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Kurzfassung / Abstract

Abbildung von Exzitonen in Kohlenstoffnanoréhren mit

plasmonischen Nanoteilchen

In dieser Arbeit untersuchen wir die Abbildung von Exzitonen in Kohlen-
stoffnanorohren mit plasmonischen Nanoteilchen. Zur Beschreibung der Par-
tikelplasmonen wird die Randelementmethode verwendet. Die Interband-
Polarisation der Kohlenstoffnanoréhre wird mit dem Formalismus der zwei-
ten Quantisierung berechnet. Bei der Berechnung des Dipolmatrixelements
in paralleler und normaler Richtung wird die Tight-Binding-Methode ver-
wendet. Die Wechselwirkung wird fiir unterschiedliche Positionen des metal-

lischen Nanoteilchens beziiglich der Nanorchre untersucht.

Imaging excitons in carbon nanotubes with plasmonic

nanoparticles

In this thesis we study the imaging of excitons in carbon nanotubes with
plasmonic nanoparticles. For the description of the particle plasmons the
boundary element approach is used. The interband polarization of the car-
bon nanotube is found with the formalism of second quantization. For the
calculation of the parallel and perpendicular dipole matrix element a tight
binding model is used. We study the interaction for different positions of the

metallic nanoparticle relative to the nanotube.






Chapter 1
Introduction

Nano-optics studies optical phenomena on the nanometer scale which is near
or beyond the diffraction limit of light [NHOG]. An important constituent of
nano-optics is plasmonics, which is based on interaction processes between
electromagnetic radiation and conduction electrons at metallic interfaces or
in small metallic nanostructures. The local excitations on metallic nanopar-
ticles are called particle plasmons or local surface plasmon resonances. Their
properties depend on the interparticle coupling [Trii07], [HT08a], [HT08b],
[HK05] and on the dielectric constant of the enviroment [Fis88], and they
can be used as a sensing element [Sqa02] [KalO1] [Boy02]. Interesting appli-
cations are also given by studing the coupling of plasmons to excitons [Tor09]
[ZG06]. Semiconducting single-walled carbon nanotubes are promising tools
for nanoelectronics. One way of imaging excitons in single-walled carbon

nanotubes [Har05] is with plasmonic nanoparticles.
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Chapter 2

Plasmonic nanoparticles

Figure 2.1: This picture shows the Lycurgus cup at the British Museum in
London. When illuminated from outside it appears green. However, when
illuminated from within, it glows red. The glass contains metal nanoparticles,
gold and silver, which give it these unusual optical properties. source: nanowerk.com

2.1 Metallic nanoparticles

Nanoparticles have a size of about 10 to 100 nanometers in each spatial

direction. Nanoparticles exhibit size-related properties that differ from those
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of bulk materials. One example is the existence of surface plasmons confined
to metallic nanoparticles. One possible method to create them is the use of

electron beam lithography. We refer to [Aus06] .

2.1.1 Dielectric function

A dielectric function describes how an electric field affects a polarizable
medium. Over a wide range the optical properties of metals can be explained
by the plasma model. It can also be extendend to conducting materials. The

following definitions and calculations are based on [NH06] and [Mai07].

Plasma model

In the plasma model, a gas of free electrons moves against a fixed background
of positive ions. The equation of motion for an electron under the influence

of an external electromagnetic field is
mi + myi = —ek. (2.1)

Here v = 1/7 is the characteristic collision frequency and 7 is the relaxation
time of the free electron gas. By making an ansatz of a harmonic driving

field with frequency w

E(t) = Ege™ ™ (2.2)
we find:
(& —
r(t) = ———E(1). 2.3
) = o ey B (23)
The macroscopic polarization
P = —nei (2.4)

by the displaced electrons then becomes

’I’L62

<51l

P=- (2.5)

m(w? + iwvy)
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For the dielectric displacement

D =eFE + P, (2.6)
we get:
D =¢(l - —2—)E. 2.7
ol w? + iwfy) (2.7)
Here )
5  ne
= 2.8
= (2.8

is the the square of the plasma frequency. The complex dielectric function of

the free electron gas is therefore given by

w2
=1- ——. 2.9
() w? + iwy (2:9)
Its real and imaginary parts are
2.2
/ _ pr
2
" W, T

= 2.11
)= S (211)

The dielectric function of the plasma model can also be linked to the con-

ductivity o(w):
io(w)

e(w) =1+ (2.12)

€ow

Therefore this is also known as the Drude model of the optical response of
metals. It describes the optical response of metals only good for photon
energies below the threshold of interband transitions. However a description
of the optical properties of gold and silver at visible frequencies can be found
by describing the interband transitions with the classical picture of a bound

electron with resonance frequency wy

mE + myI + mwiz = —ekE. (2.13)
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2.1.2 Volume plasmons

The physical meaning of w, can be understood by looking at the collective
longitudinal oscillations of the conduction electrons against the fixed positive

background. The displacement by a distance u generates a charge density

o = tneu. (2.14)
This leads to an electric field
p="% (2.15)
€0

The displaced electrons thus experience a restoring force which leads to the

following equation of motion:

n2e?u

nmi = —nek = — (2.16)

€0
i+ wiu =0 (2.17)

The plasma frequency thus is the natural frequency of a free oscillation of

the electron gas. The quanta of these oscillations are denoted as plasmons.

2.1.3 Jellium model

Plasmons can also be analyized with the formalism of second quantization.
In this section, mainly based on [HK09|], the superscript for the operators
are suppressed and the spin index is assumed to be included in the quasi-

momentum subscript. The electron charge density operator
e
(pg) = —75 S (ak_ap) (218)
k
fulfills the following Heisenberg equation of motion [Sak03] :

d i
EaT aE:—[H,a]T; ag|. (2.19)

k—q
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Here aj; and ay are the creation and annihilation operators for fermions. They

satisfy the following anti-commutation relations:

[ay,al]s = 6y (2.20)
[a,, as] = [al,al], = 0. (2.21)

H is the Hamilton operator of the electron gas and can be rewritten in terms

of these operators
H = ZEka Lag + 5 > Vaab b apag. (2.22)
k K G40

By calculating the commutator of the Heisenberg equation of motion we find

for the kinetic term:

1 .
7 Z Ey [a,T;/aEw a%_qﬁa,ﬂ = i(€p—q — Ek)ag_q@i; (2.23)
k/
with
€ = Ek/h and €k—q = €|/;—tﬂ = E|E—lﬂ/h' (2.24)

For the Coulomb term we get:

L af f _ P
ZTig[aﬁf—ﬁ“ﬁﬁaﬁaﬁ”%_ﬁ] = Zg_is[a“—a—p%w“ﬁ%
T T o
N aE’—ﬁaE—§+ﬁak’ak
o )
T Qe
T T
= O A0 (2.25)
Hence,
d .
b ap) = iley — a)lal_ap)
1
+ h (<a£_~_ﬂ2+ﬁaﬁa;;>
ﬁ?ﬁ
T <a£_§a1‘i+ﬁaﬁ—ﬁaﬁ>)' (2.26)
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Here the two-operator dynamics is coupled to four operator terms. We there-
fore split the four-operator expectation values into products of the relevant
two-operator expectation values. By using the random phase approximation

and keeping <a£_qak> and <a ap) = [ as dynamic variables we find

, 1V
ol o) =il — ) oo+ 2y~ e ) S lah ). (227)
i
Here f; is the Fermi-Dirac distribution function for electrons in thermody-
namic equilibrium. An argument for this approximation is to say that an
expectation value <a£a,;,> has a time dependence of (a,tak/> oc e@r—wrt)  Un-
der the sums the terms ) e @“rwp)t oscillate rapidly for k # k' and so

average to zero. To solve for the eigenfrequencies we make the following

ansatz
<a%_§a,;) (t) = e—f<w+i5>t<a,g_§a,;>(0) (2.28)
and get
Tw +i8 + en—g — ex){al_ag) = VolFig— F7) D (ah_san). (2.29)

This can be rewritten as

i
2.30
pqzﬁw—i-zé—i-ekq—ek) ( )
and (pg) can be canceled. Then
fx
Vq = 1. 2.31
Zhw+25+ekq—ek) ( )

The real part of this equation determines the eigenfrequencies w = w, of the

plasma oscillations,

fx

q k)

=1. .
Vzhwq—i-ek (232)

10
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To study the long wavelength limit we expand in terms of g,

h? — h2k?
Equ_Ek = %(kQ—qu+q2)_ om
kg
o m

IS

fi=@-Vifit+ = f
~G- Vil

Inserting this into the real part yields

Here wy_.o = wo.

