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Abstract

The aim of this thesis is to find a model that describes the generation of twin-
atom beams emitted from a quasi Bose-Einstein condensate. Our work is moti-
vated by an experiment performed by a group from the Institute of Atomic and
Subatomic Physics at the Vienna University of Technology and was published
in [1].

Starting point for the generation of twin-atom beams is a one-dimensional,
degenerate Bose gas trapped in the ground state of an elongated magnetic
potential. This quasi-condensate is transferred to the first radial excited state
by shaking the trap. Subsequently, pairs of atoms with opposite momenta are
emitted from the source and propagate in longitudinal direction.

To model this behavior, we use a density matrix approach which is first ap-
plied to a simplified two-mode model of the emission process. We probe different
factorization schemes, a pseudospin-operator ansatz, and a coupled-cluster ap-
proach, and compare the results to the one obtained by the exact solution of
the full Schrédinger equation. Then we use the first-order approximation within
the density matrix approach and generalize it to a multi-mode model. We allow
several twin-modes to be populated and also imply the pumping-process in our
simulation, finding good agreement with the experiment.
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1 BOSE-EINSTEIN CONDENSATION 1

1 Bose-Einstein condensation

1.1 Definitions

Bose-Einstein condensation (BEC) occurs when a single quantum state be-
comes occupied in a macroscopic way. This is the definition made by A. Ein-
stein in 1924-25 considering ideal gases [2, 3]. With further investigation, also
of interacting and nonuniform Bose gases, a more precise formulation became
necessary.

If we formalize the original definition its deficiencies become obvious. As the
system shows BEC when the number of particles condensed in the ground state
Ny is proportional to the total number of particles N, in the thermodynamic
limit, the condition can be written as

. No
ym >0 )
While for the ideal gas the macroscopically occupied single-particle state is well
defined, there is an ambiguity in the choice of a single-particle basis in the
case of interacting particles. Therefore the ground state and its occupation
number are not uniquely defined in this case [4]. Furthermore, this formulation
does not provide the occurrence of a fragmented BEC, where several states
become occupied macroscopically [5]. Penrose and Onsager [4] generalized this
criterion and made it applicable also to interacting particles. For that purpose,
the one-body density matrix

A

P (r,r) = (U () B () (2)

is defined, where Uf(r) (¥(r)) is the field operator creating (annihilating) a
particle at the point r. The boson field operators satisfy the usual commutation
relations

(), ¥ ()| =6~ 1), [¥(r), ()] =0 (3)
The eigenvalues 7, of this matrix p(*) are defined by the solution of the eigen
equation

/p(l) (r, ') pn(r')dr’ = ynn(r). (4)
Now the criterion (1) can be rewritten in terms of the largest eigenvalue as

lim sSup,, In

N—o0 N > 0. (5)

Since the density matrix p(!) is well defined for both noninteracting and inter-
acting particles, this formulation is valid in either case.

An alternative way to formulate the condition for BEC is to require off-
diagonal long-range order (ODLRO). A system exhibits ODLRO if the one-
body density matrix p™)(r,r’) has a non-vanishing value. Also at large values
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of separation |r — r'|. This can be written as the limit

lim  pM(r,r') = W(r)To(r') = py > 0 (6)
|[r—r/|—o0
where Wy (r) is called the condensate wave function or the order parameter and
po is the condensate density. Since the density matrix is hermitian, it can be
written in the diagonalized form

PV (e, 1) = 3 uen ()en(r'). (7)

If Bose-Einstein condensation occurs, one single-particle state gets macroscop-
ically occupied. In the following, this state will be called ¢g(r). In the above
expansion, the term containing this single-particle state po(r) and its corre-
sponding macroscopic eigenvalue 7g, provide the main contribution to that sum
and

P (r,1') ~ o5 (r)o(r'). (8)

Hence, the macroscopically occupied single-particle state can be identified with
the condensate wave function, i.e.

Wo(r) = v/Nowo(r) (9)

where Ny = 7 is the largest eigenvalue of the density matrix.

While in the case of an ideal gas, where ¢q(r) is the zero-momentum state,
the condition for ODLRO (6) is fulfilled, it has to be weakened for confined
systems. This means, that both r and r’ must remain within the atomic cloud,
since all single-particle wave functions ¢, (r) tend to zero as r — oo. Thus,
strictly speaking, finite sized systems do not show ODLRO.

