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1 Prologue: The road to quant-tech

Let us start by looking at the big picture. What is 'Quantum technology' and why
do we need it? According to Milburn [1], it is technology which operates on quantum
principles. The relevant elements of quantum theory are the Uncertainty principle,
superposition, quantization (quantum size e�ect), tunneling, entanglement, decoherence
as well as particle statistics.
The 'Uncertainty principle' states the impossibility of simultaneous reality of two

canonical-conjugated quantities. By 'superposition' we mean that a quantum-mechanical
state can exist as a sum of eigenstates of a measurement operator. This proves to be
advantageous for computation, since it makes it possible to calculate all outcomes at the
same time. The 'quantum size e�ect' refers to adjustments in the particle's energetic
structure in response to changes in its size [2]. It gains importance for particles with
sizes smaller than 10 nm -the regime of the so-called quantum con�nement. We will
discuss it in further detail in the next section. 'Tunneling' characterizes the possibility
of overcoming classically-forbidden energetic barriers. A well-known in-use technology
utilizing this peculiarity is the Electron-tunneling microscope. Entanglement is a cor-
relation between two or more particles, which manifest itself in the formal description
as a nonseparability of the subsystem's states. The loss of information that occurs for
a given subsystem when we discard information about other subsystems (with which
it may be entangled) is called 'decoherence' [1]. Finally, a system of quantum particles
obeys a certain statistics (Fermi-Dirac or Bose-Einstein) in dependence of the spin of the
components. Whereas fermions cannot occupy one and the same state (Pauli exclusion
principle), this is possible for bosons (Bose-Einstein condensation)·
This brings us to the second question. Do we actually need 'quant-tech'? Firstly

and most importantly, the miniaturization of devices naturally reaches the quantum
domain. In computer science, this is guided by Moore's law, which states that the speed
of new processors doubles about every two years [3]. The memory capability in electronic
equipment shows a similar tendency. We can explain it by the shrinking of electronic
component devices like transistors, which means that the communication times between
them decreases. Now, one can extrapolate e.g. the decaying number of electrons per
elementary device on a chip; bottom line: we will get down to one electron per device
sooner or later. On the other hand, it is not very likely that quantum technology will
actually replace all of classical information processing, since the devices have to interact
with macroscopic objects (like humans). For this reason, we will probably see hybrids
between both, where the traditional technology is used for control and operation of the
quantum technology as well as for interfacing and input/output. Other reasons for the
usefulness of quantum technology are improvements in e�ciency, speed or security of
certain tasks.
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Most of quantum technology is a straightforward application of quantum information
theory. This relatively new �eld of research is an extension of classical information
science. Its progress is well-documented in books [4, 5] and reviews [6, 7, 8, 9, 10]. A
�rst milestone has been set by generalizing the traditional concepts to the conditions of
the microscopic world. In the classical theory [6, 7], all information is coded in terms
of bits, i.e. in a binary scheme of zeros and ones. Physically, the bit is implemented
e.g. by charge states of a capacitor (0=discharged, 1=charged). These states are rather
robust against perturbations and may be cloned or replicated arbitrarily. By using this
concept, it is possible to store, transmit or process information. Key elements of the
theory are the Shannon entropy (measure of information and uncertainty respectively),
error correction (repair of bit-�ips by codewords), Noisy coding theorem (possibility of
recovering a damaged message over a noisy channel) and the data processing inequality
(information can neither dissappear nowhere nor be created from nothing). All may be
now applied to the quantum case, in which one starts with de�ning an analogue to the
classical bit -the qubit. It is a general state |ψ〉 of a quantum system with basis states
|0〉, |1〉, hence

|ψ〉 = c1 |0〉+ c2 |1〉
where c1 = 〈0 | ψ〉 and c2 = 〈1 | ψ〉 denote the probability amplitudes

Let us discuss the interpretation of the qubit by considering the Bloch sphere [4, 7].
For this purpose, we parameterize the amplitudes by ci = ri ∗ exp[iφi]. Since an overall
phase factor has no measurable e�ect, we obtain

|ψ〉 = r0 |0〉+ r1 exp[i(φ1 − φ0)] |1〉
By looking at the normalization condition |c1|2 + |c2|2 = 1, we see that we may express

the ri's through

|ψ〉 = cos(θ/2) |0〉+ eiφ sin(θ/2) |1〉 (1.1)

The relative phase between both states φ is de�ned by φ = φ1 − φ0 and it runs from
0 to 2π. The other angle θ determines the proportion of |0〉 to |1〉 in the actual state
(θ ∈ [0, π]). Therefore, equation (1.1) de�nes a point on the unit sphere (�gure 1.1).
The crucial point is that in either the classical or the quantum-mechanical situation, we
just get one bit of information out of a measurement. However, up to this moment, we
have in the quantum case a machine that e.g. is able to process both values at the same
time.
The second workhorse of quantum information processing is entanglement, which is

at the very heart of almost all concepts. Most pure states of two or more qubits are
entangled rather than (unentangled) product states [9]. Therefore, one has to make use of
this feature to gain some signi�cant advantage over conventional processing. In quantum
communication and cryptography, entanglement is needed for the implementation of
non-local protocols.
Quantum information theory builds upon the qubit analogously as classical infor-

mation theory on the bit. Essential concepts (like entropy) are expressed through the
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Figure 1.1: The Bloch sphere: a qubit is a superposition state |ψ〉 of |0〉 and |1〉 (here
we neglect normalization factors).

density-matrix [4]. However, quantum mechanics is not just about two-level systems and,
on the other hand, logic is not restricted to Boolean. Indeed, there have been exciting
extensions to multi-valued or fuzzy logic, which aim at introducing nuances between the
ordinary 'Yes-No'-scheme [11]. The generalization of the qubit-concept to d-dimensional
basis states is called 'qudit'. Its usefulness manifests itself through e.g. the reduction of
systems needed to perform a calculation [12]. Interestingly, qudits have not drawn much
research to it as may be seen from the standard review-literature, where it is treated
rather as a side note [7, 9]. Possible realizations of d-dimensional information might be
particles with an appropriate higher spin or accessible energy levels.
Let us brie�y discuss a simple example, namely the generation of random num-

bers. Concretely, we consider a dice whose numbers are either represented electronically
(charge states of a capacitor) or by using quantum-mechanical concepts. In both cases,
we start with encoding the possible outcomes '1' to '6' to binary numbers. This might
be achieved by iteratively dividing each number by two so that the remainder is the
least-signi�cant bit. For example, for '6' we get 6 : 2 = 3 , Remainder: 0, 3 : 2 = 1,

8



Remainder: 1, 1 : 2 = 0 Remainder: 1, which yields (reading it backwards) 110. On
the whole, the dice looks like table 1.1. It is now obvious how to implement 'a throw
of a dice' by using quantum mechanics. We have to carry out measurements on three
independent two-level systems or on the same system at three times. By putting these
results together, we obtain the number on the dice. In doing so, we have to suppress or
neglect the outcomes 111 and 000, which are not of relevance for our problem.

Now let us use a multi-valued concept. If we take an ap-number binary
1 001
2 010
3 011
4 100
5 101
6 110

Table 1.1: Encoding a
dice

propriate system with six energy levels, we just have to carry
out a single measurement on a single system. The crucial
question is now whether the more sensitive manipulation of
such systems outweighs the problems of controlling multiple
two-level-systems (over a longer time). For example, for ion
traps it seems as if the former is more preferable than the
latter [12].
Quantum communication aims at transferring quantum sta-

tes from one place to another. One of its highlights is quantum
teleportation [4, 7], which we will outline brie�y. Suppose we

want to send a qubit |ψ〉 = α |0〉+β |1〉 from James to Kirk. How could we do that? As
it turns out, we need an entangled state

|φ〉 =
1√
2

(|00〉+ |11〉)

with James having the �rst of its qubits and Kirk the second. Now, James lets his qubit
interact with the state to be transmitted so that the general state reads

|ψ〉 ⊗ |φ〉
|ψ〉 = α |0〉+ β |1〉

|φ〉 = 1√
2
(|00〉+ |11〉)

⇒ |ψ〉 ⊗ |φ〉 = (α |0〉+ β |1〉)⊗ 1√
2

(|00〉+ |11〉)

and by using the identity (~x+ ~y)⊗ ~z = ~x⊗ ~z + ~y ⊗ ~z

|ψ〉 ⊗ |φ〉 =
1√
2

(α |000〉+ α |011〉+ β |100〉+ β |111〉) (1.2)

James is able to manipulate the �rst two qubits of this state whereas Kirk posses the
third one (i.e. (|JJK〉)). In the next step, James sends his qubits through a CNOT -gate
(action: �ip the second bit, if the �rst one is 1), i.e.

equation (1.2)
(UCNOT⊗UCNOT⊗1)−−−−−−−−−−−−→ 1√

2
(α |000〉+ α |011〉+ β |110〉+ β |101〉) (1.3)

Now we apply a Hadamard-gate

H : |0〉 → 1√
2

(|0〉+ |1〉) |1〉 → 1√
2

(|0〉 − |1〉)
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to the �rst qubit ((Â⊗ B̂) (|v〉 ⊗ |w〉) = Â |v〉 ⊗ B̂ |w〉)

equation (1.3)
H⊗1⊗1−−−−→ 1

2
(α |000〉+ α |100〉+ α |011〉+ α |111〉 +

+ β |010〉 − β |110〉+ β |001〉 − β |101〉)

or factoring the �rst two bits

|χ〉 = (H ⊗ 1⊗ 1) (UCNOT ⊗ UCNOT ⊗ 1) (|ψ〉 ⊗ |φ〉) ⇒

=
1

2
{|00〉 ⊗ (α |0〉+ β |1〉) + |01〉 ⊗ (α |1〉+ β |0〉) +

+ |10〉 ⊗ (α |0〉 − β |1〉) + |11〉 ⊗ (α |1〉 − β |0〉)}

This means that to each measurement of James' qubits, there is a unique state down at
Kirk. Therefore, the sender just has to measure his qubits and transmit this information
through a classical channel to the recipient. When Kirk gets to know that, he may �x his
state by applying the right transformation (actually one of the Pauli matrices including
unity). For example, if he receives '10', he simply applies σz = {{1, 0} , {0,−1}} to his
qubit.
As it is clear from our discussion, teleportation does not violate causality (it depends

on the information transmitted classically). On the other hand, it is remarkable that two
classical bits and an EPR-state su�ce to model an arbitrary quantum state. Practically,
quantum teleportation is important for quantum computing and computer networks, e.g.
the connection of quantum processors. The 'inversion' of teleportation, transmission of
classical information over a quantum channel, is called 'dense coding'.
Quantum cryptography tries to make the transmission of information as secure as

possible [4, 7]. It builds upon the 'No-cloning theorem' which states that an unknown
quantum state cannot be cloned. Formally speaking, there is no unitary operator U
with the action U |a〉 = U |aa〉 (for arbitrary a). Note that teleportation is not in
contradiction to this result, as the original qubit (at James) is destroyed throughout his
measurement.
In its most simple scheme, quantum computers generalize the very same ideas of

classical computing by making usage of the additional features at hand. Algorithms
are implemented by a �nite set of (Boolean) logical operations called 'quantum gates'
[4, 6, 7]. They are unitary operations on the states of a certain set of qubits. The
�rst advantage in comparison with classical concepts is that 2-qubit gates are su�cient
for computing an arbitrary function. Technically speaking, a two-qubit gate (e.g. the
already mentioned CNOT ) together with a general rotation of a single qubit form a set
of universal gates, i.e. any unitary operation can be approximated by a quantum circuit
involving only those gates. Additionally, new logical operations become possible, e.g.
the controlled-phase gate CPHASE which introduces a conditional phase shift exp[iφ]
on the second qubit.
The most important tool of quantum computing is quantum parallelism, the possibility

of calculating multiple values of a function simultaneously. Its classical counterpart is
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realized by a network of processors, which are linked and synchronized [7]. The usefulness
of quantum computing is not given by a straightforward generalization from bits to qubits
since we only obtain one single output out of a measurement [10]. Indeed, the central
task of any quantum algorithm is to amplify desired results so that they are measured
with high probability. Alternatively, one may look for common properties of all values
of the function (as it is done e.g. by Shor's algorithm).
The problem of quantum computing consists in the lack of interesting algorithm or

�killer applications� [3]. Actually, it seems more likely that other branches like quantum
communication or quantum metrology will kick-start a quantum technology industry.
Quantum computing is only advantageous, if one is interested in global properties of a
function and not individual details (like the value of the function for a certain argument)
[7]. In my opinion, the actual power will arise from yet-uncovered concepts in the �eld
of qudits and continuous-variables and fuzzy logic respectively.
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2 Quantum dots

2.1 Introduction

2.1.1 From bulk to dot

In the previous chapter we have mentioned the 'quantum size e�ect'. It occurs, whenever
the carrier motion in a solid is restricted to a layer of thickness comparable to the
particle's de-Broglie wavelength λ [13]

λ =
h

p
=

h√
3m∗kT

=
1.22√
Ekin

where m∗ is the e�ective mass of the carrier in the crystal and T stands for the tem-
perature. In solids, the e�ective mass can be much smaller than the free particle's one,
and consequently, we observe the quantum size e�ect for layers ten to a hundred times
thicker than the lattice constant. For a related reasoning, consider a particle of mass m
con�ned in the x-direction [14]. The increase of its kinetic energy due to restrictions in
space ∆x, i.e. the con�nement energy Econf , is given by

Econf ∼ (∆px)
2 /2m

∆px ∼ ~/∆x

}
⇒ Econf

∼=
~2

2m (∆x)2

which is signi�cant, if it is comparable or greater than the kinetic energy due to thermal
motion

Econf
∼=

~2

2m (∆x)2 >
1

2
kBT

thus size e�ects arise for

∆x ∼=
~√

mkBT
(2.1)

This equation shows us that the quantum size e�ect can be observed in thicker layers
just at lower temperatures. For an electron in a typical semiconductor (m = m∗ =
0.1m0) at room temperature, ∆x ∼ 5nm is required.
Restricting the dimensions of free movement of particles produces new structures [15]

as illustrated by the density-of-states (DOS) de�ned by

D =
dN(E)

dE

where N(E) corresponds to the number of electrons with an energy lower than E. The
DOS characterizes the number of states with an energy between E and E + dE per dE.
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kx, y,z

EHkx, y,zL
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Figure 2.1: Energy and density-of-states of bulk: Periodic boundary conditions lead
to discrete energy states, which are quasi-continuously distributed. The
density-of-states scales with

√
E.

kx, y

EHkx, yL

kz

EHkzL

nz=1
nz=2

nz=3

E

D2 dHEL

nz=1
nz=2

nz=3

Figure 2.2: Energy and density-of-states of a quantum well: Particles are con�ned within
the blue layer. Accessible energy states for wave numbers in the direction of
con�nement are discrete. The density-of-states consists of step functions for
each E(nz).

