∈ Λ such that

(20.3b) b(v, λ) = f(v)− a(u, v) for all v ∈ K⊥.
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21. Mixed FEM

Within conforming approximation by finite dimensional subspaces Vh ⊂ V and
Λh ⊂ Λ, the discrete mixed VP reads: Find (uh, λh) ∈ Vh × Λh such that

a(uh, vh) + b(vh, λh) = f(vh) for all vh ∈ Vh,(21.1a)

b(uh, µh) = 0 for all µh ∈ Λh.(21.1b)

Introduce the discrete primal cone (which is also convex):

Kh := {vh ∈ Vh : b(vh, µh) = 0 for all µh ∈ Λh}

such that (21.1) leads to the discrete constrained VP : Find uh ∈ Kh such that

a(uh, vh) = f(vh) for all vh ∈ Kh.

It is important to note that:

• since Kh ̸⊂ K the constrained formulation is not conforming with (20.3a),
• the continuous inf-sup condition over u, v ∈ K does not follow any discrete
inf-sup condition over uh, vh ∈ Kh.

21.1. Well-posedness and error estimate.

Theorem 21.1 (Well-posedness and discretization error). (Clason 2013, Th.10.4,
p.78) If the discrete inf-sup and LBB conditions hold, respectively:

sup
vh∈Kh

a(uh, vh)

∥vh∥V
⩾ a
˜
∥uh∥V for all uh ∈ Kh,

sup
vh∈Kh

b(vh,µh)
∥vh∥V

⩾ b
˜
∥µh∥Λ for all µh ∈ Λh,

then there exists the unique solution to (21.1) satisfying the stability estimate:

∥uh∥V + ∥λh∥Λ ⩽
1

min{a
˜
, b
˜
}
∥f∥V ∗ ,

and the discretization error can be estimated as

(21.2) ∥u− uh∥V + ∥λ− λh∥Λ

⩽
√
2
(
1 +

max{a, b}
min{a

˜
, b
˜
}

){
inf

vh∈Vh

∥u− vh∥V + inf
µh∈Λh

∥λ− µh∥Λ
}
.

Remark 21.1. Introducing the dual cone

K∗
h := {µh ∈ Λh : b(vh, µh) = 0 for all vh ∈ Vh}

and its orthogonal complement with respect to a scalar product in Λ:

(K∗
h)

⊥ := {λh ∈ Λh : (λh, µh)Λ = 0 for all µh ∈ K∗
h},

the LBB condition over µh ∈ Λh in Theorem 21.1 can be relaxed to µh ∈ (K∗
h)

⊥.
However, in this case we lose uniqueness and estimate for the dual variable λh.
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21.2. Mixed FEM for Poisson equation. For F ∈ L2(Ω) consider the
Dirichlet problem written in the primal form: Find λ ∈ H1

0 (Ω) such that

(21.3)

∫
Ω

(∇λ · ∇µ− Fµ) dx = 0 for all µ ∈ H1
0 (Ω),

and in the primal-dual form: Find u ∈ H(div,Ω) =: V , where the space

H(div,Ω) = {u = (u1, . . . , ud)
⊤ ∈ L2(Ω;Rd) : divu ∈ L2(Ω)},

and λ ∈ L2(Ω) =: Λ such that

(21.4a)

∫
Ω

(u · v + λdiv v) dx = 0 for all v = (v1, . . . , vd)
⊤ ∈ H(div,Ω),

(21.4b)

∫
Ω

µdivu dx = −
∫
Ω

Fµdx for all µ ∈ L2(Ω).

The latter equation is equivalent to divu = −F by the fundamental lemma of
calculus of variations. The notation of bilinear and linear forms as

a(u, v) :=

∫
Ω

u · v dx, b(v, λ) :=

∫
Ω

λdiv v dx, g(µ) := −
∫
Ω

Fµdx,

agrees the general form (21.1).

Lemma 21.1 (Equivalence). (Grossmann et al. 2007, Lemma 4.81, p.273) Let
λ ∈ H2(Ω) ∩H1

0 (Ω) exist and satisfy the Poisson equation −∆λ = F in Ω. Then
problems (21.3) and (21.4) are equivalent with u = ∇λ.

21.3. Well-posedness of mixed FEM for Poisson equation.

Lemma 21.2 (Well-posedness). (Clason 2013, Lemma 10.6, p.82) The primal-
dual VP (21.4) is uniquely solvable with the a-priori estimate:

∥u∥H(div,Ω) + ∥λ∥L2(Ω) ⩽
(
1 +

1

b
+

1

b2
)
∥F∥L2(Ω),

1

b
=
√
1 +KP(Ω)2.

