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Kurzzusammenfassung / Abstract

Simulation plasmonischer Nanopartikel auf Substraten

Die Plasmonik untersucht die Wechselwirkung zwischen elektromagnetischen Feldern
und den freien Elektronen eines Metalls. Die plasmonischen Anregungen von met-
allischen Nanopartikeln werden Partikelplasmonen genannt. Eine Simulationsmeth-
ode welche gut geeignet ist, um die optischen Eigenschaften von plasmonischen Nan-
oteilchen zu beschreiben, ist die Randelementmethode. Bei der Randelementmethode
werden linerare partielle Differentialgleichungen in Integralgleichungen umgeschrieben
und dann mit Hilfe von Green-Funktionen gelost. In dieser Arbeit zeigen wir, wie
Substrateffekte in der Randelementmethode beriicksichtigt werden kénnen. Auf diese
Weise ist es moglich, metallische Nanopartikel, welche sich auf Substraten befinden
zu simulieren. Eine wichtige Rolle spielen dabei die sogenannten reflektierten Green-
Funktionen, welche die Wechselwirkung mit dem Substrat beschreiben. Wir unter-
suchen unterschiedliche Substrate und Partikelgeometrien, machen Konvergenzunter-
suchungen und vergleichen die Ergebnisse mit Ergebnissen, welche mit der Discrete
Dipole Approximation Methode erhalten werden.

Simulation of plasmonic nanoparticles situated on substrates

Plasmonics studies the interaction between electromagnetic fields and the free elec-
trons in a metal. The plasmonic excitations of metallic nanoparticles are called
localized surface plasmon resonances. A simulation method well suited for studying
the optical properties of plasmonic nanoparticles is the boundary element method.
In the boundary element method linear partial differential equations which have been
formulated as integral equations are solved with the use of Green functions. In this
thesis we show how to include substrate effects in the boundary element method.
In this way, the simulation of metallic nanoparticles situated on substrates becomes
feasible. An important part play the so-called reflected Green functions which de-
scribe the substrate interaction. We study different substrates and particle geome-
tries, study the convergence of the simulations, and compare the results to results
obtained with the discrete dipole approximation method.
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1. Introduction and Structure of Thesis

1.1. Introduction

Plasmonics studies the interaction between electromagnetic fields and the free elec-
trons in a metal [2,4,57,68-70,78,86]. The plasmonic excitations of metallic nanopar-
ticles are called localized surface plasmon resonances. A simulation method well
suited for studying the optical properties of plasmonic nanoparticles is the bound-
ary element method [25,26,33,35,86,95]. In this thesis we show how the boundary
element method can be modified to allow simulations of plasmonic nanoparticles

situated on substrates or in layer structures [93].

1.2. Structure of Thesis

This thesis is divided into four parts. The first part gives an introduction to plas-
monics. We start with the derivation of surface plasmon polaritons. Then we discuss
localized surface plasmon resonances on metallic nanoparticles. In the end of part
one we study the effect of a substrate on the plasmon resonances using a simple image

charge model.

The second part describes simulation methods for plasmonic nanoparticles in free
space. We start with the boundary element method for the solution of the full
Maxwell’s equations. Then we discuss the boundary element method in the qua-
sistatic limit. In the end of part two another method, the discrete dipole approxima-

tion, is presented.

The third part describes the modification of these methods to allow the description

of metallic nanoparticles situated on substrates. We start with the extension of the
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boundary element method. In this main part of the thesis the calculation of the
reflected Green functions plays an important role. In the end of part three a modifi-

cation of the discrete dipole approximation, done by Loke et al [52], is presented.

The last part describes some elements of the implementation in the MNPBEM Tool-
box and we show simulation results which compare the boundary element method
to the discrete dipole approximation method, and present optical cross sections and

field enhancements for different particle geometries and substrates.



2. Plasmonics

The two main ingridients of plasmonics [57, 60, 69, 72, 83, 86] are surface plasmon

polaritons and localized surface plasmon resonances.

Mathematically surface plasmon polaritons where already described in the beginning
of the last century [56,84,101]. The intensity drop at optical metallic diffraction
gratings [94] and the loss phenomena at thin metallic foils was later interpretated as

resulting from these surface waves [19,48,78,79].

The mathematical description of localized surface plasmon resonances was also es-
tablished around the beginning of the last century [18,63,104].

2.1. Surface plasmons

In this section, mainly based on [57], SI units are used. Surface plasmons are solu-
tions of the Maxwell’s equations which describe a propagating wave at the interface
between a dielectric and a metal. The fields away from the surface are decaying
evanescently. To describe this surface waves we first look for the wave equation

which can be obtained from the Maxwell’s equations.

In an isotropic and linear medium the macroscopic Maxwell’s equations have
the following form [40] [92]:
0B(r,t)

V x E(r,t) = 5 (2.1)
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V-B(r,t) =0.

the magnetic permeability of the vacuum.

(2.2)

(2.3)

(2.4)

Here E(r,t) is the electric field, H(r,t) the magnetic field, D(r,t) = egeE(r,t)
the electric displacement, B(r,t) = popH(r, t) the magnetic induction, j(r,t) the
current density, p(r,t) the charge density, € is the dielectric constant or relative

permittivity, p the relative permeability, ¢y is the electric permittivity and pg

If no external sources

and currents

are present, the curl equations (2.1, 2.2) can be combined

9’D

VxVxE:—uoatQ,

which for a negligible variation of the dielectric function and using
VxVxE=V(V-E)-V’E

and
V:(eE) =EVe+¢eV-E

reduces to the wave equation

(2.8)

(2.9)

(2.10)




2.1. Surface plasmons

Asuming a harmonic time dependence

E(r,t) = E(r)e ™, (2.11)
we find the
Helmholtz equation [57]
V2E + k3¢E = 0. (2.12)
Here ko = % is the wave number of the propagating wave in vacuum.
For a one-dimensional problem [57] [92]
E(z,y,2) = E(2)e", (2.13)
with the propagation constant 5 = k, we get
O*E
(2) | (k2e — B2E = 0. (2.14)

022

For a harmonic time dependence, homogenity in the y-direction and propagation in

z-direction, the explicit field components obtained from the curl equations are

% = —iwpoHy,
38%0 —ifE, = iwuoHy,
iBE, = iwuoH,,
% = twegeg By,
8;? —ifH, = —iwegeg Ey,

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)



2. Plasmonics

1fH, = —iwegeo E,. (2.20)

There are two sets of self-consistent solutions [57]. Transverse magnetic modes

1 OH
E. = —i -y 2.21
v Zwege 0z’ (2.21)
B
E,=— H,, 2.22
wepe ( )
82Hy 2 2
9.2 + (kje — B°)H, =0, (2.23)
and transverse electric modes
.= i%7 (2.24)
wpy 0z
H, = iEZ, (2.25)
wHo
9*E, 9
5.2 + (kge — B)E, = 0. (2.26)

The simplest geometry where surface plasmon polaritons can exist is a single flat

interface between a dielectric with ey and a metal with €;(w) [57]. So for z > 0

Hy(2) = AgePekez (2.27)
E.(z) =iAs koe'PTe—k2z, (2.28)
WEpEL
E.(z) = 7A2Lew@"e*’m, (2.29)
WEpEL
and
Hy(z) = AjePrehrz, (2.30)
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1 .
Ey(z) = —z‘Alweoelklelﬁzeklz, (2.31)
Z(Z) = — 1?0616 e . (232)

for z < 0 . Here k; is the component of the wave vector perpendicular to the
interface and 1/]k,| is the evanescent decay length. Now the boundary conditions at
the interface, which are discussed in the Appendix A.1 (A.5-8), are used. They state
that Hy, and € E, in our one dimensional problem have to be continuous, which leads
to [57]

Ap = A, (2.33)
and L
2 €2
2= 2.34
» - (2.34)

H, also has to obey the wave equation:

ki = 8% — ke, (2.35)

k3 = (% — kies. (2.36)

Hence the dispersion relations of surface plasmon polaritons which propagate

at the interface are [69]

€1€
B=he=hoy/ 1+262, (2.37)
ky = kot [ s : (2.38)
€1 + €3
and
| 4
y = oy —F—. (2.39)
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Transverse electric surface modes are not possible [57] because for this set

Ey(z) = AgePrekez

for z > 0, and
Ey(z) = Alewzeklz,

1 _
H,(z) = iA;—FkeP%ehr?,
wio

Ho(2) = Ay D eibrehiz,
WHo

for z < 0, and the boundary conditions of continuity of E, and H, lead to:

Al(kl + ]{52) =0.

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

Because Relki] > 0 and Re[ks] > 0, A; and then also Ay = A; have to be zero,

which means that no transverse electric modes exist. Therefore the only possible

solutions are transverse magnetic modes at an interface which obey the following

conditions [69]:

€1 - €2 <0,

€1+ €3 < 0.

(2.47)

(2.48)

This means that the real part of one of the dielectric functions, say €;, must be
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negative with the absolute value of €; exceeding that of e;. This conditon holds at

an interface between a dielectric and a metal.

Evanescent field

Dielectric medium

>
>

[ ww || ww 1|

bdd mm e bEd e
PR R Sikrak il ik ] Metal
L, B e .

Figure 2.1.: Schematic representation of a surface plasmon polariton which is an
electron density wave propagating at the interface between a dielectric and a metal
and is confined in perpendicular direction (The fields away from the surface are
decaying evanescently).

To obtain the surface plasmon wavelength and its propagation length one uses the

dispersion relation along the interface for g = k., + ik} [76]

(€1 +i€])ea

K k! = 2.49
(k) ik = [ (2.49)
which can be cast to
, €' eq
/ a1 e (1+16152)
(k) + ik, = (2.50)
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and expands the square root under the assumption that |€/| < |€}|

(k) + k! = |12 “e <1 P S 6/1/) (2.51)
61—|—€21+ Z/+ €] + e 2 €+ €

This leads to the

surface plasmon wavelength and propagation length [76]

. w( e \V?

KoY , 9.52

Yo (e’l + 62> (2.52)
2 €l + e

N e 2F JE1 T2y 2.53

PR €\ €2 ( )
/ 3/2 "

Ko Y < f12 ) a 2.54

T e\ +e 2(e})? ( )

The decay length of the surface plasmon fields are found from the dispersion relation

related to the normal wave vector [69].

w 6/2 6//
ki, ~— 1 [1 '1] , 2.55
L=~ €] + e e 2€] ( )
w 6/2 e”
ko, ~ — 2 [1 — '1] . 2.56
2270 €] + e Z2(6/1 + €9) ( )

10
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2.2. Localized surface plasmon resonances

There also exist localized surface plasmon resonances on metallic nanoparticles [86]
[57] [69]. To find the fundamental localized surface plasmon resonance of a sphere
we first employ the quasistatic approximation. This approximaten states that if a
particle is much smaller than the wavelength of light the phase of the harmonically
oscillating electromagnetic field can be seen as constant over the particle volume.
So we assume an uniform electrostatic field E = Eyz and look for a solution of the
Laplace equation (see Appendix A.4). The solutions of the Laplace equation for the

potential inside and outside the sphere have the following form [40]

Gin(r,0) Z [A;r!) P(cos 6), (2.57)
=0

Gout (1, 0) Z Blrl + Clr_(l+1)]B(cos 6). (2.58)
=0

To determine the coefficients the boundary conditions are used:

1 ad)m 1 8¢out
_Z =_- 2.59
a 00 | a 00 |7":a’ (2.59)
0 in 0 ou
—€p€ gr |y = —€0€m gr i | (2.60)
Pout = —Foz r — OQ. (261)
This leads to the following equations
Ch
Ay =—-Fy+ B (2.62)
C
E A =By 201 (2.64)
€m

11
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€ C

which are solved with [40]

A =— <3> Ey, (2.66)

2+¢/em
and / .
€/€m —
Cl = (6/64_2) CLSE(). (267)
m
Therfore we obtain [57]
—3€m
Gin = HTEOT cos 0, (2.68)
3c0s 0

€—¢€
Gout = —FEpr cos 0 + o QZnan o

(2.69)

Inside the sphere we find a constant electric field parallel to the applied field and
the potential outside the sphere is a superposition of a dipole located at the particle
center and the applied field and therefore can be written with the dipole moment p

as [57):
p-r

¢out = —E()T cos B + m, (270)
€—¢€
=4 3 K. 2.71
p TEQEMA €+ 2 0 (2.711)
This can be seen by evaluating the electric fields from the potentials
E=-Vo¢, (2.72)
3€m
E;, = E 2.
in e+ 26m 05 ( 73)

12
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3nn-p)—p 1

Eout = EO + 3
dmemey T

(2.74)
and comparing the scattered field to the electric field of a dipole:

1 ikr

E= <k:2(n><p)><n
T

" Arwepen, r3 r

+ [3n(n - p) — p) <1 — ”;) ek> , (2.75)

g_onm-p)-pl

e 3 <, (2.76)

where k = 27/X and n is the unit vector from the dipole position to the observation

point. An illumination with a plane wave

E(r,t) = Ege ™", (2.77)
induces a radiating oscillating dipole

p = egemaEge !, (2.78)

which leads to a scattering of the plane wave. The polarizability

€— €m

a = 4ra® ,
€+ 2¢p,

(2.79)

P = emeoaEq, (2.80)

experiences a resonance under the condition that |e + 2¢,,| is a minimum, which, for

a small or slowly-varying Sm[e] around the resonance simplifies to

Rele(w)] = —2em. (2.81)

This is called the Frohlich condition [57]. The associated mode is the dipole

surface plasmon of a spherical nanoparticle.