1.2 The condensate wave function

An alternative way to deduce the condensate wave function starts with
writing the field operator in terms of the single-particle states ; as

W) = 3 aigir) (10)

where @; is the annihilation operator for a particle in the state ¢;, and &I is the
corresponding creation operator. In Fock space these operators are defined as

d;~[|n0, ni, ..., NG, > =Vn; + 1|n0,n1, ey Ny + 1, > (11)
&i|n0,n1, ey Ny, > = m|n0,n1, ey Ny — 1, > (12)

where n; = <djdi) is the number of particles in the state ¢; and the operators
obey the commutation relations

] =6y, [asa) =0, |afal] =0. (13)
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If BEC occurs, the occupation number of one single-particle state (i = 0) be-
comes very large. In the expansion (10) the condensate contribution, containing
the corresponding single-particle wave function, can be separated out. Thus the
field operator can be written as

A

U(r) = agpo(r) + Z a;pi(r). (14)
i#0

Since the number of condensed particles Ny = <€L$€L0> > 1 the non-commutativity
of ag and dg can be neglected, which corresponds to replacing the operators ag
and &8 by the c-number /Ny. This approach, known as the Bogoliubov approx-
imation, allows one to write the field operator as

U(r) = Wo(r) + U(r), (15)

where the complex function Wy(r) = /Nopo(r) is the wave function of the
condensate, as it was already stated in (9), and ¥(r) describes the bosons
outside the condensate. From (14) one can see that, due to the Bogoliubov

approximation, (¥(r)) # 0, while for the non-condensate component (¥(r)) =
0. Thus

Wo(r) = (¥(r)). (16)

1.3 Gross-Pitaevskii equation

The Hamiltonian for a system of N interacting bosons, trapped by an ex-
ternal potential Vi;,p reads

2
H :/dI‘\IIT(I',t) [—hVQ +‘/trap(1',t) \IJ(I‘,t)
2m
1 A A A A
+ 5/dr/dr’\IfT(r,t)\IlT(r',t)V(r—r')\IJ(r',t)\Il(r, t), (17)

where W(r, t) is the boson field operator and V (r—r') is the two-body interaction
potential. Collisions of three or more particles can be neglected because of
the very low density of the gas. From this Hamiltonian we get the following
Heisenberg equation of motion for the field operator W(r,t)

0 A

i W (r,t) = (W(rt), H] =

2
— [—Q’jnvuvmp(r,m [ ¥ Ve - by B, (8)

where the commutation relations (3) for the field operator have been used.
This equation in general cannot be solved. Therefore a mean-field approach
is taken, where one makes use of the decomposition (15). If the depletion of
the condensate is small, the non-condensate term 15 can be neglected and the
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field operator in (18) can be substituted by the condensate wave function ¥.
However, the use of the interatomic potential V(r — r’) is no longer adequate
and has to be replaced by an effective soft potential that possesses the same
s-wave scattering length. The s-wave scattering length a is the parameter that
solely characterizes the interatomic interaction. This yields

indw (r,t) = —h—2v2+v (r,t)
oi ot =1y, trap (T
+ / dr’\I'Er](r’,t)I/eff(r—r’)\IJO(r’,t)} Uo(r,f).  (19)

Since Wy varies slowly on the length scales of the range of the interatomic force,
one can replace r’ by r in the argument of ¥y in the integral in the above
equation and one gets

0 h?
ihz; Yo(r,t) = (—2mV2 + Virap(r, t) + g!\Ifo(r,t)|2> Yo(r,t), (20

with the interaction coupling constant being fixed by the s-wave scattering
length a through g = %. This equation is known as the Gross-Pitaevskii
equation (GPE) and was derived independently by Gross[6] and Pitaevskii [7] in
1961. Here the order parameter is normalized to the total number of particles,
i.e. [dr|¥o|?> = N, and thus the condensate density is given by p(r) = |¥o(r)|>.

Within mean-field theory, the ground state of a BEC can be calculated from
the time-independent GPE, which is obtained by substituting

Wo(r,6) = To(w) exp (5" (21)

for the condensate wave function into (20). The time evolution is fixed by the

chemical potential pu = g—ﬁ. This leads to

<_2fiv2 + Virap(r) + 9|‘Ifo(1')|2> Wo(r) = pbio(r), (22)

which is called the stationary Gross-Pitaevskii equation.