Hence

of

qi ;.
1 = -V, =
q;mg—th-q_’/m

1S
i

_ Ve
i

of hk -
ZQia_lci<1+ mw())

—

ki
Z " df hk - q
ki

Ok; mwy

Partial integration gives

2
q
Vg 2
k
2
N
v, L=

I mw?
e ¢°N

This is identical to the result found with the plasma model.

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

11
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2.2 Particle plasmons

If a metallic particle is so small that all points of the particle respond simul-
taneously to an incoming field, localized surface plasmons can be excited.
These resonant surface plasmons on the particle are also called particle plas-

1mons.

2.2.1 Surface plasmon polaritons

Surface plasmons are the quanta of surface-charge-density oscillations. They
propagate at the interface between a dielectric and a conductor and are con-
fined in perpendicular direction. To describe surface plasmon polaritons we
have to look at the central equation of electromagnetic wave theory, which
can be obtained by Maxwell’s equations. In SI units [Jac98] the macroscopic

Maxwell’s equations in a linear and isotropic media have the following form

V x E(Ft) = _9B(RY) (2.38)
ot
V x H(7t) = % + (7 t) (2.39)
V- D(7,t) = p(F't) (2.40)
V- B(7,t) = 0. (2.41)

Here E(F, t) is the electric field, B(F, t) = EQEE(F, t) the electric displace-
ment, H(7,t) the magnetic field, B(F,t) = pouH (7,t) the magnetic induc-
tion, j(7,t) the current density, p(r,t) the charge density, e is the dielectric
constant or relative permittivity, p the relative permeability, €, is the electric
permittivity and po the magnetic permeability of the vacuum. The wave
equation is obtained by combining the curls equations

PE

V XV X B = —pg—r.. 2.42
V x 'V x Ho~5:3 ( )

12
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For the absence of p(7,t) and j(7,t) and negligible variation of the dielectric

profile one finds:

V2E — 6—62882—5 = 0. (2.43)
For a harmonic time dependence
E(7,t) = E(f)e ™ (2.44)
we get the Helmholtz equation
V2E + k2¢E =0 (2.45)

where ko = % is the wave number of the propagating wave in vacuum. For

a one-dimensional problem e depends only on one spatial coordinate. The

propagating waves can be described as
E(z,y,2) = E(z)e. (2.46)

Here 8 = k, is the propagation constant which corresponds to the compo-
nent of the wave vector in the direction of propagation. Inserting into the

Helmholtz equation yields

?E(2)

ozt (ke — B*)E = 0. (2.47)

A similar equation exists for the magnetic field. To find explicit expressions
for the different field components we again use the curl equations. For a prop-
agation along the z-direction, and assuming homogeneity in the y-direction
and a harmonic time dependence, we arrive at:

oE,

—ifE, = iwpoH, (2.49)

iBE, = iwpoH, (2.50)

13
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OH,

_32 :iWEOEoEx (2'51)
0H, . .

5 iBH, = —iwepeo I, (2.52)

ZﬁHy = —?:LL)EOGOEZ (253)

The system allows two sets of self-consistent solutions. The first set accounts
for transverse magnetic modes, where only the field components F, , E, and

H, are nonzero,

1 0H,

E, = —i 2.54
Zweoe 0z ( )
p
E, =—- H 2.55
il (2.55)
0?H
azj + (kge — B*)H, = 0. (2.56)

The second set accounts for transverse electric modes, where only the field

components H, , H, and F, are nonzero,

H =1——— 2.57
Zwuo 0z ( )
H, = iEZ (2.58)
WHo
EI2
Y + (ke — B)E, = 0. (2.59)

02?2
The simplest geometry where surface plasmon polaritons can exist is a single
flat interface between a dielectric, non-absorbing half space with positive real
dielectric constant €, and an adjacent conducting half space with dielectric

constant € (w). Solutions for transverse magnetic modes for z > 0 become

H,(2) = AgePTeh7 (2.60)
. 1 iBx —koz
E.(2) =iA,y koePTe™"? (2.61)
WEep€a
E.(z) = —Alieime—k”. (2.62)
WEp€

14
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Solutions for z < 0 become

H,(z) = AjefPrekrz (2.63)
. 1 iBx _kiz
E.(z) = —iA kie7* e (2.64)
WEp€r
E.(2) = —Aliewxeklz. (2.65)
WEp€Eq

k; is the component of the wave vector perpendicular to the interface. 1/|k,|
is the evanescent decay length. Now the boundary conditions at the interface
are used. They can be obtained by transforming the Maxwell equations to

integral forms by applying the theorems of Stokes and Gauss

/ E(F,t)-ds?z—/gé(ﬁt)-ﬁsda (2.66)
o5 g Ot
o e [ D e
/ H(7,t) - ds = /[j(r,t) + —=D(rt)] - fisda (2.67)
a5 s ot
D(7,t) - ityda = / p(7, t)dV (2.68)
ov 14
/ B(7,t) - figda = 0. (2.69)
oV

da denotes a surface element, ng the normal unit vector to the surface, ds
a line element, OV the surface of the volume V', and dS the border of the
surface S. To find the boundary conditions the integral forms of Maxwell’s
equations are applied to a sufficiently small part of the considered boundary.
For a arbitrarily small area S the electric and magnetic fluxes through S
become zero but a surface current density K might be present. The boundary
conditions for the tangential field components are obtained from the first two

Maxwell’s equations

ix (H —H)=K. (2.71)

By using Maxwell’s third and fourth equations and considering an infinitesi-

mal rectangular box with volume V' and the surface 9V, the boundary con-

15
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ditions for the normal field components are obtained as
ii-(D;—Dj) =0 (2.72)

ii- (B; — B;) = 0. (2.73)

Here o is the surface charge density. So H, and ¢, has to be continuous

kQ €9
— = ——. 2.75
w e (2.75)

Confinement to the surface leads to
Rele] <0 €a > 0. (2.76)
H, also has to fulfill the wave equation:
k2 =3 — ke (2.77)

k2 = 32 — ke, (2.78)

This yields the dispersion relation of surface plasmon polaritons which prop-

€1€2
=k ) 2.
b=k e (2.79)

The wavevector k, is always large then the wavevector of light in free space

agate at the interface,

which means that a surface plasmon polariton on a plane interface cannot
be excited by light that propagates in free space. However it is possible
to excite surface plasmon polaritons in a three-layer system consisting of
a thin metal film sandwitched between two insulators of different dielectric
constants. Possible configurations are the Kretschmann and the Otto con-
figuration. We refer to [NHOG| . It can also be shown that no surface modes

exist for transverse electric polarization. Therefore we consider

E,(z) = AgePrez (2.80)

16
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1 )
H,(2) = —iAy——kyePmehe" (2.81)
Wto
H,(z) = Agieiﬁ%*’m (2.82)
who
for z > 0, and
E,(z) = Ajeifreh (2.83)
1 .
H,(2) = iA —kePmeh? (2.84)
WHo
Ha(z) = AL et gins (2.85)
WHo

for z < 0. The boundary conditions lead to:

Confinement requires Re[k;] > 0 and Re[ks] > 0. So A; and then also
Ay = Aj has to be zero, which means that no transverse electric modes exist.

It is also possible to establish a quantized form of surface plasmons. We refer
to [HT08al, [Tri07] and [EQ75].

2.2.2 Particle plasmons

Particle plasmons are non-propagating excitations of the conduction elec-
trons of metallic nanostructures coupled to the electromagnetic field. In the
discussion we will use the quasi-static approximation in which the particle is
much smaller than the wavelength of light in the sourrounding medium. The
phase of the harmonically oscillating electromagnetic field is practically con-
stant over the particle volume. The most convenient geometry for analyzing
the interaction of a particle with an electromagnetic field E = Ey7 is a ho-
mogeneous, isotropic sphere located at the origin in a uniform, static electric
field where the dielectric response of the sphere is described by a dielectric

function. In the electrostatic approach, we look for a solution of the Laplace

17
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equation for the potential

192 1 9, . 9 1 26
cor O Tanaae M%) T manTe o

It can be solved, if a product form for the potential

is assumed. By using such a product ansatz

EU UQ d . dP. UP &2Q
POuIT + Zang s

r2sin? 6 qubZ

By multiplying with

r?sin® 0/U PQ
we find
1 d?U 1 d dP 1 d*Q
2 s 271 L ranas %
rsn G Tt e ae M) T g O
The last term must be constant:
L2Q

Q d¢?