13
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& Electric field

e Metal sphere

™ Electric cloud

Figure 2.2.: Schematic representation of a localized surface plasmon resonance in
a metallic nanoparticle of the size comparable to or smaller than the wavelength
of light. The impinging electromagnetic wave polarizes the electrons of the metal
and the restoring force leads to the plasmonic oscillation.

The scattering and absorption cross sections are given by [89]

2
_ 8T 46

€ — €
Csea = —T 2.82
sca 3 € + 2€m ) ( )
and
€— €m

Cups = 4mka®>Im L - 26m} : (2.83)

The sum of scattering and absorption efficiency is the extinction:
Ceact = C’sca + Cabs- (284)

14
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2.3. Substrate effects

Figure 2.3.: Image charge model of a conducting sphere near a substrate [73].

The influence of a substrate on the plasmon resonance can be studied in the qua-
sistatic regime with the well known image charge model [1,40,46,69,73,88]. Therefore
we consider a spherical metallic nanoparticle near a substrate which is illuminated
by an electromagetic wave. By using the quasistatic approximation and neglecting
higher order multipole moments the induced charges can be represented as a dipole
p1 = lg. To account for the influence of the substrate we then use the image charge

model.

15
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In this image charge model a potential of a charge near a substrate is given as

the sum of the potential of the charge and of its image charge [73]

1 q q’)
= -4+ = 2.85
¢ ATepem (r + p)’ ( )
with
’ €m — €s
= 2.86
¢ =a - (2.86)

beeing the image point charge.

Here ¢q is the permittivity of vacuum, €,, is the permittivity of the background, e
is the permittivity of the substrate and r and p are the distances from the charges
g and ¢ to the point of observation. In the case of the sphere near the substrate
excited by an electric field perpendicular to the substrate this leads to the following
potential [73]:

p1 cos © P2 COS Y (2.87)

P)=—-E" 6 — — .
.(P) Lo dmege,r?  Amegemp?

Here 6 and ~ are angles between the axis perpendicular to the substrate and the

vectors r and p (see Fig. 2.3). With the image dipole

€s — €m

P2 = P1 e (2.88)
we obtain
0 P1 cosf cosy [es(w) —em
¢1(P)=—FE]rcosf — pr—— ( 2 + 2 <€S(w) T Gm)) ) (2.89)
from which the local electric field at the sphere can be calculated:
E, =E% + QWGSSM:S (Zs - ZZ) . (2.90)

16
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This can also be written with the polarizability of the sphere

pP1 = €oemaE (2.91)
E, — E! (1 O‘es_em)l (2.92)
L=l 167d3 €5 + € ' '

Here d is the distance from the center of the sphere to the substrate surface. From

this we can calculate the perpendicular component the effective polarizability

(0%

ol = E— (2.93)
- (1- 16gd3 (EZ+EZ))
which can also be written with the depolarization factor
V — Ctm
ocff = VW) Zem) (2.94)

L em + L1 (e(w) — €n)

w=g (@) o) (299
e V= 47;3‘3, (2.96)

is the volume of the sphere. For the system consisting of a dipole and its image dipole

the polarizatbility is then given by [73]

ooff = V(e(w) — €m) 2¢5(w)
- em + L1(e(w) —em) ] (es(w) +em)

(2.97)

If a parallel field is applied, the local electric field can again be obtained from the
potential:

_ -1

E| =Ef <1 o €m> .

_ 2.98
327d3 €5 + € ( )

17
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For the parallel component of the effective polarizabilty one obtains

erf  View) —em)
= em + Ly (@) + em)’ (2.99)

IR GG I

the depolarizing factor. For the system consisting of a dipole and its image dipole

with

the polarizatbility is then given by [73]

aﬁff _

(2.101)

V(e(w) — em) } 2¢,(w)
em + Ly (e(w) — €m) | (es(w) +em)

By using these polarizabilities in the optical cross sections (given in section 2.2) the
influence of the substrate can be studied [73]. In the next section we show simulation

results for both cases.

18
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Results

Applied electric field perpendicular to the substrate

350
+£+30 nm

< -on subs
300

n

o

o
T

200~

-
5]
o

Scattering cross section (a.u.)

-

o

o
T

o
o

0 360
Wavelength (nm)

Figure 2.4.: Comparison of scattering cross sections of a silver sphere with a radius of
10 nm situated on a glass substrate with a refractive index of 1.51 and located 30 nm
away from the substrate which is illuminated with an electric field perpendicular
to the substrate (computed by using the formulas 2.82 and 2.97). For the closer
distance to the substrate a red shift of the plasmon resonance is observed. This
red shift can be understood with the simple image charge model. The electric field
of the image dipole works against the restoring force of the electrons resulting in
the red shift [67].

In Fig. 2.4 we present simulation results for the scattering cross section of a silver
sphere with a radius of 10 nm approaching a glass substrate with a refractive index of
1.51 which is illuminated by an electric field which is perpendicular to the substrate
(obtained by using the formulas 2.82 and 2.97). For closer distances to the glass
substrate the resonance of the scattering cross section shifts to lower photon energies.
This red shift can be understood with the simple image charge model. The electric
field of the image dipole works against the restoring force of the electrons resulting
in the red shift [67].

19
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Applied electric field parallel to the substrate

300 -
++30 nm

- on subs
250

200

100~

Scattering cross section (a.u.)

50~

1 1
350 360 370
Wavelength (nm)

|
380 390

Figure 2.5.: Comparison of scattering cross sections of a silver sphere with a radius
of 10 nm situated on a glass substrate with a refractive index of 1.51 and located
30 nm away from the substrate which is illuminated with an electric field parallel
to the substrate (computed by using the formulas 2.82 and 2.101). For the closer
distance to the substrate a red shift of the plasmon resonance is observed. This
red shift can be understood with the simple image charge model. The electric field
of the image dipole works against the restoring force of the electrons resulting in
the red shift [67].

In Fig. 2.5 we present simulation results for the scattering cross section of a silver
sphere with a radius of 10 nm approaching a glass substrate with a refractive index
of 1.51 which is illuminated by an electric field which is parallel to the substrate
(obtained by using the formulas 2.82 and 2.101). For closer distances to the glass
substrate the resonance of the scattering cross section shifts to lower photon energies.
This red shift can be understood with the simple image charge model. The electric
field of the image dipole works against the restoring force of the electrons resulting in
the red shift [67]. The substrate effect is stronger if the applied field is perpendicular
to the substrate because of the larger incuded dipole field.

For a quantitative description beyond the image-charge framework one needs to in-

20
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clude the multipole character of the induced charges [73] and the inhomogeneous
character of the electric field [69,73]. In the next chapter we will present numerical

methods which allow the solutions of the full Maxwell equations.

21






3. Simulation of plasmonic nanoparticles

The simulation of optical properties of plasmonic nanoparticles relies on the solution
of Maxwell’s equations [22,57]. An analytic solution is only possible for certain ge-
ometries. The Mie solution [6,47,63] describes the scattering of a plane wave by a
homogeneous sphere. The solution takes the form of an infinite series of spherical
multipole partial waves. There also exists the Mie-Gans-solution [23] which is an ex-
tension for oblate and prolate spheroidal particles. For particles with abritary shape

no analytic solutions are possible and numerical methods need to be employed.

There are two main catagories of numerical methods. Differential methods which
solve Maxwell’s equations in their differential form, and integral methods which
transform them to integral form [22]. Popular differential methods are the finite
difference time domain method [30, 90, 100], the finite elements method [11, 38, 77]
and the discontinous Galerkin time-domain method [85]. Popular integral methods
are the volume integral equations [59], the discrete dipole approximation [12-14,74],
the surface integral equations [43, 58], and the potential based boundary element
method [24-26, 33, 35].

Other approaches used in plasmonics are the T-matrix method [44] and the rigorous
coupled wave analysis method [51]. Alternativly one can also use time-dependent
density functional theory to simulate the optical properties of small metal clusters
[49,102]. For Gap plasmonics quantum corrected models are available as well [17,32,
45].

23



3. Simulation of plasmonic nanoparticles

3.1. Boundary Element Method for full Maxwell equations

The boundary element method is a computational scheme which allows to solve
Maxwell’s equations for a system consisting of dielectric regions which are described
by homogeneous and isotropic dielectric functions, and are separated by a sharp
boundary [25, 26, 33,35]. By using the Helmholtz theorem [28] one can relate the

electromagnetic fields E and B to the scalar and vector potentials ¢ and A via

E = ikA — Vo, (3.1)

B=VxA, (3.2)

With the Lorentz gauge condition [40]
VA = ikeo, (3.3)

the Maxwell equations (in this section Gauss units are used) can then be rewritten
in the following [26] [35]

Helmholtz equations:
V2¢ + k%ep = —4mp, (3.4)

4
VZA + k2eA = ——j. (3.5)
C

Here k£ is the wavenumber in vacuum, € is the permittivity, p is the charge density,

j is the current density and c is the speed of light.

They can be solved on both sides of the boundary with the

24



3.1. Boundary Element Method for full Maxwell equations

Green functions of the media [10]

 likgler)
Gj(r,r') = o] (3.6)
obtained from
(V2 +E)Gj(r,r') = —4mé(r — 1), (3.7)

and appropriate boundary conditions of outgoing waves at infinity. Therefore

the square root of k; = /€K is understood to yield a positive imaginary part.

Because of the discontinuity [26] [35] of the fields and potentials at the sharp bound-
ary additional surface charge and surface current distributions are introduced. The

solutions which are valid in whole space then look the following way [26]:

o(r) = e Gji(r,s")oj(s')ds + ¢°(r), (3.8)
A(r) = . G,(r,s")h;(s")ds’ + A°(r), (3.9)
with )
¢°(r) = g Gi(r,v)p(x')dr’, (3.10)
M@:%/@mﬂmwﬁ (3.11)

describing the external pertubation. For a numerical implementation one changes
from boundary integrals to boundary elements (see Fig. 3.1). This reduces the

spatial dependence of each quantity to a discrete number of representative points:

/ G]‘ (Sl — S,)O‘j (S/)dsl = Z Gj,ll/aj (Sl/)ASl/. (3.12)
S; G

25



3. Simulation of plasmonic nanoparticles

Figure 3.1.: In the boundary element method the surface of a metallic nanoparti-
cle gets discretized in small boundary elements. The spatial dependence of each
quantity is reduced to a discrete number of representative points and the Green
functions describe the interactions between them [26] [35].