21.4. Raviart–Thomas FE. Let Ω =
⋃
i∈I

Ti be an affine-equivalent triangu-

lation. We define a conforming FE by the mean of finite-dimensional spaces:

Λh = {µh ∈ L2(Ω) : µh ∈ P0(Ti), i ∈ I} (i.e. piece-wise constant),

Vh = {vh ∈ H(div,Ω) : vh(x) = b+ cx, b ∈ Rd, c ∈ R for x ∈ Ti, i ∈ I}.
To determine b and c we aim at the two key properties:

(i) div vh ∈ L2(Ti) for i ∈ I,

(ii) the jump [[vh]] · nij = 0 across the joint edges Γij for i, j ∈ I.

The first property holds since div vh = div(b+ cx) = cd is constant in each Ti. The
second property is possible by the choice of coefficients b, c in Vh for plane edges

Γij = {x ∈ Rd : nij · x = γ, γ ∈ R},
because vh · nij = (b + cx) · nij = b · nij + cγ is constant for x ∈ Γij . Therefore,
for every element Ti, we take shape functions (φl)

k
l=1 associated to the edge Γl

midpoints yl in the form φl(x) = bl + clx such that after multiplication with the
normal vector nm at Γm:

(21.5) φl(y
m) · nm =

1

|Γm|
δlm.



V.A. Kovtunenko: Numerics of PDE 57

It forms a nodal basis with the dual basis: Ψm(φl) :=
∫
Γm

φl · nm dSx = δlm.

Lemma 21.3. (Grossmann et al. 2007, p.274) The Raviart–Thomas FE given
by (Ti, (φl)

k
l=1, (Ψl)

k
l=1) is a valid FE.

Example 21.1. Consider the unit triangle in 2d with

• the vertexes (0, 0), (1, 0), (0, 1);
• the midpoints: y1 = ( 12 , 0), y

2 = (0, 12 ), y
3 = ( 12 ,

1
2 );

• the unit normal vector: n1 = (0,−1), n2 = (−1, 0), n3 = ( 1√
2
, 1√

2
);

• the shape functions: φ1(x) = x+ n1, φ2(x) = x+ n2, φ3(x) = x.

Now we calculate the scalar products

(l=1): φ1(y
1) · n1 = y1 · n1 + |n1|2 = 1, φ1(y

2) · n2 = (y2 + n1) · n2 = 0,
φ1(y

3) · n3 = (y3 + n1) · n3 = ( 12 ,−
1
2 ) · (

1√
2
, 1√

2
) = 0;

(l=2): φ2(y
1) · n1 = y1 · n1 = 0, φ2(y

2) · n2 = y2 · n2 + |n2|2 = 1,
φ2(y

3) · n3 = (y3 + n2) · n3 = (− 1
2 ,

1
2 ) · (

1√
2
, 1√

2
) = 0;

(l=3): φ3(y
1)·n1 = y1 ·n1 = 0, φ3(y

2) = y1 ·n2 = 0, φ3(y
3)·n3 = y3 ·n3 = 1√

2

which agree (21.5) with |Γ1| = |Γ2| = 1 and |Γ3| =
√
2.

22. Variational theory of parabolic problems

Let index p ∈ [1,∞] and V be a reflective Banach space.

Definition 22.1. Functions u : (0, T ) 7→ V with the norm ∥u(t)∥V ∈ Lp(0, T )
form the Lebesgue–Bochner space Lp(0, T ;V ) equipped with the norm

∥u∥pLp(0,T :V ) :=

∫ T

0

∥u(t)∥pV dt,

which is also a Banach space.

22.1. Gelfand triple.

Lemma 22.1 (Gelfand triple). (Roub́ıček 2005, Lemma 7.3, p.191) Let H be
a Hilbert space, the embedding V ↪→ H = H∗ ↪→ V ∗ be continuous such that
∥u∥V ∗ ⩽ c1∥u∥H ⩽ c2∥u∥V with some 0 < c1 ≤ c2. For the dual index q ∈ [1,∞]
such that 1

p + 1
q = 1, the Sobolev–Bochner space

W 1,p,q(V, V ∗) := {u ∈ Lp(0, T ;V ),
du

dt
∈ Lq(0, T ;V ∗)} ↪→ C(0, t;H)

is embedded continuously, and dense when the embedding V ↪→ H is dense. The
following formula for integration by parts holds for u, v ∈W 1,p,q(V, V ∗):∫ T

0

⟨du
dt
, v⟩(V ∗,V ) dt = −

∫ T

0

⟨u, dv
dt

⟩(V,V ∗) + (u, v)H
∣∣T
t=0

.