2 Bose-Einstein condensation in lower dimen-
sions

The investigation of Bose gases in lower dimensions is of great interest be-
cause the underlying physics is very different from that of a three-dimensional
gas. For example, the one-dimensional trapped gas of interacting bosons shows
quantum statistics which, depending on the temperature and the number of
atoms, can be of bosonic, classical or fermionic character [8].
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Experimentally such a highly anisotropic configuration can be realized by
choosing the shape of the trapping potential in a way that allows to tightly
confine the motion of the trapped atoms in one or two directions to zero point
oscillations. The first experimental realization of a BEC in lower dimensions
was done by Gorlitz et al. in 2001 [9]. Based on a changed behavior of the
released atoms, a crossover from a 3D to a 2D and 1D condensate was observed.
For a reduced number of particles the aspect ratio changes and, unlike in 3D
condensates, the release energy no longer depends on the number of particles
but tends to a non-zero value in lower dimensions.

Long before the realization of these experiments condensation in lower-
dimensional Bose gases has already been investigated theoretically. Due to the
Mermin-Wagner-Hohenberg theorem [10, 11], a homogeneous one-dimensional
Bose gas cannot exhibit BEC at all temperatures [12], whereas a homogeneous
two-dimensional system only does at T' = 0. For trapped Bose gases, however,
the situation is different and the criteria for BEC have to be redefined. In this
manner, a finite, inhomogeneous system can exhibit BEC because the trapping
potential changes the density of states [13].

In the case of an ideal Bose gas this can be easily understood: In the context
of the grand canonical ensemble the total number of particles of the uniform
d-dimensional Bose gas is given by

1
N=2 a1 >

where 8 = k,;%T? € = % and p is the chemical potential. This sum can be

written as an integral, which yields

N:N0+/0°Ode ﬁ(p(e) (24)

eBle—n) — 1
where p(e) is the density of states, that is p(e) o< €¥/2~1, and Ny is the number
of particles condensed into the ground state, which is mentioned explicitly since
p(0) = 0. If at T' = T BEC occurs, this integral has a finite value at u = 0.
It is easy to see that this integral diverges for small values of € in the case of a
two-dimensional Bose gas, where the density of states is constant. A divergence
also occurs for the one-dimensional case, where the density is proportional to
ﬁ. However, the density of states changes if the gas is no longer uniform. In
the presence of a harmonic potential the density of states is given by p(e) o< e?~1
and the integral in (24) converges for the case of a two-dimensional system. But
the one-dimensional Bose gas cannot exhibit BEC even if there is a harmonic
confinement potential, because the integral in (24) is still divergent. This means
that in the thermodynamic limit, where N — oo and wip — 0 with Nwip
kept fixed, the critical temperature tends to zero. In general experiments are
performed with a finite number of particles and the thermodynamic limit is
not fully justified. However, for finite systems one does not speak of a phase
transition. Yet, a quasi-condensation can occur, where the lowest single-particle
state is substantially occupied. A one-dimensional trapped Bose gas shows this
BEC-like behavior below a critical temperature of TéD kg = hwy DWLN) [14].
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Figure 1: Diagram of states for a trapped 1D gas at finite temperature taken
from [8].

Furthermore, the inter-particle interactions play an important role. The case
of the trapped interacting Bose gas was investigated by Petrov et al [8]. They
identified three regimes of quantum degeneracy: that of a quasi-condensate
(with fluctuating phase), that of a true condensate and that of a trapped Tonks
gas, which is a gas of impenetrable bosons that shows a Fermi-gas density
profile.