Conventional bulk (especially metals) might be approximated by the 'free-electron
gas', which assumes delocalized electrons and which neglects interactions between the
electrons among each other -as well as with the crystal potential. Formally, one considers
the stationary Schrödinger equation with periodic boundary conditions

ψ(x, y, z) = ψ(x+ Lx, y, z) = ψ(x, y + Ly, z) = ψ(x, y, z + Lz)

where {Lx, Ly, Lz} is the size of the bulk in the x-, y-, and z-direction. The Schrödinger
equation is solved by the separation ansatz

ψ(x, y, z) = ψ(x)ψ(y)ψ(z)

One obtains discrete, equally distributed k-values

ki = ±ni∆k = ±2πni

Li

(n = 0, 1, 2, ..., i = x, y, z)

Since the spacing between adjacent k-levels is very small in a bulk material (large Li),
the corresponding energies are quasi-continuous (�gure 2.1). The DOS reads D3d ∝

√
E.
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If we now restrict the propagation of the electrons in one direction, the gas is just
able to move freely in the remaining two directions [15] (�gure 2.2). Practically this is
accomplished by 'sandwiching' a thin layer (e.g. GaAs-layer) between two much thicker
layers (e.g. AlGaAs-layers) [14]. If the layer is su�ciently small (compare with equation
(2.1)), one observes size e�ects in the growth direction z. Formally this con�nement, is
described by in�nite potential barriers at the borders z = ±Lz/2 (Lz is now only a few
nm's), and the wavefunction must vanish outside the box. This leads to quantized energy
states Ez, whereas the energy levels along the x-, y-direction are still quasi-continuous

Enz(kx, ky) ∼= k2
x + k2

y +

(
nz

Lz

)2

(nz > 0)

The DOS is now a sum of step functions Θ(x)

D2d ∝
∑
nz

Θ(E − Enz)

i.e. constant for a �xed Enz . In comparison with bulk, the spacing between adjacent
energy levels increases, because there are now fewer energy levels present. One calls
these structures 'quantum wells' (�gure 2.2).
In 'quantum wires' carriers are able to move in only one dimension, for example in the

x-direction [15] (�gure 2.3). The energy eigenvalues are obtained as before -with in�nite
barriers in two directions as boundary conditions

Eny ,nz(kx) ∼= k2
x +

(
ny

Ly

)2

+

(
nz

Lz

)2

Consequently, the DOS is given by

D1d ∝
∑ Θ(E − Eny ,nz)√

E − Eny ,nz

for energy levels Eny ,nz < E [16]. Note the singularity at E = Eny ,nz . One-dimensional
structures are of great importance for the microelectronic industry, since they are a
further development of traditional electronic wires.
There is only one more way to set boundaries to the propagation of particles, namely

by realizing the solid-state counterpart of the quantum-mechanical box with in�nite
potential barriers. These structures are called 'quantum dots', and they are characterized
by the con�nement of particles (electrons, holes) in all three spatial dimensions [15]. The
actual shape of the dot is not restricted to cubic and depends e.g. on the fabrication
scheme [13, 17].

2.1.2 Energy levels

The electronic states in a quantum dot can be calculated by using several schemes with
di�erent levels of sophistication [13]. Typical methods are envelope-function, tight-
binding- or pseudo-potential-approaches. In the following, we will just outline the sim-
plest model, namely a single particle enclosed by an in�nite potential [13, 15, 16]. As
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kx

EHkxL

k y,z

EHk y,zL

E

D1 dHEL

Figure 2.3: Energy and density-of-states of a quantum wire, in which carriers can only
move in one dimension. The density-of-states shows a 1/

√
E-characteristics

for each Eny ,nz .

sketched in the previous subsection, one considers the stationary Schrödinger equation
with a potential, which is in�nite outside a box with volume Vdot = LxLyLz and zero
within it respectively, hence(

−~2∇2

2m
+ V (x, y, z)

)
ψ(x, y, z) = E(x, y, z)ψ(x, y, z) (2.2)

with

V (x, y, z) =

{
0 inside

∞ outside

The problem may be readily solved by the already-mentioned ansatz ψ(x, y, z) =
ψ(x)ψ(y)ψ(z), which separates the equation and yields for the boundary conditions
ψ(0) = ψ(Li) = 0, sinusoidal eigenfunctions for discrete values of the wave number

ki =
nπ

Li

(i = x, y, z)

Therefore, the eigenenergies read

E(x, y, z) = Enx,ny ,nz =
~2π2

2m

(
n2

x

L2
x

+
n2

y

L2
y

+
n2

z

L2
z

)
(2.3)

Hence, the energy levels are discrete and -consequently- the density-of-states is delta-
peaked [16]

D0d ∝
∑

E<Enx,ny,nz

δ
(
E − Enx,ny ,nz

)
Since n > 0 there is a zero-point energy Econf = E1,1,1

∼=
∑

1/L2
i . This energy repre-

sents the energy to con�ne a particle in a box (compare with our previous reasoning). It
becomes large for small diameters of the box. Such a zero-point energy does not occur
for periodic boundary conditions, i.e. for bulk [15]. Indeed, this case corresponds to
the transition Li → ∞ for which Econf vanishes. But what are typical values for Li?
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kx, y,z

EHkx, y,zL D0 dHEL

E

Figure 2.4: Energy and density-of-states of a quantum dot, in which carriers are con�ned
in all spatial dimensions. The density-of-states is delta-peaked.

Depending on the fabrication scheme, Li is in between 10-100 nm and the level splitting
between 1-10meV -for a detailed overview consult [17]. The con�nement energy is of
great importance for the optical properties, as we will see in the next subsection.
Another simple model of quantum con�nement is given by the particle in a sphere

[13, 15, 16]. The Schrödinger equation is solved by separating the wave function into
radial and angular components. This yields for the lowest energy level (with angular
momentum zero) an energy E ∝ 1/R2

0.
Lens-shaped dots are described by an in-plane parabolic potential and a separated,

additional term in growth direction.

2.2 Optical properties

2.2.1 Excitons

For the discussion of the optical properties, let us consider semiconductors. In these
materials, the gap between the valence band (highest completely occupied energy band
at zero temperature) and the conduction band (lowest unoccupied band) is small enough
so that electrons can be stimulated from the former to the latter by absorption of a
photon with an energy greater than the band gap Eg,b [14, 15] (�gure 2.5). The missing
electron in the valence band can be considered as a positively-charged particle called
'hole'. Excitons are bound states between electron and hole.
We can also understand the already-mentioned generation of con�nement in quantum

wells in terms of the band gap [14] (�gure 2.6). The band gap of the sandwiched GaAs-
layer is smaller than the one of the AlGaAs-layers. Consequently, the lowest conduction
and valence band states of the GaAs-layer lie within the gap of the AlGaAs. The
discontinuity in the conduction- and valence band yields potential barriers at each side,
so that electrons and holes are trapped respectively. These barriers quantize just the
states in the z-direction. From this structure, quantum dots can be created by removing
areas (etching) in a way, so that just a slim pillar remains [17].
In bulk [14], one distinguishes between Wannier-Mott- and Frenkel excitons. The
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v.c.

c.b.

Eg,dAbsorption Emission

Figure 2.5: The band gap in bulk is the minimal distance between valence band and
conduction band. In a quantum dot, the distance between the lowest possi-
ble energy levels for electrons and holes Eg,d is always greater than in bulk
[15]. An electron-hole pair can be created by the absorption of a photon.
The reverse process, electron-hole recombination, results in the emission of
a photon.

former characterizes delocalized quasiparticles, which have a radius of many atoms and
which can move freely throughout the crystal. They are mainly observed in semicon-
ductors. On the other hand, Frenkel excitons have a much smaller radius and they are
tightly bound to speci�c atoms or molecules. Such excitons are found in insulator and
molecular crystals. In both cases, it is necessary that the attractive potential between
electron and hole is su�cient to protect the exciton against collisions with phonons, i.e.
the binding energy has to be greater than kBT .
The major di�erence between excitons in bulk semiconductors and con�ned structures

is that the quantum con�nement forces the electrons and holes to be closer together
[14]. This yields an increase in the attractive potential and therefore the quasiparticles
are still stable at higher temperatures. In particular, in quantum dots we distinguish
between two regimes [13]. In the strong con�nement regime, Coulomb e�ects are only
a small correction to the dominant quantization of the kinetic energy. Therefore, the
wavefunctions of electron and hole are largely uncorrelated and show a dominant single-
particle character. In the weak con�nement regime, electrons and holes form pairs whose
center of mass motion is quantized by the con�nement potential. In this case, the relative
carrier motion is dominated by the Coulomb interaction.
In a bulk semiconductor, the energy required for the creation of an exciton is de-

termined by the band gap Eg,b. On the contrary, for quantum dots there are several
important contributions [15], namely the bulk band gap energy Eg,b, the con�nement
energy and a screened Coulomb energy. For a spherical dot, the explicit form of the
con�nement energy is given by
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v.c.

c.b.

Eg
GaAsEg

AlGaAs

AlGaAs GaAs AlGaAs

Dz z

Figure 2.6: Schematic diagram of a single GaAs/AlGaAs quantum well. Spatial varia-
tions of the conduction band (c.b.) results in the con�nement of electrons,
and variations of the valence band (v.b.) in the con�nement of holes respec-
tively.

Econf =
~2π2

2µ̃R2
0

where 1/µ = 1/m∗
e + 1/m∗

h is the inverse reduced mass of the exciton (m∗
e, m

∗
h are the

e�ective masses of the electron and hole respectively).
On the other hand, the attraction between hole and electron reduces the energy gap.

The corresponding contribution to Eg,d is a Coulomb energy multiplied by a coe�cient
that describes the screening of the carriers by the crystal (ε is the dielectric constant)

ECoulomb = − 1.8e2

4πεε0R0

On the whole, the band gap for a spherical dot reads

Eg,d = Eg,d(R0) = Eg,b +
3~2π2

2µR2
0

− 1.8e2

4πεε0R0

∼=
1

R2
0

− 1

R0

(2.4)

Although this result does not include all important in�uences (like spin-orbit cou-
pling), it still reveals the characteristics. From the scaling property, we recognize that
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Figure 2.7: Level scheme & band-structure of optical excitations in a quantum dot

the con�nement energy dominates for small values of R0, whereas the Coulomb attrac-
tion is more important for greater dot radii. Practically, the interplay between both
causes a band gap that is always greater than in bulk. As for the con�nement energy,
the di�erence between Eg,d and Eg,b decreases with increasing R0.
The band gap has two important in�uences on the optical properties of quantum dots.

Firstly, the system can only absorb and emit photons, which have an energy equal or
greater to Eg,d. Secondly, as we recognize from equation (2.4), the band gap is tuneable
by the size of the dot. These features -together with the sharp lines in the spectrum due
to the discrete energy levels- make quantum dots interesting for a variety of applications
[17].

2.2.2 Level diagram

In the following, we discuss optical excitations within a level-picture, which is very useful
for our investigation. The valence band in III-V semiconductors (e.g. GaAs, InAs) is
composed of p-type atomic orbitals yielding the six quantum states

|j,m〉 :

∣∣∣∣32 ,±3

2

〉
,

∣∣∣∣32 ,±1

2

〉
,

∣∣∣∣12 ,±1

2

〉
where j represents the total angular momentum and m is the angular momentum pro-
jection on the symmetry axis, i.e. the growth direction z [18, 19].
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For our considerations, we may neglect the
∣∣1
2
,±1

2

〉
-states (which are energetically split

o� by a few hundred meV because of spin-orbit interaction) and the states associated
to the light-hole bands

∣∣3
2
,±1

2

〉
(which are energetically split o� in case of a strong

con�nement along the growth direction). Together with the s-like conduction band
state

∣∣±1
2

〉
, we arrive at four possible electron-hole states

|m〉 = |e, h〉 : |−2〉 =

∣∣∣∣−1

2
,−3

2

〉
, |−1〉 =

∣∣∣∣12 ,−3

2

〉
, |+1〉 =

∣∣∣∣−1

2
,
3

2

〉
, |+2〉 =

∣∣∣∣12 , 32
〉

These states are possible spin-states of the exciton, although only two of them are
optically accessible, i.e. obey the optical selection rules ∆l = ±1, ∆m = ±1 (�gure 2.7).
For example, a right-circularly polarized (σ+-polarized) laser beam can only create an
exciton with total momentum +1. Such light incidenting along the growth direction,
stimulates the transition of an electron from the heavy-hole state m = −3/2 to the m =
−1/2 conduction band state. Since the removal of an electron with angular momentum
m corresponds to the creation of a hole with angular momentum −m, we obtain the state
|+1〉. The reverse process -the recombination of electron and hole- leads to the emission
of a σ+-photon, which carries away the appropriate amount of angular momentum.
Note that if the light-heavy hole splitting is not su�ciently large, the light may also
induce transitions m = −1/2 → m = 1/2. Analogously, the absorption of left-circularly
polarized light produces an angular momentum state |−1〉. On the whole, we recognize
that for optically active exciton states, the spin of the components (electron, hole) points
into di�erent directions respectively.
For the sake of completeness let us note that photon absorption emission

σ+ ∆m = +1 ∆m = −1
σ− ∆m = −1 ∆m = +1
π ∆m = 0 ∆m = 0

Table 2.1: Optical transitions with re-
spect to m

it is also possible to excite the dot with linearly-
polarized light πz, which is a superposition of
right- and left-circularly polarized light [19, 20].
When it enters the dot normal to the growth
direction, it induces transitions with ∆m = 0.
Therefore, within this picture, an electron can
be promoted from the light-hole bandm = ±1/2
to the corresponding conduction band spin state m = ±1/2. This way one produces a
quasiparticle with m = 0 either in the electron-hole state |1/2,−1/2〉 or |−1/2, 1/2〉. All
possible transitions with respect to m are summarized in table 2.1.
We also deduce from �gure 2.7 that an exciton can be only produced if the correspond-

ing electron state in the conduction band is unoccupied. Therefore, in doped quantum
dots we may create, on the one hand, trions (exciton-electron quasiparticles), if the spin
state of the photo-induced electron is accessible. On the other hand, we observe the sup-
pression of one of the optical transitions (Pauli blocking), namely the one which would
create an electron with the same spin as the electron being already in the dot. This
possibility of controlling excitations is important for technological applications.
When there is an exciton in the dot, it is still possible to stimulate the other optical

transition and create a second exciton. Then we have a state consisting of two electron-
hole-pairs called 'biexciton'. As for the exciton, one can distinguish between the strong
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and the weak con�nement regime [18]. In the weak con�nement regime, the carriers are
arranged in a con�guration comparable to the H2-molecule, i.e. the two heavier particles
(holes) are located at a �xed distance and the lighter electrons are delocalized over the
whole few-particle complex. For strong con�nement, the particles are hold together by
the spatial localization and the Coulomb interaction plays just a minor role. One striking
di�erence to bulk is that the two excitons of the quasiparticle cannot dissociate, i.e. drift
apart so that the interaction between both practically vanishes [21].
The energy of the biexciton is given by Exx = 2E0−∆. The biexciton binding energy

∆ is usually positive though it may be negative too. The smaller transition energy of the
biexciton makes it possible to distinguish it from the exciton in the spectrum. Namely,
for ∆ > 0, the XX → X -transition shows up at a lower energy than the X → 0 -one
[22].