In a Hilbert space V , for the given bilinear form a(t, ·, ·) : V × V 7→ R, right-
hand side f(t, ·) ∈ L2(0, T ;V ∗) and initial data u0 ∈ H, consider the parabolic VP :
Find u ∈W 1,2,2(V, V ∗) such that

(22.1)

∫ T

0

{
⟨du
dt
, v⟩(V ∗,V ) + a(u, v)− f(v)

}
dt+ (u(0)− u0, v0)H = 0

for all test functions (v, v0) ∈ L2(0, T ;V )×H.
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22.2. Well-posedness theorem.

Theorem 22.1 (Well-posedness). (Schöberl 2016, Ern and Guermond 2004,
Th.6.6., p.282) Let the mapping t 7→ a(t, ·, ·) for all t ∈ (0, T ) be

(i) continuous;
(ii) uniformly bounded: ∃a > 0 such that |a(t, u, v)| ⩽ a∥u∥V ∥v∥V ;
(iii) uniformly coercive: ∃0 < a ≤ a such that a∥u∥2V ⩽ a(t, u, v).

Then, a unique solution to (22.1) exists and satisfies the a-priori estimate:

∥u∥W 1,2,2(V,V ∗) := ∥u∥L2(0,T ;V ) +
∥∥du
dt

∥∥
L2(0,T ;V ∗)

⩽
1

a

(
∥f∥L2(0,T ;V ∗) + ∥u0∥H

)
.

Exercise 22.1. Prove the a-priori estimate, which follows in a usual way from
the inf-sup condition.

22.3. Space-time Galerkin method. Within the conforming approxima-
tion, choose finite dimensional subspaces Vk ⊂ V for every tk from the time-grid :
0 = t0 < t1 < . . . < tM = T . Denoting τk := tk − tk−1 we consider:

• Piecewise-linear in time trial functions:

uh(t) :=
tk − t

τk
uh(tk−1) +

t− tk−1

τk
uh(tk), t ∈ [tk−1, tk], k = 1, . . . ,M.

Note that, if all uh(t) ∈ Vk ⊂ V , then uh(t) ∈ W 1,∞(0, T ;V ) ↪→ W 1,2,2(V, V ∗)
because of the embedding Vk ⊂ V ⊂ V ∗.

• Piecewise-constant in time test functions:

vh(t) := vh(tk−1), t ∈ (tk−1, tk], k = 1, . . . ,M.

Note that, if vk(tk) ∈ Vk ⊂ V , then vh(t) ∈ L∞(0, T ;V ) ↪→ L2(0, T ;V ).
By inserting the ansatz u = uh, v = vh we discretize problem (22.1) as follows

M∑
k=1

{∫ tk

tk−1

⟨duh(t)
dt

, vh⟩(V ∗,V ) dt+

∫ tk

tk−1

a(uh(t), vh) dt
}
=

M∑
k=1

∫ tk

tk−1

f(vh) dt.

Expressing the discrete time derivative duh(t)
dt = uh(tk)−uh(tk−1)

tk
and using the trape-

zoidal rule
∫ tk
tk−1

a(uh(t), vh) dt = a(
∫ tk
tk−1

uh(t) dt, vh) = a(τk
uh(tk)+uh(tk−1)

2 , vh), we

can rewrite the scheme as iterations:⟨uh(tk)− uh(tk−1), vh⟩(V ∗,V ) +
τk
2
a(uh(tk) + uh(tk−1), vh) =

∫ tk

tk−1

f(vh) dt

for k = 1, . . . ,M ; uh(t0) = u0.

This implies a semi-discrete Rothe method with the midpoint rule. But no any
discrete inf-sup condition holds.

23. Discontinuous Galerkin method for parabolic VP

For motivation we consider a non-differentiable function u ∈ L2(0, T ;V ) which
time-derivative du

dt can be still defined in the weak sense:∫ T

0

⟨du
dt
, v⟩(V ∗,V ) dt = −

∫ T

0

⟨u, dv
dt

⟩(V,V ∗) dt+ (u, v)
∣∣T
t=0

for v ∈W 1,2,2(V, V ∗), thus allowing discontinuity in time.
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23.1. Space of discontinuous in time functions. Discretize (0, T ) by a
time grid 0 = t0 < t1 < . . . < tM = T with τk = tk − tk−1 for k = 1, . . . ,M , and
consider continuous from the left functions u(tk) := u(t−k ), where t

±
k = lim

s→0
(tk ± s),

allowing jumps [[u(tk)]] := u(t+k )− u(tk).