3 Experimental realization of BEC

To understand how a BEC is created we take a look at the main steps of a
typical experiment. First, atoms are heated in an oven and emerge as a beam.
These hot, and thus very fast atoms are then slowed down in a so called Zee-
man slower. There the atoms absorb photons from a counter-propagating laser
beam and thereby reduce their velocity due to an exchange of momentum with
the photons. When the excited atoms re-emit the photons subsequently, they
do this in a random direction and so this process does not change the average
speed. Therefore, considering the total process of the atom absorbing and emit-
ting a photon, the average speed is decreased. Since the atoms’ velocities follow
a Maxwell distribution, only atoms with a certain velocity are resonant to the
photons frequency and can therefore be cooled (see figure 2). To achieve a cool-
ing even of the atoms with different velocities, an inhomogeneous magnetic field
induces a Zeeman shift of the atoms’ frequencies. The atoms leave the Zeeman
slower with a speed one order of magnitude smaller and are now slow enough
to be captured by a magneto-optical trap (MOT) [15] where they are further
cooled by the radiation pressure of several laser beams to temperatures of or-
der 100uK. To avoid diffusion of the atoms, a spatially varying magnetic field
and the accompanying Zeeman effect are used to generate a position-dependent
force that keeps the atoms inside the trap. The temperatures that can be
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reached with optical cooling are limited by the heating, caused by spontaneous
emission. To reach temperatures low enough to achieve BEC further cooling
is necessary. Therefore the laser beams of the MOT are turned off when a
sufficiently large number of atoms has accumulated and the atoms are trans-
ferred to a solely magnetic trap, where they are confined in a minimum and
the temperature can be further decreased by evaporative cooling. Within this
technique, the highest energy atoms are removed from the trap and the mean
energy, i.e. the temperature of the remaining atoms is reduced. Moreover also
the phase space density is increased by this process and finally the conditions
for BEC can be reached by this combination of laser cooling, magnetic trapping
and evaporative cooling.

density of atoms (arb. units)

velocity (m/s)

Figure 2: Figure from the 1997 Nobel lecture by W. D. Phillips [16] showing
the velocity distribution of atoms before (dashed line) and after (solid line) laser
cooling at a fixed frequency.

To measure the density distribution of the atoms in the condensate, several
imaging techniques exist. The most popular method is absorption imaging [17],
where a laser beam, with a frequency resonant to an atomic transition, is passed
through the atomic cloud. Thereby an absorption profile occurs, which is mea-
sured with a CCD and gives information on the spatial density distribution. To
improve the spatial resolution, the cloud is released from the trap and freely ex-
pands before imaging, this is called a time-of-flight imaging technique. Another
technique, which also works for very low densities, is fluorescence imaging [18],
where the atoms of the expanding cloud are excited when falling through a thin
light sheet, and the emitted fluorescence photons are measured (see schematic
in figure 7). However, these kinds of measurements destroy the BEC and to ob-
serve a time-dependent process it is therefore necessary to make measurements
of different condensates released at different times.
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(a) Atom chip

63 mm

Figure 3:  Schematic of the fluorescence imaging process (illustration from
[18]).

3.1 Atom chips

As already mentioned, it is possible to confine neutral atoms in magnetic
traps. These traps can be realized by nano-fabricated wires on semiconductor
substrates which are covered by an insulating layer and an overlaying, metallic
reflection layer realizing a mirror MOT, the so called atom chips [19]. In 2001
the first BECs were generated using atom chips by groups in Munich [20] and
Tiibingen [21].

Magnetic trapping is possible due to the coupling of the atoms magnetic
dipole moment with an inhomogeneous external magnetic field which allows to
confine atoms in a minimum of the magnetic field. In a magnetic filed an atom
with a magnetic moment g experiences the potential

V=-p B~—grmpus|B| (25)

where gp is the Landé factor, mp is the projection of the atoms total spin in
the direction of the external magnetic field, and pp is the Bohr magneton. The
approximation above is equivalent to assuming the magnetic moment following
the direction of the external field adiabatically. This is justified in the limit of
slow atomic motion in a strong magnetic field. Depending on the orientation of
the atomic magnetic moment to the external magnetic field, atoms are drawn
towards increasing fields (strong-field seekers) or towards regions of low fields
(low-field seekers). Since there are no local maxima of the magnetic field in
free space [22] only low-field seeking states can be trapped in minima of the
magnetic field. On an atom chip these magnetic fields are produced by current
carrying wires which are realized by conducting paths on the chip’s surface
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fabricated with lithographic techniques. The simplest micro-trap geometry is
that of a straight conducting wire combined with a homogeneous magnetic
field perpendicular to the wire (figure 4). In this configuration the external
magnetic field cancels with that of the wire in a line parallel to the conductor in
a certain distance d off the wire. There a minimum of the magnetic field occurs,
where the low-field seekers can be trapped. However, in regions of a vanishing
magnetic field the adiabatic approximation used in (25) is no longer valid, and
the internal atomic states can change. Thus low-field seekers can turn to strong-
field seekers and escape from the trap, this effect is known as Majorana loss and
can be avoided by adding an additional homogeneous magnetic field parallel to
the wire, what leads to a non-vanishing magnetic field in the minimum giving a
loffe-Pritchard type trap. One way to get such an additional parallel magnetic
field is to use a wire in Z-shape instead of a straight one (see [23] for an overview
of different trap types).