We find the following solutions for this last term:

Q —_ eiimqi)'

—(sinf—) + =0

(2.87)

(2.88)

(2.89)

(2.90)

(2.91)

(2.92)

(2.93)

Again by separating the first term we find separate equations for P(f) and

U(r):
1 d dP m2
@ ingE 1 - j
g 0gg) I+ D) = 25 lP =0
2
1
PU WY,

dr? 72

18
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Here (I +1) is a real constant. From the form of the radial equation we find
U= Ar" + Br . (2.96)

For a problem with azimuthal symmetry
m = 0. (2.97)

The general solution then is:
¢(r,0) = [Ar' + Br~ "] P(cos0). (2.98)
1=0

Here Pj(cos 0) are the Legendre-polynomials. For more details see for example
[Jac98| or [Has02] . For the solution of the potential inside and outside the
sphere we find:

Gin (1, 0) Z [A;r'] Py(cos 6) (2.99)
1=0

Gout(1,60) Z By + Cyr= D] Py(cos 0) (2.100)
1=0

The coefficients can be determined by the boundary conditions

1 8¢m . 1 a¢out
e (2.101)
agbz’n o 8¢out
— E(]EWL«:Q = _60€m7|'r:a (2102)
Gout = —Eoz 1T — 00, (2.103)

We find By = —FEy ,B,=0forl # 1 and A; = C; = 0 for [ # 1 and therefore

we obtain for the potentials

—3€m
in — E 0 2.104
) o oT COS ( )

€—¢€ cos
out = —FEor cosf + " Eya® )
Pout 0 e+ 2, O 12

(2.105)

19
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The potential outside the sphere is a superposition of a dipole located at the
particle center and the applied field. It can therefore be written with the

dipole moment p:

- =

p-r

out = —F 0+ ——— 2.106
Dout o Cos O Amegemr3 ( )
P = dmeena’ +_26:n E,. (2.107)

Here a is the radius of the sphere. The polarizability

€—¢€
= dra® —— 2.108
o Ta P ( )
defined via

P = emeoaEy (2.109)

experiences a resonant enhancement under the condition that |e + 2¢,,| is a
minimum, which, for the case of small or slowly-varying I'm[e] around the
resonance, simplifies to

Ree(w)] = —2¢y,. (2.110)

This is called the Frohlich condition. The associated mode is the dipole
surface plasmon. The surface plasmon resonance depends on the particle
shape, the dielectric function of the metal, and on the dielectric function of

the environment. So metallic nanoparticles can be used for optical sensing.

Optical sensing

The electric fields are evaluated from the potentials:

E=-V¢ (2.111)
Eiy = E 2.112
€+ 2¢, 0 ( )
- . SR —71
Eout = Eo + %—3. (2.113)
TE€Em€y T

20
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The scattered field is identical to the electric field of a dipole:

1 9/ _etkr a 1 ik
(k*(7 x p) x 1l " —|—[3n(n-1§')—pﬂ(ﬁ—r—2)e ) (2.114)

kr < 1. (2.115)

Here k = 2w /X and 7 is the unit vector to the point of interest. The illumi-

nation with a plane wave
E(F,t) = Ege ™t (2.116)
induces an radiating oscillating dipole

P = eoemaEoe ™" (2.117)

which leads to a scattering of the plane wave. The corresponding scattering

and absorption cross sections are given by

8T €—¢€
Csca - _k4 6 UL 2118
ki 2€m| (2.118)
Cups = dra® Im[ S—™]. (2.119)
€+ 2¢,,
The sum of scattering and absorption is the extinction.
Cext = Csea + Cops- (2.120)

Cyeq and Cyy scale differently. The extinction and therefore the color depends
on the size of the particles. A nice illustration is given by the Lycurgus cup.
Because of the plasmonic excitation in the metallic particles in the glass of
the cup it absorbs and scatters blue and green light. When viewed in reflected
light, the plasmonic scattering gives the cup a green color, but if a white light
source is placed within the cup, the glass appears red because it transmits
only the longer wavelengths and absorbs the shorter ones 2.1 . We refer to
INHOG6], [Mai07] and [Sqa02].

21
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2.3 Boundary element method

Boundary integral equations and the boundary element method are methods
for numerical analysis in science. There exist different implementations of
boundary integral methods. The direct methods relate the volume integra-
tion directly by using Green’s second theorem to a surface integration. The
indirect method is based on an ad-hoc solution with some auxiliary quantities
which are chosen such that the appropriate boundary conditions are fulfilled.
In the boundary element method the surface is approximated by small sur-
face elements of triangular or rectangular shape. In this section Gauss units
are used. We refer to [HK05] and [Wro02].

Direct method

The problem considered in this and the following sections is the solution of

the free Helmholtz equation
(V2 + k(7))o (7) = 0. (2.121)

Here k is the photon wave vector in vacuum, ¢(7) is the scalar potential and
e(7) is the dielectric function. In the direct method the Helmholtz equation
and the equation for the Green functions G (7, 17)

(V2 + k2¢))Gy(7,17) = —And(F— 1), 71 € Q, (2.122)
are combined in such a way that ¢(7) can be computed from the knowledge

of ¢ and its surface derivative at the boundary. By using Green’s second

theorem we get:

Va)
—
<
CIJ\
-
—
VA
~—
|
-
—~
V2]
~—
<
UD\
Q
<
—~
S
VA
=

dm(F) = /8 N ds'fi;(s)[G4(7, (2.123)

22



2.3. BOUNDARY ELEMENT METHOD

Here 71;(5) is the outer surface normal. ¢ and its surface derivative at the

boundary are determined in two steps. First, one performs the limit 7 — §

— — - = —
/ / /

WVad(s') — ¢(s") Ve G;(F, )] (2.124)

D |

2r(5) = [ ds'ii;(s)[G;(5,

In the second step, this integral equation is combined with the boundary

conditions imposed by the Maxwell’s equations to obtain ¢(5) and 7;(5) -
(2.125)

Indirect method

Here the solution of the free Helmholtz equation is written in the ad hoc form

— —
!/

o(r) = ¢5(F) + /8 dsGy(7, s")oi(s)), 7€ Q,, (2.126)

Q;

with ¢5(7) a solution of the free Helmholtz equation and o0;(s) a surface

charge.

Retarded case

The following derivation is based on |[GH02] and |[GH98] . It starts from the

Maxwell’s equations in frequency space w:

V- D =4rp (2.127)

V x H +ikD = 4%] (2.128)
V-B=0 (2.129)

V x E —ikB =0. (2.130)

Here k = w/c is the wave vector, D = ¢F is the electric displacement, and

B= uﬁ is the magnetic induction. The electric and magnetic fields E and
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H can be expressed in terms of scalar and vector potentials ¢ and A.

E=ikA—V¢ (2.131)
— 1 — —
H==-VxA (2.132)
1
By using the Lorentz gauge
V- A =ikeuo (2.133)

the first two Maxwell equations can be rewritten

52 12eno = —an(® o+ 15wt
(V= + Kk ep)op = 471'(6 + 47TD Ve) (2.134)
(V2 + k%ep)A = . (g ypm [iwpV (ep) + cH x V). (2.135)

where o, = +ﬁl§ﬁ% and m = —ﬁ[z’uxbﬁ(eu) +cH x V] can be understood
as additional charges and currents on the interfaces of the dielectric bodies.

The general solutions are

o) = — [a7G, (7= o) + [ asGyllr—os(s)  (2136)

j(Ww) s,

i@ = [aicy -+ [ ase,(r-)iE s

Cc
J

with S; the boundary of the medium, and G,(r) = " the Green function

r

of the wave equation [V + k?]G;(r) = —4md(F). The boundary conditions

and the gauge conditions lead to:
G10'1 — GQO’Q = qbg — gbfli (2138)

Glﬁl - Ggﬁg = /Tg - A’ﬁ (2139)

Here
1

€ (w)

=
!/

/dﬁaj(yg— () p(r) (2.140)

¢5(5) =
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2.3. BOUNDARY ELEMENT METHOD

and

) Y G

) =12 [arGy(s - #)ie) (2.141)
are equivalent boundary sources that scale linearly with the external per-
turbation. Because of the boundary conditions the tangential derivatives
of all components of the vector potential and the normal derivative of the

tangential vector potential must be continuous in the nonmagnetic case.