Lemma 23.1 (Positivity property). For a function u ∈ W 1,2(tk−1, tk;V ) such
that du

dt ∈W 1,2(tk−1, tk;V
∗), the following formula holds:

(23.1) b0(u, u) :=

M∑
k=1

∫ tk

tk−1

⟨du
dt
, u⟩(V ∗,V ) dt+

M∑
k=2

([[u(tk−1)]], u(t
+
k−1))H

+ ∥u(t+0 )∥2H =
1

2

M∑
k=1

∥[[u(tk−1)]]∥2H +
1

2
∥u(tM )∥2H +

1

2
∥u(t+0 )∥2H ≥ 0.

Now define the discrete test space Yh ⊂ L2(0, T ;V ) supported with the norm

∥vh∥2Yh
:=

M∑
k=1

∫ tk

tk−1

∥vh∥2V dt =
∫ tM

t0

∥vh∥2V dt =: ∥vh∥2L2(0,T ;V )

and the discrete trial space Xh ⊂ L2(0, T ;V ) with the mesh-dependent norm

∥uh∥2Xh

:=

M∑
k=1

∫ tk

tk−1

[
∥uh∥2V +

∥∥duh
dt

∥∥2
V ∗

]
dt+

M∑
k=2

1

τk
∥[[uh(tk−1)]]∥2H +

1

τ1
∥uh(t+0 )∥2H .

A typical approximation is realized by piecewise p-polynomials:

Xh = Yh = {vh : (t+k−1, tk) 7→ R, vh ∈ Pp for k = 1, . . . ,M}.

Since for polynomials vh ∼
(
tk−t
τk

)p
uh(t

+
k−1) +

( t−tk−1

τk

)p
uh(tk), then the integral∫ tk

tk−1

∥vh∥2V dt ∼
1

τ2pk

∫ tk

tk−1

t2p dt ∥vh(t+k−1)∥
2
V ∼ τk∥vh(t+k−1)∥

2
V .

Therefore, there exists cp > 0 such that the estimate holds for k = 1, . . . ,M :

(23.2) τk∥vh(t+k−1)∥
2
V ⩽ cp

∫ tk

tk−1

∥vh∥2V dt.

The discretized continuous problem (22.1) implies iterations: Find uh ∈ Xh

such that
∫ tk

tk−1

[a(vh, vh) +
〈
duh

dt , vh
〉
(V ∗,V )

− f(vh)] dt+
(
[[uh(tk−1)]], vh(t

+
k−1)

)
H

= 0

for all vh ∈ Yh, k = 1, . . . ,M ; uh(t0) = u0.

After summation over k we get an equivalent, discrete Galerkin (DG) scheme:

(23.3) b1(uh, vh) :=

M∑
k=1

∫ tk

tk−1

[a(uh, vh) +
〈duh
dt

, vh
〉
(V ∗,V )

− f(vh)] dt

+

M∑
k=2

(
[[uh(tk−1)]], vh(t

+
k−1)

)
H
+(uh(t

+
0 ), vh(t

+
0 ))H =

∫ T

0

f(vh) dt+(u0, vh(t
+
0 ))H .
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Example 23.1. The piecewise-constant approximation (p = 0) implying FVM:

Xh = Yh = {vh(t) = vh(tk) for t ∈ (t+k−1, tk], k = 1, . . . ,M}

follows duh

dt = 0, and (23.3) results in the explicit Euler scheme for k = 1, . . . ,M :

(uh(tk)− uh(tk−1), vh(tk))H + τka(uh(tk), vh(tk)) =

∫ tk

tk−1

f(vh(tk)) dt.

23.2. Existence based on discrete LBBN theorem.

Theorem 23.1 (Existence). (Clason 2013, Th.12.1, p.96) There exists a unique
solution to DG problem (23.3).

23.3. Stability estimate.

Remark 23.1. From the inf-sup condition it follows the stability estimate in
the mesh-dependent norm:

b
˜
∥uh∥Xh

⩽ sup
vh∈Yh

b1(uh, vh)

∥vh∥Yh

= sup
vh∈Yh

∫ T

0
f(vh) dt+ (u0, vh(t

+
0 ))H

∥vh∥Yh

⩽ ∥f∥L2(0,T :V ∗) + c2
√
cp

1
√
τ1

∥u0∥H .

Alternatively, using (23.1) and inserting vh = uh in (23.3) provides the lower bound:

b1(uh, uh) ⩾ a∥uh∥2Yh
+

1

2

M∑
k=2

∥[[uh(tk−1)]]∥2H +
1

2
∥uh(tk)∥2H +

1

2
∥uh(t+0 )∥2H ,

and the upper bound:

b1(uh, uh) ⩽
1

2a
∥f∥L2(0,T ;V ∗) +

a

2
∥uh∥2Yh

+ ∥u0∥2H +
1

4
∥uh(t+0 )∥2H .