homogeneous trap center line
bias field |

current conductor on a substrate

Figure 4: A simple magnetic trap, where the atoms accumulate in minimum of
the magnetic potential (dashed line), which forms in a straight line above the
conducting wire, where the external homogeneous magnetic field cancels with
that of the conducting wire (illustration from [23]).

The strength of the magnetic confinement depends on the field gradient
near the minimum, which increases as 1/d?> when reducing the distance d to
the wire as long as this distance is larger than the diameter of the wire. Hence
bringing atoms closer to the chip surface and making the wires smaller leads
to a stronger confinement, thus allowing faster evaporative cooling and a BEC
can be formed more quickly [24].

4 Twin-atom beams: The experiment

While in light optics a laser beam is an electromagnetic wave, propagating
in a single mode, the analogy in matter wave physics can, at least for bosons, be
realized by a BEC, where all atoms occupy a single mode. By the manipulation
of these BECs matter-wave optic experiments can be realized. One experiment
already accomplished is beam-splitting, for BECs, performed by the change
of a harmonic to a double-well trapping potential on an atom chip [25]. After
coherent splitting, the condensates are released an interference can be observed.



4 TWIN-ATOM BEAMS: THE EXPERIMENT 10

Figure 5: Emission of a pair of twin-atoms from a quasi-BEC taken from [26].

Another experiment already established in light optics is the generation of
twin-photon beams [27]. In the experiment, which is the basis for the model de-
veloped within this thesis, the matter-wave analog, the generation of twin-atom
beams [1], was realized. The starting point for this twin-atom beam generation
is a one-dimensional quantum-degenerate Bose gas, which is generated from a
gas of neutral Rubidium 87 atoms on an atom chip with techniques described
in the previous sections. There are typically 700 atoms magnetically trapped in
a highly elongated potential, with a tight radial confinement (in the y,z-plane)
and a shallow confinement in the axial direction (v, = 16.3Hz). These atoms
are cooled to a temperature of T' < 35nK =~ hkp - 730Hz. In the radial plane
anharmonic potentials establish an effective two-level system consisting of the
ground state |0,0) and the first excited state along the y-direction |1,,0). The
potential in y-direction, along which the excitation takes place, can be approx-
imated by a quadratic polynomial of the form

r 4 r 2
E,=h-13.1Hz () + h - 343Hz () (26)
To To

and the one in z-direction, perpendicular to the excitation motion by

o\ 4 O\ 2
E,=h-10.4Hz (> + h-793Hz <> (27)
To o

where g = 172nm is the mean radial ground state radius. The first excited
single-particle state |1,,0), has an energy of E@(,lz) = h-[1.83,2.58]. The chemical
potential, that quantifies the mean-field interaction, is given by p ~ h-500Hz <
E?SI). Because kpT,u < hv, and v, < v the system is a one-dimensional,
weakly-interacting quasi-BEC [8].

This quasi-BEC in the radial ground state can be transferred to the first
excited state by transversal shaking of the trap. This happens with an efficiency
of 97% by displacing the radial trap minimum along an optimized trajectory.
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This trajectory is calculated numerically by using Optimal Control Theory of
the 1D-GPE, a technique already used before in theoretical works on transfer-
ring and splitting a BEC [28]. The one-dimensional approximation, performed
along the y-direction, is justified, as the dynamics in the axial direction is much
slower than in the radial ones, and the z-direction is not significantly affected
by the displacement of the minimum. Furthermore two-dimensional simulations
just lead to small deviations compared to the one-dimensional case.

_kO:

Figure 6: Schematic of the excitation and emission process from [1].

After excitation atom pairs undergo collisional relaxation. Due to parity
conservation, relaxation is just possible into a single transverse state, namely
the radial ground state, and because of momentum conservation the atoms
obtain a momentum of +k in axial direction. Twin-atoms in the |0, +k) modes
are created, depleting the first excited state |1,,0) (see figure 6).