2.2.3 Entanglement

The biexciton cascade decay is the reverse process of what we have described so far.
In other words, both electron-hole pairs recombine by the emission of two photons. As
indicated in �gure 2.7 the polarization of the �rst photon determines the one of the
second (within the same decay path). On the other hand, both relaxation channels are
indistinguishable, which means that the state of the photons is entangled

|ψ〉 =
1√
2

(∣∣σ+
xxσ

−
x

〉
+
∣∣σ−xxσ+

x

〉)
(2.5)

where σi is the polarization state of the photon created either by the XX → X or the
X → 0 -transition.
This state is maximally entangled as a measurement of the polarization on the �rst

photon determines the result on the second one and photons from both decay paths have
the same probability of showing up. Note that this state shows anti-correlation between
σ+- and σ−-photons. The creation of such a state requires that the exciton states are
energetically degenerate, i.e. that the con�nement potential in the structure plane has
perfect symmetry [21, 23]. Formally speaking, it should have a D2d-symmetry, which
means that it is invariant under a set of rotations as well as re�ections [24].
In real dots, the {|+1〉, |−1〉}-levels are splitted by an amount typically on the µeV-

scale [21]. Possible causes are structural elongations of the dots, strain-induced piezoelec-
tric �elds or interfacial symmetry lowering and its enhancement by atomistic elasticity.
These in�uences reduce the con�nement symmetry to C2v (i.e. the re�ection symmetry
is no longer ful�lled). The mixing of the exciton states and the formation of a bright
doublet state |+1〉± |−1〉 has also an impact on the polarization of the photons, namely
their polarization becomes linear and path-dependent (i.e. both photons along the decay
path have the same polarization) (�gure 5.1 on page 51). However, this is formally just
a change of basis, as we shall now show.
Left- and right-circularly as well as anti-diagonal and diagonal polarization states are

related to the linear polarization states H (horizontal) and V (vertical) by [20]
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∣∣σ−i 〉 =
1√
2

(|Hi〉 − i |Vi〉)
∣∣σ+

i

〉
=

1√
2

(|Hi〉+ i |Vi〉) (2.6)

|Ai〉 =
1√
2

(|Hi〉 − |Vi〉) |Di〉 =
1√
2

(|Hi〉+ |Vi〉) (2.7)

Insertion of (2.6) into (2.5) yields

|ψ〉 =
1√
2

[
1√
2

(|Hxx〉+ i |Vxx〉)⊗
1√
2

(|Hx〉 − i |Vx〉) +

+
1√
2

(|Hxx〉 − i |Vxx〉)⊗
1√
2

(|Hx〉+ i |Vx〉)
]

=
1

2
√

2
[(|Hxx〉+ i |Vxx〉)⊗ |Hx〉 − i |Vx〉+

+ (|Hxx〉 − i |Vxx〉)⊗ (|Hx〉+ i |Vx〉)]

and by using (|a1〉+ |a2〉)⊗ |b〉 = |a1〉 ⊗ |b〉+ |a2〉 ⊗ |b〉

|ψ〉 =
1

2
√

2
[|HxxHx〉 − i |HxxVx〉+ i |VxxHx〉+ |VxxVx〉+

+ |HxxHx〉+ i |HxxVx〉 − i |VxxHx〉+ |VxxVx〉]
(2.8)

hence

|ψ〉 =
1√
2

(|HxxHx〉+ |VxxVx〉) (2.9)

Analogously, we can derive from (2.5) and (2.6)

|ψ〉 =
1√
2

(|AxxAx〉+ |DxxDx〉) (2.10)

Although all three equations (2.5), (2.9), (2.10) express just the very same entangle-
ment in di�erent basis states (and e.g. make it reasonable to measure in di�erent bases),
equation (2.9) is exactly the state we are looking for, if there is a �nestructure-splitting.
Most notably, we see that the anticorrelation of the polarization state has turned into a
perfect correlation, i.e. into a path-dependence |HH〉 or |V V 〉.
As seen from �gure 5.1 on page 51, the �nestructure-splitting makes it possible to

distinguish between photons created in both decay paths. It reveals indirect information
about the polarization state and therefore destroys the correlation in equation (2.9).
More precisely, the photon's polarization state is not revealed by a measurement of its
energy, if the �nestructure-splitting is smaller than the homogeneous linewidth. Note
that we cannot deduce this information from just considering the ordering of both lines in
the spectrum, since �nestructure-splittings have been reported which were either positive
or negative depending on the emission energy of the dot [21]. Smaller dots emitting at
higher frequencies (compare with equation (2.4)) showed a smaller splitting.
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The tuneabilty of the �nestructure-splitting (again from negative to positive values)
by an in-plane magnetic �eld has been demonstrated in [25]. The idea is that one
recovers the degeneracy of the exciton levels for the right value of the �eld. However,
this experiment and -in particular- the methods used for data analysis have raised some
debate in the literature [26, 27]. The similar e�ect has been observed with a lateral
electric �eld too [28].
An alternative approach is spectral �ltering [22]. The idea is that one selects only

those photons, which can originate from both decay paths, i.e. whose energy lies within
a spectral window in-between the splitting. This way one restores the indistinguishability
between both decay paths and -consequently- the entanglement. Within this work, we
will focus on this method.

2.3 Measuring entanglement

2.3.1 Introduction

Let us continue by discussing how entanglement is observed in experiment. We will
bene�t from this knowledge when we formulate our theoretical model. Measuring en-
tanglement requires the ability to detect single photons and we therefore might restate
our problem as follows: we are looking for photons created by an appropriate source,
whereupon two successive photons should be entangled. According to [29], such a single-
photon device manipulates one or several, by the experimenter known spatio-temporal
modes so that they contain precisely one photon. Schematically speaking, the source
creates a pure single-photon state in response to an incidenting trigger pulse. Common
requirements are that the device might be rapidly charged and that the photons are
created 'on demand', i.e. that one has control of the time of creation.
As discussed in standard text books on quantum optics [30, 31] or review articles

[29, 32], all these experiments make use of a Hanbury-Brown-Twiss setup, which is
shown in �gure 2.8. The photons generated by the dot incident on a 50:50 beamsplitter
(they are either transmitted or re�ected with probability 1/2). In each optical decay
path, we sort out photons from each transition XX → X and X → 0 by spectral
�ltering. As discussed previously, this is possible since both photons have a di�erent
energy due to the biexciton binding energy. The �lters also have the job of smearing out
the energetic path information as provided by the �nestructure-splitting. After that, the
photons face a polarizing beam splitter (PBS), which transmits or re�ects the particle
in dependence of their polarization state.
The information about the characteristics of the source is now distilled in an intriguing

way, namely by measuring the correlation between photons detected at t and t + τ̃ . In
our case, an XX-photon, which has chosen the right optical path, starts the stopwatch.
The second photon from the exciton-ground state transition stops the clock (if it has
moved along the other optical path) and hence we have measured the time delay between
both as well as their polarization states. If we now mark this point in a τ̃ -correlation
diagram and repeat the experiment over and over again, we will get a gradient which
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Figure 2.8: The measurement of entangled photons by a Hanbury-Brown-Twiss interfer-
ometer. As described in the text, succeeding photons originating from the
biexciton decay pass through the setup. The photon from the XX → X-
transition starts the clock, and one measures the delay time τ̃ to the arrival
of the second photon resulting from the exciton-ground state transition. The
�lter width is smaller than the �nestructure-splitting, and just photons with
energies in-between can pass trough, so that the 'which-path' information is
erased.
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re�ects the properties of the source. For example, a true single-photon source under
continuous excitation shows a dip around zero-time delay, since there are never two
photons entering simultaneously. This behavior is referred to as 'photon-antibunching'.
In the case of pulsed excitations, we get a pattern of periodically repeating peaks, where
the one at zero delay is missing [32]. We will clarify this term formally in the next
subsection. On the contrary, thermal light produces bunched light, which means that
it is more likely to detect two photons in both decay paths close apart. For pulsed
excitation, we observe in this case a peak at zero delay.
Now let us discuss how entanglement shows up in terms of the correlation of pho-

tons. In experiments like [25], the dot is repeatedly excited and one measures a high
peak at zero delay, which results from photon pairs from the same cascade. For large
�nestructure-splittings, one just measures a correlation in the linear basis (peak for e.g.
HH-polarized photons). In other bases, there is no di�erence to the orthogonally po-
larized peak, i.e. in the diagonal basis the peak for DD-polarized light is comparable to
the DA-polarized one, in the circular basis the σ+σ−-peak is comparable to the σ+σ+-
polarized one. On the whole, this indicates just a classical polarization correlation.
For zero splitting, the experimenters have measured a strong correlation between HH-
polarized photons (peak at zero delay) in the linear basis and between DD-polarized
photons in the diagonal basis as well as a strong anticorrelation between σ+σ−-polarized
photons in the circular basis. This is exactly the behavior we would expect from an
entangled state (compare with (2.5), (2.9) and (2.10)). The experimental data in [22]
might be interpreted in the same way. They observed for continuous excitation an anti-
bunching notch for the positive temporal part as well as a bunching peak for the negative
temporal part for HH and V V -polarized photons. Whereas the former is attributed to
pairs of photons, which do not occur in the same cascade, the latter shows the corre-
lation between photons from the same decay. This asymmetry also indicates causality,
since it reveals the temporal sequence of the events (an XX-photon is always followed
by an X-photon and not the other way round). Changing to cross-linear measurements
(HV -V H), the peak is replaced by a notch, i.e. the photons showed antibunching.
Before we continue, let us stress the importance of single-photon sources for quantum

technology [29, 33]. They are used for quantum cryptography as well as for linear-optics
quantum computation. For example, the teleportation scheme discussed in section 1
needs a source, which produces an entangled photon pair and this is exactly what the
system here under investigation may provide.

2.3.2 Description by the correlation function

For the formal de�nition of the correlation of succeeding photons we de�ne the condi-

tional probability for observing a photon at (r1, t1) and a second one at (r2, t2) [30]

w(r1, t1; r2, t2) =
∣∣∣〈f | Ê(+)

d (r2, t2)Ê
(+)
d (r1, t1) |i〉

∣∣∣2
where Ê

(+)
d (ri, ti) denotes the positive frequency part of the detected electric �eld. The

ri's correspond to the position of the detectors in each path. We can also interpret this
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quantity as a transition probability from the initial state |i〉 to the �nal state |f〉 by the
absorption of two photons. With |z|2 = z∗z and the summation over the unmeasured
�nal states, we get

w(r1, t1; r2, t2) = 〈i| Ê(−)
d (r1, t1)Ê

(−)
d (r2, t2) |f〉 〈f |︸ ︷︷ ︸P

f
|f〉〈f |=1

Ê
(+)
d (r2, t2)Ê

(+)
d (r1, t1) |i〉

= 〈i| Ê(−)
d (r1, t1)Ê

(−)
d (r2, t2)Ê

(+)
d (r2, t2)Ê

(+)
d (r1, t1) |i〉

This is the result for a given initial state. However, in practice |i〉 is unknown, so that
we have to average over all possible realizations i (with probability pi) of the initial �eld

w(r1, t1; r2, t2) =
∑

i

pi 〈i| Ê(−)
d (r1, t1)Ê

(−)
d (r2, t2)Ê

(+)
d (r2, t2)Ê

(+)
d (r1, t1) |i〉

We will associate further on the correlation function with this, i.e. w(r1, t1; r2, t2) ≡
G(2)(x1;x2). By introducing the density operator ρ0 =

∑
i

pi |i〉 〈i| and expressing the

summation as trace Tr(A) =
∑
i

〈i|A |i〉, we arrive at the following explicit de�nition of

the second-order correlation function

G(2)(x1, x2) = Tr
(
ρ0Ê

(−)
d (r1, t1)Ê

(−)
d (r2, t2)Ê

(+)
d (r2, t2)Ê

(+)
d (r1, t1)

)
(2.11)

For a single-mode electric �eld, the positive and negative frequency parts are propor-
tional to plane waves with (bosonic) annihilation and creation operators â, â† respec-
tively. At the same position r = r1 = r2, equation (2.11) yields (with t2 = t1 + τ̃)

G(2)(x1, x2) ∝ Tr
(
ρ0â

†(t)â†(t+ τ̃)a(t+ τ̃)a(t)
)

Commonly, G(2)(x1, x2) is normalized by the �rst-order correlation function, which is
de�ned by

G(1)(x1;x1) = Tr
(
ρ0Ê

(−)
d (r1, t1)Ê

(+)
d (r1, t1)

)
and describes the transition probability of the detector atom for absorbing a photon
from the �eld at position r1 at time t1. In classical terms, this is just the intensity. The
resulting degree of coherence or normalized conditional probability reads

g(2)(x1, x2;x2, x1) =
G(2)(x1, x2;x2, x1)

G(1)(x1, x1)G(1)(x2, x2)
(2.12)

and similarly

g(1)(x1, x2) =
G(1)(x1, x2)√

G(1)(x1, x1) ·G(1)(x2, x2)
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Note that both orders of correlation might be readily extended to two- and four
positions and times respectively. In this case, for example G(1)(x1, x2) does not describe
an intensity anymore and characterizes interference [31].
The degree of coherence is a measure for the correlation between light arriving at t1 and

t2. One calls a �eld 'second-order coherent' if
∣∣g(1)(x1, x2)

∣∣ = 1 and g(2)(x1, x2;x2, x1) =
1. This is ful�lled, if the second-order correlation function factorizes, in other words
G(2)(x1, x2;x2, x1) = G(1)(x1, x1)G

(2)(x2, x2).
Finally, let us specify the terms 'antibunching' and 'bunching' as used in the last

subsection. For antibunched light, the degree of second-order coherence increases from
its initial value at τ̃ = 0, i.e. g(2)(τ̃) > g(2)(0) [29]. In other words, the normalized
conditional probability for the detection of two photons (e.g. in both optical paths of the
Hanbury-Brown-Twiss-setup) increases with delay τ̃ . In such light fewer photon pairs are
detected close together than further apart [30]. The opposite behavior, g(2)(τ̃) < g(2)(0),
is called 'bunching' and in this case photons are preferable detected close together in
time.
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3 Density-matrix formalism

3.1 Basics

In this chapter, we will sketch some important aspects of describing open quantum
systems. Firstly, we need to discuss the density-matrix, which is a convenient method
for describing systems whose state is not completely known. As mentioned, it is de�ned
by [4, 5, 34, 35].

ρ =
∑
m

pm |ψm〉 〈ψm| (3.1)

where |ψm〉 are the accessible states of the quantum system and pm denotes the proba-
bility for the quantum state |ψm〉 (

∑
pm = 1).

Necessary conditions for the density-matrix are that it has a trace equal to one and
that it is a selfadjoint, positive operator [4]. The �rst property, ρ† = ρ, is a direct
consequence of the de�nition (3.1). The unity of the trace is checked by

Tr (A) =
∑
i

〈i|A |i〉

equation (3.1)

}
⇒ Tr (ρ) =

∑
m

pmTr (|ψm〉 〈ψm|) =
∑
m

pm = 1 (3.2)

The positivity property is shown by considering the mean value with respect to an
arbitrary state |ϕ〉

〈ϕ| ρ |ϕ〉 =
∑
m

pm 〈ϕ | ψm〉 〈ψm | ϕ〉︸ ︷︷ ︸
|z|2=z∗z

=
∑
m

pm |〈ϕ | ψm〉|2 > 0

On the other hand, from these requirements, one deduces that ρ must have a spectral
composition

ρ =
∑

j

λj |j〉 〈j|

where the eigenvectors |j〉 are orthogonal and λj are real, non-negative eigenvalues of ρ
with

∑
λi = 1.