23.4. Discretization error estimate. In the following we will utilize the
local projection operator π : C((t+k−1, tk]) 7→ Pp given by(i) πu(t+k−1) = u(t+k−1),

(ii) if p ⩾ 1, then
∫ tk
tk−1

(u− πu)φdt = 0 for all φ ∈ Pp−1((t
+
k−1, tk]).

For t 7→ u : Cp+1((t+k−1, tk]), Theorem 15.1 provides the local error estimate:

(23.4) ∥u− πu∥V ⩽ cτp+1
k

∫ tk

tk−1

∥∥dp+1u

dtp+1

∥∥
V ∗ dt = O(τp+1

k ).

Theorem 23.2 (Discretization error). (Clason 2013, Th.12.4, p.102) For a
sufficiently smooth solution u of (22.1) such that the interpolation error estimate
(23.4) holds, the error of descretization by (23.3) is estimated as

∥u− uh∥Yh
= O(τp+1), τ := max

k=1,...,M
τk.
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24. FEM for second order hyperbolic VP

In the time-space cylinderQT := (0, T )×Ω which base Ω ⊂ Rd has the Lipschitz
boundary ∂Ω =: Γ, consider the elliptic operator in the divergence form:

L := −
d∑

j=1

∂

∂xj

(
aij(t, x)

d∑
i=1

∂

∂xi

)
with uniformly bounded and elliptic coefficients possessing aij ,

∂aij

∂t ∈ L∞(QT ), and
the hyperbolic IBVP (e.g. the wave equation when L = −∆):

∂2u

∂t2
+ Lu = f in QT ; u = 0 on (0, T )× Γ; u(0) = u0,

∂u

∂t
(0) = v0 in Ω.

We set the Gelfand triple of spaces V := H1
0 (Ω) ⊂ H := L2(Ω) ⊂ V ∗ = H−1(Ω).

For the given right-hand side f ∈ L2(0, T ;H), initial data u0 ∈ V and v0 ∈
H, the weak variational formulation reads: Find u ∈ L∞(0, T ;V ), v := du

dt ∈
L∞(0, T ;H), dv

dt = d2u
dt2 ∈ L2(0, T ;V ∗) such that

(24.1a) ⟨d
2u

dt2
, ū⟩(V ∗,V ) +

∫
Ω

d∑
i,j=1

aij
∂u

∂xi

∂ū

∂xj
dx = (f, ū)H for all ū ∈ V,

(24.1b) u(0) = u0;
∂u

∂t
(0) = v0 in Ω.

We denote by a(u, ū) :=

∫
Ω

d∑
i,j=1

aij
∂u

∂xi

∂ū

∂xj
dx, and (f, ū)H :=

∫
Ω

fū dx.

24.1. Well-posedness theorem. Later on, the notion of energy will be used.

Definition 24.1 (Energy). The energy for the hyperbolic equation (24.1a) is
determined as follows:

E(u(t)) :=
1

2

∥∥du
dt

(t)
∥∥2
H
+

1

2
a(u(t), u(t)).

Theorem 24.1 (Well-posedness). (Hunter 2014, Th.7.3, p.213) A unique so-
lution to the hyperbolic VP (24.1) exists and satisfies the a-priori estimate:

sup
t∈(0,T )

E(u(t)) +
∥∥d2u
dt2
∥∥
L2(0,T ;V ∗)

⩽ c r(T ), c > 0,

where we have marked r(t) := ∥u0∥2V + ∥v0∥2H +

∫ t

0

∥f∥2H ds for short.

24.2. Semi-discretization by FE. Within conforming approximation, set
finite-dimensional subspaces Vh ⊂ V by V = span{φj}Nj=1 by truncating the basis
(φj)

∞
j=1 in V . Now insert in (24.1) the truncated series

uh(t, x) =

N∑
j=1

uj(t)φj(x)

to get the discrete problem: Find uh ∈ Vh such that

d2uh
dt2

+ Lhuh = fh; uh(0) = u0h,
duh
dt

(0) = v0h
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by means of the following ODE system:

(24.2)

N∑
j=1

[
(φj , φi)H

d2uj
dt2

+ a(φj , φi)uj
]
= (f, φi)H , i = 1, . . . , N.

The property of linear independence of the basis provides the system matrix to be
invertible, hence there exists a unique solution.

We define the Ritz projector in the discrete space Vh ⊂ V of continuous in Ω,
piecewise-linear functions endowed by the h-dependent norm:

∥u− uh∥2Vh
:= ∥u− uh∥2L2(Ω) + h2∥∇(u− uh)∥2L2(Ω).