—

(VA — ift kepd (2.142)

has to be continuous. By inserting the general solutions in this last relation

we find:
Hlﬁl — HQﬁQ — i/{?ﬁs(G1€1M101 — GQEQ,MQO’Q) == O_Z (2143)
a = (7t - V)( Al — AS) + ikl (€165 — eaiss) (2.144)
with
H;(5,§) = lim 7, - V,G,;(|5F ni, — )
n—07T
= ity V,G,(|5— §|) £ 2n0(5— &) (2.145)
S o T ~ o
iy - VG515 — ) = %(ikﬂ;— s — 1)ethili=91, (2.146)
S— S

For magnetic materials the tangential part takes the form

1 - 1 - -
(71s0;,Gy — LHy)— - hy — (1,0;Gy — L Hy)— - hy = [ii0; — t. - (7l - V)]
H1 2
A5 AS
x (22— 2h) (21471
(N2 ul) (2.147)

Here £} and #2 are two independent tangential vectors and the derivative
0; is taken along the direction #.. The continuity of the normal electric
displacement

— —

ety - (ikA — V) (2.148)
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leads to
H1€10'1 — H2€20'2 — ikﬁS(Glﬁlfil - Ggﬁgﬁg) = D¢ (2149)

D¢ =ity - [e1(ikAS — V,¢%) — ea(ikAS — V,05)]. (2.150)

The boundary charges and currents needed for the general solutions can be

calculated self-consistently.

Non retarded case

In the non retarded limit, & — 0, the Green function reduces to the non-
retarded Coulomb interaction 1/r. ¢§ becomes independent of j. Ai‘;" and &
vanish. Hence

D =(ea—er)f (2.151)

with

£(5) = /dﬁF(@F)# (2.152)

(2.153)

the external electric field normal to the interface. The continuity of the
tangential electric field and the normal magnetic induction at the interface
and the gauge condition are satisfied by Ej = 0 and 0, = 09 = 0. For the

continuity of the normal electric displacement we get

Ao(5) = f(5) + / 45 F (5, 7)o(5) (2.154)
S
with
A=t (2.155)
€ — €1

From this equation the induced surface charge can be calculated self-consistently.

The induced potential is given in terms of the induced interface charge

o(7)

=8

() = / d5 (2.156)
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2.4 Plasmon dynamics

The boundary element method can be used to study the plasmon dynamics
of a metallic nanoparticle illuminated by a plane wave. In the non retarded

case the solution for ¢(7) is given by

o) = /8 GO ) + b (2.157)

For using the boundary condition of the continuity of the tangential electric
field the surface derivative on both sides of the boundary has to be taken.
One finds

> =
r—3S8

lim /(1) = /8 P(E)0() £ 2m0(3) + L) (2.158)

with
¢ = (- V) (2.159)

and
F(5,8) = (n-V)G(S, ). (2.160)

By approximating the surface of the nanoparticle by surface elements, the

integral equation reduces to two matrix equations:
¢, = (F+2rl)o+ ¢, (2.161)

o, = (F —27l)o + ¢ (2.162)

ext”

Then by using the boundary condition
€m®, — €ty =0 (2.163)
the equation for the surface charge can be calculated
0= —[2m(em + €)1 4 (em — ) F] " (em — €) 0 (2.164)
(2.165)
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with
A= o Ot Cm (2.166)

€ — €m

For a given o the induced dipole moment d = ), s,0; can be computed.

Further one finds the following eigenvalue equations

5o F = NG, (2.168)

where )\, are real eigenvalues and o, and 7 are the left and right eigenvec-
tors. For a symmetric matrix the left and the right eigenvectors are just its
transpose [Pre07] . In [MZMO02] [MEZ05] [EMO03] it is shown that they are

biorthogonal. They can be used for an expansion of the surface charge

o(s.t) =Y ap(t)on(s) (2.169)

ag(t) = /(9Q ar(s)o(s,t)ds. (2.170)

We find:

(A=F)Y apow = ¢, (2.171)
k/
Zak/<A — >\k’>0k’ = qblext. (2172)
kl
Then by multiplying with

/ dscy(s) (2.173)
o9

we find an expression for the expansion coefficient which reveals the dynamics

of the localized surface plasmon

agp(w) = A(w%/ G1(8) (5, w)ds. (2.174)
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2.5. ELECTRIC DIPOLE INTERACTIONS

2.5 Electric dipole interactions

The properties of local surface plasmon resonances depend on interparticle
coupling. We consider an exciting system consisting of a metallic nanoparticle

coupled to a molecule with a certain dipole moment in a given direction,

d= f(w)E. (2.175)
Then
E = Eipn.+ Ej " + EFNT (2.176)

is the sum of the electric field of the external source and the electric field of

the metallic nanoparticle and

[0 P S ——— (2.177)

. 2 : 2
m’ Wi — 1w — w

is the dipole response function which is found from the equation of motion

F(t) + 10T (t) + Wi (t) = %(E(t)). (2.178)
Hence we find
d= f(w)(Bine+ Efa "+ dENT) (2.179)
d(1 = E}NNT) = f(w)(Eme + ELNT) (2.180)
f(w)(Einc + E%CNP)
= : 2.181
d (1— E(%)NP) (2.181)

Complex structures often yield multi-featured resonance spectra. This can
be seen as the result of a hybridization of elementary plasmons of simpler
substructures. Another effect which appears at hybrid structures is the non-
linear Fano effect. It is caused from the interference between the external
field and the induced internal field. Then the absorption intensity can have
a strongly asymmetric shape. We refer to [KGO§| and [ZGO06] .
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Results

Figure [2.2 shows the approximation of different types of metallic nanoparti-
cles with triangles within the boundary element method. In the most simple
form, the surface charges are at the center of each triangle and the matrices
Gi; and F;; connect the different surface elements. Figure @ shows dipole
surface plasmon eigenmodes for a spherical gold nanoparticle with the di-
ameter ¢ = 10 nm. For gold the dielectric function of [JC72] and for the
background dielectric function water with €,,; = 1.33% was used. Figure
shows the scattered normalized intensity of spherical metallic nanoparticles
with diameter ¢ = 10 nm computed within the nonretarded approach. For
gold the drude dielectric function was used. For the background the dielec-
tric functions of glass €, = 1.5%, water €, = 1.33% and vacuum €y, = 1
were used. The conversion factor between energy eV and A nm is given by
E=hi — EeV=1239.84 L A redshift of the resonance is observed if

X nm-
the dielectric constant of the environment is increased. In figure [2.5] the nor-

malized scattered intensity for a coupled system consisting of a spherical gold
nanoparticle and a dipole in z-direction with length n = 1-107° nm which
is excited with z-polarized light from the z-direction is shown. The different
plots distinguish between the different positions of z =1-d, 2 = 1.2-d and
z = 1.4 - d, where d is the diameter of the nanoparticle, of the dipole. The
resonance energy of the dipole was chosen at 2.4 eV . The diameter of the
nanoparticle was chosen at 10 nm. For gold the drude dielectric function
and for the background the dielectric function of glass €,,; = 1.5% was used.
The energy shifts and broadens for different interparticle distances. The shift
depends on polarization of the exciting light as well. We refer to [KB07] and
[HKO05] .
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Sphere

Figure 2.2: Different shapes of metal nanoparticles approximated by a set of

triangles.
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Figure 2.3: Here the dipole surface plasmon eigenmodes for a spherical gold
nanoparticle with the diameter a = 10 nm are shown. For gold the dielectric

function of [JC72] was used.
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n=15
=133
=10

Scattering intensity (arb. units)
T

2 21 22 23

2.4
Photon energy (eV)

Figure 2.4: The scattered intensity of a spherical gold nanoparticle in different
environments is shown. For the background the dielectric functions of glass
€out = 1.5%, water €,,; = 1.33% and vacuum €,,; = 1 were used. A redshift
of the resonance is observed if the dielectric constant of the environment is
increased.