The density operator can also describe quantum systems whose state |ψ〉 is known
exactly [4]. Evidently, in this case we do not need to average over di�erent possibilities
and the matrix reduces to ρ = |ψ〉 〈ψ|. Such a system is called 'pure' whereas equation
(3.1) de�nes in general a 'mixed' ensemble, which consist of a weighted sum over pure
states. The density matrix squared yields a criterion to distinguish between these two
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cases. For example, a pure state is idempotent, ρ2 = (|ψ〉 〈ψ|) (|ψ〉 〈ψ|) = ρ and together
with equation (3.2) we arrive at Tr (ρ2) = 1. For a mixed state, it holds [35]

Tr
(
ρ2
)

=
∑
n,m

pnpm 〈ψn| (|ψn〉 〈ψn | ψm〉 〈ψm|) |ψn〉 =
∑
n,m

pnpm |〈ψn | ψm〉|2

Here we have used, that the trace is independent of basis. From |〈ψn | ψm〉|2 < 1
(n 6= m) and

∑
pm = 1, it follows that

Tr
(
ρ2
)

=
∑

pn

∑
pm |〈ψn | ψm〉|2︸ ︷︷ ︸

<1

< 1

On the whole, this means that Tr(ρ2) 6 1, with equality just for a pure state.
The average of a quantum mechanical operator Â is given by the average over the

expectation values of the accessible states, i.e.〈
Â
〉

=
∑
m

pm 〈ψm| Â |ψm〉

Insertion of unity 1 =
∑
a

|a〉 〈a| yields

〈
Â
〉

=
∑
m

pm 〈ψm|1Â1 |ψm〉 =
∑
m,a,b

pm 〈ψm | a〉 〈a| Â |b〉 〈b | ψm〉

=
∑
m,a,b

pm 〈b | ψm〉 〈ψm | a〉 〈a| Â |b〉

and by using again the unity as well as equation (3.1)〈
Â
〉

=
∑

b

〈b| ρÂ |b〉 = Tr
(
ρÂ
)

The second-order correlation function (2.11) is an example for such an averaging,

i.e G(2)(x1, x2) =
〈
Ê(−)(x1)Ê

(−)(x2)Ê
(+)(x2)Ê

(+)(x1)
〉
. A simple rearrangement of the

coe�cients yields

〈A〉 =
∑
m,a,b

pm 〈a|A |b〉 〈b | ψm〉 〈ψm | a〉

and proves that

Tr
(
ρÂ
)

= Tr
(
Âρ
)

What is the meaning of the matrix elements of ρ? Within an orthonormal basis {|ϕi〉}
they read [36]

〈ϕi| ρ |ϕj〉 =
∑
m

pm 〈ϕi | ψm〉 〈ψm | ϕj〉
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Here, for the diagonal elements i = j, the projections onto the basis states can be
simpli�ed to |〈ϕi | ψm〉|2 and therefore they describe the probability of �nding the system
in the state |ϕi〉 if the state of the system is |ψm〉. Since this state is in general not known,
ρi,i is summed over allm's and -consequently- these elements are an averaged probability
of �nding the system in the state |ϕi〉. Alternatively speaking, the diagonal element ρi,i

is the population of the state ϕi. The o�-diagonal element ρi,j is the average of the
cross terms which express interference e�ects between the states |ϕi〉 and |ϕj〉 appearing
if the state |ψm〉 is a superposition of these states. Therefore, these elements are also
called 'coherences'. Note that whereas the diagonal elements are sums of real positive
numbers, the o�-diagonal elements are sums of complex numbers.
Finally, let us discuss the reduced density operator [4]. Suppose that we have two

systems A, B, which are described by a density matrix ρAB for the combined system. A
typical example for A and B is an open system, which is entangled with its environment
(like a single quantum dot in a solid-state environment). The reduced density operator
is de�ned as the trace over the state space of the other system

ρA ≡ TrB (ρAB) =TrB (|a1〉 〈a2| ⊗ |b1〉 〈b2|) = |a1〉 〈a2|TrB (|b1〉 〈b2|)
= |a1〉 〈a2| (〈b2 | b1〉)

(3.3)

or writing it explicitly [37]

ρA = TrB (ρAB) =

NB∑
j=1

(1A ⊗ 〈ψj|) ρAB (1A ⊗ |ψj〉) (3.4)

|ψj〉 is an orthonormal basis in the Hilbert space HB with j = 1, 2, ..., NB (NB =
dim(HB)).
Let us consider two simple examples. First, suppose that the quantum system is in a

product state of its subsystems ρAB = ςA⊗ ςB, i.e. A and B are uncorrelated. The trace
over B then reads

ρA =

NB∑
j=1

(1A ⊗ 〈ψj|) (ςA ⊗ ςB) (1A ⊗ |ψj〉)

=

NB∑
j=1

(1A ⊗ 〈ψj|) (ςA ⊗ ςB |ψj〉)

=ςA ⊗
NB∑
j=1

〈ψj| ςB |ψj〉︸ ︷︷ ︸
Tr(ςB)=1

= ςA

where we have used condition (3.2). Analogously, one computes the trace over A to
ρB = ςB. For a somewhat more conclusive example, let us examine the density-matrix
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[5]

ρ =

(
|0A0B〉 − |1A1B〉√

2

)(
〈0A0B| − 〈1A1B|√

2

)
=

1

2
(|0A0B〉 〈0A0B| − |0A0B〉 〈1A1B| − |1A1B〉 〈0A0B|+ |1A1B〉 〈1A1B|)

(3.5)

According to the de�nition (3.3), the partial trace over B therefore is computed to

ρA =
1

2
TrB (|0A0B〉 〈0A0B| − |0A0B〉 〈1A1B| − |1A1B〉 〈0A0B|+ |1A1B〉 〈1A1B|)

=
1

2
(〈0B | 0B〉 |0A〉 〈0B| − 〈0B | 0B〉 |0A〉 〈0B| −

− 〈0B | 1B〉 |1A〉 〈1A|+ 〈1B | 1B〉 |1A〉 〈1A|)

=
1

2
(|0A〉 〈0A|+ |1A〉 〈1A|)

It is also possible to de�ne operators which act on only one of the subsystems, namely
by ŜAB = ŜA ⊗ 1B [34] (compare with section 1). The partial trace gives us the pos-

sibility to calculate the expectation value
〈
Ŝ
〉

= TrA

(
ρAŜ

)
= TrA

(
TrB

(
ρABŜ

))
=

TrATrB

(
ρABŜ

)
3.2 Dynamics

3.2.1 Closed quantum system

A closed quantum system is decoupled from its environment, i.e. the states within the
density-matrix all belong to what one considers as being the 'system'. Such a system can
be driven by external forces (like an electromagnetic �eld), in which case the Hamiltonian
H is time-dependent [34]. Otherwise, for H 6= H(t), the system is isolated.
The Schrödinger equation governs the time evolution of a state |ψ(t)〉 and we may

write it in terms of the unitary time-evolution operator Û(t, t0)

i~∂t |ψ(t)〉 = H(t) |ψ(t)〉 ⇒ |ψ(t)〉 = Û(t, t0) |ψ(t0)〉

Consequently, the evolution of a mixture of states is given by

ρ(t) =
∑

pm |ψm(t)〉 〈ψm(t)| =
∑

pmÛ(t, t0) |ψm(t0)〉 〈ψm(t0)| Û †(t, t0)

=Û(t, t0)ρ0Û
†(t, t0)

The evolution operator is a time-ordered exponential
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Û(t, t0) = T̂ exp[− i

~

t∫
t0

Ĥ(η)dη] (3.6)

where T̂ is the time odering operator which orders products of time-dependent operators
so that the earliest time is on the right and the latest time on the left. Therefore, the
derivative of ρ(t) yields for Ĥ 6= Ĥ(t)

∂t

(
Û(t, t0)ρ0U

†(t, t0)
)

=
(
∂tÛ(t, t0)

)
︸ ︷︷ ︸
− i

~ ĤÛ(t,t0)

ρ0Û
†(t, t0) + Û(t, t0)ρ0

(
∂tÛ

†(t, t0)
)

︸ ︷︷ ︸
i
~ ĤÛ†(t,t0)

=− i

~
Ĥρ(t) +

i

~
ρ(t)Ĥ (3.7)

and therefore

∂tρ(t) = − i

~

[
Ĥ, ρ(t)

]
(3.8)

This equation is called the von-Neumann equation. It is also true for a time-dependent
Hamiltonian. If the density matrix commutes with the Hamiltonian, ρ does not show
any explicit time-dependence and the system is therefore stationary. Let us emphasize
that the von-Neumann equation is not comparable (in which way ever) to the dynamics
of operators in the Heisenberg picture as de�ned by

dtÂH(t) = ∂tÂH(t)− i

~

[
ÂH(t), Ĥ

]
where

ÂH(t) = ÂH(t) = e
i
~ ĤtÂS(t)e−

i
~ Ĥt (3.9)

The time dependence of ÂS(t) can only be explicit [38]. On the other hand, since
states are time-independent in the Heisenberg picture, the corresponding density matrix
has to be time-independent too, i.e. dtρH = ∂tρH = 0. In the Schrödinger picture, the
total time derivative of ρS vanishes, i.e. dtρS(t) = 0 and the density-matrix is a constant
of motion (as in the case of statistical mechanics).

3.2.2 Open quantum system

Now let us turn to the situation, in which a system S is coupled to another quantum
system E (the environment) [34] (�gure 3.1). Then S is referred to as 'open' with
respect to exchanging energy with the environment. If the environment has an in�nite
number of degrees of freedom, one calls it 'reservoir' or 'heat bath' (reservoir in a thermal
equilibrium state). The combined system is usually considered as being closed, and it
therefore follows a unitary time-evolution. However, due to the correlations between
S ⇔ E, this is not true for the subsystem anymore. Nevertheless, it is an advantage
to restrict the investigation to the reduced system, since the complete treatment of the
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combined system is usually far too complicated (e.g. if the environment has an in�nite
degrees of freedom).
The Hilbert space of the total system S +E

Figure 3.1: An open quantum system

is the tensor product space of both subsystems,
and we may write the total Hamiltonian as
Ĥ(t) = ĤS ⊗ 1 + 1 ⊗ ĤE + ĤI(t), where ĤS

denotes the system's Hamiltonian, ĤE the free
Hamiltonian of the environment and ĤI(t) the
interaction between system and environment.
Expectation values of observables are obtained
from tracing over the environment by using the
partial trace. The time-evolution of the sys-
tem's density matrix is governed by a reduced
von-Neumann-equation (3.8)

∂tρS(t) = − i

~
TrE

([
Ĥ(t), ρSE(t)

])
The right-hand side of this equation does not factorize in general. System and en-

vironment are correlated and therefore ρS(t) is not just a direct tensor product of the
density matrices of S & E. We can also say that both are entangled. Depending on the
nature of the problem, one derives from this equation an approximative equation called
master equation [18, 30, 34, 35].
For our purposes we need the general formulation of the time-dependence of the

density-matrix -the Lindblad equation. To make its structure plausible, let us start
by discussing the concept of quantum operations [4]. Their action consist in mapping
a density operator to other density operators. Suppose that system and environment
are initially decoupled, ρSE(t0) = ρS(t0) ⊗ ρE(t0). This is an important assumption
and evidently not ful�lled in all situations. However, the preparation of a system in
a certain state (as it is done in experiments) means that all correlations between the
system and the environment are cut o�. At t = t0, the environment should be in the
state ρE(t0) = |e0〉 〈e0| where |ek〉 is an orthonormal basis for the �nite-dimensional
state space of the environment. Now we perform a unitary operation Û on the system-
environment-complex (equation (3.4))

E(ρ) =TrE

(
Û {ρS ⊗ ρE} Û †

)
=
∑

k

(1S ⊗ 〈ek|) Û (ρS ⊗ |e0〉 〈e0|) Û † (1S ⊗ |ek〉)

=
∑

k

(1S ⊗ 〈ψj|)
(
ÛρSÛ

† ⊗ Û |e0〉 〈e0| Û †
)

(1S ⊗ |ψj〉)

=
∑

k

(
Ûρ0Û

†
)
〈ek| Û |e0〉︸ ︷︷ ︸

Êk

〈e0| Û † |ek〉︸ ︷︷ ︸
Ê†

k

=
∑

k

ÊkρSÊ
†
k (3.10)
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This is the so-called 'operator-sum' or 'Kraus' representation. The Êk = 〈ek| Û |e0〉
are the Kraus-operators, which act on the state space of the principal system. If one
requires that the operation is trace-preserving, one reads o� from

TrS (E(ρ)) = TrS

(∑
k

ÊkρÊ
†
k

)
= TrS

({∑
k

ÊkÊ
†
k

}
ρ

)
= 1 ∀ρ

that ∑
k

Ê†
kÊk = 1S (3.11)

For example, it might be used to model the action of noise on qubits (bit-�ips,
phase-�ips and bit-phase-�ips) [4]. Even the unitary evolution of the system, ρS(t) =
ÛS(t, t0)ρ0Û

†
S(t, t0) is in principle a quantum operation.

In the following, we will try to motivate the time evolution of the system's density-
matrix as a quantum operation. But �rst we have to specify the timescale δt, on which
we are considering changes in ρ(t) [39]. First and most important, δt should be greater
than the time it takes for the reservoir to 'forget' information acquired from the system.
This assumption is necessary, because the reservoir retains a memory of the information
dissipated by the system S for some time. It even may �ow back, and hence we want to
look at a timescale, on which such a feedback is not possible anymore. This approxima-
tion is called 'Markov approximation'. On the other hand, δt should be small enough so
that all signi�cant changes in the system S are incorporated.
If the evolution does only depend on the present density matrix, we can look for a

quantum operation (equation (3.10)), which changes the initial state to order δt

ρS(t0 + δt) = E (ρ0) =
∑

k

Êkρ0Ê
†
k = ρ0 +O(δt) (3.12)

This action is obtained, if one of the Kraus operators is given by Ê0 = 1 + O(δt),
whereas the others have a proportionality to O(δt). Now let us assume that Ê0 charac-
terizes an in�nitesimal change in time due to an e�ective Hamiltonian Ĥeff = ĤS + i~K̂,

where ĤS is the Hamiltonian of the system and K̂ denotes the coupling to the environ-
ment. In this case, the operators can be written as

Ê0 = 1S −
i

~
Ĥeff δt = 1S +

(
K̂ − i

~
ĤS

)
δt

Êk =
√
δtL̂k whereL̂k are the Lindblad operators

Inserting this into equation (3.12) yields
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ρS(δt) =

(
1− i

~
Ĥeff δt

)
ρ0

(
1 +

i

~
Ĥ†

eff δt

)
+
∑

k

L̂kρ0L̂
†
kδt+O(δt2)

=

(
ρ0 −

i

~
Ĥeff ρ0δt

)(
1 +

i

~
Ĥ†

eff δt

)
+
∑

k

L̂kρ0L̂
†
kδt+O(δt2)

=ρ0 +
i

~
ρ0Ĥ

†
eff δt−

i

~
Ĥeff ρ0δt+

∑
k

L̂kρ0L̂
†
kδt+O(δt2)

and we therefore arrive at the following di�erential equation

∂tρS(t) = − i

~

(
Ĥeff ρS(t)− ρS(t)Ĥ†

eff

)
+
∑

k

L̂kρS(t)L†k (3.13)

This is the result, i.e. the Lindblad equation. We still have to specify the e�ective
Hamiltonian and we obtain its explicit form from the normalization condition of the
Kraus operators (equation (3.11)) (ĤS = Ĥ†

S, K̂ = K̂†)

1S =

(
1S + K̂δt− i

~
ĤSδt

)†(
1S + K̂δt− i

~
ĤSδt

)
+
∑

k

L̂†kL̂kδt+O(δt2)

=1S + K̂δt− i

~
ĤSδt+ K̂†δt+

i

~
Ĥ†

Sδt+
∑

k

L̂†kL̂kδt+O(δt2)

=1S + 2K̂δt+
∑

k

L̂†kL̂kδt+O(δt2)

consequently

K̂ = −1

2

∑
k

L̂†kL̂k

and Ĥeff = ĤS + i~K̂ therefore reads

Ĥeff = ĤS −
i~
2

∑
k

L̂†kL̂k (3.14)

Its adjoint form is derived from

Ĥ†
eff =

(
ĤS − i~

2

∑
k

L̂†kL̂k

)†

= ĤS + i~
2

∑
k

(
L̂†kL̂k

)†
(ÂB̂)† = B̂†Â†

⇒

Ĥ†
eff = ĤS +

i~
2

∑
k

L̂†k

(
L̂†k

)†
= ĤS +

i~
2

∑
k

L̂†kL̂k

Let us re�ect this motivation for the Lindblad equation. First, we have assumed that
system and environment are initially decoupled and that the evolution of the reduced
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density-matrix is Markovian. On the appropriate timescale, we have characterized the
transition from ρS(t0) to ρS(δt) by a quantum operation of �rst-order in δt. The change
in time is formally represented by Kraus operators, which we have de�ned arbitrarily.
The operators are transition elements of the initial environment state to the �nal state,
over which we carry out the trace. One of these operators (Ê0) has the meaning of
an e�ective time evolution, which adds just a slight 'perturbation' to the initial state.
Within the Lindblad equation, it is represented by a term, which is almost a commutator
between the density-matrix and the Hamiltonian. Actually, if we neglect the other term,
equation (3.13) reads

∂tρS(t) = − i

~

(
Ĥeff ρS(t)− ρS(t)Ĥ†

eff

)
(3.15)

This looks almost like the von-Neumann equation (3.8) and it reduces to it, in the
case that there are no couplings to the environment (Ĥeff = ĤS). As for the closed
system, one may write the solution of this equation as (compare with (3.6))

ρS(t) = Ûeff (t, t0)ρ0U
†
eff (t, t0) = e−

i
~ Ĥeff (t−t0)ρ0e

i
~ Ĥ†

eff (t−t0) (3.16)

The only di�erence is that we cannot expect neither the e�ective Hamiltonian to be
hermitian nor the evolution to be unitary. After all, our approach actually consists in
ignoring information about the overall system, namely the one belonging to the envi-
ronment. The e�ective evolution in the Lindblad equation characterizes an evolution
according to Ĥeff [18]. For example, suppose that the system is in a pure state and
the density-matrix therefore reads ρ(t) = |ψ(t)〉 〈ψ(t)|. From equation (3.15) we deduce,
that |ψ(t+ δt)〉 =

(
1− i

~Heff δt
)
|ψ(t)〉. On the other hand, the term

L̂jump =
∑

k

L̂kρL̂
†
k =

∑
k

(
L̂k |ψ〉

)(
〈ψ| L̂†k

)
=
∑

k

∣∣∣ψ̃k

〉〈
ψ̃k

∣∣∣
describes the projection -or jumps- to one of the possible states

∣∣∣ψ̃〉. Note that together
both contributions preserve the unity of the trace (as we have used it for our motivation).
The meaning of the e�ective evolution and the jump-term might be also illustrated by

looking at a simple two-level system {|0〉 , |1〉}, for which we consider the radiative decay
from |1〉 → |0〉 (compare with subsection 2.2.2). The system Hamiltonian is de�ned by
HS = E0 |1〉 〈1| and the Lindblad operator by L̂ =

√
Γ |0〉 〈1| where Γ is the decay rate.