We will further adopt a compact matrix notation (where the summation is meant
to be included in products such as Gjo;) and calculate the unkown surface currents
and surface charges with the use of the boundary conditions of Maxwell’s theory.

The continuity of the tangential electric field leads to the continuity of the scalar

potential
Gro1 = Gaog + o, (3.13)
with
p = g5 — o1, (3.14)
and
G1 = G111 — Gay, (3.15)
G2 = Gaa — Gha. (3.16)

Here G117 connects points on the inner boundary, GGos connects points on the outer
boundary, and G2 and Go; connect points from the inner to the outer boundary and
vice versa. [26] [35]. A field induced within a medium is produced exclusively by the

interface charges lying on the side of the boundary facing this medium. This allows
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3.1. Boundary Element Method for full Maxwell equations

a generalization to an arbitrary number of media (see Fig. 3.2 ). The continuity of

the normal magnetic induction leads to the continuity of the vector potential
G1h; = Gohy + a, (3.17)

with
a=A35— Af. (3.18)

From the continuity of the normal electric displacement one obtains
H161O'1 — HQGQO’Q — ’ikl’l(Glﬁlhl — G262h2) = l)e/7 (3.19)

with
DY = ¢ (iknay — ¢§') — ex(iknag — ¢5'), (3.20)

where n is the outer surface vector of the boundary. In addition,

Hyy=F +2m, (3.21)

with F' beeing the surface derivative of the Green function.

One has to be careful about a singular contribution originating from the limit r — s.
This can be seen by studying the effect on the quasistatic (kr < 1) Green function

[34] [26] [35] .

Gr—-r)= ———. (3.22)
(Jr —x'])
We consider the limit
. A / /
lim -V G(r,s)o(s")ds', (3.23)
for the following coordinate system
n=4e,, (3.24)
r=(0,0,2), (3.25)
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3. Simulation of plasmonic nanoparticles

outer surface normal T source
1 medium1
outer surface normal I medium 2 N /

/ // . \ gﬂ Gﬂ’ \
dium 3 ) \
: ) medium }\k

/ / u
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outerssu rface normal i G,

'I.I. -"l -~ ’ .\I'l I.'u
II| I.'I /z \-\ " '.II |II
|I |I \. II !
| | IIl' . | I

| | medium 4 | | |

Figure 3.2.: Its also possible to generalize to an arbitary number of media. Charges
(and currents) that cannot be connected without crossing any interface are blind
to each other. A source in medium 1 can only excite the outer boundary of medium
2, but neither the inner boundary of medium 2 nor the boundaries of medium 3
and 4. G;; connects points on the inner boundary, Gj; connects points on the outer
boundary, and G;; and Gj; connect points from the inner to the outer boundary
and vice versa [26] [35].
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3.1. Boundary Element Method for full Maxwell equations

s’ = p(cos ¢,sin ¢, 0), (3.26)
and find

3

R
lim @ - / ——ds' — hm 27rz/ pdp(p* + 2%) 72 = 2. (3.27)
lr — s’\3 0

z—0

Finally, the continuity of the tangential magnetic field translates to

H1h1 - HQhQ — ikn(G16101 - GQEQO’Q) = Q, (328)
with
a=a’ +ikn(e1¢§ — €205). (3.29)
Here
nx (By—B;)=nx(VxJA)=V(n-6A) - (n-V)§A =0, (3.30)
and
V(n-6A) =n(V-5A), (3.31)

was used. These equations can now be recast in order to determine the surface charges
and surface currents. From the continuity of the potentials the surface charges and

currents on the two sides of the boundary can be related to each other:

= Gl_l(GQUQ aF 90), (3.32)

= G (Gahy + a). (3.33)

By inserting these expressions in the other two equations and using

Hihy = HiG7'(Goha + a) = £1(Gshs + a), (3.34)
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3. Simulation of plasmonic nanoparticles

Hshg = ¥5Gsha, (3.35)
with
S12 = H12G13, (3.36)
and
H1610'1 = ZlLlGlo'h (337)
Lis= G1,261,2G1_,%7 (3.38)
we get

(El — EQ)GQhQ — ikn(L1 — LQ)GQO'Q =a’ +ikn(€1¢‘f — 62¢§) —Yja+iknLip, (3.39)

(ZlLl - EQLQ)GQUQ - z'k:n(Ll - LQ)GQhQ = De/ - Elngo + iknLla. (340)

In this way the surface charges and currents on the outer side of the interface can be

computed
o9 = Gy 'Y De 4 ikn(L1 — Lo)(Z1 — o) a, (3.41)
hy = GQ_I(El = Eg)fl[ikn(Ll = LQ)GQO’Q + Oz], (342)
with
D =¢ (iknA‘f — gf)?/) — €2<ik7nAg — qf)gl) —Y1L1p+1tknla, (343)
a =a' +ikn(e1¢] — e205) — Y1a + iknLq o, (3.44)
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3.1. Boundary Element Method for full Maxwell equations

and
Y =YL — YLy + k*n(L; — Lo)(Z1 — X)) 'n(Ly — Ly). (3.45)

With the scalar and vector potentials the electromagnetic fields E, B and with the

use of the Poynting vector one can compute the

optical cross sections [40] :

Joa—— f Re(n(E x B*))da, (3.46)
1

Pext = _ni %RG(H(E X B;Fnc + Ez(nc X B))daa (347)
b

Paps = Pegt — Psca- (348)

Here ny is the refractive index of the dielectric background and S = E x B is the
Poynting vector. E;,. and B;,. are the vector fields of the incident wave and E
and B are the total fields.
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3. Simulation of plasmonic nanoparticles

3.2. Boundary Element Method for quasistatic

approximation

For very small particles (d < A) [65] the electromagnetic interaction between different
points is almost instantaneous and the terms connecting the electric and magnetic
fields in the Maxwell equations disappear (k — 0). The Helmholz equation then

reduces to the Poisson equation which can be solved with the

quasistatic Green function [34] [26] [35]

1

sk

G(r,1') (3.49)

obtained from
V23G(r,v') = —47md(r — 1), (3.50)

and appropriate boundary conditions.

In this way we can write down the solution of the Poisson equation with the qua-

sistatic Green function

é(r) = /8 LGlrs)a(s)ds + o (x), (3.51)

where we again additionaly introduced a surface charge which is found by the use of
the boundary conditions of Maxwell theory. To use the boundary condition related to

the electric displacement we need to evaluate the surface derivative of the potential

. o 08(r) 0G(r,s") s 00°(r)
where some care has to be taken about the limit r to s [34]:
_ R
lim n- / T75 4¢ = lim 27rz/ L, (3.53)
230 Ir —s|? 230 0 (p2 + 22)3/2
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3.2. Boundary Element Method for quasistatic approximation

With this singular contribution we obtain

8?;77(:) = +270(r) + - F(s,s)o(s")ds' + &?977(18)’ (3.54)
with the surface derivative of the Green function
0G(s,s’)
F(s,s)) = 2225 .
(s.8) = 2E=) (3.59)
which fulfills the sum rule [21]
F(s,s')ds' = 2. (3.56)

ov

For a numerical implementation one changes from boundary integrals to boundary
elements [26] [35] and calculates the surface charge with the use of the boundary
conditions of Maxwell’s theory. From the continuity of the tangential electric field
one sees that surface charges on both sides of the boundary are the same, and the

boundary condition related to the electric displacement leads to

62(27TO’+F0’+6¢>—€1(—27T0’~|—F0’+8¢>, (3.57)
on on
or 9
(A+F)o=-7- (3.58)
with
A—or2t (3.59)
€ — €1

from which the surface charge can be calculated

_10¢°
on

o=—(A+F) . (3.60)

Here again a compact matrix notation was used. With the surface charge one can

find the dipole moment and the
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3. Simulation of plasmonic nanoparticles

quasti static optical cross sections [40] [86]:

Psca = 8?71—]54|d)\|27

Pabs = 471’/4%”1,(@)\ : d)\),

Pe;z:t = PscaJFPabs-

(3.61)

(3.62)

(3.63)
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3.3. Discrete Dipole Approximation

3.3. Discrete Dipole Approximation

The discrete dipole approximation is another numerical method to calculate the

optical cross sections. In this method the scatterer gets represented by dipoles [12].

The lattice spacing d between these dipoles has to be sufficiently small compared
to the wavelength of the incident wave and sufficiently small to represent the
scatterer [13]:

1
d< —. 3.64

Here k is the wavenumber and m is the refractive index.

Every dipole then has a dipole moment

P]‘ = ajE]‘, (365)

where «; is the polarizability and Ej is the electric field, consisting of the incident

field and the contributions from the other dipoles

E; = Eincj — Y AjrPy, (3.66)
k#j
with the interaction matrix
eikrjk 9% ikﬂ’jk -1 A
Ajk = k (rjkr]-k — 13) + — (3rjkrjk — 13) . (367)
Tjk rjk

By defining the diagonal elements of the interaction matrix as

Ajj=ajt, (3.68)
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3. Simulation of plasmonic nanoparticles

a system, of 3V linear equations can be constructed:

Eincj = AjjPj + Z APy, (3.69)
k#j
N
Z Ajk:Pk = Einc,j~ (3'70)
k=1

In the original implementation of the method [12] the Clausius Mossotti polarizability

aCM_?’id?) mi =1\ _3d (¢ -1 (3.71)
T 4x m?+2  Arx &+2)° '

However this polarizability is only valid for inifinite wavelength. Otherwise one has

[40] was used:

to include a radiative-reaction correction. Omne polarizability which includes this
correction is the so called lattice dispersion polarizability which can be calculated

from electromagnetic wave propagation on an infinite lattice [14]:

™M
oLDR _ J ) (3.72)

j oM

L+ 2 (b1 + m2by + m203S) (k)2 — Zi(kd)?]

Here b; = —1.891531, by = 0.1648469, b3 = —1.7700004, and

S = i(aj €)%, (3.73)

Jj=1

is a function of the propagation direction & and polarization € of the incident wave.

After solving the system of equations for the dipole moments one can calcuate the
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3.3. Discrete Dipole Approximation

DDA optical cross sections [13] [1

2):

74

C drk S [ P.(a- 1)y Pt) - 213 (P2 3.75
“"S‘|Eo|2j§ Sm (Pj(a; ") P5) - Sk* [P, (3.75)
Csca = Cext — CabS) (376)

s 2 0m (B ).

by using the optical theorem.

In the next section we present simulation results done with the MNPBEM Toolbox.
We start with a comparison between the boundary element method and Mie theory.
Then we compare the simulation method using the full Maxwell equations to the one
using the quasistatic approximation. We also compare the boundary element method
implementation to the discrete dipole approximation and show electric field maps for
a sphere which is illuminated by a plane wave.
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Results

Comparison with Mie theory

E—Qﬁasistatic Boundary‘l Element Method
Mie Theory

Scattering cross section (nm2)

| 1 | | | A-'
400 450 500

550
Wavelength (nm)

Figure 3.3.: Comparison of scattering cross sections of a gold sphere with a di-
ameter of 10 nm located in free space which is illuminated by a plane wave with
z polarization obtained by the quasistatic boundary element method and by Mie
theory. For the simulation 144 boundary elements where used.

In Fig. 3.3 we compare simulation results of a scattering cross section of a gold sphere
with a diameter of 10 nm located in free space which is illuminated by a plane wave
obtained with the quasistatic boundary element method to results obtained with Mie

theory. For the surface discretization 144 boundary elements where used.