8
2t e
B ' : 6
£
> 0 4
=
5 2
0
-2 0 2

ky / ko

Figure 7: Momentum distribution of about 700 atoms, 7 ms after starting the
excitation sequence from [1].

The atoms in the |0, £k) can be observed by single-atom-sensitive fluores-
cence imaging (see chapter 3). In figure 7, the momentum distribution of about
700 atoms, 7 ms after starting the excitation sequence is shown. It is calculated
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from the information gained by using fluorescence imaging on the atom cloud
after 46 ms of expansion. From measurements at different release times also
the time-dependence of the population of the emitted clouds can be calculated,
what is shown in figure 8. Since the model, taking only spontaneous processes
into account, is obviously not adequate to describe the emission process, a bet-
ter approach has to be found, as will developed in this thesis.

03] e |
S
B 0.2 excitation phase |
3 01
& N

0 = |
1 2 3 4 5 6 7 8
t/ ms

Figure 8: Measured population of the wing states (red line) and theoretical
estimation for spontaneous processes only (black line) from [1].

Also the number fluctuation between the beams was measured and a non-
classical suppression was observed.

5 General theory of many-body physics

5.1 The general many-body Hamiltonian

A system of N spinless, pairwise interacting bosons can be described by a
Hamiltonian, which in second quantized form reads

jr / e (v)h(r, ) (r) + % / dr / A ()8 () V (= )P (0) B () (28)

where U(r, t) is the boson field operator, V (r — r/) is the two-body interaction

potential and

h(r,t) = —%v + Virap(r) (29)
is the one-body Hamiltonian containing the kinetic energy and the trapping
potential Virap(r). The field operators obey the usual bosonic commutation
relations and can be written as the expansion

(e 9]

U(r) =D ax(t)u(r, 1) (30)

k=1

where the set {¢r} of single-particle functions, which in this context are called

orbitals, form an orthonormal basis and a (&L) are the corresponding anni-

hilation (creation) operators obeying the equal-time commutation relations for
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bosons. The field operators in the many-body Hamiltonian are now substituted
by their expansions giving

T ="k (1)aq(t)hig(t) Z (Bal(t)ag(t)ai(t)Visq(t), — (31)
k,q

k $,q,l
with
ig(t) = [ drgi(e, Oh(r. )y .1 (32)
Visat(1) / dr / dr' gt (v OV (= )g(r, (). (33)

In the case of an effectively weak atom-atom interaction, which is dominated
by s-wave scattering, only binary collisions have to be considered and the in-
teraction potential can be approximated by

V(r—r1')=gi(r—71), (34)

where the coupling constant is fixed by the s-wave scattering length. In this
approximation, the interaction matrix elements are given by

Visat(t) = g [ droi(r,063(x, 064 (x. o) (35)

5.2 Density-matrix formalism

To calculate the dynamics of a N-particle system we can introduce the re-
duced single-particle density matrix (SPDM) p with the elements p;; = + (&Idﬁ
and calculate their time evolution by setting up the Heisenberg equations of

motion i%pij = ([dj&j,f{}}. For a non-linear Hamiltonian these equations
also depend on the two-particle density matrix A;jz = ﬁ(&g&;&kdﬁ. The

equations of motion for the two-particle density matrix similarly depend on
the three-particle density matrix and so on. The arising hierarchy is known
as the BBGKY (Bogoliubov-Born-Green-Kirkwood-Yvon) hierarchy of equa-
tions of motions and is finite for a system with a fixed finite number of par-
ticles. Since the number of particles N can be huge, a truncation of the hier-
archy becomes necessary to obtain a closed set of equations. To lowest order,
the two-particle density matrix elements can be approximated by products of
single-particle matrix elements what is achieved by applying the factorization
(a il Takal> ~ (d;r&kﬂ&;&l) - jk(dI&Q to the two-particle density matrix ele-
ments This truncation corresponds to a mean-field approach. In some cases,
this is not sufficient to describe a system adequately as we will notice in the

following sections and will therefore have to apply a higher order approximation.
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6 Twin-atom beams: The theory