The reverse process (absorption of a photon) would be described by L̂ =
√

Γ |1〉 〈0|.
Here it is also worthwhile to mention that the Kraus operator as transition element of
states of the environment has turned into an outer product of the system's state. The
e�ective Hamiltonian and the jump term read

Ĥeff = E0 |1〉 〈1| −
i~
2

Γ |1〉 〈1| , L̂jump [ρS] = Γ |0〉 〈1| ρS |1〉 〈0|

The Lindblad equation (equation (3.13)) may be also written formally as [34])

∂tρS(t) = L(t)ρS(t) (3.17)
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where L(t) generates the equation per de�nitionem. Its solution has the same structure
as in the case of a closed quantum system (equation (3.6)), namely

ρS(t) = T̂ exp

 t∫
t0

L(η)dη

 ρ0 (3.18)

The subscript in the discussion so far indicates not just 'system' but also the Schrödinger
picture, in which the equations are formulated. However, it is also possible to express
these relations in the Heisenberg picture [34].

3.3 Quantum regression theorem

3.3.1 Two-times case

Our next aim is to calculate the second-order correlation function (2.11) for an open
quantum system by passing on the time dependence of the �elds to the density-matrix.
Let us start with the two-times case [40], hence

G(2)(t1, t2) = Tr
(
ρSEÂ

†(t1)B̂
†(t2)B̂(t2)Â(t1)

)
The trace is invariant under cyclic permutations of the operators

Tr
(
ÂB̂Ĉ

)
=
∑
m

〈ψm| ÂB̂Ĉ |ψm〉 =
∑
m,d,e

〈ψm|Â |d〉 〈d| B̂ |e〉 〈e| Ĉ |ψm〉

=
∑

〈e| Ĉ |ψm〉 〈ψm| Â |d〉 〈d| B̂ |e〉 = Tr
(
ĈÂB̂

)
=
∑

〈d| B̂ |e〉 〈e| Ĉ |ψm〉 〈ψm| Â |d〉 = Tr
(
B̂ĈÂ

)
and we therefore can regroup the operators in the correlation function to

G(2)(t1, t2) = TrSE

(
Â(t1)ρSEÂ

†(t1) ~B
†(t2)B̂(t2)

)
The insertion of the time-dependence of the operators (equation (3.9)) yields

G(2)(t1, t2) = TrSE

(
e−

i
~ Ĥ(t2−t1)Â e−

i
~ Ĥt1ρSEe

i
~ Ĥt1︸ ︷︷ ︸

ρSE(t1)

Â†e
i
~ Ĥ(t2−t1)B̂†B̂

)
The operators act just on the subsystem and we therefore can write

G(2)(t1, t2) = TrS

(
TrE

(
e−

i
~ Ĥ(t2−t1)ÂρSE(t1)Â

†e
i
~ Ĥ(t2−t1)

)
B̂†B̂

)
= TrS

(
ρS(τ)B̂†B̂

)
From this equation it is obvious how to calculate the trace. First, we have to compute

ρSE(t1), which is an e�ective evolution up to t1. Then we have to apply the operators Â,
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Â† to the density-matrix. In the second step, we solve the Lindblad equation (3.17) in
the relative time τ̃ with ρ̃SE(t1) = ÂρSE(t1)Â

† as initial value. For a time-independent
Hamiltonian (in equation (3.18)) we therefore can write

G(2)(t1, t2) = TrS

(
B̂†B̂eLτ̃

[
ÂρSE(t1)Â

†
])

(3.19)

3.3.2 Four-times case

For our investigation, we also need to know how to calculate a correlation function of
four times, i.e.

G(2)(s0, s1, t1, t0) = TrSE

(
ρSEÂ0(s0)Â1(s1)B̂1(t1)B̂0(t0)

)
(3.20)

where s1 > s0 and t1 > t0. To solve this function, we have to specify a time odering
[34, 35], e.g.

s0 → ν1, t0 → ν2, s1 → ν3, t1 → ν4 with ν1 < ν2 < ν3 < ν4 (3.21)

This ordering means that in equation (2.11), we assume an ordering

Ê
(−)
d (r1, ν1) → Ê

(+)
d (r1, ν2) → Ê

(−)
d (r2, ν3) → Ê

(+)
d (r2, ν4)

As in the two-times case, we can use the cyclic property of the trace to regroup
equation (3.20).

G(2)(x1, x2) = Tr
(
B̂1(ν4) B̂0(ν2)ρSEÂ0(ν1)︸ ︷︷ ︸

F̂ (ν1,ν2)

Â1(ν3)
)

For purposes of clarity, let us just consider the inner part denoted by F̂ (ν1, ν2). In-
sertion of the time-evolution of the operators (equation (3.6) and (3.9)) yields

F̂ (ν1, ν2) = Û †(ν2, ν1)B̂0(ν1)Û(ν2, ν1)ρSEÛ
†(ν1)Â0Û(ν1)

In principle, we are now able to proceed as in the two-times case, namely by trac-
ing over the environment. But in this case we have to do it repeatedly over the time
intervals [νi, νi+1]. For example, the trace over ∆ν = ν1 − ν0 = ν1 reads (Ĉ(ν1, ν2) =
Û †(ν2, ν1)B̂0Û(ν2, ν1))

Tr∆ν

(
F̂ (ν1, ν2)

)
=Ĉ(ν1, ν2)Tr∆ν

(
ρSEÛ

†(ν1)Â0Û(ν1)
)

=Ĉ(ν1, ν2)Tr∆ν

(
Û(ν1)ρSEÛ

†(ν1)
)
Â0

We recognize from this equation that we have the same situation as before. By solving
the Lindblad equation in the relative time and multiplication by the operator next to the
trace, we get an expression for this part of the evolution. This scheme is now repeated
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with Ĉ(ν1, ν2) and tracing over the interval ν2 − ν1 with the expression for ν1 as initial
value. The only -though important- di�erence is that we have to apply the operator B̂0

from the left-hand side. Doing this repeatedly, we solve the time-dependence up to ν4.
This may be written formally as

G(2)(ν1, ν2, ν3, ν4) =TrS

(
ρSEÂ0(ν1)Â1(ν3)B̂1(ν4)B̂0(ν2)

)
(3.22)

=TrS

(
f̂4e

L(ν4−ν3)f̂3e
L(ν3−ν2)f̂2e

L(ν2−v1)f̂1e
Lν1ρSE

)
(3.23)

where fi is de�ned for the Schrödinger picture operator Fi by

f̂iρ = F̂iρ if F̂i = B̂j

f̂iρ = ρF̂i if F̂i = Âj

The time ordering (3.21) has been chosen arbitrarily. In principle, there are 4! = 24
possibilities to arrange the operators. However, in our case the correlation function
describes the biexciton cascade process, which means that Â0(s0) has to act before
Â1(s1), and B̂0(t0) before B̂1(t1) respectively. This reduces the number of possible time
oderings to 6, which we will specify in subsection 6.1.1. In principle, they have to be
considered all equally and the 'net' correlation function is a sum over them.

3.4 Entanglement

In section 1 we have emphasized the importance of entanglement for quantum technology.
In the last chapter we have discussed the creation of entangled states from the biexciton
decay cascade in quantum dots. We conclude this chapter by brie�y sketching how
entanglement is de�ned and how one measures its quality by the Concurrence.
First, let us specify the de�nition of entanglement. A pure state is separable if |ψAB〉 =

|ψA〉 ⊗ |ψB〉 where |ψA〉, |ψB〉 are the states of the quantum system A, B [41, 42].
The state just shows classical correlation, which means that the system state contains
exactly the information that there is in the subsystem's states. As discussed in section
3.1, tracing over one of the subsystems yields exactly the density-matrix of the other
subsystem and it is therefore obvious that both do not have an in�uence on each other.
The separability of a state

|ψAB〉 = a |00〉+ b |01〉+ c |10〉+ d |11〉 (3.24)

requires that ad − bc = 0. On the other hand, if one cannot write |ψAB〉 as a tensor
product of its subsystems, it is an entangled state. An example for such a state is

|ψ〉 =
1√
2

(|HH〉+ |V V 〉) (3.25)
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and its density matrix reads

ρ =
1

2
(|HH〉+ |V V 〉) (〈V V |+ 〈HH|) =

1

2


1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1

 (3.26)

As discussed in subsection 3.1, the o�-diagonal elements ρ14 = 〈V V | ρ |HH〉, ρ41 =
〈HH| ρ |V V 〉 characterize the quantum correlation between the states |HH〉, |V V 〉 and
therefore indicate entanglement.
The density matrix of an entangled, mixed state cannot be written as

ρ =
∑

i
pi (ρA,i ⊗ ρB,i)

where ρA, ρB are the density matrices of the subsystem A, B.
The Concurrence is a quantitive measure for entanglement [43]. To obtain it, one

starts by computing the 'spin-�ip'-matrix of the complex-conjugated density matrix ρ̃ =
(σy ⊗ σy) ρ

∗ (σy ⊗ σy) (σy = {{0,−i} , {i, 0}}). Then one determines the non-hermitian
matrix ρρ̃, and from its eigenvalues λi the Concurrence, which is de�ned by

C (ρ) = max {0, λ1 − λ2 − λ3 − λ4}? (λ1 > λ2 > λ3 > λ4) (3.27)

For the pure state (3.24), the Concurrence is given by C = 2 |ad− bc|. Maximal
entanglement is reached for a = d = 1/

√
2, b = c = 0 (equation (3.25)) or inversely,

i.e. b = c = 1/
√

2 and a = d = 0. Both yields the maximum value C = 1. On the
other hand, a disentangled state a = b = c = d = 1/

√
4 has C = 0. In conclusion, the

Concurrence lies in between 1 and 0 with maximal entanglement for C = 1.
To illustrate the procedure consider the density-matrix [37]

ρ =
1

8


3 0 0 2
0 1 0 0
0 0 1 0
2 0 0 3


First, we compute the spin-�ip matrix (σy ⊗ σy) ρ

∗ (σy ⊗ σy)

ρ =

((
0 −i
i 0

)
⊗
(

0 −i
i 0

))
ρ∗
((

0 −i
i 0

)
⊗
(

0 −i
i 0

))

=


0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0

 ρ∗


0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0

 =
1

64


13 0 0 12
0 1 0 0
0 0 1 0
12 0 0 13


The eigenvalues are 25

64
, 1

64
, 1

64
, 1

64
, and the Concurrence therefore reads

40



C(ρ) = max

{
5

8
− 1

8
− 1

8
− 1

8
, 0

}
=

1

4

In subsection 2.3.1, we have mentioned an experiment in which the �nestructure-
splitting was lifted by an in-plane magnetic �eld [25]. The Concurrence of the measured
density-matrix is zero. Just the removal of background counts yields a signi�cant value,
namely C = 0.167. For the approach with spectral �ltering [22], the Concurrence for
the un�ltered case (spectral window 200µeV) reads C = 0.06. This value increases to
C = 0.354, if the window gets smaller (25µeV) than the �nestructure-splitting. Another
important example is the density matrix

ρ =


a 0 0 z∗

0 b 0 0
0 0 b 0
z 0 0 a


where a and b are real and z is complex. If |z| 6 a and b 6 a− |z|, the Concurrence is
given by 2 |z|−2b and by 2(a−b) for |z| > a (though the latter is not likely to occur). The
calculation of all these examples is explicitly shown in the notebook Concurrence.nb.
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4 Filtering & Spectrum

4.1 Filtering

As discussed in subsection 2.2.3, the �nestructure-splitting causes an energetic distin-
guishability of photons from di�erent decay paths in the biexciton cascade, and it there-
fore destroys entanglement between the polarization states. One way to compensate this
e�ect consists in spectral �ltering [22], i.e. in just selecting those photons, which have
an intermediate energy in between the two lines so that they cannot be attributed to
one of the decay paths.
In frequency space, �ltering is described by the multiplication of the input signal G(ω)

with a �lter function H(ω) [44, 45], hence the output signal Y (ω) reads

Y (ω) = G(ω)H(ω) (4.1)

In principle, this just means that for a certain frequency, G(ω) is multiplied with a fac-
tor H(ω). Indeed, ideal �lters are de�ned by the distortionless transmission of a certain
band of frequencies (pass band), while suppressing all the remaining frequencies (stop
band). Typical concepts are low-pass �lter (suppression of high frequencies), high-pass
�lter (suppression of low frequencies) and band-pass �lter (suppression of frequencies
outside a range of frequencies). The latter corresponds to the action we are looking for,
and the �lter function reads

|H(ω)| =

{
1 ω0 −∆ω < |ω| < ω0 + ∆ω

0 otherwise
(4.2)

All our previous considerations have been related to a time-dependent formalism, and
therefore let us consider how �ltering is described in the time-domain. First, we have to
specify the Fourier transform

f(t) = FT (F (ω)) =
1√
2π

∞∫
−∞

F (ω)e−iωtdω (4.3)

F (ω) = FT−1(ω) =
1√
2π

∞∫
−∞

f(t)eiωtdt (4.4)

With this de�nition, the Fourier transform of the right-hand side of equation (4.1)
reads [46]

42



FT (G(ω)H(ω)) =
1√
2π

∫
G(ω)H(ω)e−iωtdω

=
1√
2π

∫ {
1√
2π

∫
g(τ)eiωτdτ

}
h(ω)e−iωtdω

where we have replaced G(ω) by its Fourier representation. Further manipulation yields

FT (G(ω)H(ω)) =
1

2π

∫ ∫
g(τ)H(ω)e−iω(t−τ)dωdτ

FT (G(ω)H(ω)) =
1√
2π

∫
g(τ)

{
1√
2π

∫
H(ω)e−iω(t−τ)dω

}
︸ ︷︷ ︸

FT (h(t−τ))

dτ

=
1√
2π

∫
g(τ)h(t− τ)dτ

To summarize this relation between time- and frequency domain

1√
2π
FT−1 (h(t) ∗ g(t)) = FT−1 (h(t))FT−1 (g(t)) = H(ω)G(ω) = Y (ω) (4.5)

where

(h(t) ∗ g(t)) =

∞∫
−∞

h(τ)g(t− τ)dτ

Our derivation is principally just an application of the Fourier transform. Therefore,
it is not surprising that equation (4.5) is also true the other way round [45]

h(t)g(t) =
1√
2π
FT (H(ω) ∗G(ω))

Both characterize the convolution theorem, which states that the convolution (h(t) ∗
g(t) or (H(ω) ∗ G(ω)) in one domain corresponds to multiplication in the other one.
Filtering as multiplication of the input signal with a �lter function in frequency space
has the e�ect of smoothing the signal in the time-domain. Some basic properties of the
convolution are [45, 46]

• f ∗ g = g ∗ f (commutative)

• f ∗ (g + h) = (f ∗ g) + (f ∗ h) (distributive)

• αf ∗ g = f ∗ (αg) = α(f ∗ g) (factoring of constant α)

• f ∗ 0 = 0
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Figure 4.1: Schematical illustration of the approximation of a band-pass �lter (solid
line) by Lorentzian pro�les (dashed lines). The �lter function (4.6) has its
maximum at +ω0, and its complex-conjugated form at −ω0 respectively.