Comparison with quasistatic simulations

In Fig. 3.4 we present simulation results of a scattering cross section of a gold

ellipsoid with a diameter of 10 nm and a height of 20 nm located in free space which
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3.3. Discrete Dipole Approximation

0.35

A Quasistatic
-+ Retarded

03 A |

m
=
o
a

Scattering cross section (n 2)
o
o

0.05

| | |
1?00 450 500 550 600 650 700
Wavelength (nm)

Figure 3.4.: Comparison of scattering cross sections of a gold ellipsoid with a diam-
eter of 10 nm and a height of 20 nm located in free space which is illuminated by a
plane wave with z polarization obtained by the quasistatic and retarded boundary
element method. For the simulation 2884 boundary elements where used.

is illuminated by a plane wave with z polarization. We compare simulation results
of the quasistatic and the retarded boundary element method approach finding good
agreement throughout the whole wavelength regime. For the surface discretization

1444 boundary elements where used.

Comparison with discrete dipole approximation simulations

In Fig. 3.5 we present simulation results of a scattering cross section of a gold sphere
with a diameter of 50 nm located in free space which is illuminated by a plane wave.
We compare simulation results of the boundary element method and the dicrete
dipole approximation again finding good agreement throughout the whole wavelength
regime. For the boundary element method simulation a surface discretization with

1444 boundary elements was used. For the discrete dipole approximation simulation
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0.7

%Boundary EIerﬁent Method
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Figure 3.5.: Comparison of scattering cross sections of a gold nanopshere with a
diameter of 20 nm located in free space which is illuminated by a plane wave
obtained by the boundary element method and the discrete dipole approximation.
For the boundary element method simulation a surface discretization with 1444
boundary elements was used. For the discrete dipole approximation simulation a
discretization with 33552 point dipoles was used.

a discretization with 33552 point dipoles was used.

Simulation of the electric field enhancement

In Fig. 3.6 we present simulation results of the electric field enhancement of gold
sphere with a diameter of 20 nm located in free space which is illuminated by a plane
wave. For the simulation of the induced electric field the resonance energy of 523.1

nm was used.

In the next chapter we will show how the boundary element method can be modified
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3.3. Discrete Dipole Approximation

Figure 3.6.: Field enhancement of a gold nanosphere with a diameter of 20 nm
located in free space which is illuminated by a plane wave with z-polarization
obtained by the boundary element method. For the simulation of the induced
electric field the resonance energy of 523.1 nm was used.

to allow simulations for particles situated on substrates and embedded in layerstruc-

tures.
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4. Simulation of plasmonic nanoparticles
situated on substrates

There exist various possible applications [3,75,97] which use plasmonic nanoparticles

situated on substrates or embedded in layer structures.

It is possible to include substrate effects in finite difference time domain method
[8, 22, 82,96, 98,99] and finite elements [39, 103] simulations where in most cases
the volume of the nanoparticle, parts of the substrate, and the background medium
get discretized and perfectly matched layers are used [22]. In the integral methods,
which are formulated with the use of Green functions [59], one can instead use special
Green functions [27,71,93] to describe the presence of an inhomogenous dielectric
environment. The calculation of these Green functions usually includes the evaluation
of Sommerfeld integrals [9,16,20,52,59,61,62,64].

Until now no formulation of the potential based boundary element method which
includes substrate effects was known [26]. In this main part of the thesis we now
present a methodology for boundary element method simulations which also include
substrate interactions [93]. We start with deriving the boundary element working
equations which include substrate interactions. Then we show how to calculate the
additional reflected Green functions. This is a three step process. First one expands
the scalar and vector potential originating from the source points in cylindrical waves.
In the second step the boundary element method reflection and transmission coef-
ficients are computed by using the boundary conditions of Maxwell’s equations and
in the last step the potentials at the observation points are computed by integrating

over all cylindrical waves.
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4.1. Boundary Element Method with surface interaction

For a nanoparticle located in the dielectric environment of a substrate or layerstruc-
ture one has to add additional reflected Green functions (G$°, Gh*, Gho G$" and
Gg) to account for the fact that the perpendicular surface current hj‘ and the surface
charge o9 become coupled through additional interactions. The parallel surface cur-
rent hg does not couple to the perpendicular surface current and the surface charge
distribution [93]. This can be seen from the boundary conditions related to the
continuity of the tangential magnetic field and to the continuity of the normal elec-
tric displacement. For a flat substrate the outer surface vector always points in the
same direction, say n = (0,0,1), which decouples the equations. By replacing the
Green function on the outer boundary with Green functions of the layer structure

the solutions which are valid in whole space then look the following way:

¢1 = Gro1 + 91, (4.1)

¢2 = G302 + G3"hy + ¢5, (4.2)
A7 = Gihy + A5, (4.3)

Ay = G0y + GBhy + AL, (4.4)
All = gipll + Al (4.5)

A} =Glnl + agl. (4.6)

Here we have again changed from boundary integrals to boundary elements, use a

compact matrix notation, and again calculate the surface charges and currents which
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4.1. Boundary Element Method with surface interaction

Figure 4.1.: If a particle is placed on a substrate one has to add additional reflected
Green functions in the boundary element method to incoporate the substrate in-
teractions [93]. The reflected Green functions (G3°, Gh" Gho, Gg" and G|2|) are
obtained in a three step process [93]. First one expands the scalar and vector
potential originating from the source points (locations of oo and hy on discretized
surface of the nanoparticle) in cylindrical waves. In the second step the boundary
element method reflection and transmission coefficients (e.g. 0§) are computed
by using the boundary conditions of Maxwell’s equations. In the last step the
potentials at the observation points (e.g. G$7) are computed by integrating over
all cylindrical waves.
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were introduced because of the discountinuity at the boundary with the use of the
boundary conditions of Maxwell’s theory. The continuity of the tangential electric

field leads to the continuity of the scalar potential

Gioy = G3%09 + GS"hy + ¢, (4.7)

with
P =¢5 —¢f. (4.8)
The continuity of the normal magnetic induction leads to the continuity of the vector

potential

Gihl = Glnl +al, (4.9)
Gihi = GBhy + G0y + a™, (4.10)

with
a=A3— Af. (4.11)

The continuity of the tangential magnetic field translates to

th! - thg - ikﬁ“(elGlUl — EQGgJUQ — EQGghhé_) - Oz”, (4.12)

th% - thhé' - HSUO'Q — ikﬁj‘(elGlal — EQGgUUQ — EQGghhé_) = OéJ', (413)
and from the continuity of the normal electric displacement one obtains

61H101 — 62H2UU(72 — EQthhé_ — Zkﬁ“ . (elGlh! — EQGghg)—

- L bl he e (4.14)
ikn (€1G1h1 62G2 h2 €2G2 0'2) = D°.

To obtain the boundary element method working equations one first expresses h,, in

terms of hy and oy

(21 — Shehnl = ikl (e; — €)(G5700 + G5'3) + all — £iall + ikdle, o,  (4.15)
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4.1. Boundary Element Method with surface interaction

with
¥ =HG (4.16)

Then the fourth and the last term of the equation related to the boundary condition

of the electric displacement can be rewritten as

ikl - (e,G1hl — &Gl = Al Tjikal (e, — €) (G570 + G5"hL) + &ll] + ikl - e1al,

(4.17)
ikt [e1(Gh0y + GEhy + at) — e2(GA%0y + GE'hy )] = (418)
ikt (e1 — €)(Gh70o + GE"h) + ikita™, '
where
I =ik(er — e)(X1 — D)2, (4.19)
and
& = a— Yia+ ikhep, (4.20)

was used. Hence
aX1(GS% 00 4+ G5 hy + @) — e2H 09 — ea HY"hy —
ikl - Tall(e; — €2)(GS700 + GS"hy ) — iknt (€1 — €2)(Gh709 + Ghhhy) = (4.21)
D¢ + ikl eal 4 Al - Ta + ikatat.

Similary by rewriting the perpendicular part of the boundary condition related to

the tangential magnetic field we get:

S1(Gh70s + GE RS + ab) — HEM b — HEo 0y

(4.22)
ikt [e1(GS% 02 + GS"hy + ¢) — e2(GS7 02 + G3"h3)] = .

These leads to the following two
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boundary element method working equations with layer structure
(6121Gga = 62H§a>0'2 -+ (6121Ggh = 62H§hh2L)—

ikl - Tall(e; — €)(GS700 + GS"hy ) — iki(e; — €2)(GA70y + GBIy ) = (4.23)
D¢ — 510+ ikh - eqa + al - D(all — 21all + iknlle ),

(1G5 — HY)oo + (S1GE" — HMhg —

(4.24)
iknt (e — €)(G$%09 + GS"hy) = ot — Tiat +ikatep,

which can be solved through matrix inversion.

The reflected Green functions (G°?, G G", G°" and G”) are obtained in a three
step process [93]. First one expands the scalar and vector potential originating from

the source points in cylindrical waves. In this step we employ the

Sommerfeld identity [10]

(ikr) 00 )
o / %e(lkzlz‘)Jg(kpp)dkp, (4.25)
0 z

r

where Jy(k,p) is the zeroth-order Bessel function (see Appendix A.7).

In the second step the boundary element method reflection and transmission coef-
ficients are computed by using the boundary conditions of Maxwell’s equations and
the
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4.1. Boundary Element Method with surface interaction

plane wave Green function (see Appendix A.8)

(4.26)

For a tranversal excitation

A§ = gx, (4.27)

the parallel surface current hg does not couple to the perpendicular surface current

and the surface charge. The continuity of the normal magnetic induction

hi _ ha
klz k?z

G1h1 — G2h2 = 2m < ) = Ag =g, (428)
and the continuity of the tangential magnetic field

Hihi — Hohy = 27T(h1 + hQ) = —iko,g, (429)

can be used to obtain the parallel surface currents through matrix inversion:

ko, — k12 k229

h =
2 ko, + k1, 2mi ’

(4.30)

_ 2klz k2zg
ko, + k1, 273 ’

hy (4.31)

For perpendicular or surface charge excitation we use the continuity of the tangential

electric field and the continuity of the normal magnetic induction which imply that

Gldl — GQO’Q =@, (432)

G1h1 - G2h2 = a, (433)
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have to be fulfilled. Further the continuity of the tangential magnetic field
27(hy + ha) — iko(Gre101 — Goeaoa) = @,
and the normal electric displacement
27 (€101 + €2092) — iko(Gre1h1 — Gaeaha) = D,
with

a=d —ikyeao,

D® = —e3(ikoa — ¢'),

(4.34)

(4.35)

(4.36)

(4.37)

are used to obtain the surface currents and charges at the substrate boundary. Be-

cause of the continuity of the tangential electric field and the continuity of the normal

magnetic induction the surface charges and currents on both sides can be related:

_ k1. _
o1 = Gy (Gaoa + ) = éog +Grle,
z
k
hy = GTH(Gahg + a) = k—lzhz + G la.
2z

Inserting these relations into the remaining boundary conditions yields

ki, _
2 <61 k; + €2> o9 — ik (61 — 62) Gohy = D® — 27T61G1 1g0 + ikgera,

k1. , - :
27 (k,l + 1) hy — ik (€1 — €2) Gaog = a — 210Gy 'a + ikoerp.
2z

This leads to the following equations at the substrate boundary

k1. k D,
(611 + 62> o2 + kfo(q —€e)hy = —,

ko 22 27
k1, ) ko a
1) hy + ~2 (¢ — S
<k‘2z + 2+ o (61 — €2)02 o
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4.1. Boundary Element Method with surface interaction

They can again be solved through matrix inversion. Therefore we first multiply both
sides with ko,

ko, D,
(elklz + EQkQZ)UQ + ko(ﬁl — 62)h2 = 2;71' e7 (4'44)
ko,
(k12 + koz)ho + ko(er — €2)o2 = o (4.45)
and calculate the determinant
A = (ki + ko) (e1k1s + e2kay) — kd(e1 — €2)?, (4.46)
kg(er — €2)* = (e1 — €2) (K — k3) = (e1 — ea) (k. — k3.), (4.47)
A = (klz + kQZ)(Elez + elkgz). (4.48)

The surface charge and current on the upper side of the substrate are found as

ka. ~ -
oy = Q;A [(klz + ko) De — (€1 — 62)/@004} , (4.49)
k ~ -
h2 = Q;ZA [—(61 - €2)k‘0De + (€1k31z + ezkgz)a} . (450)

If no perpendicular excitation is present the excitation is described by

D, = [ea(—ikoz) + €1k12] g = i(e1k1. — e2kaz)g, (4.51)
& = [~ikoez + tkoer] g = iko(e1 — e2)g, (4.52)
which leads to
rrm B e ks~ — ], 45
2w A i ? z 0f>»
ik2z
hy = 27TA9 [ko(e1 — €2)(€1k12 + €2kaz) — ko(e1 — €2)(e1k1. — €2kaz)] . (4.54)
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This can be rewritten to

ikQZ
5 = or z z z 2 — 2 z)9,
g 27TA(k1 + kaz)(e2k1. + €1k eakaz)g
o ko
h2 = 27TA 2k0(61 — 62)62k2zg.