Definition 24.2. The Ritz projector: Rh : V 7→ Vh is defined by the function
Rhu ∈ Vh solving the discrete VP:

a(Rhu, ūh) = a(u, ūh) for all ūh ∈ Vh.

If u ∈ H2(Ω), then the interpolation error of the Ritz projector is estimated due to
Theorem 15.1 as follows

(24.3) ∥u−Rhu∥2Vh
= ∥u−Rhu∥2L2(Ω) + h2∥∇(u−Rhu)∥2L2(Ω) ⩽ c h4∥u∥2H2(Ω).

Theorem 24.2 (Space-discretization error). (Grossmann et al. 2007, Th.5.35,
p.361) Let the solution of the continuous problem (24.1) be smooth such that it holds

u(t), v(t) ∈ H2(Ω) and d2u
dt2 ∈ L2(0, T ;H2(Ω)). The error by discretization (24.2)

admits the estimate:

∥u− uh∥2Vh
+
∥∥ d
dt

(u− uh)
∥∥2
L2(Ω)

⩽ c
{
∥∇(Rhu

0 − u0h)∥2L2(Ω) + ∥Rhv
0 − v0h∥2L2(Ω)

+ h4
[
∥u∥2H2(Ω) +

∥∥du
dt

∥∥2
H2(Ω)

+

∫ T

0

∥∥d2u
dt2
∥∥
H2(Ω)

ds
]}
, c > 0.

24.3. Semi-discretization in time. Now consider a semi-discretization by
Rothe’s method : For equidistant grid points tk = τk, k = 1, . . . ,M of the size
τ = T

M , find uk ∈ V solving

(24.4) (D+
τ D

−
τ u

k, ū)H + a(
1

2
(uk+1/2 + uk−1/2), ū) = (f(tk), ū)H

for all ū ∈ V and k = 1, . . . ,M − 1, with the notation for means:

uk+1/2 :=
1

2

(
uk + uk+1

)
, uk−1/2 :=

1

2

(
uk + uk−1

)
.

In other words, solve iteratively

1

τ2
(uk+1 + uk−1 − 2uk, ū) + a(

1

4
(uk + uk+1) +

1

4
(uk + uk−1), ū) = (f(tk), ū)H

starting from u0, u1 ∈ V , which implies the elliptic BVP :

1

τ2
(uk+1, ū)H +

1

4
a(uk+1, ū) = (f(tk), ū)H +

1

τ2
(2uk − uk−1)− 1

4
a(2uk + uk−1, ū).

Its right-hand side presents a linear continuous functional, which we denote by
bk(ū) for short. The means in (24.4) are motivated by the following result.

Lemma 24.1 (Conservation of energy). (Grossmann et al. 2007, Lemma 5.39,
p.369) If f ≡ 0, then for all k = 1, . . . ,M − 1 the energy is conserved:

Eτ (u
k) :=

1

2
∥D+

τ u
k∥2H +

1

2
a(uk+1/2, uk+1/2) = Eτ (u

0).
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24.4. Time-discretization error.

Theorem 24.3 (Time-discretization error). (Grossmann et al. 2007, Th.5.40,
p.370) If the solution of problem (24.1) is smooth such that t 7→ u : C3([0, T ]), then
the error is estimated in the energy norm as:

Eτ (u(tk)− uk) ⩽ c(τ4 + ∥D+
τ (u(t0)− u0)∥2H), k = 1, . . . ,M − 1, c > 0.

Remark 24.1. The full time-space discretization can be treated by combination
of Theorem 24.2 and Theorem 24.3 together.

25. Spectral Methods

In a Hilbert space V with inner product ( ·, , · )V , consider an abstract varia-
tional problem: For given f ∈ V ∗ find u ∈ V such that

(25.1) (u, v)V = f(v) for all v ∈ V.

Two essential ingredients of any discretization are:

• choice of a finite-dimensional subspace VN ⊂ V (of dimension N ∈ N);
• choice of a suitable projection PN : V 7→ VN satisfying P 2

N = PN and the
approximation property ∥u− PNu∥V → 0 as N → ∞.

The Galerkin approximation implies: for a basis (φj)
∞
j=1 given in V , set the

finite subspace VN = span{φ1, . . . , φN} and approximate u by the truncated series

(25.2) uN :=

N∑
j=1

ujφj ∈ VN , uj ∈ R, j = 1, . . . , N.

Inserting (25.2) in (25.1) and testing it with v = φi, this gives theGalerkin equation:
Find uN ∈ VN such that

(25.3)

N∑
j=1

(φj , φi)V uj = f(φi), i = 1, . . . , N.