Additionally, associativity (f ∗ g) ∗ h = f ∗ (g ∗ h) is often true though it is not a
general property [46].
We still have to specify the �lter function, which yields the action of a band-pass

(equation (4.2)). It turns out that it is not favorable to describe the ω-dependence of
H(ω) by a rectangular function [44], because it yields a complicated impulse response
in the time-domain. Instead, we use the �lter function of a Fabry-Pérot-�lter [47, 48],
which is de�ned by

h(t, ω0, α) =
√

2πΘ(t)αe−(α+iω0)t ⇔ H(ω) =
iα

(ω − ω0) + iα
(4.6)

The step function stands for the causal response of the �lter, since it should not
produce any output as long as there is no input signal, i.e. h(t) = 0 for t < 0. In
the time-domain, the function is a damped wave, and its Fourier transform yields a
Lorentzian pro�le, centered at ω0 with full width 2α at half-maximum [45] (�gure 4.1).

4.2 Spectrum

The energy Ef of a signal f(t) and the energy spectrum S(ω) are related by [49, 44]
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Ef =

∞∫
−∞

|f(t)|2 dt =

∞∫
−∞

|F (ω)|2 dω =

∞∫
−∞

S(ω)dω

from which we recognize that by 'spectrum' we mean the energy spectral density.
For stationary processes, the correlation function just depends on the time di�erence

τ̃ = t− t′ and the spectrum is given by [30]

S(ω) =
1

π
Re

 ∞∫
0

〈
Ê

(−)
d (0)Ê

(+)
d (τ̃)

〉
eiωτ̃dτ̃

 (4.7)

This is also referred to as Wiener-Khintchine spectrum. Two objections which restrict
its use are that natural processes are not truly stationary (as they always have a time
of beginning) and that is does not arise from an analysis of an experimental situation,
so that its relation to the observed spectrum is not obvious [50].
To characterize �ltering, let us consider the counting rate of a photodetector [50],

which is in classical terms the intensity

R(t, ω0, α) =
〈
Ê

(−)
d (t)Ê

(+)
d (t)

〉
If the signal is �ltered, the �elds are the result of the convolution (equation 4.5) of

the incidenting �elds and the �lter function, i.e.

R(t, ω0, α) =
1

2π

∞∫
−∞

∞∫
−∞

Θ(t− τa)Θ(t− τb)Θ(τa)Θ(τb)

·h∗(t− τa)h(t− τb)
〈
E(−)(τa)E

(+)(τb)
〉
dτadτb (4.8)

The step functions represents the causal behavior of input signal and �lter respec-
tively, i.e. both are zero before t = 0. This result is also known as 'physical spectrum'
[47, 48, 50]. The basic motivation for it, originates from introducing a time-dependent
spectrum and -consequently- extending the Wiener-Khintchine-approach to a more re-
alistic description of experimental situations. However, in our case, we are interested in
investigating the e�ect of spectral �ltering, and therefore we consider the quantity

S(ωa, ωb) =
〈
Ê

(−)
d (ωa)Ê

(+)
d (ωb)

〉
= H∗(ωa)H(ωb)

〈
Ê(−)(ωa)Ê

(+)(ωb)
〉

(4.9)

where

〈
Ê(−)(ωa)Ê

(+)(ωb)
〉

=
1

2π

∞∫
0

∞∫
0

〈
Ê(−)(τa)Ê

(+)(τb)
〉
ei(ωaτa+ωbτb)dτadτb (4.10)
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5 Theoretical model

5.1 Rewriting the electric �eld

Up to now, we have developed the tools to carry out our investigation of entangled
photons created by the biexciton cascade process in a single quantum dot. Now we want
to specify our model. The �rst thing to do is to �nd the appropriate expressions for the
electric �eld operators in the correlation function (equation (2.11)). This will be done
in two steps. Firstly, we derive the relation between the emitted electric �elds and the
dipole moments. In the second step, we take �ltering into account.
We start by utilizing a classical picture [51, 52, 53]. The dot is considered to be placed

in a micro-cavity at the position r′0 (in the following, we do not explicitly denote the
vector character of positions by an arrow). Consequently, the created photons are emit-
ted in growth direction z and full�ll the optical selection rules (section 2.2). Outside
the solid-state environment, the photons run through a Hanbury-Brown-Twiss interfer-
ometer (�gure 2.8). For the host material we assume that it is an anisotropic, lossless,
linear media with no free charges and a small dispersion.
A time-varying magnetic �eld ~B induces an electric �eld (Faraday's law). Together

with the expression of ~B in terms of the vector potential ~A(r, t) one obtains

∇× ~E(r, t) = −∂t
~B(r, t)

~B(r, t) = ∇× ~A(r, t)

}
⇒ ∇× ~E(r, t) = −∂t

(
∇× ~A(r, t)

)
which may be rewritten by using the identity ∇×

(
~a+~b

)
= ∇× ~a+∇×~b

∇×
(
~E(r, t) + ∂t

~A(r, t)
)

︸ ︷︷ ︸
−∇Φ(r,t)

= 0

Here we have indicated that a curl-free vector �eld can always be expressed as the
gradient of a scalar potential Φ(r, t). This equation also de�nes the electric �eld ~E(r, t),
namely

~E(r, t) = −∇Φ(r, t)− ∂t
~A(r, t) (5.1)

For linear materials, the relation between electric displacement ~D(r, t) and �eld ~E(r, t),

and the magnetic induction ~B(r, t) and �eld ~H(r, t) respectively, reads

~D(r, t) = ε0ε(r) ~E(r, t)

~B(r, t) = µ0µ(r)H(r, t) v µ0µH(r, t)
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where ε(r) is a tensor due to the anisotropy of the host material. For the magnetic
permeability µ we assume that it is approximately 1. ε0, µ0 are the permittivity and
permeability of vacuum.
With the help of these de�nitions, we deduce from Ampère's law (ε̃(r) ≡ ε0ε(r))

∇× ~H(r, t) = ~j(r, t) + ∂t
~D(r, t)

~B(r, t) = µ0
~H(r, t) = ∇× ~A(r, t)

}
⇒ 1

µ0

∇×
(
∇× ~A(r, t)

)
= ~j(r, t) + ε̃(r)∂t

~E(r, t)

Here, ~j(r, t) represents the current generated by the dot and its r-dependence is propor-
tional to a delta function.
By using another vector identity ∇ × (∇× ~a) = ∇ (∇ · ~a) − ∆~a as well as equation

(5.1), we obtain

−∆ ~A(r, t) = µ0
~j(r, t)−∇

(
∇ · ~A(r, t)

)
− µ0ε̃(r)∂t (∇Φ(r, t))− µ0ε̃(r)∂

2
t
~A(r, t) ⇒

∆ ~A(r, t)− µ0ε̃(r)∂
2
t
~A(r, t) = −µ0

~j(r, t) +∇
(
∇ · ~A(r, t)

)
+ µ0ε̃(r)∂t (∇Φ(r, t))

In the Lorentz gauge

∇ · ~A(r, t) + µ0ε̃(r)∂tΦ(r, t) = 0 (5.2)

we therefore arrive at the following wave equation for the vector potential

∇2 ~A(r, t)− µ0ε̃(r)∂
2
t
~A(r, t) = −µ0

~j(r, t) (5.3)

By carrying out the Fourier transform (4.3) of ~A(r, t) and j(r, t) in equation (5.3) as
well as substituting with cvac = 1/

√
ε0µ0 and k = ω/cvac, we get the frequency-space

equivalent (
∇2 − k2ε(r)

)
~A(r, ω) = −µ0

~j(r, ω) (5.4)

Equation (5.4) de�nes the inhomogeneous Helmholtz equation. It is an elliptical partial
di�erential equation, which is solved by

~A(r, ω) = µ0

∫
K(r, r′, ω)~j(r′, ω)dr′ (5.5)

K(r, r′, ω) denotes the Green's function, which relates the current density at the loca-
tion of the source r′ with the vector �eld at r. We get its de�ning equation by inserting
equation (5.5) in equation (5.3)(

∇2 + k2ε(r)
)
K(r, r′, ω) = −δ(r − r′)

Let us continue by considering the integration over the current density ~j(r′) in more
detail. Integration by parts yields
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∫
f(x)g′(x)dx = f(x)g(x)−

∫
g(x)f ′(x)dx

g′(x) = r′, f(x) = ~j(r′)∫
~j(r′)dr′

⇒
∫
~j(r′)dr′ = ~j(r′)r′ −

∫
r′∇r′

~j(r′)dr′

For a vanishing current density (~j(r′)r′ = 0), we are left with the second term. One can
rewrite it by using the continuity equation ∇r′

~j(r′) = iωρ(r′) as well as the oscillatory
time-dependence of ~j(r′) and ρ(r′) (which for arbitrary time-dependence means that we
are considering a single Fourier-component)

∫
~j(r′)dr′ = −

∫
r′i {ωρ(r′)} dr′

~j(r′) = ~j(r′, t′)eiωt′

ρ(r′) = ρ(r′, t′)eiωt′

⇒
∫
~j(r′, t′)eiωt′dr′ = −iω

∫
r′ρ(r′, t′)eiωt′dr′

On both sides we have the frequency-dependent expressions and therefore∫
~j(r′, ω)dr′︸ ︷︷ ︸

~j(ω)

= −iω
∫
r′ρ(r′, ω)dr′︸ ︷︷ ︸

~p(ω)

in other words
~j(ω) = −iω~p(ω) (5.6)

where ~p is the electric dipole moment

Equation (5.6) establishes the relation between the frequency-part of the current den-
sity and ~p. It is in particular true for the far-�eld zone d << λ << r, where d stands
for the dimensions of the source and λ is the wavelength of the radiation. On the other
hand, equation (5.5) expresses ~A(r, ω) through ~j(r′, ω). The proportionality between the
electric �eld and the time-derivative of the vector potential is given by equation (5.1).
Since we assume that there are no free charges, it holds that ∇Φ(r, t) = 0, and by using
the Fourier transform (4.3) we get

~E(r, t) = −∂t
~A(r, t)

FT (∂tf(t)) = −iωFT (f(t))

}
⇒ ~E(r, ω) = iω ~A(r, ω)

By using equation (5.5) and (5.6) as well as assuming ~j(r′, ω) ∝ δ(r′ − r′0)~j(ω), we
arrive at

~E(r, ω) =iωµ0

∫
K(r, r′, ω)δ(r − r′) {−iω~p(ω)} dr′

=
k2

ε0

K(r, r′0, ω)p(ω) (5.7)

In the last step we have rewritten ω2µ0 by using µ0 = 1/(c2vacε0) and k = ω/cvac.
Equation (5.7) is the expression for the electric �eld in terms of the dipole moment. The
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transition from classical to quantum physics means that the vectors become operators,
i.e. ~p→ ~̂p.
Filtering is taken into account by using relation (4.1). The �eld operators at the

position ri of the detectors in each optical path of the interferometer therefore read

Ê
(+)
d (ri, ωi) =

k2

ε0

H(ωi, ω0, α)K(ri, r
′
0, ωi)p̂(ωi) (5.8)

Ê
(−)
d (ri, ωi) =

k2

ε0

H∗(ωi, ω0, α)K∗(ri, r
′
0, ωi)p̂

†(ωi)

5.2 Rewriting the correlation function

Our next goal consist in expressing the electric �elds within the correlation function by
the dipole operators. As it turns out, this basically a matter of convolution. Let us start
by looking at a single electric �eld operator, as given by equation (5.8). The product
of the three frequency-dependent functions is represented in the time domain by two
convolutions

Êd(ri, ti) = FT (Êd(ri, ωi)) ⇒ Êd(ri, ti) =
k2

ε0

FT (

a)︷ ︸︸ ︷
H(ωi, ω0, α)K(ri, r

′
0, ωi)p̂(ωi)︸ ︷︷ ︸
b)

) (5.9)

a) equation (4.5) & equation (5.9): Êd(ri, ti) = k2
√

2πε0
(h(ti, ω0,i, α) ∗ u(ri, ti))

b) u(ri, ti) = FT (K(ri, r
′
0, ωi)p̂(ωi)) = F (K(ri, r

′
0, ωi)p̂(ωi)) & equation (4.5):

u(ri, ti) =
1√
2π

(K(ri, ti; r
′
0) ∗ p̂(ti)) =

1√
2π

∞∫
−∞

K(ri, r
′
0, ti − t′i)p̂(t

′
i)dt

′
i (5.10)

Since the convolution is commutative (g(t) ∗ h(t)) = (h(t) ∗ g(t)), we can also write

u(ri, ti) =
1√
2π

∫
K(ri, r

′
0, t

′
i)p̂(ti − t′i)dt

′
i

This equation is remarkable, because it clearly identi�es the dipole moment as the
source of the electric �eld and we could express this result through an equation compa-
rable to (5.3). The time-dependent Green's function is de�ned similarly as in frequency
space. To demonstrate the e�ect of retardation, let us write it as K(r, r′0, t

′
i − ti) =

K(r, r′0)δ(t
′
i− ti + |r− r′0|/cvac), which obeys causality. Here we approximate the transit

time through the material by its vacuum value. Since the delta function does not change
under an inversion of its arguments, i.e. δ(a− b) = δ(b− a), one can write equivalently
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K(ri, r
′
0, ti − t′i) = K(ri, r

′
0)δ(ti − t′i − |ri − r′0|/cvac). From equation (5.10) we see that

the latter de�nition of K(ri, r
′
0, ti − t′i) is convenient for insertion. The integration over

t′i and the delta function yields the function p̂(t′i) at time |ri − r′0| /cvac, which is actually
t′i. We arrive at

u(ri, ti) =
1√
2π
K(ri, r

′
0)p̂(t

′
i) (5.11)

The second convolution between u(ri, ti) and the �lter function h(ti, w0,i, α) is resolved
in the same way. A single component of the electric �eld therefore reads

Êd(ri, ti) =
k2K(ri, r

′
0)

2πε0

∫
h(t′i − τi)p̂(t

′
i)dτi (5.12)

With this result, we have all we need to know to express the �ltered second-order
correlation function (2.11) in terms of the dipole operators. The �eld operator above

corresponds to the positive-frequency part, i.e. Ed(ri, ti) = Ê
(+)
d (xi). The insertion of

equation (5.12) into equation (2.11) yields

G
(2)
F (x1, x2) =A(r1, r2)

2 · Tr (ρ0 · (h(t′1, ωxx , α) ∗ p̂xx (t
′
1))

† · (h(t′2, ωx , α) ∗ p̂x (t
′
2))

†

· (h(t′2, ωx , α) ∗ p̂x (t
′
2)) · (h(t′1, ωxx , α) ∗ p̂xx (t

′
1)))

=A(r1, r2)
2

t1∫
0

t2∫
0

t2∫
0

t1∫
0

h∗(t′1 − τa, ωxx, α)h∗(t′2 − τb, ωx, α)h(t′2 − τc, ωx, α)·

· h(t′1 − τd, ωxx, α)Tr
(
ρ0p̂

†
xx(τa)p̂

†
x(τb)p̂x(τc)p̂xx(τd)

)
dτadτbdτcdτd

(5.13)

where A(r1, r2) =
k4|K1(r1,r′0)||K2(r2,r′0)|

(2πε0)2
and {ωx , ωxx} are the central frequencies of the

XX → X, X → 0 transitions
Note that we have used the interchangeability of integration and trace in the order of

calculation. This is possible since the integrations run over di�erent variables. From the
computational point-of-view, it is more favorable to start by calculating the trace as it
reduces the complexity of the problem. Another important aspect of equation (5.13) is
that the parameters τi do not indicate a speci�c time odering of the operators.
As mentioned in subsection 2.3.2, equation (5.13) is a measure for the correlation of

detecting a photon at r1 (which has been created at t′1) and a second one at (r2,t
′
2), i.e.

it is a conditional probability. A discussion of the �ltered G
(2)
F (x1;x2) in the context of

time-resolved spectroscopy and resonance �uorescence radiation can be found in [47]. In
our case, we use it as building block for the polarization-dependent density-matrix as
we will see later on.
One recovers the un�ltered correlation function by using a delta-shaped �lter function

δ(ti − τj). Its Fourier transform reads 1 and therefore it has no e�ect on the input in
frequency space.
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Figure 5.1: Level scheme of the biexciton decay: |0〉 ... ground state, {|1〉, |2〉} ... exci-
tonic levels, |3〉 ... biexcitonic state. By V we indicate the path, which creates
vertically-polarized light, by H horizontally-polarized light respectively. The
photons are emitted in growth direction z.