If only a perpendicular excitation is present the excitation is described by

De = [—ik‘oﬁg + ik0€1] g = ik0(€1 - 62)97

a= [(_ik22> + iklz] g = Z.<k512 - k2z)g>

which leads to

iko,
02 = - 22 glholer — e2) iz + Faz) — holer — e2) (az — Fzz)],
hy = iho: g [(kl — ko) (erkz + eakaz) — k(e — 62)2:| _
27 A # z z z 0

This can also be rewritten to

o'h _ ikQZ
27 oA

2ko(€e1 — €2)ka.g,

1ko.
hl = ﬁ(klz — ko.)(e2k1, — €1ka + 2€2kaz)g.
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4.1. Boundary Element Method with surface interaction

Figure 4.2.: The surface charges and surface currents on the outer side of the
metallic nanoparticle lead to scalar and vector potentials acting on the substrate.
The surface charges and surface currents at the substrate (e.g o) are obtained from
the boundary conditions [93]. They describe the reflections and transmissions and
are used to calculate the reflected Green functions.

To summerize we found the following

e N

boundary element method reflection coefficients at the substrate:

1ka

03 = %_A(klz + ko.)(€e2k1, + €1ka; — 2e2ka2)g, (4.63)
g - o 2ko(e1 — €2)e2ka.g (4.64)

2 27TA zZd
o = 2k 2ko(e1 — €2)k2-g (4.65)

27 o2rA z9s
ik
hf = ﬁ(klz — ka2)(e2k1z — e1ka, + 2e2ks.)g, (4.66)
with

A = (k1o + ko) (€2k1: + €1k22). (4.67)
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4. Simulation of plasmonic nanoparticles situated on substrates

To generalize for the boundary element method reflection and transmission co-
efficients for layer structures one additionaly introduces an interlayer Green func-
tion G* [26] [93] and again treats parallel and perpendicular or surface charge
excitation separatly. For parallel excitation we find the following boundary con-

ditions:

GHTRE T — Ghnl — GHRY + GFTIRET = Al — ASTY (4.68)

2mi(hi ! 4 hY) — KEGPRY — kEFIGRHIRS T = BEAY — EETTALTY (4.69)

In the case of a perpendicular excitation or the excitation through a potential of

a surface charge we find the following boundary conditions:

Ghtlottl _ Gl — Glot + GPHlob ! = g — g (4.70)

GATIRETL _ GERE — GERE + GRS — A — AT (4.71)

27ri(e#+1alf+1 + €u0h) + k(GSLJrleu_,_lh‘fH — Glhe hh)—
kle, Gral — kit le,  GFIoh T — ke GFRE + ke, 1 GRHIRET = (4.72)

+1 Akl +1
kfeudhy + K el + ke Ay — ke AT,

2mi(BET 4+ BE) + k(Gh e, 108 — Ghe o) — ke GFRY—
kg+1e#+1G“+1h’5+1 — ke, Glol + k€#+1G“HJ§+1 = (4.73)

REAG + KETRALT + kel — kepnof

These equations can then be used to compute the reflected Green functions for

layer structures.
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4.1. Boundary Element Method with surface interaction
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Figure 4.3.: Schematic representation of a layer structure. Here G} is an intralayer
Green function that connects points in layer 2, in medium p and G* is an interlayer
Green function that connects points between different layers (located at z, and
Zu—1) in medium g [93].

In the last step the potentials at the observation points are computed by integrating

over all cylindrical waves [93]:

I=i /0 %e(ikz(z+zl))Jo(kpr) f(ky, k2)dk,. (4.74)

z

Here f(k,,k.) are the boundary element method reflection and transmission coeffi-

cients. These Sommerfeld integrals have singularities [10] so we deflect the integration
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4. Simulation of plasmonic nanoparticles situated on substrates

Branch cuts

Im(k,)

me(kp):

Figure 4.4.: Deflection of the integration path in the complex plane to surround the
singularites [10] in an elliptical path with a major semiaxis of k:;”“j = 1k 4 ko)
and a minor semiaxis of k’;’”” = 10’2k;”“j . For small z + 2’ values the exponential
damping of the highly oscillatory integral becomes weak. In this case it is better
to use Hankel functions with an other asymptotic behavior, and resume the inte-
gration along the imaginary axis (dash-dotted line) to get a better convergence of
the integration. (Figure taken from [71].)

path in the complex plane to surround them in an elliptical path with a major semi-
axis of k‘;”“j = 2(k"™® + ko) and a minor semiaxis of k:;”i" = 10’21437;“” and then
resume the integration along the real axis using the asymptotic form of the Bessel
function which is found from an asymptotic analysis from its integral respresenta-
tion [71]:

2 T
Jo(kpp) = o Ccos (kpp - 4) . (4.75)
o

There are two types of singularities present. Branch point singularities related to

the double valued behavior of the integrands and corresponding to radiation modes
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4.1. Boundary Element Method with surface interaction

and pole singularities related to the vanishing denominators of the integrands corre-
sponding to guided modes [10]. For small z + 2’ values the exponential damping of
the highly oscillatory integral becomes weak. In this case it is better to use Hankel
functions with an other asymptotic behavior and resume the integration along the

imaginary axis to get a better convergence of the integration [71]:

1
Inlkipp) = 5 [HD (kpp) + H (kop)| (4.76)
HY (k,p) 2 (ilkpo=55 (4.77)
ﬂ'k:pp ’

H(2) kop) ~ e(Zilkpp—F=1)) (4.78)
\/ 0P

Because the calculation of the reflected Green functions is computationally very de-
manding it is done in a two step process. First one sets up a suitable grid of Green
function values and then in the second step performes an interpolation. For the

interpolation the following functional dependence is assumed [93]:

G(r, z1,22) = M, (4.79)

Fr(r,21,22) = Il a1 ra)r ;;’TQ)T, (4.80)

Fz(r; 21722) - — s = 5 (481)

with

F=vr2+ 22, Z =21+ 2. (4.82)
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4. Simulation of plasmonic nanoparticles situated on substrates

Here r is the radial distance and z; and zo are the z-values of the observation and the
source point. This shape is similar to the shape of the quasistatic Green function [40]

and therefore there should be only a weak spatial dependence in g, f, and f,.

It is also important to be careful about the singular contribution by evaluating the
reflected Green functions. Therefore the boundary elements of the particle should be
slightly above (or below) the substrate boundary. The surface derivative is split in

two parts [93]:

Pl o1, 2) = ~foy = (el 21,22) = fo) (45
with
fo= lim f0r,2) (4.8)

The first term gives a singular contribution but the second term has a smooth r and

Z dependence.

To calculate the optical cross sections we use the stationary phase approximation
(see Appendix A.9) [10] to obtain the leading-order approximations for the highly

oscillatory integrals:
I = (2 (ikz(2+2")) kPH(l) k ko k)dk 4
*5 € ki 0 ( Pr)f( () z) p* ( 85)
—00 z

First we use the asymptotic form of the Hankel function

. ' 2 . y I_x
HY (e |2 bt s =3), (4.56)
P

A /

rep—pep (4.87)

where also

was used, and find the point of least oscillation with

% (ko + /12— R22) = 0. (4.88)
p

This leads to
kps = kB, (4.89)
T
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4.1. Boundary Element Method with surface interaction

fos = K, (4.90)
T
and we obtain
the stationary phase point
k; = kr, (4.91)
from which we can approximate our integrals as
eikr o
I =—e 7 f(kr). (4.92)
T

By inserting the reflected Green functions in the boundary element method work-
ing equations with layer structure we can calculate the surface charges and surface
currents at the boundary of the particle and by using the asymptotic forms the elec-
tromagnetic fields and the spectra can be computed. For the extinction a generalized

optical theorem is used [55].

It is also possible to account for a substrate in the quasistatic approach [93]. In
this case one uses an additional image Green function to describe the substrate

interaction:
0¢°

o= (€1H1 — €2H2>_1(61 — 62) an

(4.93)
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4. Simulation of plasmonic nanoparticles situated on substrates

4.2. Discrete Dipole Approximation with surface interaction

In this section we follow [52] to derive a modification of the discrete dipole approxi-
mation which includes surface interactions. In this modification the incident field is

a sum of direct and reflected waves and the interaction matrix AJS,CI in

N
> ANPL =B, (4.94)
k=1

additionally has to include a reflection matrix Rj;, [52,53,66,80,81]. To derive [52] [53]
this reflection matrix, which describes the interactions with the image dipoles, we

start with the known Sommerfeld identities

eikr : 00 k.p "
= kop)e*ldk,, 4.
drr 4w Jo ks Jo(kop)e (4.95)
eikr i [e%s) kp (1) .
= “LH ik= 2] 4.
dmr 8w /,Oo k, (Fpp)e dkp: (4.96)

and introduce the Fresnel coefficients (see Appendix A.2) for the planar components

[10] [40]:

ko, — k1
A 4.97
/’L’I‘kQZ + klz ( )
ko, — k1,
RTM _ €rk2z z pikaz 2y, 4.98
€rko, + K12 c ( )

Here also the phase shift due to the propagation in the z direction was included.
Then the reflected dipole fields become

e o0 ka M’r‘kQZ klz ikoz(zj+2K)
J L A AL dk,, 4.99
(47rr>T Ar / prkos + klz (4.99)
eikr\ ! i [k erkoy — k
_ v 2p ri2z — Nz Z]g 2(zj+z1)
= Jo(k — —Ze'2als dk 4.100
(47T7">TM am Jo ko (kzpp) erka, + k’lz ” ( )
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4.2. Discrete Dipole Approximation with surface interaction

Such integrals can also be written [5] [87] by using the substitutions v; = (A2 —
kY2 — —iky (for A = 0), 72 = (A2 — k)% — —iky (for A — 0), €, = k?/k3 and
k2 =k — k2

ebr\T 1 e[ 2k?
= — —JoOp)e 2 Etae) o TP s Ye2(2i2k) | \g ),
(4777" r 471'/0 Yo 0(Ap) 2y + k271 0(Ap)

(4.101)

which can be simplified to

eikr I ikr ]{2% o " .
= — —_— —_— A —72(%j T2k )\dA 4.102
<4M>TM oy 27T/0 {k?’m + k3 ToAee } , (4.102)

where 77 = 4/p? + (2 + 2x)2.