The coefficients pij := (φi, φj)V compose the system matrix P = (pij)
N
i,j=1. Since

the basis is linearly independent, then P is nonsingular and there exists the inverse

matrix P−1 = (qij)
N
i,j=1 such that

∑N
l=1 qklpli = δki. In this case, the projection

can be defined as follows:

PNu =

N∑
j=1

ujφj , where uj :=

N∑
i=1

(u, φi)V qij .

Exercise 25.1. Check that P 2
Nu = PNu by inserting u = PNu.

Further we consider typical choices of basis and projection by spectral methods.

25.1. Approximation by the Fourier method. For piecewise-continuous
functions u(x), x ∈ (0, 2π], the complex-valued Fourier series:

u∞(x) =
∑
j∈Z

uje
ıjx, eıjx = cos(jx) + ı sin(jx), uj :=

∫ 2π

0

u(x)e−ıjx dx

is periodic such that u∞(0) = u∞(2π) = 1
2 [u(0

+) − u(2π−)] for x± = lim
s→0

(x ± s),

where ı stands for the imaginary unit such that ı2 = −1.
If we split it in the real and the imaginary parts, then we obtain
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• Fourier sine series: usin(x) = −usin(−x) =
∑
j∈Z

uj sin(jx)

with uj :=
2

π

∫ π

0

u(x) sin(jx) dx;

• Fourier cosine series: ucos(x) = ucos(−x) =
∑
j∈Z

uj cos(jx)

with uj :=
2

π(1 + δj0)

∫ π

0

u(x) cos(jx) dx.

Consider the truncated Fourier series:

uN (x) :=

N∑
j=−N

uje
ıjx.

Lemma 25.1 (Fourier approximation). (Gottlieb and Orszag 1977, (3.18)–

(3.19), p.26–27) If the derivatives ∂ku
∂xk are continuous, periodic (i.e. ∂ku

∂xk (0) =
∂ku
∂xk (2π)) for k = 0, . . . , n − 1, and ∂nu

∂xn is piecewise continuously differentiable in
x ̸= x0, then

uj = O( 1
jn ), uN (x)− u(x) =

{
O( 1

Nn ), x ̸= x0,

O( 1
Nn−1 ), x− x0 = O( 1

N ).

Consider the IBVP for 1d heat equation:

(25.4)


∂u

∂t
− ∂2u

∂x2
= 0, t > 0, x ∈ Ω;

u = 0, x ∈ ∂Ω; u = u0, t = 0.

There exists a smooth solution u(t) ∈ C1(0, T ;L2(Ω)) ∩ C(0, T ;V ) in the space
V = H1

0 (Ω) ∩H2(Ω) satisfying the variational equation in the strong form:∫
Ω

(∂u
∂t

− ∂2u

∂x2
)
v dx = 0 for all v ∈ L2(Ω).

Example 25.1. In the interval Ω = (0, π) with the boundary ∂Ω = {0, π},
analytical solution of (25.4) is given by the Fourier sine series:

u(t, x) =

∞∑
j=1

uj(t) sin(jx), uj(t) = e−j2tu0j ,

where u0j are coefficients in the expansion of initial data:

u0(x) =

∞∑
j=1

u0j sin(jx), u0j :=
2

π

∫ π

0

u0(x) sin(jx) dx.

For VN = span{sin(x), . . . , sin(Nx)}, every basis function sin(jx) ∈ V for j =
1, . . . , N . The corresponding spectral approximation:

uN (t, x) =

N∑
j=1

uj(t) sin(jx)

solves the semi-discrete problem:
∂

∂t
(PNu)−PN

∂2

∂x2
(PNu) = 0, PNu(0) = PNu

0.

Here the projection PNu = uN implies component-wisely the ODE for coefficients:

duj
dt

= −j2uj , uj(0) = u0j , j = 1, . . . , N.
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Since all derivatives of the solution are continuous and periodic in (0, 2π], according
to Lemma 25.1 it follows the exponential convergence (Gottlieb and Orszag 1977,

p.2): uN (t, x)− u(t, x) = O(e−N2t).

25.2. Chebyshev polynomial approximation. The Chebyshev polynomi-
als can be defined recursively for x ∈ [−1, 1]:

T0(x) = 1, T1(x) = x, Tj+1(x) = 2xTj(x)− Tj−1(x) for j ≥ 1.

They are orthogonal with respect to the weighted scalar product

(Tj , Tl)ω :=

∫ 1

−1

1√
1− x2

Tj(x)Tl(x) dx =
π(1 + δj0)

2
δjl =


0, j ̸= l,

π, j = l = 0,
π
2 , j = l ̸= 0.