6.1 The model

The system under consideration is a one-dimensional, weakly interacting
quasi-BEC [1] that is formed by a magnetic trap providing tight radial (x-y-
plane) and weak axial confinement (x-direction). A quasi-BEC in the radial
ground state with zero momentum along the longitudinal direction is prepared
(g,0) and subsequently excited into the radial first excited state (e, 0) by trans-
verse shaking of the trap. The shaking is realized by a displacement of the
trap-minimum along the y-direction. This is implemented by a time-dependent
potential Vj(y — yo(t)). Since the potential is sufficiently anisotropic also in
the radial plane, the z-direction is not significantly affected by the movement.
Hence, the state (e, 0) is the first excited state along the y-direction. Once ex-
cited in the (e,0) state, atoms in the quasi-BEC undergo collisional relaxation
into the radial ground state. Thereby, two-particle collisions create twin atoms
in the modes (g,+p), with opposite finite momenta along the longitudinal di-
rection. In a first approach we will assume that, due to energy conservation,
these are states with energies Fy 4+, = E,o. Hence we are left with a two-mode
model for the emission process, including only the states (e,0) and (g,=+p).
This is implemented in chapter 6.3. Furthermore, in section 6.6, we will de-
velop a multi-mode model which takes into account the scattering to several
modes (g, £p;) with energies Fgy+), ~ FEc, according to what is observed in
the experiment.

6.2 Calculating the ground state

To calculate the coupling between the states (e, 0) and (g, £p), as described
in equation (35) in section 5.1, we need the corresponding wave functions, which
we can approximately calculate from the stationary GPE when we neglect the
non-condensate contributions. In terms of the single-particle wave function ¢(r)
the stationary GPE (introduced in section 1.3) reads

2
(2FLmVQ + Virap(r) + gN\¢>(r)|2> o(r) = po(r), (36)

since ¥o(r) = vV N¢(r), with N being the number of particles in the condensate.
Assuming Virap(r) = Vi(x) + Vi (y) + V2(2) for the confinement potential and
approximating the wave function by the factorization ¢(r) = ¢, (z)dy(y)d-(2)
we obtain three coupled equations, from which those for ¢,(y) and ¢.(2) are
solved in the approximation of no interaction, what is justified due to the high
anisotropy of the trap. Using the ground states in y- and z-direction we can
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Figure 9: Effective potential in x-direction (black) with the longitudinal ground
¢o (blue) and one particular, longitudinal excited twin-beam state ¢; (red).

write for the longitudinal direction

2
(—;nvi + Va(z) + gN chx(a:)éy(y)cbz(z)?) b () by (y) = (2) =
= o (z)dy(y)d=(2), (37)

which, multiplied by ¢ (y)¢%(z) and integrated with respect to y and 2, gives

2
( i Vi + Va(2) + Nﬂ\¢x(w)\2> Pr(x) = pge () (38)

2m

where & = g [ dy|¢,(y)[* [ dz|¢.(2)|* is the one-dimensional interaction param-
eter, depending on the 3D interaction parameter g. The single-particle wave
functions ¢, (y) and ¢.(z) are the ground state solutions in y- and z-direction.
Hence, ¢, (z) satisfies a non-linear Schrédinger equation with the Hamiltonian

N 1

Hy =~

V2 + Va(x) + Nkl ge(2)]? (39)

from which the longitudinal ground state can be calculated self-consistently by
employing imaginary time propagation (see figure 9). This leads to an effective
potential in z-direction for which also the wave functions of the excited states
can be calculated which will be used in the multi-mode description in section
6.6 to compute the coupling matrix elements x;; as well as the energies of the
corresponding modes E, ;.
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6.3 Two-mode model

6.3.1 The Hamiltonian

As already mentioned in the introduction of this chapter, a simple model for
the generation of twin-atom beams has to include the mode (g, 0) which is the
longitudinal and radial ground state of the trap, the radial excited state (e, 0),
and the wing states which are the longitudinal excited modes that are in the
radial ground (g,+p) and excited (e, +p) state. This is sufficient to describe
the excitation of the quasi-condensate from the (radial and longitudinal) ground
state (g,0) of the trap to the state (e,0) by shaking of the condensate and the
subsequent pairwise scattering of atoms from (e,0) to the longitudinal ground
states (g, £p).

Instead of describing the shaking of the condensate by a time-dependent
confinement potential V(y — yo(t)) a transformation to a frame moving with
yo(t) is accomplished, leading to a static potential and an additional excitation
term —pyg where p is the momentum operator.