Now we calculate the field components with the use of the dyadic Green function

(A.117) [10] in cylinder coordinates

k2
El = é(;;kPk, (4.103)

to obtain [52] [53]

_ 2 2 _ 1.2 2 ikory
EY Pp( O oy, Mk O e ) (4.104)

P 4dmey \ Opdz 1722 k% +k% 0plz ry
_P 82 k‘2 _ k‘2 82 eikzn
EY = = 4k BV + 2 | - k2| —— 4.1
 4mey [(aﬁ * 2) o2+ k3 + k3 \ 022 t rr |’ (4.105)
with
Vi, =V, 2B g [T i, (4106
22 = 22_WT’ 22 = Jo m0< P) ) (4.106)
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4. Simulation of plasmonic nanoparticles situated on substrates

for a verticle dipole. Similary for a horizontal electric dipole,

—F, [ 0? k2—k2 /0 pikarr ]
H__-° 2 1= R

E; = res cos ¢ 8 Qk Voo + kQUQQ + k% n k:% <(9 5+ k2> - , (4.107)

—P, [ 52 B2 _k2/ 9 eikars ]
EH _ —'rg 92V, + 12U 1= k3 ( 1 ) 1108
¢ 47T€28m¢ | 0p? 22 T K2 22+k‘%+k§ op? TR rr |’ ( )
EH = —cos ¢E;/, (4.109)

with
2k2  gthars 0 ¢ W2(Zg+zk)

Up=Un= 15 2m— U —2/ Ap)Ad. 4.110
22 22 k’% T k% I 22 p + " ( p) ( )

For z; + 2z, < p a faster convergence is achieved by the use of Hankel functions

oo o—72(2j+2k) 00 g=2(zj+2k)
UQQZ/0 ——————HZ(\p)AdX. (4.111)

Vo= | ———5—Hj(Ap)AdA,
> o k¥vo + K3y, 0(A) Yo+
The exact integration paths are described in [52,54]. Now one groups the integrals

in the following set of parameters

- P ey [ T K3V 4.112
P 8 a 1 22, z 8 2 + 2 225 ( . )
and
H 82 H 10 2 2
Ip 8 2]{32‘/22 + kQUQQ I(z) - — <papk2‘/22 + ]{32U22> 5 (4113)

and transforms to Cartesian field components:

2 2 k2 — k2 gikar [ 52
E@ = (x) I (y> Jol P, (4.114
47T62<|: p P p ¢ k¥ +k2 r 82+k2 » )

1{32 _ k‘2 eikzr 82
EW = TYTpH | pH) 1% P, 4115
4mey <p2[p * ¢} k2 4+ k3 r Oxdy ’ ( )
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4.2. Discrete Dipole Approximation with surface interaction

B — qu <zlpv + :g - :% eifr 82;/) P, (4.116)

2= (B ) ) e o)

= (G- () H T (o)) oo
EW = o (i y +:z zi”" aj;) P, (4.119)

B = po (i 2 +Zz Zigr aj;) P, (4.121)

B = qu (IV n Z% - Zg eiiw ;; + k%) P.. (4.122)

Here cos ¢ = x/p and sin ¢ = y/p. The interaction matrix now includes next to the

standard interactions

~2 N ~ o ~
Bik +VikTike  Viklikaliky  Viklikalik,z

’Lkorjk
Gjr = — - VikPikyTike  Bik + VikTThy  ViklikyTike | (4123)
J N N ~ ~ ~
VikTikyTika  VikTikeTiky  Bjk + %'kragk,z
with
2 2 211/2
rin = (g — ) + (g — ) + (2 — =)' 72, (4.124)
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4. Simulation of plasmonic nanoparticles situated on substrates

N Tk A Tk ~ Tk
Tjkx = ! I’ Tiky = ! y) Tjkz = . Za (4125)
’ij Tjk rjk
Bik = {1 — (korji) > + i(kOTjk)_l} ; YVik = — {1 — 3(korji) ? + 3i(korjk)_1} ;
(4.126)
the
reflection matrix Ry
2 JH _ pI2 TH 212 212 (rH M2 IV
Jk:rIp o Jkqub Tjka Jky(I +I¢>) Jk:tI
o pl2 oI2 (1H pl2 ;H _ oI2 TH a2 [V
Rjk = — | kPt (Lo +1g 3) Tikclp — Tikgly  Tikylp
a2 7V a2 gV 14
ka[ Jky] I
I I aI2 212 I AI2 oI2
kﬁ% _ k% e(ikOTIjk) _(B]k + ij)rjkx ijr]kx jky ijr]kx jkz
AI2 AI2 F12 AI2 AI2
k;% + k% Tk _vjkrjkyrjkz ( Jk + ij) Jky ijrjkyrjkz ’
AI2 AI2 I AI2 a2
ry]krjkzrjkx Yk k2T jky jk + ryjk) jkz
(4.127)
with
i = 25— 20)” + (g5 —o)” + (25 + 2)")2, (4.128)
I I I
re rs re
N k AT k AT k
rjkx = ]II, Tjky = 7.71:9’ T'jkz = ]IZ, (4 129)
Tik Tik ik
I IN—2 | I\— I I \—2 . I\—1
ik = |:]_ — (k()'f'jk) + Z(k()?“jk) 1} 5 ")/]k = — |:]. — 3(k0rjk) + 3Z(ko7njk) } .
(4.130)

With this modifications discrete dipole approximation simulations which include sub-
strate effects are possible. However, because of the volume discretization the com-

putational cost of discrete dipole approximation simulations is very high compared
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4.2. Discrete Dipole Approximation with surface interaction

to boundary element method simulations where only a boundary discretization is

necessary.
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5. Results

5.1. Implementation

MNPBEM Toolbox

The MNPBEM Toolbox is a Matlab toolbox for the simulation of electromagnetic
properties of metallic nanoparticles which was developed by Ulrich Hohenester and
Andreas Triigler [35]. It uses a boundary element approach developed by F. J. Garcia
de Abajo and A. Howie [26]. The MNPBEM Toolbox has been implemented with
Matlab classes and includes help pages and demo files. There also exists a version for
electron energy loss spectroscopy simulations [31]. With this version it is also possible
to perform a tomography of particle plasmon fields [36,37]. Features included in the
toolbox are plane wave and dipole excitations and solution schemes based on the full
Maxwell equations and on the quasistatic approximation. A MNPBEM simulation
usually includes the following steps [35]: First, one has to set up the dielectric envi-
ronment. (Implemented are constant dielectric functions, Drude dielectric functions
and tabulated dielectric functions.) The next step is to create the particle geom-
etry, define how the particle is embedded in the dielectric environment and decide
the excitation scheme. Then the boundary element working equations are solved for
every wavelength and one obtains the surface charges (and currents) at the particle
boundaries from which the electromagnetic properties of the metallic nanoparticles

can be computed.
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eps{ind(n)}

Figure 5.1.: Schematic representation of a layer structure. For the simulation of
particles situated on a substrate or embedded in a layer structure, one additionaly
needs to define the dielectric functions of the layer structure, the arrangement of
the different materials and the positions of the interfaces [93].

Layer structure

For particles situated on a substrate or embedded in a layer, one additonaly needs
to set up a layer structure (see Fig. 5.1). Therefore one has to define the dielectric
functions of the layer structure, the arrangement of the different materials and the
positions of the interfaces. In addition one can change properties related to the
evaluation of the reflected Green functions as well. The following properties can be
modified [93]:

e ztol: Minimal distance for which boundary elements belong to the layer struc-

ture or not. (default value 0.02)

e rmin: Minimum radial distance for the calculation of the reflected Green func-
tions. (default value 0.01)
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Branch cuts

Jm(k,)

SRe("’p)’

Figure 5.2.: Deflection of the integration path in the complex plane to surround
the singularites [10] in an elliptical path. The parameters rmin, zmin, ratio and
semi define the integration path which is used for the evaluation of the reflected
Green functions. For zmin >= r / ratio the integration path along the real axis is
used. For zmin < r / ratio the integration path along the imaginary axis is used.
The parameter semi defines the semicircle for the first part of the complex plane
integration and op allows to change parameters of the ODE integration. . (Figure
taken from [71].)

e zmin: Minimum distance to layer for the calculation of the reflected Green
functions. (default value 0.01)

o semi: Ratio of semicircle for the complex plane integration. (default value

kin; fmad = 0.1)

e ratio: Determines whether the Bessel or Hankel function integration path is

used. (default value z : r = 2)

e op: Tolerance, step size and other options for ODE integration
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These parameters are important for the following reasons. Because of the presence
of a singularity contribution the boundary elements of a particle must have a certain
distance to the interface. For distances smaller ztol it is assumed that the boundary
element belongs to the interface. The parameters rmin, zmin, ratio and semi define
the integration path which is used for the evaluation of the reflected Green functions.
For zmin >= r / ratio the integration path along the real axis is used. For zmin <
r / ratio the integration path along the imaginary axis is used. The parameter semi
defines the semicircle for the first part of the complex plane integration and op allows

to change parameters of the ODE integration.

Reflected Green functions

The calculation of the reflected Green functions is computationally very demanding.
Therefore it is done in a two step process. First one sets up a suitable grid (see Fig.
5.3) of Green function values and then in the second step performs an interpolation.
The reflected Green functions depend on the radial distance between the source
point and the observation point and on their z-values. For the functional dependence
a shape similar to the quasistatic Green function is asumed (as shown in 4.79-4.81).
The definition of the grid can be done manually or automatically in the MNPBEM
toolbox [93]. The following properties can be modified:

o scale: Factor to enlarge the grid size. (default value 1.05)

e range: Set 'full’ for the grid to start directly from the interface.

o nr: Number of r-values of the grid.(default value 30)

o nz: Number of z-values of the grid. (default value 30)

e rmod: Determines whether logarithmic or linear spacing for r-table is used.

e zmod: Determines whether logarithmic or linear spacing for z-table is used.
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i

Figure 5.3.: Schematic representation of a grid used for the calculation of the re-
flected Green functions. Because the evaluation of these Green functions is com-
putationally very demanding it is done in a two step process. First one sets up a
suitable grid of Green function values and then in the second step performes an
interpolation [93].

Program outline for a MNPBEM simulation for a nanoparticle situated
on a substrate or embedded in a layer structure

A typical program for the simulation of the electromagnetic properties of a metallic
nanoparticle situated on a substrate or embedded in a layer structure includes the
following steps [35,93]:

¢ Definition of dielectric environment:
Defining the material parameters of the particle, the layer structure and the
dielectric background. The MNPBEM Toolbox includes constant dielectric

functions, Drude dielectric functions and tabulated dielectric functions.
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Particle: D\ Dielectric:

Geometry and \ Material
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Compound of \ /[ Material
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3 dielectric positions of y,
- environment . interfaces 7
Greentab:
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Excitation: BEM: \ Measurement:
ExFernaI potemv'lals- Solving the BEM ‘ Computanovn of
describing the excitation —_ equations to obtain | — : electromagnetic fields
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and currents

Figure 5.4.: Flow chart of a BEM simulation with layerstructure: First one defines
material parameters and sets up the particle geometry. Next one defines a compar-
ticle object which defines the dielectric environment and a layerstructure. Then a
table of reflected Green functions is computed. For a given excitation the BEM
solver then calculates surface charges (and surface currents) which can be used for
the calculation of the spectra and the electromagnetic fields [93].

o Initialization of the particle:
Setting up the particle geometry and the discretization of its boundary. The
MNPBEM Toolbox includes basic geometries (sphere, rod, cube and torus) as
well as a polygon class which uses the Mesh2d toolbox.

e Defining the dielectric properties of the particle:

Defining the material parameters of the particle.

o Initialization of the layer structure:

Setting up the positions of the boundary interfaces and the material properties
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of the layer structure.

e Grid for reflected Green functions:
Defining the grid for the calculation of the reflected Green functions. This can

be done manually or automatically.

¢ Definition of the excitation:
One can choose between a plane wave excitation and the excitation through

the fields of an oscillating dipole.

e Setting up the BEM solver:
The MNPBEM Toolbox includes BEM solver built on the full Maxwell equa-

tions as well as on the quasistatic approximation.

e Spectra and Electromagnetic fields:

Computation of the spectra and electromagentic fields.