Since Tj(cos θ) = cos(jθ), it is equivalent to the Fourier cosine series for θ ∈ [0, π].

Lemma 25.2. (Gottlieb and Orszag 1977, p.28) The Chebyshev polynomial ap-
proximation defined by

uT(x) =

∞∑
j=0

ujTj(x), uj =
2

π(1 + δj0)
(u, Tj)ω

has the following properties:

(i) uT(x) = 1
2 [u(x

+) + u(x−)], uT(−1) = u(−1+), uT(1) = u(1−);

(ii) if ∂ku
∂xk (x) are continuous for k = 0, . . . , n − 1 and ∂nu

∂xn (x) is integrable,

since |Tj(x)| ⩽ 1, then uj = O( 1
jn ) and u

T(x)− uN (x) = O( 1
Nn−1 ).

These properties are directly inherited from the Fourier cosine series.

Example 25.2. Consider the 1d heat equation (25.4) in Ω = (−1, 1).

According to τ -method, we use the ansatz: uN (t, x) =

N∑
j=0

uj(t)Tj(x) =: PNu.

Insert the ansatz in BC:
∑N

j=0 ujTj(−1) =
∑N

j=0 ujTj(1) = 0, then

(25.5)

N∑
j=0

uj =

N∑
j=0

(−1)juj = 0,

that reduces two degrees of freedom, next insert it in the variational equation:

0 =
(∂(PNu)

∂t
− PN

∂2(PNu)

∂x2
, PNv

)
ω
=
(∂uN
∂t

− ∂2uN

∂x2
, vN

)
ω
.

For vN =
∑N

l=0 vlTl(x), because of vN = vN−1 = 0, we get N − 1 equations:

N∑
j=0

duj
dt

(Tj , Tl)ω =
( d2
dt2
( N∑
j=0

ujTj
)
, Tl
)
ω
, l = 0, . . . , N − 2.

Using the differentiation formula (Gottlieb and Orszag 1977, (A.10), p.160):

d2

dt2
( N∑
j=0

ujTj
)
=

N∑
j=0

( 1

1 + δj0

N−2∑
k=j+2, k+j even

k(k2 − j2)uk
)
Tj =: u

(2)
j Tj ,

j = 0, . . . , N − 2; u
(2)
N−1 = u

(2)
N := 0,
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it follows the ODE system for l = 0, . . . , N − 2:

(25.6)
dul
dt

= u
(2)
l + (N − 1)[(N − 1)2 − l2]uN−1 +N [N2 − l2]uN .

Summing and subtracting (25.5), we can exclude uN−1 and uN from (25.6) by

N−2∑
j=0, even

uj = −

{
uN , N even,

uN−1, N odd;

N−2∑
j=0, odd

uj = −

{
uN−1, N even,

uN , N odd.

25.3. Collocation (pseudo-spectral approximation). Choose collocation

points (xj)Nj=1 ∈ Ω and the projection PNu := uN (t, x) =
∑N

j=1 uj(t)φj(x), where

uj(t) solves the collocation equation:

N∑
l=1

ul(t)φl(x
j) = u(t, xj),

which implies that uN (t, xj) = u(t, xj) for all j = 1, . . . , N .
• For the Fourier sine series φj(x) = sin(jx), set the collocation points xj =

πj
N+1 , j = 1, . . . , N + 1. The corresponding collocation equation:

u(t, πj
N+1 ) =

N∑
l=1

ul(t) sin(
πjl
N+1 )

is solved analytically:

uj(t) =
2

N + 1

N∑
l=1

u(t, xl) sin( πjl
N+1 ), j = 1, . . . , N,

due to the identities (Gottlieb and Orszag 1977, p.14):

N∑
l=1

sin( πkl
N+1 ) sin(

πjl
N+1 ) =

N+1
2 δkj for k, j = 1, . . . , N.

• For the Chebyshev polynomials φj(x) = Tj(x), take the extreme points xj =

cos(πjN ), j = 0, . . . , N − 1. Similarly, the collocation equation:

u(t, cos(πjN )) =
∑N−1

l=0 ul(t)Tl(cos(
πj
N ))

admits analytical solution as follows (Mason and Handscomb 2003, (11.41), p.276):

uj(t) =
2

N(1 + δj0)

N−1∑
j=0

u(t, xl)Tj(x
l), j = 0, . . . , N − 1.
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T. Roub́ıček, Nonlinear Partial Differential Equations with Applications. Birkhäuser, Basel,

Boston, Berlin, 2005. https://link.springer.com/book/10.1007%2F978-3-0348-0513-1#

authorsandaffiliationsbook
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