5.3 Describing the decay process

5.3.1 The decay channels

In the last section, we have introduced a description scheme for the �ltered correlation
function as used in a typical Hanbury-Brown-Twiss experiment. For its computation,
it is necessary to develop a model for the exciton dynamics of the decay. Let us start
by considering the process (�gure 5.1) within the level-scheme discussed in subsection
2.2.1. The recombination of the electron-hole pairs results in the emission of two pho-
tons, which are either horizontally or vertically polarized in dependence on the decay
path. Since the energies of the photons are path-dependent too, the measurement of
the photon frequencies yields information about the polarization, and in consequence
reduces entanglement between both decay channels.
The dipole moments (as needed for equation (5.13)) are de�ned by

p̂xx = µ (~ey |1〉 〈3|+ ~ex |2〉 〈3|) p̂†xx = µ ((~ey)
∗ |3〉 〈1|+ (~ex)

∗ |3〉 〈2|)
p̂x = µ (~ey |0〉 〈1|+ ~ex |0〉 〈2|) p̂†x = µ ((~ey)

∗ |1〉 〈0|+ (~ex)
∗ |2〉 〈0|)

where µ is the transition dipole moment and ~ex is the direction of horizontally polarized
light, and ~ey the one of vertically polarized light respectively.
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Note that we neglect optical dark states. Additionally, we assume that µ does nei-
ther dependent on the transition nor the decay path. The photons should be perfectly
polarized, i.e. they should be in either a H- or a V -state. If this is not ful�lled by the
process, we restrict ourselves to those photons, which do it by chance and we expect to
detect just such photons.
The operators might be read as that p̂ destroys material polarization, i.e. the system

descends from the upper to the lower level, and p̂† creates polarization respectively. For
example, the transition amplitude 3 → 2 reads

〈2| p̂xx |3〉 = µ 〈2| (|1〉 〈3|~ey + |2〉 〈3|~ex) |3〉 = µ~ex

whereas 〈3| p̂†xx |2〉 = 0.
The time-dependence of the dipole operators can be obtained from a successive ap-

pliance of the quantum-regression theorem (subsection 3.3). For this reason, we need
to specify our model and the couplings we are interested in. Let us assume that the
process obeys a Markovian evolution as well as that system and bath are initially decou-
pled. Furthermore, the evolution should be 'completely positive', i.e. ρ(t) should satisfy
the proper physical conditions of positivity for all t). Then we can describe the time-
evolution of the density-matrix by a Lindblad equation (3.13), for which we consider the
radiative decay and pure dephasing. Spin relaxation is taken into account just in the
un�ltered case, since it makes the calculation more complex. Formally, the following
operators characterize all three processes

• radiative decay:

� XX → X: L̂1 =
√

2Γ |1〉 〈3|, L̂2 =
√

2Γ |2〉 〈3|
� XX → X: L̂3 =

√
Γ |0〉 〈1|, L̂4 =

√
Γ |0〉 〈2|

• pure dephasing: L̂5 =
√
γ |1〉 〈1|, L̂6 =

√
γ |2〉 〈2|, L̂9 =

√
κ (|1〉 〈1|+ |2〉 〈2|)

• spin relaxation: L̂7 =
√
ζ |2〉 〈1|, L̂8 =

√
ζ |1〉 〈2|

The �rst four Lindblad operators describe the radiative decay, which results from the
interaction of the quantum dot with the continuum of radiation �eld modes. As for the
dipole transition element, we assume that the decay parameter Γ does not depend on
the decay path. For strong con�nement, the lifetime of the biexciton state is half of the
exciton one, and therefore Γxx = 2Γx = 2Γ [54].
In the �ltered case, L̂5, L̂6 and L̂7 (denoted by L̂9 in the un�ltered case) describe pure

dephasing, which characterizes the decay of the dipole coherence without changing the
population of the system [55]. This elastic interaction with phonons might happen either
by passing through an excited intermediate exciton state or the relevant state remains
always within the exciton ground state.
One recognizes the di�erence between κ and γ from the Lindblad equation. Both

cause a decay of the o�-diagonal elements of the density-matrix ρij = 〈i| ρ |j〉, i.e. ρ0,1,
ρ1,0, ρ2,0, ρ0,2, ρ3,1, ρ1,3, ρ3,2, ρ2,3. In particular, the master equation for the excitonic
matrix elements (ρ̃ = ρi,j with i, j = 1, 2) reads
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Figure 5.2: The scattering channels considered in this work. The radiative decay runs
from the biexciton to the exciton levels down to the ground state. A spin-�ip
couples the excitonic energy levels. Pure dephasing describe exciton-phonon-
interactions, which may run through an intermediate excited state.

∂t′ ρ̃ =

(
Γ (ρ33 − ρ11)

(
−γ − Γ− iδ

~

)
ρ12 + Γρ33(

−γ − Γ + iδ
~

)
ρ21 + Γρ33 Γ (ρ33 − ρ22)

)
(5.14)

The important point is that only γ couples to the transition elements and therefore
leads to decoherence and path-distinguishability. The solution of the di�erential equation
above is proportional to exp[−γt′], which means that in the long-time regime t′ → ∞
these components are damped out more quickly than the diagonal ones. In consequence,
the matrix becomes diagonal and exciton and photon therefore disentangled.
We only include spin relaxation in the un�ltered case. The process should be thought

of as that both, electron and hole, �ip their spin.
Summarizing, the relevant decay channels are schematically shown in �gure 5.2

5.3.2 Building the master equation

For the explicit form of the Lindblad equation, we need the e�ective Hamiltonian and
the jump operator. It includes the dot-Hamiltonian ĤS as well as a sum running over
the L̂i's. The former is de�ned by (�gure 5.1)

ĤS = E0 [|1〉 〈1|+ |2〉 〈2|] +
δ

2
[|1〉 〈1| − |2〉 〈2|] + ε3 |3〉 〈3|

δ denotes the �nestructure-splitting, E0 the mean value of both exciton energy levels
E0 ± δ/2, and ε = 2E0 −∆ the biexciton energy, where ∆ is the binding energy. Heff is
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completed by the summation over the Lindblad operators

L̂eff =
i~
2

∑
j

L̂†jL̂j =
i~
2

(γ + Γ + ζ) [|1〉 〈1|+ |2〉 〈2|] + i~Γ |3〉 〈3|

in the un�ltered case and by

L̂eff =
i~
2

(γ + Γ + κ) [|1〉 〈1|+ |2〉 〈2|] + i~Γ |3〉 〈3|

otherwise. These forms are easily obtained from manipulating one of the accompanied
Mathematica-Notebooks. The jump-term is built by summing over L̂iρL̂

†
i , where we treat

the operators of the decay channels 3 → 1, 3 → 2 slightly di�erent. Namely, we sum over
both operators before building the product with the density-matrix. Consequently, the
coherences ρ1,2, ρ2,1 are non-zero, if one just considers the radiative decay (compare with
equation (5.14)). This correlation of the exciton levels is indispensable for the creation
of an entangled photon state, which is the superposition of both decay paths.
On the whole, the jump term reads formally

Ljump [ρ] =

(
2∑

i=1

L̂i

)
ρ

(
2∑

i=1

L̂†i

)
+
∑
i>2

L̂iρL̂
†
i

In the un�ltered case it is given by

Ljump [ρ] = Γ (ρ11 + ρ22) |0〉 〈0|+ (γρ11 + ζρ22 + Γρ33) |1〉 〈1|+
+ (ζρ11 + γρ22 + Γρ33) |2〉 〈2|+ Γρ33 [|1〉 〈2|+ |2〉 〈1|]

and if �ltering is taken into account

Ljump [ρ] = Γ (ρ11 + ρ22) |0〉 〈0|+ {(γ + κ) ρ11 + Γρ33} |1〉 〈1|+ (κρ12 + Γρ33) |1〉 〈2|
+ {(γ + κ) ρ22 + Γρ33} |2〉 〈2|+ (κρ21 + Γρ33) |2〉 〈1|

5.3.3 Building the polarization-dependent density-matrix

The Lindblad equation of the last subsection forms the basis for our calculation of the
correlation function by appliance of the quantum-regression theorem. We will discuss
this approach in the next chapter in more detail. Here we will use a simpli�ed model
to illustrate the remaining train of thoughts. This approach is characterized by ig-
noring the jump-term in the Lindblad equation (3.13). The remaining time-evolution
describes the behavior for no-photon emission (equation 3.15). If we de�ne by t′0 = 0
the time of creation of the biexciton (compare with equation (3.16)), the solution reads
Ûeff = exp[−(i/~)Ĥeff t

′]. The time-evolution of the dipole operators is therefore given

by ((ÂB̂Ĉ)† = Ĉ†B̂†Â†)

p̂(t′) = Û †
eff (t′)p̂Ûeff (t′) , p̂†(t′) = Û †

eff (t′)p̂†Ûeff (t′) (5.15)
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To obtain the polarization-dependent density-matrix from the correlation function,
we have to carry out appropriate measurements. In theory, this is accomplished by
projecting the dipole operators onto possible orientations of the idealized measurement
apparatus ~em,xx , ~em,x . The trace in (5.13) then reads (if we insert (5.15))

Tr
(
ρ0 · Û †

eff (τa)
{
~em,xx · p̂†xx

}
Ûeff (τa) · Û †

eff (τb)
{
~em,x · p̂†x

}
Ûeff (τb)·

· Û †
eff (τc) {(~em,x )

∗ · p̂x} Ûeff (τc) · Û †
eff (τd) {(~em,xx )

∗ · p̂xx} Ûeff (τd)
) (5.16)

This way we can build the density-matrix

ρ = N


〈HH|G |HH〉 〈V H|G |HH〉 〈HV |G |HH〉 〈V V |G |HH〉
〈HH|G |HV 〉 〈V H|G |HV 〉 〈HV |G |HV 〉 〈V V |G |HV 〉
〈HH|G |V H〉 〈V H|G |V H〉 〈HV |G |V H〉 〈V V |G |V H〉
〈HH|G |V V 〉 〈V H|G |V V 〉 〈HV |G |V V 〉 〈V V |G |V V 〉

 (5.17)

where 〈HH|G |HH〉 = 〈HxHxx|G(2)(r1, r2) |HxxHx〉. N is the normalization constant,
which one gets from the requirement, that the time-averaged correlation function

G(2)(r1, r2) =

∞∫
0

∞∫
0

G(2)(r1, t
′
1; r2, t

′
2)dt

′
2dt

′
1 (5.18)

preserves the trace, i.e. Tr(ρ) = 1 (compare with equation (3.2)). We also recognize
that the overall factor A(r1, r2) in equation (5.13) as well as the bulk moment µ4 cancels
out. From the density-matrix, we are now able to quantify the quality of entanglement
by calculation of the Concurrence.
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6 Methods & Results

6.1 Methods

6.1.1 Discussion of the calculation scheme

In the last chapter, we have developed a model within which we now investigate the
quality of entanglement. The necessary calculations are done with Mathematica, since
they are rather complicated and time-consuming. It also gives us more �exibility in
interchanging the considered decay channels (Lindblad operators).
The key steps of the computation are

a) Calculation of the time-evolution within the trace of the second-order correlation
function (5.13) by either using the 'no-jump'-evolution (equation (5.16)) or the quan-
tum regression theorem (un�ltered case: equation (3.19), �ltered case: equation
(3.23))

b) Determination of the matrix built from the polarization-dependent correlation func-
tions (equation (5.17))

c) Computation of the convolution (equation (4.5)) with the �lter function of a Fabry-
Pérot-�lter (equation (4.6))

d) Calculation of the normalization according to the requirement that Tr(ρ) = 1 (equa-
tion (3.2)) for the time-integrated, polarization-dependent correlation functions (equa-
tion (5.18)

e) Computation of the matrix elements of ρ

f) Determination of the Concurrence (equation (3.27))

Now let us brie�y discuss some interesting aspects of the calculation. The �rst question
is how do we implement our model? A simple idea is to de�ne the states as vectors, i.e.
|0〉 = {1, 0, 0, 0}, |1〉 = {0, 1, 0, 0}, etc. Consequently, the outer product between two
states yields a matrix, so that e.g. the annihilation operator of the biexciton-exciton
transition reads

p̂xx = µ (|1〉 〈3|~e1 + |2〉 〈3|~e2) →


〈0| 〈1| 〈2| 〈3|

|0〉 0 0 0 0
|1〉 0 0 0 µẽ1
|2〉 0 0 0 µẽ2
|3〉 0 0 0 0
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where we have also incorporated the measurement of polarization. In other words,
ẽ1, ẽ2 denote the vector product between the direction of measurement ~em,xx and the
polarization state related to the transition, i.e. ẽ1 = (~em,xx )

∗ · ~ey, ẽ2 = (~em,xx )
∗ · ~ex

(compare with (5.16)).
In the case of a �ltered correlation function, the convolution with the �lter functions

yields dipole operators, whose time ordering is not unique. As discussed in subsection
3.3.2, the use of the quantum regression theorem requires an arbitrary but speci�c or-
dering of the operators, and the overall result is a sum over all possibilities. For a
�rst-order correlation function, as we use it for the �ltered spectrum (equation (4.9)),
both orderings are related by〈

Ê(+)(τb)Ê
(−)(τa)

〉
=
〈
Ê(+)(τa)Ê

(−)(τb)
〉∗

For a second-order correlation function (equation (5.13)), we have to consider six
orderings, which are characterized by the property that each biexciton operator (annihi-
lation or creation) has to act before the corresponding exciton operator. They are given
by

• p̂†xx → p̂xx → p̂†x → p̂x

• p̂xx → p̂†xx → p̂†x → p̂x

• p̂†xx → p̂xx → p̂x → p̂†x

• p̂†xx → p̂†x → p̂xx → p̂x

• p̂xx → p̂†xx → p̂x → p̂†x

• p̂xx → p̂x → p̂†xx → p̂†x

The structure of the polarization-dependent correlation-matrix, i.e. the unnormalized
density-matrix (equation (5.17)) reads as follows. Just the 'corner elements' (in terms
of the density-matrix: ρ1,1, ρ1,4, ρ4,1, ρ4,1) are non-zero (if spin-�ips are included, the
two remaining diagonal elements do not vanish as well). They consist of damped waves
of the form exp[−at ± iωt] where ω denotes the angular frequency of the photon. To
reduce the number of variables in our calculation, we introduce the following angular
frequencies (~ = 1)

ωH,xx = ε+ δ/2− E0 ωV,xx = ε− δ/2− E0

ωV,x = E0 + δ/2 ωH,x = E0 − δ/2

To see that these variables actually are the photon's frequencies, consider e.g. the
transition |3〉 → |1〉 (compare with �gure 5.1). The corresponding energy of the photon
Ep is obtained from ε = E0 + δ/2 + Ep ⇒ Ep = ε − E0 − δ/2. In consequence, the
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vertically-polarized photon has the smaller energy in the biexciton-exciton transition
and is characterized by wem. In the exciton-ground-state transition, it is represented
by wp and in this case it has the larger energy with respect to the horizontally-polarized
photon.
If we solve the time-dependence within the correlation function by the quantum re-

gression theorem, we assume a certain ordering of the �eld operators. For example, for
the Fourier transform (4.10), we can require that τa < τb, hence