In the next section we present simulation results done with the MNPBEM Toolbox.
We start with a comparison between the simulation method using the full Maxwell
equations to the one using the quasistatic approximation. Then we compare the
boundary element method implementation to the discrete dipole approximation sim-
ulation with surface interaction. After that we show electric field maps for a sphere
above a substrate and study the substrate effect for a disk approaching a substrate.
We also present the field enhancement for two gold spheres embedded in a layer struc-
ture and compare scattering cross sections for particles with different geometries and

different surface discretizations.
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5.2. Results

Comparison with quasistatic simulations

1.
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Figure 5.5.: Comparison of scattering cross sections of a gold sphere with a diameter
of 5 nm located 0.5 nm away from a glass substrate with a refractive index of 1.5
which is illuminated by a plane wave from above obtained by quasistatic and
retarded boundary element method simulations. A surface discretization with 256
boundary elements was used.

In Fig. 5.5 we present simulated scattering spectra of a 5 nm gold sphere located
0.5 nm above a glass substrate with a refractive index of 1.5 which is illuminated by
a plane wave from above. We compare quasistatic and retarded boundary element
method simulation results. In both cases a surface discretization with 256 boundary

elements was used.
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Figure 5.6.: Comparison of absorption cross sections of a gold sphere with a diam-
eter of 50 nm located 1 nm away from a glass substrate with a refractive index of
1.52 which is illuminated by a plane wave from above obtained by the boundary
element method and the discrete dipole approximation. For the boundary element
method simulation a surface discretization with 1246 boundary elements was used.
For the discrete dipole approximation simulation a discretization with 1472 point
dipoles was used. For larger particles the boundary element simulations are faster
because only the boundary and not the whole volume needs to be discretized.

Comparison with discrete dipole approximation simulations

In Fig. 5.6 we also compare the boundary element method to the discrete dipole
approximation method. The considered system consists of a 50 nm gold sphere
located 1 nm away from a glass substrate with a refractive index of 1.52 which is
illuminated from above. Again a good agreement throughout the whole wavelength
regime is achieved. In [52,53] the discrete dipole approximation simulations with

surface interaction were also compared to finite difference time domain simulations.
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Electric field and radiation pattern of gold sphere near substrate

Electric field, radiation pattern
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Figure 5.7.: Electric field, radiation pattern of a gold sphere with a diameter of
50 nm located 1 nm away from a glass substrate with a refractive index of 1.52
which is illuminated by a plane wave from above obtained by the boundary element
method.

With the known surface charges and currents it is also possible to calculate the electric
field and the radiation pattern of a considered system. Fig. 5.7 shows the influence
of the substrate with a refractive index of 1.52 to the electric field distribution of a
gold sphere with a diameter of 50 nm. The sphere is located 1 nm away from the

substrate and illuminated by a plane wave from above.
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Figure 5.8.: Comparison of extinction cross sections of a gold disk with a diameter
of 40 nm and a height of 10 nm located in free space and on a substrate with a
refractive index of 1.5 which is illuminated by a plane wave from above obtained
by the boundary element method. For the boundary element method simulation
a surface discretization of 2264 boundary elements was used. The presence of the
substrate leads to a redshift and an increase in the amplitude of the extinction
spectra.

Disk above substrate

In Fig. 5.8 we study the effect of a presence of substrate with a refractive index of
1.5 on the extinction spectra of gold disk with a diameter of 40 nm and a height of
10 nm. Therefore we compare the resulting extinction spectra to a simulation where
the disk is located in free space. The presence of the substrate leads to a redshift

and an increase in the amplitude of the extinction spectra.
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Figure 5.9.: Comparison of scattering cross sections of a gold disk with a diameter
of 60 nm and a height of 10 nm approaching a substrate with a refractive index
of 1.5 and which is illuminated by a plane wave with an incidence angle of 40°
obtained by the boundary element method. The numbers in the legend indicate
the distance in nm to the substrate. With decreasing distance a redshift of the
resonance is observed. For the boundary element method simulations a surface
discretization of 1430 boundary elements was used.

Disk approaching substrate

Fig. 5.9 also shows the change of the scattering cross section of a gold disk with a
diameter of 60 nm and a height of 10 nm approaching a substrate with a refractive
index of 1.5 and which is illuminated by a plane wave with an incidence angle of 40°
obtained by the boundary element method. The numbers in the legend indicate the
distance in nm to the substrate. With decreasing distance again a redshift of the

resonance is observed.
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Figure 5.10.: Electric field of two gold spheres with a diameter of 8 nm and a gap
of 1 nm between them embedded inside a layer with a refractive index of 1.5811
on top of a substrate with refractive index of 3.1625 illuminated by a plane wave
with an incidence angle of 40° obtained by the boundary element method. For
the boundary element method simulation a surface discretization of 144 boundary
elements per sphere was used.

Gold spheres embedded in layer structure

Fig. 5.10 shows the electric fields of two gold spheres with a diameter of 8 nm and a
gap of 1 nm between them embedded inside a layer with a refractive index of 1.5811
on top of a substrate with refractive index of 3.1625 illuminated by a plane wave

with an incidence angle of 40° obtained by the boundary element method.
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Convergence of the scattering cross section of a gold sphere situated on
a glass substrate
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Figure 5.11.: Comparison of scattering cross sections of a gold sphere with a di-
ameter of 4 nm located 1 nm away from a substrate with a refractive index of 1.5
which is illuminated by a plane wave from above obtained by the boundary element
method. The numbers in the legend indicate the number of surface elements used
for the discretization of the sphere and are also shown in the upper panel.

To find converged results a certain number of boundary elements are necessary. Fig.
5.11 shows scattering cross sections of a gold sphere with a diameter of 4 nm which
is located 1 nm away from a substrate with a refractive index of 1.5 which is illumi-
nated by a plane wave from above calculated with different surface discretizations.

Increasing the number of boundary elements above 1225 boundary elements leads to

80



5.2. Results

no further change of the scattering cross section.

Convergence of the scattering cross section of a gold triangle situated on
different substrates
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Figure 5.12.: Comparisions of scattering cross sections of a triangle with a length
of 60 nm and a height of 10 nm situated on substrates with different permittivities
(eps=2, 5, 10 and gold) which is illuminated by a plane wave from above with
an angle of 7/4 obtained by the boundary element method. The numbers in the
legend indicate the number of surface elements used.

In Fig. 5.12 scattering cross sections of a triangle with a length of 60 nm and a height
of 10 nm situated on substrates with different permittivities (eps=2, 5, 10 and gold)
which is illuminated by a plane wave from above with an angle of 7/4 obtained by
the boundary element method are shown. The numbers in the legend indicate the

number of surface elements used.
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Convergence of the scattering cross section of a gold cube situated on
different substrates
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Figure 5.13.: Comparisions of scattering cross sections of a cube with a length of
60 nm situated on substrates with different permittivities (eps=2, 5, 10 and gold)
which is illuminated by a plane wave from above with an angle of 7/4 obtained by
the boundary element method. The numbers in the legend indicate the number of
surface elements used.

In Fig. 5.13 scattering cross sections of a cube with a length of 60 nm and a height
of 60 nm situated on substrates with different permittivities (eps=2, 5, 10 and gold)
which is illuminated by a plane wave from above with an angle of 7/4 obtained by
the boundary element method are shown. The numbers in the legend indicate the

number of surface elements used.
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Convergence of the scattering cross section of a gold disk situated on
different substrates
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Figure 5.14.: Comparisions of scattering cross sections of a disk with a diameter of
60 nm and a height of 10 nm situated on substrates with different permittivities
(eps=2, 5, 10 and gold) which is illuminated by a plane wave from above with
an angle of /4 obtained by the boundary element method. The numbers in the
legend indicate the number of surface elements used.

In Fig. 5.14 scattering cross sections of a disk with a diameter of 60 nm and a height
of 10 nm situated on substrates with different permittivities (eps=2, 5, 10 and gold)
which is illuminated by a plane wave from above with an angle of 7/4 obtained by
the boundary element method are shown. The numbers in the legend indicate the
number of surface elements used. (We also made simulations with 5762 boundary
elements to be sure that the simulations with 4177 boundary elements really show
converged results.) For higher permittivities a higher number of surface elements are

necessary to obtain converged results.
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6.1. Conclusion and Outlook

In this thesis we have discussed simulation methods for the optical properties of
plasmonic nanoparticles. First we presented simulation methods for particles in free
space and thereafter modifications for particles situated on substrates where shown.
The main part was the modification of the boundary element method approach and
the calculation of the reflected Green functions where a certain path in the complex
plane was used. By setting up a suitable grid and using an interpolation for the
reflected Green functions a speedup of the simulations is achieved. With this mod-
ification boundary element method simulations of optical properties of plasmonic
nanoparticles situated on substrates and embedded in layer structures become fea-
sible. We also made simulations with a different number of boundary elements to
study the convergence of the simulation approach. However, because the convergence
also depends on the permittivities of the substrate and the dielectric background and
on the particle geometry no easy argument about the sufficient number of boundary
elements needed to obtain converged results can be given. In the end one can only in-
crease the surface discretization until no further change in the spectrum is observed.
For reducing the computation time one can also try to find faster integration routines

for the Sommerfeld integrals.
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A.1. Boundary conditions

E; B,

Figure A.1l.: The boundary conditons are found by applying the integral forms of
the Maxwell equations to an infinitesimal small cylinder and an infinitesimal small

contour.

The boundary conditons can be obtained by using the theorems of Gauss and Stoke

[40] [42] and transforming the Maxwell equations to their

87



A. Appendix

integral forms
/ D(r,£) - nyda = / p(r, )dV, (A1)
1% 1%
/ B(r,t) - nsda = 0, (A.2)
)%
0
E(r,{) - ds — — / 2 B(r,1) - nyda, (A.3)
oS s Ot
) 0
H(r,t) - ds — / i(r,8) + 2D(x,t)] - nyda, (A.4)
as s ot
where da denotes a surface element, n; the normal unit vector to the surface, ds
a line element, OV the surface of the volume V, and 0S the border of the surface
S,

and then applying them to an infinitesimal small cylinder and an infintesimal small
contour. In the limit of an infinitesimal cylinder the side surfaces don’t contribute
to the integrals and the only possible charge is an idealized surface charge o . The

first two Maxwell’s equations lead to

the boundary conditions for the normal field components

n- (Dz—DJ) =0, (A5)

n- (Bz — Bj) = 0. (A6)

By using an infinitesimal small contour the short arms don’t contribute to the inte-

grals and the only possible current is an idealized surface current density K. The
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A.1. Boundary conditions

other Maxwell’s equations lead to

the boundary conditions for the tangential field components

n X (Ez — Ej) =0, (A7)

n X (Hl — H]) =K. (AS)
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A.2. Fresnel coefficients

The Fresnel coefficients describe the reflection and transmission of a planar wave at
a planar boundary. The boundary conditions at a planar boundary are derived from
the scalar wave equations of a source-free medium which the transverse electric and

transverse magentic modes have to obey [10]:

d1ld

{udz,udz + w? e — ki} ey =0, (A.9)
dld

[652% + w? e — ki} hy = 0. (A.10)

The derivative terms must be finite which leads to [10]

L d . d
ely = €2y, I 1£61y = po 1562% (A.11)
. d . d
hiy = hay, € 1%% — 1%%. (A.12)

To find the Fresnel coefficients we consider now a transverse electric wave [10]
E, = e, (2)e (A.13)

at an one dimensional inhomogeneity. At one side we have the incident and reflected

wave
e1y(2) = ege™ M=% 4 RTEegeth=?) (A.14)

and on the other side only a transmitted wave
eay(z) = TTFege™th2:7, (A.15)

Here RTF and TTF are the ratios of the amplitudes of the reflected and the transmit-

ted waves to the amplitude of the incident wave. By using the boundary conditions
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we get
14 RTE =TTE (A.16)
k1, (1 o RTE') — @TTE’ (A17)
H1 2

from which we can solve for the

Fresnel reflection and transmission coefficients for transverse electric fields
pokiz + pikas’

TrE _ 2k (A.19)
M?klz = MlkZZ ' '

In a similar way the

Fresnel reflection and transmission coefficients for transverse magnetic fields

k1, — erko,
RTM _ ©2%1z — €12 A.20
ok, + €1k’ ( )

262k,
e TEE A.21
ok, + €1k’ ( )

are found.
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A.3. Optical properties of metals
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Figure A.2.: The drude model describes the optical response of metals only good
for photon energies below the threshold of interband transitions [86] [15].