09

08
07 —
06 -
05k —
04 —
03 —

02k —

L s 1 ! ! \ L |

23 232 234 236 238 2 242 244 248 248 25

4
Photon energy (eV)

Scatterd intensity (arb. units)

Figure 2.5: Scattered intensity for a coupled system consisting of a spherical
metallic nanoparticle and a dipole in z-direction with length n = 1-107° nm
which is excited with z-polarized light from the x-direction is shown. The
different plots distinguish between the different positionsof z = 1-d, z = 1.2-d
and z = 1.4 - d, where d is the diameter of the nanoparticle, of the dipole.
The resonance energy of the dipole was chosen at 2.4 eV . The diameter of
the nanoparticle was chosen at 10 nm. For gold the drude dielectric function
and for the background the dielectric function of glass €,,; = 1.5? was used.
The energy shifts and broadens for different interparticle distances. The shift
depends on polarization of the exciting light as well.
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Chapter 3

Carbon nanotubes

n0) zigrag

(0,10]
[

(1) armchair

(7,10) nanctube .. x5

lehiral)

Figure 3.1: In this figure the three different types of carbon nanotubes are

shown. The integers n and m of the chiral vector C' = (n, m) define the tubes.
(n,0) are called zigzag, (n,n) are called armchair and (n, m) are chiral tubes.

source: www.nanoscienceworks.org
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3.1 Carbon nanotubes

Carbon nanotubes are cylinders of graphite sheets [[ij91]. Two possible meth-
ods to synthesize them are the laser vaporization and the carbon arc synthe-
sis. Carbon nanotubes have a diameter of some nanometers and a length
of some millimeters. Because of their special structure they have certain
properties that make them potentially useful in many applications in nan-
otechnology. For example, they have the highest strength to weight ratio of
any known material and can penetrate membrances such as cell walls which

makes them usefull in material science and medical applications. We refer to

[Rei03], [Sai99], [CBRO7| and [Zar(8].

3.1.1 Electronic structure of graphene

The characteristic band structure of a solid can be studied from two differ-
ent limiting cases. In combining free atoms to a crystal the discrete atom
levels split up in groups and the influence of a lattice potential breaks the
continuous spectrum of a free electron gas. The tight binding method is
an approximation method which starts by expressing the Bloch functions as
a linear combination of atomic orbitals. This and the following sections a

mainly based on [Zar(8].

Tight binding

As already mentioned in the tight binding method the Bloch functions are

written as a linear combination of atomic orbitals
1 i
bt (k,7) = —= > eFfsy(F—Ry), t=1,...,n. (3.1)
S

Here 9, (7 — Els) is the atomic wave function in state ¢, Els is the position
vector of the sth atom in the [th primitive unit cell, n is the number of atomic
wave functions in the unit cell, and NV is the number of unit cells of the crystal.

The eigenfunctions of the solid are expressed as linear combinations of the
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Bloch functions

(R 7 = 3 CulR)ou(R.7) (3.2)

with the expansion coefficients CjS(E). To find the eigenfunctions and eigen-
values of a Hamiltonian the coefficients are chosen such that the expectation
value of the Hamiltonian with these functions takes a minimum. This is done

by solving the so called secular equation
det[H — ES] = 0. (3.3)
Here the elements of the Hamilton matrices H are given by

Hyp(k) = (&(k, 1) Hly (K. 7)
- —Z BRI (7 = By | B (7= Rey)). (34)

For the overlap matrices one finds:

Siyp(k) = (9;(k, f>|¢]< 7))
= %Z By =B () (F — Ry) (7 — Ryp)).  (3.5)

Tight binding of graphene

In this section the tight binding method is used to calculate the dispersion
relation of graphene. With the dispersion relation of graphene and zone fold-
ing the dispersion relation of a single wall carbon nanotube can be calculated.
Graphene is a one-atom-thick planar sheet of sp>-bonded carbon atoms that
are densely packed in a honeycomb crystal lattice. In graphene each carbon
atom has three 2sp? electrons and one 2p electron. The 2sp? electrons form
the three bonds in the plane of the sheet and the pz orbital perpendicular
to the sheet forms 7 covalent bonds, which are responsible for the electronic
properties. For a discussion of the physics of atoms and molecules we refer to

[HWO5] . The unit cell of graphene has two carbon atoms. Its wave function
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can be written as a sum of two Bloch functions
A.B

The general form of the secular equation is found by the Schrédinger equation

HY;(k,7) = E;(k)U;(k, 7). (3.7)
Written with the Bloch functions it takes the following form:

Ciak)Hoa(k, ™) + Cip(k)Hop(k,7) = Cja(k)E;(K)da(k,
+ Cip(R)E;(k)op(k, 7). (3.8)

Now multiplying with ¢ A(E, ) and qﬁB(l;, ) the secular equation is found:

- -

HaaR) = E{R0SaalB) Han(®) = B(BSas() [ _ oo
Hip — Ej(k)Sip(k)  Haa(k) — Ej(k)Saa(k)
Using the tight binding method the overlap matrix is
- 1 D 33 N — A~ N —
Hap(k) = > e B (7 = By H(7 — Bap)). (3.10)

st

Changing the variable of integration from 7" to 7 = 77— Ry and after that

dropping the prime, one obtains

Hap(F) = %Zeiﬁ'@ﬂw WOV (Fop — Fon))

= Yf(k) (3.11)

Hpa(k) = H5(k). (3.12)
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Here gf‘,l = 1,2,3 are the nearest-neighbor carbon atom vectors with the
bond length |67 = a/V/3,

3

JR) = Y

=1
_ efikza/\/g + 26”%51/2\/g COS(kya/2), (313)

and
Yo = (P H|$(F + b)) (3.14)

is the transfer integral. In similar way the other matrix elements become

Haa(F) = HBB<E>
_ NZ F Rea=Bea) (0 () | H |op (7 — (Ron — Ren)))

~ ()| H ()
= €gp- (3.15)

The overlap matrices read

SAB(E> = SEa(E)
_ Z F(Ran=Rea) (4 (7)) (F — (Rop — Rya))

— sof(E) (3.16)

with sg = (¢ (7) (7 + EZA)),Z =1, 2, 3 the overlap integral. Hence

Saalk) = Spp(k) = 5 > F A QA ~ (Bor — Fua)))
= (W)
= 1 (3.17)

Using the following shorthand notation
E(] :HAASAAa E1 :SABHZB—FHABSZB, (318)
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Ey,=H%, — HypH' 3, By =83, — SapSip, (3.19)

the solution of the secular equation is given by

L (—2By+ 1)+ /(—2E, + E\)? — 4E>E5
Bi(k) = \/2 5 . (3.20)
This can be rewritten in
. + L
By = 2 Eplf® (3.21)
1+ sol (k)]
- k ks
(k)| = \/3 + 2 cos(kya) + 4cos(%a) cos(\/g2 a). (3.22)

The three parameters €, 79 and s¢ are determined empirically. Using the

eigenenergies the corresponding normalized eigenvectors can be calculated

» 1 f(k)
v(k) = (Cya,Cyp) = —=(——=—,1 3.23
(k) = ( ) \/5< TGl ) (3.23)
(k) = (Con, Cop) = L L75),1). (3.24)

\/§<\f(k)l

3.1.2 Electronic structure of carbon nanotubes

The chiral vector of a nanotube (see figure is given by

C_; = né’1+mc_z’2
= (n,m). (3.25)
Here
31 3 1 o
a2 he a-2 L aojal-lal-244 @20)

are the real space translational vectors of graphene and n and m are integers
which define a particular tube. (n,0) are called zigzag, (n,n) are called

armchair and (n,m) are called chiral tubes. The diameter of a tube is given
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by
L
dy = — 3.27
== (3:27)
where
L = |C]
= avn?+m?+nm (3.28)

is the circumferential length of the carbon nanotube. The chiral angle 6 is

defined as the angle between C and @,

cos(f) =

— . 3.29
2v/n2 +m2+nm ( )

The translational vector T is parallel to the nanotube axis and normal to the

chiral vector. It is the unit vector of a 1D carbon nanotube

T = tdy + tad,

= (ty,t9). (3.30)
t; and ty are given by
2Zn+m 2m+n
1 dR 9 2 dR ( )
Here dp is the greatest common divisor of (2n +m) and (2m +n). Its length
is found by
~ 3L
T =|T| = vsL (3.32)
dr
The number of hexagons per unit cell is given by
Tx T 2(n? +m? 27
N — O xT] _ 2(n*+m”+nm) (3.33)

N ‘51 X 62’ N dR CL2dR'
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There are 2N carbon atoms in each unit cell of a single wall carbon nanotube.