〈
Ê(−)(ω1)Ê

(+)(ω2)
〉

=
1

2π

∞∫
0

τb∫
0

(G(τa, τb) +G∗(τa, τb)) e
i(ωaτa+ωbτb)dτadτb

where G(τa, τb) =
〈
E(−)(τa)E

(+)(τb)
〉

In the four-times case, i.e. G(2)(x1, x2), we can apply the same reasoning to the
convolution, i.e. τi is integrated up to τi+1. A second condition results from the causality
of the �lter function, i.e. Θ(t′) > 0 for t′ > 0. Within the convolution, this step function
reads Θ(t′i − τj), where i = 1, 2 and j = a, b, c, d. Now, it is crucial to recognize that
we are not interested in the time-dependence of the correlation function. Quite the
contrary, we obtain the density matrix by summing over all times t′1, t

′
2 (compare with

(5.18)). Since our functions are continuous, we can interchange the order of integration
[56] and assign the step functions to the integration over t′i. In this case, the causality
of the �lter function does not yield an upper bound (as for the integration over τi) but a
lower bound. From equation (4.5) we see that each time of creation come together with
two step functions) Θ(t′i, τn, τm) = Θ(t′i− τn)Θ(t′i− τm). With respect to the convolution
parameter τn, this product means that Θ(t′i, τn, τm) has the value 1 for τm if τm > τn, i.e.
the integration over t′i has the later of both times as lower bound. To illustrate these
thoughts, consider the following ordering of the process

p̂†xx (τa) → p̂xx (τb) → p̂†x (τc) → p̂x (τd)

The corresponding �ltered, time-integrated second-order correlation function reads

G
(2)
F (x1, x2) =

∞∫
0

τd∫
0

τc∫
0

τb∫
0

∞∫
τd

∞∫
τb

h∗(t′1 − τa, ωxx, α)h(t′1 − τb, ωxx, α)h∗(t′2 − τc, ωx, α)

· h(t′2 − τd, ωx, α)Tr
(
ρ0p̂

†
xx(τa)p̂

†
x(τc)p̂x(τd)p̂xx(τb)

)
dt′1dt

′
2dτadτbdτcdτd

6.1.2 Parameters

We compare the results of our theoretical model with the experiment outlined in [22]. In
this reference, the energies of the photons are obtained from the polarization-sensitive
photoluminescence spectrum (presumably at 20K). They read ωV,xx =1276.25meV,
ωH,xx =1276.28meV, ωH,xx =1280.35meV, ωV,x =1280.38meV. Note that the energy
of the photon from the biexciton-exciton-transition is slightly smaller than the one from
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the exciton-ground-state-transition due to the binding energy of the biexciton. The
�nestructure-splitting δ is given by 27 ± 3µeV and the radiative width of the exciton
by Γ =1.6 ± 0.2µeV (Full width at half maximum) [54]. Two spectral resolutions (i.e.
�lter widths) have been used, namely 200µeV and 25µeV.
In our calculations, we utilize meV as energetic scale - a compromise between the

energies of the photons eV=̂ 103 meV and the �nestructure-splitting µeV =̂ 10−3 meV.
We also set ~ = 1, which means that times have the unit 1/meV . This is deduced from
the energy-time uncertainty relation

E · t = ~ ⇒ E · t

~︸︷︷︸
t̃

= 1 ⇒ E · t̃ = 1

which illustrates that ~ = 1 might be interpreted as a rescaling of time and we see that
we have to multiply t̃ by ~ =6.582 ∗ 10−4 meVns to get the corresponding value on the
ns -scale.

6.2 Spectrum

For the calculation of the un�ltered spectrum, we use the de�nition according to Wiener-
Khintchine (equation (4.7)). We obtain a Lorentzian pro�le for the polarization-dependent
spectrum

• XX → X-transition

S̃H,V,xx =
2 (κ+ γ + 5Γ)

π
(
4 (ω − ωH,V )2 + (κ+ γ + 5Γ)2) (6.1)

• X → 0-transition

S̃H,V,x =
2 (κ+ γ + Γ)

π
(
4 (ω − ωH,V )2 + (κ+ γ + Γ)2) (6.2)

where

S̃H,V,i =
(2πε0)SH,V

µ2k2 |Ki(ri, r′0)|

In other words, S̃H,V is the spectrum relative to the parameters, for which we do not
have explicit values.
There is a minor di�erence between equation (6.1) and (6.2), namely the coe�cient of

Γ. It is also interesting that γ and κ have the same impact on the spectrum. The results
are shown in �gure 6.1. They are in good agreement with the experimental �ndings.
Despite the matching of the linewidths, we also observe that the energetic ordering of
SH and SV is the right one in both spectra. We also compute the di�erence between SH

and SV . The resulting function has a root at ω = 1/2 (ωH,i + ωV,i) (i = X,XX). At this
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Figure 6.1: The spectrum for the XX → X and the X → 0 -transition (Γ =0.0016meV,
γ + κ =0.05meV), (H: solid line, V : dashed line)
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Figure 6.2: The �ltered spectrum for the XX → X -transition for �lter widths α = 10
and α = 0.005 (Γ =0.0016meV,γ + κ =0.05meV), (H: solid line, V : dashed
line)

point, both functions are indistinguishable and we therefore use it as central frequency
for the �lter.
For characterization of the e�ect of �ltering, we utilize the quantity de�ned by equation

(4.9). The results of our calculation are shown in �gure 6.2. We recognize that for a
broad spectral window, the horizontal and the vertical line are clearly indistinguishable.
In comparison with the un�ltered case, the overlap between both lines is slightly greater,
which is in even better agreement with the experimental �ndings. If the �lter width is
narrowed to α =0.005meV, both lines are smaller and weaker, but they do overlap
almost perfectly. Since 2α denotes the full width at half maximum, we recognize that
the �lter width is slightly smaller than the �nestructure splitting 0.027meV.
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un�ltered case (Γ =0.0016meV, γ = 0, ζ = 0)

6.3 The un�ltered case

For the un�ltered case we have a two-times process, which is solved by using equation
(3.19). Averaging over both times yields the polarization-dependent density-matrix

ρ=
1

2


Γ+ζ
Γ+2ζ

0 0 Γ
(γ+Γ+ζ)+iδ

0 ζ
Γ+2ζ

0 0

0 0 ζ
Γ+2ζ

0
Γ

(γ+Γ+ζ)−iδ
0 0 Γ+ζ

Γ+2ζ


From dimensional analysis, we see that all units in all elements cancel out, so that

our �nding ful�lls this requirement for a density-matrix. An important observation is
that κ does not contribute to ρ in the un�ltered case and the dephasing is therefore
characterized purely by γ. In other words, phonons couple to excitons just in a way,
which destroys the correlation between the states |1〉 , |2〉, and consequently, entangle-
ment between both decay paths.
The Concurrence reads (for |ρ14| 6 ρ12 and |ρ22| 6 |ρ11 − |ρ14||)

C = 2(|ρ14| − ρ22) =
Γ√

δ2 + (γ + Γ + ζ)2
− ζ

Γ + 2ζ
(6.3)

We see from this result that the Concurrence in the un�ltered case is completely
determined by the decay parameters and it is independent of the angular frequencies of
the photons.
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Figure 6.4: The dependence of the Concurrence on pure dephasing in the un�ltered case
(δ =0.027meV, Γ =0.0016meV, ζ = 0)

Let us start by ignoring spin-�ips, i.e. ζ = 0. In this case, the �nestructure-splitting
is the most important parameter. The insertion of the values discussed in subsection
6.1.2 yields C = 0.0592 for γ = 0. This is in good agreement with the value one
computes from the experimentally measured density-matrix [22], namely C = 0.06. The
explicit dependence of the Concurrence on the �nestructure-splitting is shown in �gure
6.3. We see that for the creation of entangled photons from quantum dots, it is necessary
that δ is not larger than 5-10µeV. These results, however just for the radiative decay,
are also reproduced within the 'no-jump' approach, though the polarization-dependent
correlation function is di�erent.
An increase in the interaction between phonons and dot yields a drop in the quality of

entanglement of the created photons (�gure 6.4). For example, for our standard values
δ =0.027meV and γ =0.05meV we get C = 0.03, i.e. just half the value for γ = 0.
This means that -in contrast to the spectrum- there is a better matching between our
results and the experimental �ndings [22], if the dephasing processes are not important
and γ is small. On the other hand, its in�uence is not as signi�cant as the one of δ.
Additionally, we may consider the case where the levels couple di�erently to phonons.
For this purpose, we replace the decay parameter γ in the Lindblad operators L̂5, L̂6 by
γ1 and γ2, so that there is a path-dependence. If we now carry out the calculation, we
get the following result

C =
2Γ√

4δ2 + (γ1 + γ2 + 2 (Γ + ζ))2
− ζ

Γ + 2ζ

This is comparable to equation (6.3). In particular, we recognize that both paths
contribute equally to the Concurrence, which means that just the sum of both is crucial
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Figure 6.5: The dependence of the Concurrence on spin relaxation in the un�ltered case
(δ =0.027meV, Γ =0.0016meV, γ = 0)

for the quality of entanglement.
Spin-�ips have a signi�cant, almost linear impact on C (compare with �gure 6.5). For

values greater than 0.1µeV, the Concurrence drops to zero. From this, it is evident that
these processes could not have an in�uence on the experimental results in [22], because
otherwise the experimenters would not have measured any non-classical correlation at
all.
Finally, let us emphasize that the radiative broadening has also an impact on the

Concurrence. The broader Γ, the better the Concurrence. In other words, the shorter
the decay time, the better C. This is reasonable, since in this case the system interacts
with the environment over a shorter period (and therefore the possibility of loosing
information about the excitonic state is reduced). Alternatively, the dominant time
scale is that of the radiative decay. Consequently, a quantum dot with a fast radiative
decay is less sensitive to other e�ects.

6.4 The �ltered case

6.4.1 No-jump approach

To get a rudimentary picture of the action of �ltering, we compute the Concurrence in
dependence of the �lter width α for the 'no-jump'-model. The resulting density-matrix
has the same structure as in the un�ltered case. Remarkably, the di�erence of real- and
imaginary part of the o�-diagonal matrix elements becomes larger for smaller values of
α. This is explained by a stronger increase of the real part for smaller �lter widths.
As in the un�ltered case, the Concurrence is given by C = 2 |ρ12| = 2 |ρ∗21|. The general
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Figure 6.6: The Concurrence in dependence of the �lter width for the 'no-jump' model
(Γ =0.0016meV)

tendency is shown in �gure 6.6. We observe that the narrower the �lter, the larger the
Concurrence. Interestingly, this relation is almost exponential and comparable to the
e�ect of a decreasing �nestructure-splitting (�gure 6.3). The experimentally observed
Concurrence C = 0.354 (spectral window 25µeV) is reached for α =0.00088meV. This
�lter width is about ten times smaller as for an approximative indistinguishability in the
spectrum (�gure 6.2). The absolute value of the �lter function at ω = ω0+0.0125meV
(�lter width used in the experiment) is 0.07, which shows that the input signal for greater
and smaller values of ω is signi�cantly damped.

6.4.2 Quantum regression theorem approach

Finally, let us investigate �ltering for a time evolution computed by using the quantum
regression theorem. Again, we obtain a density-matrix, which has diagonal elements
equal to 1/2 and o�-diagonal elements ρ1,4 = ρ∗4,1. The dependence of the Concurrence
on the �lter width is shown in �gure 6.7. We recognize that for γ = κ = 0, the
concurrence increases to 1 for smaller �lter widths. The major di�erence to the 'no-
jump'-approach (�gure 6.6) consists in a smoother gradient, i.e. entanglement grows
over a wider range of α. The experimentally observed value of C is reached for a �lter
width α =0.005[meV]. This value is more reasonable than the one obtained for the 'no-
jump'-approach, since the �lter width in the experiment has been 0.0125meV. It is also in
good agreement with our �ndings for the spectral indistinguishability between both lines
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(�gure 6.2). In the case of a small dephasing, the concurrence increases just to about
0.6 for α → 0. This means that the �lter cannot mask the 'which-path'-information
completely. More surprisingly, the Concurrence for a pure γ-coupling grows faster than
the one for a κ-like dephasing. This tendency is also observed for a stronger coupling
(0.05meV), in which case the Concurrence just grows to about 0.25 (�gure 6.8). Both
lines have an intersection at about α ∼0.004[meV], and just for broader �lter widths the
κ-like dephasing is greater than the γ-like one.
The dependence of the Concurrence on the decay parameters for a �xed �lter width

is shown in �gure 6.9. We see that it falls to 0.5 for a dephasing coupling, which is
stronger than 0.01meV (compare with our previous �ndings). It is also evident that the
overall tendency is characterized by the strength of the coupling and not whether it is
a coupling to single exciton states or not. For γ, κ >0.03meV, the Concurrence drops
below 0.3.
Now, let us look at the di�erence between a Concurrence with a pure κ-like dephasing

C(κ = a, γ = 0) and a Concurrence with a pure γ-like phonon coupling C(κ = 0, γ = a).
The overall tendency can be recognized from �gure 6.10. In �gure 6.11, the results for
three di�erent �lter widths are shown. One important observation is that the smaller
the �lter width, the greater the coupling strength for which C(γ) > C(κ). This is
accompanied by a minimum, which is more distinctive. For α =0.01[meV], C(κ) is
greater than C(γ), if the coupling is stronger than 0.02meV. In this case, the di�erence
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C(κ) − C(γ) is never smaller than −0.01. For a broader �lter width, the notch of the
function for small values of the decay parameters vanishes completely, i.e. C(κ) is always
greater than C(γ).
Finally, we want to show the dependence of the Concurrence on the �nestructure-

splitting (�gure 6.12). For a small �lter width (α =0.001meV, the Concurrence drops
to 0.6 for splittings lower than 0.01meV. Then it increases again and reaches maximal
entanglement for splittings larger than 0.1meV. The broader the frequency window, the
more we obtain the tendency for the un�ltered case (�gure 6.3).

6.5 Summary

The calculated spectrum is in good agreement with the experimental �ndings in [22].
We have also shown that �ltering leads to an indistinguishability of the horizontally and
vertically polarized, spectral lines. However, the intensity of the resulting output signal
is signi�cantly smaller as the un�ltered one.
From our results in the un�ltered case, we see that there is a strong dependence on

spin-relaxation. If the coupling is stronger than 0.11µeV, the Concurrence gets zero. A
strong increase of entanglement is obtained for �nestructure-splittings which are smaller
than 10µeV. In particular, the most signi�cant growth of the Concurrence is in between
1-5µeV. Dephasing also reduces entanglement between the generated photons. The
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decrease occurs in particular for values of γ which lay in between 10-30µeV.
We have also shown that �ltering can increase the quality of entanglement, in par-

ticular in systems for which the radiative decay is dominant. But it cannot perfectly
mask the 'which-path'-information due to the coupling with phonons. For a Concurrence
C > 0.5, it is necessary that the dephasing is rather small γ + κ <10µeV. In case of
a strong coupling, the increase of the Concurrence with decreasing �lter width is only
minimal. It is also surprising that γ-like coupling leads to a slightly greater Concurrence
for small values of the decay parameters. The coupling of the phonons to both exci-
ton levels results in a small increase of the degree of entanglement just for broad �lter
widths (α =0.1meV). However, in this case, photons from both decay paths are clearly
distinguishable so that the Concurrence is small.
Our �ndings for the un�ltered as well as the �ltered case suggest that the broadening of

the spectral lines in the experiment [22] can only be partly explained by pure dephasing.
In addition to that, we can rule out that spin relaxation has had an in�uence on the
experimental results.
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