One simple model for a dielectric function of a metal is the plasma model where a
gas of free electrons moves against a fixed background of positive ions [69] [57] [92].

To derive [57] the dielectric function of a free electron gas we start with the equation
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of motion for an electron under the influence of an external electromagnetic field
mxX + myx = —eE. (A.22)

Here v = 1/7 is the characteristic collision frequency with 7 the relaxation time of

the free electron gas. For a harmonic time dependent driving field with frequency w

E(t) = Ege !, (A.23)
we get:
x(t) = mE(t). (A.24)

The displaced electrons lead to a macroscopic polarization which describes the density

of induced electric dipole moments in the material

P = —nex, (A.25)
p____ " g (A.26)
 om(w?t+awy) '

The sum of ¢gE and the macroscopic polarization is called electric displacement

D = E + P, (A.27)
w2
D= l1-—2—|E. A.28
0 ( w? + iwy) ( )
with )
5 e
= —- A-29
“p = am’ ( )

the square of the plasma frequency.

Hence the complex dielectric function of the free electron gas has the following form
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ws
=1-—. A.30
€(w) w? + dwy ( )
Its real and imaginary parts are
2.2
oy wpT
€lw)y=1- T o2 (A.31)
"(w) = “ (A.32)
e w1+ w?r?)’ ’

In the derivation of the model we neglected the magnetic field because its effect is
negligible [86] and assumed a spatially uniform electric field. It describes the optical
response of metals only good for photon energies below the threshold of interband
transitions. The physical meaning of w, can be seen by looking at the collective
longitudinal oscillations of the conduction electrons against the fixed positive back-

ground [57]. A uniform displacement by a distance u generates a charge density

o = tneu, (A.33)
which leads to an electric field
p="% (A.34)
€0

The displaced electrons thus experience a restoring force which leads to

n262u

nmi, = —neE = — ) (A.35)
€0

ﬁ—i—wgu =0. (A.36)

The plasma frequency thus is the natural frequency of a free oscillation of the electron

gas and the quanta of these oscillations are denoted as plasmons [57]. A better
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description [40] [57] of the optical properties of gold and silver at visible frequencies
can be found by adding the interband transitions with the classical picture of a bound

electron with resonance frequency wy
m% + myx + mwix = —¢E. (A.37)

Using the same ansatz as before we find:

2
elnterband(w) =1+ (2—p (A38)

Its real and imaginary parts are

D2(w§ — w?)

6IInterbcmd("‘}) =1+ (w% —w?)2 + 4202’ (A.39)
" ’Y(DIZJW
€Interband(w) = (wg — w2)2 + ’72(,«]2. (A40)

To compare to real materials one also has to introduce an offset to account for the

higher energy interband transitions present [41] [40]. In a real material one has a

sum of Lorentz oscillators

— 14+ =3 fi(w? — w? —iwyy) N (A.A41)

Here f; are the oscillator strengths, w; the binding frequencies and 7; the damping

constants which have to be obtained form a microscopic theory [40]. One important
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postulate in physics is causality [40] which states that cause always has to precede its
effect. This also has to be true for a frequency dependent dielectric function which

relates the electric displacement and the electric field [10]

D(w) = e(w)E(w). (A.42)
Hence "
D(t) = [ _elt=T)E(r)dr, (A.43)
with L oo
t) = o /_ duee(w) (A.44)

With e(w) = [e(w) — €(00)] 4 €(00) we find
() = % /_ O:O duse™“[e(w) — €(00)] + 6(£)e(0). (A.45)

Because of causality the real-valued function €(t) = 0 for ¢ < 0 and the integrand

must be analytic in the upper half of the complex plane. By using the

Cauchy integral formula [29, 50]

fla) = o— ﬁ /(=) da, (A.46)

which states that a complex differentiable function f defined on a disk is fully

determined by its values on the boundary ~,

we find: ) (W) — e(00)
1 ,e(W') —€(o0
elw) — e(00) = 5 /C S (A.47)
Because ¢(w) — €(00) — 0 if w — oo this leads to
_ 1 ye(w’) — e(o0)
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which can alternativly be written as a principal value integral:

() — e(0) = %P.V. ¥ g W) Z ) (A.49)

!
—o w —w

For the the real and imaginary parts of the dielectric function we find the

Krames Kronig relations [10] [40]

€ (w) — e(00) = fPV 3 d ’:,,/(fl, (A.50)
¢ (w) :—fPV/ dur & - :Z(OO) (A.51)
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A.4. Laplace equation in spherical and cylindrical coordinates

The Laplace equation for the potential in spherical coordinates [40]

19? ] foL 1 %0
-— —————Gnl—)+ 5755 = A.52
r Or? (r?) + r2sin 69(Sm 89) * r2sin? 0 0¢p? 0, (A.52)
can be separated [40] into three equations with a product ansatz
U(r
» =" po)0(), (453)
which yields
d*U vQ d dpP UP d*Q
PQ— — (sin— -5 ——5 =0. Ab4
Qor T s ™) T memrg agr O (A-54)
Multiplying with
r?sin? 0 /UPQ (A.55)
leads to
1 d*U 1 d dP 1 d%Q
2 2 .
0|— — 0— ——— =0. A.
TS T T 25 0p do (Sm d@)} Qdpr 0 (A.56)
Hence we find three separate equations for Q(¢), P(#) and U(r):
1d*Q 2
i A A57
Qap ~ " (457
U 1(1+1)
2 2 =0 (A.58)
1 d dP m?
— | sinf— 1)— ——| P=0. A.
sin 6 d6 (Smg de) * [Z(l U 9} 0 (4.59)
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Here (—m?) and (I + 1) are real constants. The solutions are given by

Q = eFm?, (A.60)
U= Attt 4 Br !, (A.61)
and
Ay = L2y (A62)
DT A ’ '

with © = cosf. For a problem with azimuthal symmetry

m = 0. (A.63)
Hence -
O(r,0) = Z[Alrl + Byr~ 1P (cos h). (A.64)
1=0
The

Laplace equation in cylindrical coordinates [40]

02 10 1 0%2® 0%d
4 el A.
72 + > ap + 2 00 + 9.2 0, (A.65)

can be separated [40] into three ordinary differential equations:

®(p,d,2) = R(p)Q(d)Z(2), (A.66)
@7 k*Z =0 (A.67)
dz? - '
d*Q
W + VZQ = 0, (AGS)
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d*R 1dR V2
o= - =0.
mﬂ+p@+< >R 0

The solutions of the first two equations are
Z(Z) _ eika

and
Q(e) = 7.

To find the solution of the last equation

2 1 2
£1 1R () nma

de? 'z dr

a power series ansatz is used [40]

R(z) = 2 Z a;x’
§j=0
We find
a = *v,
and 1
CLQj:_%G'Zj—Q fOI‘j:172,3,....
45(7 + @)
Hence )
(—=1)T(a+1)
(25 = 555 - ag-
225I0(j +a+1)
With
where

I'(s) :/ e 't57Ldt,
0

the two solutions are the
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Bessel functions of the first kind [40]
[TV () ()
Ju(@) = (2) ZO:j!F(j+V+1) (2) ’ (A.79)
(T (—1)7 z\%
=©=(3) Lag-vn(a) (A0
Because
Jom(x) = (=1)" T (2), (A.81)

for integers [29] the pair of solutions gets replaced by J,(z) and N, (z) where N, is
called the

Neumann function [40]

N, (z) = Jy(z) cosvm — J,l,(x). (A.82)

sin v

With this Neumann function it is possible to construct the Bessel-functions of the
third kind, the so called

Hankel functions [40]

HY(z) = J,(2) +iN, (), (A.83)

HP(z) = J,(z) — iN, (). (A.84)
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A.5. Sommerfeld integrals

The Sommerfeld identity is found [10] from the scalar wave equation of a point source

0? 0? 0?
922 + B + 9.2 + kg | ¢, y, 2) = —6(2)6(y)d(2),
with the following solution
ikor
o(r) 4mr

By using its Fourier representation
1 o bt ikpztikyytiksz
6(0,9.7) = gy [ dhedbyhedckyjeter ot
—00

and also the Fourier transform of the delta function, we get

o ~ . . .

- / / dk,dkydk. ke tikyy+ikzz.

In this way we can identify

-1
K2 — k2 — k2 — k2

// zkzx+zkyy+zkzz
2 2"
— k2 — k2

J)(k’wky@) =

and find

o(z,y, 2

This integrand has poles at

ko = (kG — k2 — k2)/2,

(A.85)

(A.86)

(A.87)

(A.88)

(A.89)

(A.90)

(A.91)

By introducing a small loss and using Cauchy’s theorem (The integrand vanishes for

Sm(k,) — o00) we get

zk x+ikyy+iklz
o(x,y,2) = // dk,dk, k’ ,
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with &, = (k§ — k2 — k2)!/? for z > 0. Similary for z < 0 which leads to

zkx;v—i-zkyy—}—zk: |z
$(z,y,2) = / / e (A.93)
and we find the
Weyl identity [10]
eikor i 1) eikwx+ikyy+ik’z|z|
— = %// dhadly —————, (A.94)
— 00 z

which can be seen as an integral summation of plane waves propagating in all direc-

tions, including evanescent waves. By using

k, = Tk, cos a + gk, sin a, (A.95)
p = Epcosd + fpsin ¢, (A.96)
dk,dky, = k,dk,do, (A.97)

we find
kzx + kyy =k, - p =k, cos(a — ¢), (A.98)

etkor i o) 2 etkpp cos(a—¢)+ik:|z|
— = /0 kydk, /O ke i , (A.99)
where

k. = \/k§ — k2 — k2. (A.100)

Then using the integral identity for Bessel functions

Jo(kpp) = / dovetkorcos(a=9) (A.101)
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we finally find the

Sommerfeld identity [10]:

eik

or 0 k .
= / k=L Jo(k,p)e==. (A.102)
0 kz

r

Its physical interpretation is that a spherical wave can be expanded as an integral
summation of cylindrical waves in p direction, times a plane wave in z direction
over all wave numbers k,. It is also possible to obtain a variation using Hankel

functions [10]

Jolkpp) = 1/2 [H (,p) + HE (kop) | (A.103)
efor i kp ) ihsz
— - [ dhy g 1 (kpp)e™. (A.104)
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A.6. Free space Green functions

The expression of the free space Green functions depends on the space dimension.
One finds [10,91]

ciklr|
G(r) = W, (A.105)
for three space dimensions
Glp) = miH (klo]), (A.106)
for two space dimensions, and
G(z) = mikm (A.107)

for one space dimension. The solution of the vector wave equation is given by

the dyadic Green function:

G = [11 + ;vv} G(r). (A.108)
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A.7. Stationary phase approximation

The method of stationary phase [7,10] can be used to derive a leading-order approx-

imation of an integral which is highly oscillatory. If the following integral
o0
= / dif(£)g(t), (A.109)
cannot be integrated in closed form and
g(At) ~ M) A — 00, (A.110)
is rapidly oscillating then by finding a stationary point [10]
h'(to) =0, (A.111)

at t =ty where the integrand is least oscillating one can approximate it as

T~ f(to) /j:o dtg(\ b)), (A.112)

for A — oo.
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