Using 13% ‘K ; = 2md;; we can introduce the reciprocal lattice vectors of the

nanotube
fél = 6161 + 0252 (334)
Kg = 6351 + 0452. (335)
Calculating
C-Ki=2r, T-K, =0, (3.36)
C_; _’\2 = O, f . EQ = 27. (337)
we find: . .
2 _
C1 = N, Co N (338)
m n
C3 = N, Cqy = —N (339)
Hence the reciprocal lattice vectors are given by:
L1 . .
Kl - N(—tzbl + tgbg) (340)
Ry =2 (mby — nby) (3.41)
27N mop — noz). .

Tight binding of carbon nanotubes

The electronic structure of a single wall carbon nanotube tube is given by
zone folding the Brillouin zone of graphene

This means that the wave vector in the circumferential direction is quantized.
If the cutting line passes through a K point we have a metallic, otherwise a

semiconducting carbon nanotube. The condition for a metallic nanotube is

K17 (343)
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which means that (2n + m) has to be a multiple of 3. Taking €, = s9 = 0

and ignoring curvature effects the nonzero Hamiltonian elements are

Hyup(k) =0f(F),  Hpa(k) = Hiz(k), (3.44)

3

fRy = Y e

=1

= e ikea/V3 | 9gika/2V3 cos(kya/2) (3.45)
k. = K cos(a) — Ky sin(a) (3.46)
k, = K sin(a) + K» cos(a) (3.47)

where a = m/6 — 0. The energy eigenvalues are a function of «, K; and K.

E..(k) = 2~|f (k)] (3.48)

F(E)| = \/3 + 2.cos(kya) + 4cos(kya/2) cos(v/3kua/2) (3.49)
K{'L = 2mp, w=0,...,N—1, (3.50)

—7/T < Ky <w/T (3.51)

For a zigzag carbon nanotube with o = 7/6 we find

kg = %(\@Kl — K,) (3.52)

ky = %(K1 +V3K,) (3.53)

2 3K,
E.,(k) = j:%\/i% + QCOS(L’M) + 4cos(7r—u) COS(\/_Q 24
n n

). (3.54)

For a armchair nanotube with a = 0 we find

ke = K, (3.55)
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k, = Ky (3.56)

K
E..(k)= i%\/g + 2 cos(Kqa) + 4 cos(@) COS(TQCL) (3.57)
n
For a known band-structure it is possible to calculate the electronic density

of states.

3.1.3 Electric dipole vector of carbon nanotubes

In this section we mainly follow [Zar08] and [ZP09]. The electric dipole

matrix element is given by
Qi = —e{We(R DT, (K, 7). (3.58)

Here v and c label the valence and conducting bands and \I/v,c(l;, ) are

the eigenfunctions of the unperturbed Hamiltonian with the eigenenergies

-

E, (k). This can be rewritten in

PR = s (B AR 7). (359

\I/M(/; ,7) can be expanded in Bloch functions which, in turn, can be expanded

in atomic functions

<\IIC(E/,/F‘)|ﬁT_)I‘IJU(E7F‘)> = ZO:Z(]{,)CU](E>
x (oK P HTI0,(F, )
- % Z Cor(KCuj (k)Y iR B jiF B
K st
X (7 — Ro) [HPG (7 — Byy))
! X 7. B o
= Z (R Coy (R) 37 e Fot i i
K st
x (- R)lH(F - RBy) By, (3.60)
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In the last expression we have used that the atomic orbitals are eigenfunctions

of the coordinate operators. (Flf[ ) can be calculated in a similar way. Hence

- o 1 ~ L L
<\I/c(k/,7?)|ﬂ‘llv(k7f>> = W_ZC* k‘/ /{: Z —ik/-Ro; ik R

st

X (7 = Ra)| H Y (F = RBy)) (Ry — Ra). (3.61)

Here E,,(K',k) = E.(K') — E,(k). By changing the variable of integration
"

from 7 to 1’ = ¥ — R,; and after that dropping the prime, we obtain
. . 1 1 ” . o
U (K, )P0k, 7)) = ——=—=—=Y Cu(K)Cy(k) ) e gkl
(WK, 7)1y (K, 7)) Ecv(k’,k:)N%: (k') a();
x (Y(F)H[Y(F = (R — Rai)) (Ryy — Rai). (3.62)

Considering graphene with two different atoms A and B in a unit cell we find

<\1jc(E/7 F)|7:1\IJU<E7 F)) -

x (A HJ(F — (Ria — Rop)))(Ria — Rop))3.63)

With R,p = Req + 5;4 and R,y = R.p + EF, where I;IA and I;ZB (1 =1,2,3) are
the nearest-neighbor carbon atom vectors, and |ng | = |ng | = a/+/3 the bond

length, one finds

— . 1 - .
(W (K, 7|0, (k, 7)) = L Y Cuni ZZG‘Z“’ B il A

X
=
&
=
=

45
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By defining the atomic dipole vectors

3 3
Ua(k) ==Y e ®Wpt gp(k) ==Y e *NpP (3.65)

=1 =1

and replacing I;ZA and Z;F by —I;ZA and —ng we find the general form of the

electric dipole matrix element
7 _ —€ x (7 7 i(k—K')Rsa~ (L.
d T = = Cc ]C Cv ]{7 e v k
ck ,’Uk NEcv(k,7 k) ( A( ) B( ) Z A( )
+ Clp(R)Cua(k) Y 0 Tms () (3.66)

s

with 50 = (¢()| H[6(7 + 5;7).

Parallel polarization

For parallel polarization, where the direction of the electric field is along the
nanotube axis Z, all A(B) atoms have the same Z component of the atomic

dipole vector U4, (Up)

—e . (7 PN 20Dy L v (T o\ 2T
= - (Coa(R)Cop(R)oF (k) + Cp(K) Coa(R)E(F)) S5 - (3.67)
E. (K k)
Using by = b* = —bP and therefore
vh(k) = —vf7 (k) (3.68)
vE(R) = =Y e ip? = L4 (3.69)
7 = L o dk
we find:
P —e . (TN Z(D > Za (T
dZ, (k) = —=—=(Ca(R)05 (k) + Cea(k)o5* (F)). (3.70)
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With the Hamiltonian elements one arrives at

vi(k) = isina(e"'k”a/‘/g

V2
ikza/Q\/g . ikza/Q\/g :
e cos(kya/2)) + iae cos(a) sin(kya/2) (3.71)

1 |
* (Vo (k) — 1 — ¢V3kaa/2 g kya/2
SRR = e (kya/2)
9~ tV3kza/2 cos(kya/2) — 2 COS(kya/Q)Z)

+ iv3cos(a) sin(k:ya/Q)(ei‘/gkI“/Q—|—QCos(kya/2)))(3.72)

_|_

Then the electric dipole vector for parallel polarization is found

2eayg 3k, k
. %Mﬂnwxmskya—wsf oo )
+ V3cosasin T sin V3ks a) (3.73)

Perpendicular polarization

In the case of perpendicular polarization it is useful to work with right and

left handed operators vy = v, £ iv,

v (g;) = [ 91940 (k) + e 900 (k) (3.74)
vi(¢;) = [ @i (k) — e v (k) (3.75)
v (85) = S (F) 4+ e () (3.76)
A () = '[ 9155 (F) — e~ 5 (F). (3.77)

Here ¢; = 27j/N,(j = 0,1,..., N — 1) is the phase difference between two

A or two B sites. With these atomic dipole vectors the x and y components
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of the electric dipole matrix element are given by

—00%, &
ok ok 2B, (K, k)

= Cl(R)Con(R)P (k)= (3.78)

— Cip(K)Coa (kYo (K))by—p1]- (3.79)

The next step is to find v4° and v2°. Therefore we have to look at the

positions of the A and B atoms of graphene [3.2] and obtain:

Figure 3.2: Unrolled and rolled-up positions of an A atom and its three
nearest B atoms [ZP09).
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3.1. CARBON NANOTUBES

b = Rcos(6;) — R, i=1,2,3

bf; = Rsin(61), 5124; = —Rsin(0), 5’34; = —Rsin(f3)

Bo __ Ao

Bo _ Ao
iz ) biy - _biy :

Here the angles of the three nearest neigbor atoms are given by

0, — SaoB, _ m(n+m)

! R n2+m2+nm
9 _ SA032 _ m™m

2 R n2+m2+nm
9 _ SAoBs _ ™™

3 R n2+m2+nm’

For the x and y components of atomic dipole vectors we get:

3
= A
Ao _ ik-b, 971 Ag
v, = g e by
=1

= —R(e ™ cos(8;) — 1] 4 =02 R0V3/2[c05(6,) — 1]

4 kel 2HROY/2 (050, — 1))

3
= =4

Ao _ ik-5,0 7 Ao

v, = E e by,

=1
= R(e ™ sin(0y) — 1] + /27 *u0V5/2 in ()
+ 6ikxb/2+ikyb\/§/2 sin(Qg))

BO _ _/UAo*

Uy = Ty °

The right and left handed operators are therefore given by

Ao _ . Ap - Ao
vy’ = £y,

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)

(3.88)

(3.89)
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Uio _ R(e‘ik"b(l _ 6ﬂ:z‘91) + eikxb/Q—ikybﬁ/Q(l _ 6:|:i92)
4 eikeb/2HikbVE/2(] _ Fiba)) (3.90)
vl = —pflor = _R(eheb(1 — T 4 o ikab/ZHiRVE/2(1 _ Eib)
n efiklb/2fikyb\/§/2(1 — e*ifs)), (3.91)

They can be rewritten in the following form:

v = —pPor = |yl (3.92)
with
I/Jj: = arctan(Xi/Yi) (393)
Xy = —sin(by)[1 — cos(6r)] F sin(6y) cos(by)
+ Z(sin(bi)[l — cos(6;)] & sin(6;) cos(b;)) (3.94)
Yy = Z(cos(bi)[l — cos(6;)] T sin(6;) sin(b;)). (3.95)

With the atomic dipole vectors the final form of the electric dipole matrix

elements are found:

205 (F) — o(K) — by (K)

_ 670|v£0|§f?2f3’2

T _ Y .
|dcl€7,vlz| o ‘dclg’,vlz| o 2Ecv(k_‘;, ];) | Sln[ 9 ]|5M/_M:|:1

(3.96)

e — arctan( 2 cos(k;yb\/g/2) sin(k;b/2) — sin(k,b) ) (3.97)

2 cos(k,bV/3/2) cos(kub/2) — cos(k,b)
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Chapter 4

Imaging excitons in carbon
nanotubes with plasmonic

nanoparticles

Figure 4.1: In this figure an exciton in a semiconducting single wall carbon
nanotube is shown.

4.1 Excitons

An exciton can be formed by exciting an electron from the valence band into

the conducting band via a photon. In this way a hole in the valence band
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is formed to which the electron is bound via the Coulomb force. Excitons
describe excitations of the valence electrons in semiconductors. There are two
types of limiting cases. If the screening reduces the Coulomb force between
the electron and the hole the result is an exciton with a large radius, known
as Mott-Wannier exciton. If the Coulomb interaction between the electron
and the hole is very strong an exciton with a small radius is formed, which

is known as Frenkel exciton.

4.1.1 Elementary excitations

An important concept in solid-state physics and nanophysics is the concept
of elementary excitations. The main elementary excitations in plasmonics
are the plasmons. They are collective excitations which correspond to a
collective motion of the system as a whole. Surface plasmon polaritons are
normal modes in solids which propagate as electromagnetic waves. The other
class of elementary excitations are quasiparticles which correspond to single
particles whose motions are modified by interactions with the other particles
in the system. Examples are electrons and holes in a solid. The bound state
of an electron and a hole via the Coloumb attraction known as exciton is
another elementary excitation. For a more detailed discussion of the concept

of elementary excitations we refer to [Mad96] and [Mah90].

4.1.2 The interband polarization

This section is based on [HK09]. The polarization P(t) is defined as the

expectation value of the electric dipole operator er’
By = ¥ / &1 (U1 (7, £)erD (7. 1))
= Z / Brtr[pe U (7, t)er U, (7, 1)]. (4.1)

po is the equilibrium statistical operator and WI(7, ¢) and W,(7,t) are field

operators which are linear combinations of the creation and destruction op-
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erators. They are thus operators in the occupation-number Hilbert space

U() = Wi(F)ex (4.2)

W) = (e (4.3)
k
For spin—%—fermions the wave functions have two components

Uy (7)1

D= g,

— U (P)e  a=12 (4.4)

Field operators fulfill the following commutation and anti-commutation re-

lations for bosons and fermions, respectively:
(o (7), U]z = > Wk Wk(r'); = Sasd (7 — 1) (4.5)
k

(o (), Us(r)]5 = [WL(7), ()]s = 0. (4.6)
The upper sign refers to bosons and the lower sign refers to fermions. Hamil-
tonian operators can be written with this operators. These expressions look
like the expectation value of a Hamiltonian taken between wave functions,
therefore this is often called second quantization. We refer to [Sak67] and
[WFQ3] . In a spatially homogeneous system the field operators can be ex-

panded in a series of Bloch functions W ,\(E, T)

U, (7 1) =) a7, (UK, ). (4.7)

Here M\ is the band index. Inserting this expansion in the equation of the

polarization yields

Pty= Y m;asawmg / d*rUy (PerV, 5 (7). (4.8)
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By calculating the integral

/d?’r\I//\’E(F)eF\IJ/\,?,;, (") = 0z g (4.9)
we obtain the polarization in a spatially homogeneous system

Bty = 3 (al; (Hay 5. (0)da

E,s, AN
- Z Py jis(D)dax (4.10)
E,s,A N
Here
Py iis() = (al ; (Day () (4.11)

is the pair function. Choosing A = v and \' = ¢ and suppressing the spin

index s we find
P, i) = {af (D z(0). (112)

The interaction Hamiltonian between the semiconductor electrons and the

electric field is given by
H; = / &Pt (7 [—ef E(7, 1)U (7). (4.13)

If the electric field has a monochromatic space dependence
Lo L1
E(rt) = E(t)ﬁ[e’“ + c.c.] (4.14)

and assuming a spatially homogeneous system we get

H;« — Z E(t)(ai Eav,EdCU + h.c.). (4.15)
k

The Coulomb and kinetic contributions are described by

_ S | P o
H, = Z Ex,ka/\’]za%k + 5 %aA7E+§aA,7E/7§aA,7k/a)\’k. (4.16)
Ak ER GO AN
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For a two-band model we restrict ourselves to A\, \' = ¢, v.

— E i . T .
Hel - [Ecakacjc'ac,k+Evykav7_’av,k]

k
k
1
f T
+ 5 Z ‘/‘Z[GQE_FJCLC,E/_(TGC,E’GU,E
kK q#0
+ a'.oa' a sa 42 . Al 4 na ;] (4.17)
U,E-Hf U,E’—(T v,k v,k c,l;—s—zj' v,l;’—cf v,k ek :
with
E.j = he.), = B, + h*k*/2m, (4.18)
By = lie, i = B2K*/2m,,. (4.19)

Here m, is the electron mass, m, is the hole mass and £, is the energy gap.

The full Hamiltonian is given by
H=H;+ Hy. (4.20)

The equation of motion for the interband polarization is obtained by inserting

it into the Heisenberg equation of motion.

d
h[la - (ec,k - Gv’k)]Pvc,E(t) = [nc,k(t> . nv’E(t)]dch(t)
+ Y Valtal ,, ﬁaiﬁg_qacj,ac,];)
K/ ,G#0
-
<av,E’+§av,E_q’av,E’ac7E>
* <aI,E’ai,Ef—qac,E’ac,E—cﬁ
* <aj},z€ai,;;f_§%,zsfac,;z_q~>] (4.21)
ny = <a;ﬁaw) (4.22)
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By using the random phase approximation the equation for the interband

polarization pair function is found:

d

h[za - (ec,k - ev,k)]Pvc,E(t) = [nC,k( ) dch + Z |k (ﬂ ch
T#k
(4.23)
with
xk = exs + Beser(H) (.24
hzezc/\ Z Ik (ﬂn)\’q‘. (425)

qFk

the renormalized frequencies e, ; and the exchange self-energy h¥e.ca (k).

Wannier equation

In the situation of quasi-equilibrium and an unexcited crystal we get
np(t) = fex  and  n g for (4.26)

fer =0 and for =1 (4.27)

The Fourier transform of the equation of motion for the interband polariza-

tion is given by

(h(w+z’6)—Eg—h2k2)P (W) = —[dewBW) + Y Viz_aPucg(w)]. (4.28)

er ve,k
Ak
Here 1 /mT = 1/m. — 1/m, is the inverse reduced mass. By multiply-
mg Wlth f d®k ... from the left and using a Fourier transform f(7) =

(Zw)g, fd3qfq ~iTT we find:

2”2

hw +i6) = By + o V()| Pl w) = —d B@)S(FILE. (4.29)

2m,
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P,. can be expanded into the solution of the corresponding homogeneous

equation,

B RAVE:
2m,

[

known as Wannier equation. This equation can be seen as a two-particle

— V(r)]UA(r) = E,WA(7) (4.30)

Schrodinger equation for the relative motion of a hole and a electron inter-

acting via the attractive Coulomb potential.

4.2 The interband polarization for carbon nan-

otubes

To find the interband polarization for a carbon nanotube we consider the
following many-body hamiltonian in the two-band approximation, where we

restrict the treatment to one electron and one hole band

o = 3 [l v

+ / Vou (7, )W (R) W (P) W (7)) W, (7Y drdir (4.31)

Here 97(7) and ¥(7) are the field operators. For sufficiently low densities we
can ignore V.. and V. For the optical coupling in rotating wave approxi-

mation we have:
o= - [(QEOUMULD + @ EOUOWO)0r (132

with
Q=d-EF 1) (4.33)

the Rabi energy. We refer to [IY99] [MWO95] [SZ97] . In the rotating wave
approximation the terms which oscillate rapidly were neglected. To derive

the equation of motion for the interband polarization

dp(7,7), (4.34)
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with the pair function
p("?eﬂ?h) = <\Ijh(7?h)qje<7?e)>> (435)

and d the dipole matrix element we use the Heisenberg equation of motion:

(7). Ho = (o

— —
/

V(P TL(F) + / Vo7, ) (F) o (F)dr’ (4.36)

e

(W7, Ho) = (=5 + VD) + [ Vil (P07 (437)
0.7 Ho = 7 W) (439
(W4 (F), Hop) = Q(7, 1) W1(F) (4.39)

with n;(r') = (UI(r)T;(r")). Hence, we find for the time evolution of the

pair function:

+ o+
T
@ o
o =
;‘l =
~— Q
—
S
> —~
/\l 6
> I~y
3

8

—
&

S

e

—
patl
-~

ISH

[V

With
\I/h(Fh>\I[;rz<Fe) - 5(Fe - Fh) - \IIIL(F6>\I[h<Fh) (441>

(W3 (7h), nn(8)] = 0(7h — )W (7h) (4.42)
and considering a low density limit we get

o V2 V3 B . o
ip(Te, ) = <_2m —2—mh+Ve(7'e)+Vh(7”h)+Veh(7“e,7”h))p(7“e,7”h)

— 0(Te — 75) (T, ). (4.43)
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For an exciton without a confinement potential the following equation of

motion holds:

=

v2
(—ﬂ + Ver(9))0(p) = €0go(p)- (4.44)
Here p is the reduced mass and p is relative coordinate. In the rigid-exciton

approximation the center-of-mass and the relative coordinates are decoupled

p(7e, ) = P(P)do(p). (4.45)

7" is the center of mass coordinate and p the relative coordinate. Hence

—

PP(O0(7) = (— ot Vel H VA7) o) () P(F) () £ 1) (4.46)
This can be rewritten in
IP() = (gt + V)P — 60(0)27 1), (4.47)
with ~ ~
V) = [0+ )4l - )+ )o@ (4.48)

the center-of-mass potential. We refer to [ZGR97]. The polarization becomes

— —

dp(7,7) = dg(0) P (7). (4.49)

Considering different exciton polarizations A\, with the same exciton wave-
function ¢y, and one spatial dimension z in the direction of the nanotube

axis, we have:

B2) = 60(0) 3 dnPa(2) (450)

A
iBA(2) = (o + V)P(E) — D) (451)
O (2) = do(0)drE(z, t). (4.52)

The interaction with the electromagnetic field is described through a dyadic
Green function G = éo + Greﬂ, where @0 is the dyadic Green function of
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vacuum and Gmﬂ describes the reflection at the metallic nanoparticle. The
Green function provides the link between the current source and the electric
field. If the electric field depends on the orientation of the source the Green’s
function must account for all possible orientations and it has to be a tensor.
We refer to [Che99]. Hence

(=) = 6o(0)ds Bonel2) + 62(0) / S dCren(z, #)dy Pe()de. (4.53)
.

Here Emc is the incoming field and Gm 71 1s the part which is associated with

the reflection at the metallic nanoparticle. We find:

2

WP() = (g + VEDPG) — BBl

- > / d\Grepi(z, 2y Py (2)d2' (4.54)
)\/

with
dy = ¢o(0)d). (4.55)

To find the normalization of the wavefunction
¢ = ze ", (4.56)

with

where k is a variational parameter used to minimize the energy and is found

CcC =

to be close to 0.5 we calculate
x227r/0 re Y dr = ng = (4.58)

and get
T=24—=14/—. (4.59)
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Hence

b0(0) = /. (4.60)

m
We refer to [Kam07] and [Ped03]. By solving

BG) = (g +VEAG) - dEnd2)

-y / d\Grepi(z, 2y Py (2)dz' (4.61)
A/

for P\(z) the polarization of the carbon nanotube can be calculated.

Results

Figure shows the first 10 wave functions and the confinement poten-
tial of the excitons. Figure [4.3 shows the normalized scattered intensity for
z-polarized light propagating in the z-direction and exciting a system consist-
ing of a (1,0) zigzag carbon nanotube in z-direction and a spherical metallic
nanoparticle with different x-positions relative to a the nanotube. The diam-
eter of the nanoparticle was chosen 2.5 nm. For gold the dielectric function
of [JC72] and for the background the dielectric function of water €,,; = 1.52
was used. The positions of the metallic nanoparticle which were studied
were (10,0,0) nm , (10,0,100) nm and (10,0,150) nm . Here (0,0,0) is the
center of the nanotube. The energy gap of the carbon nanotube was given
by 2.3 eV. The damping of the excitons in the carbon nanotube was given
by v = 0.1-1072 eV and the exciton mass was given by 2 m.. The dipole
moment of the excitons along the three spatial directions for the (1,0) zigzag
carbon nanotube was given by e - 7= e - [0,0,0.142028] nm . The resonance
energy and amplitude of the scattered intensity of the coupled system shifts
for the different positions of the metallic nanoparticle relative to the carbon

nanotube.
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Confinement potential and wavefunctions

100 200 300 400 500

Figure 4.2: This figure shows the first 10 wave functions and the confinement
potential of the excitons.
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Figure 4.3: Scattered intensity for z-polarized light propagating in the x-
direction and exciting a system consisting of a (1,0) zigzag carbon nanotube
in z-direction and a spherical gold nanoparticle with different z-positions
relative to a the nanotube. The diameter of the nanoparticle was chosen
2.5 nm. The positions of the metallic nanoparticle which were studied were
(10,0,0) nm , (10,0,100) nm and (10,0, 150) nm . Here (0,0,0) is the cen-
ter of the nanotube. For gold the dielectric function of [JC72] and for the
background the dielectric function of water €,,; = 1.5% was used. The en-
ergy gap of the carbon nanotube was given by 2.3 eV. The damping of the
excitons in the carbon nanotube was given by v = 0.1 - 1072 eV and the
exciton mass was given by 2 m.. The dipole moment of the excitons along

the three spatial directions for the (1,0) zigzag carbon nanotube was given
by e-7=e-[0,0,0.142028] nm .
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Chapter 5
Conclusion

We studied the imaging of excitons in single-walled carbon nanotubes with
plasmonic nanoparticles. We investigated the scattered intensity for differ-
ent positions of the metallic nanoparticle relative to the carbon nanotube.
In particular, we considered a system consisting of a (1,0) zigzag carbon
nanotube coupled to a gold nanoparticle. The same procedure can be used
for other types of carbon nanotubes with other parallel and perpendicular

electric dipole matrix elements.
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