Using the formalism introduced in the previous chapter 5.1, we obtain the
Hamiltonian

o= Y

k=0,£p

> Eird) ik — 9eqiio (&l,k&g,k + &L,k@e,k) : (40)

i=e,g

which governs the single-particle dynamics, with p.; = pg4e being the momen-
tum matrix element between the states (e,0) and (g,0). For the Hamiltonian,
describing the atom-atom interaction we get

! AT AT A A AT AT A A
H =r (a;,pag,fpae,oae,ﬂ + al,oal,oag,pag:p) (41)

where
w=g [ 0@l @Pds [0l ouwPdy [0yt (42)

is the product of the coupling constant g and the wave function overlap ma-
trix elements, cf. (35). Here the ¢4 and ¢, are the single-particle states in
longitudinal (z) and radial (y and z) direction for the ground (g) and excited
(e) modes obtained as described in section 6.2. For simplicity, all other terms
resulting from atom-atom interactions have been neglected because we are just
interested in the contributions due to the atom-pair production.

6.3.2 Full solution of the Schrodinger equation

The resulting problem for the emission process in the real two-mode model
can be accomplished by a numerical solution of the full Schrédinger equation.
This allows the validation of the density matrix approach we will make in sec-
tion 6.3.3. Therefore, in the following we solely consider the emission pro-
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cess, i.e. the generation of atom pairs, due to scattering processes in the ex-
cited quasi-condensate, which can be described by the non-linear Hamiltonian
~ R T
H' = ka0 e obeo + “al,oal,o%,pag,p'

In general, the many-body wave function of a system of N identical bosons

occupying M orbitals {¢1, ..., opr} can be written as

|\I’> :ZCﬁ|n1,n2,...,nM>, (43)

where the vector 7 contains the occupation numbers of the single orbitals 77 =
(n1,n2,...,npr) with ny + na + ... + nyy = N and the sum running over all
possible configurations [29].

Hence, to model the emission process, we use the many-body wave function

N
W) = Z Cm|no =N —m,n, =m), (44)

m=0

where ng is the number of particles in the excited state (e, 0) and n,, is the sum of
particles in the modes (g, +p) and (g, —p). (Due to the Hamiltonian H’, which
allows only for the annihilation and creation of atom pairs, the coefficients C,,
vanish, when m is odd.)

Applying the Hamiltonian H’ on a certain configuration |ng, n,) yields

H'lng, np) =ry/ (np + 1) (np +2)y/n0 (ng — 1)lng — 2,1, + 1)+

ko (no + 1) (o +2)y/np (mp — Dlno +2,m, — 1) (45)

In an analogous manner we can calculate the expectation values of the one- and
two-particle density matrices, what gives

N
peeo = (il ge0) = (V]al gaeo|U) = 3~ (N —m)|Cpn|” (46)
m=0
N
Pggp = <‘I”d;p&g,pm’> = Z m’Om|2 (47)
m=0
and
N
<&1,0&l,0&e,0de,0> = <&l,oae,0d;0d670> — Pee,0 = Z (N - m)2 ’Cm‘Q — Pee,0
m=0
(48)
N
<&;,P€L;pd9mag7p> = <a;,p&9,pd;pag,p> — Pgg,p = Z m2|Cm]2 ~ Pgg.p (49)
m=0

For the simulation we start with the quasi-condensate being entirely in the
(e,0) state, and hence, with the total wave-function being |¥) = |ng = N, n, =
0) and approximate the coupling constant through x = 1/n. We calculate the
time-evolution of the wave-function by solving the Schrédinger equation, using
the Crank-Nicolson method. The results are shown in figure 10.
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Figure 10: Occupation density of the states (e,0) and (g, %p) for the exact
solvable two-mode model of the emission process

6.3.3 Density matrix approach

Alternatively we could consider the time evolution of the operators a; j, or
better examine that of the direct observable quantities <CAL;kCALj,k> what we will
do in the following. The expectation values define the single-particle density
matrices p;jr = <d;-r,k&j,k>, with their time evolution given by the Heisenberg

equations of motion ip;; 1 = <[&}L’kaj’k, Hy + ﬁ’} > Through A’ the time evo-
lution of the expectation values of the single-particle density matrices do also
depend on the two-particle density matrices A1 = <flj',p&},fp&k,0&l,0> which
accounts for the correlation, induced by scattering processes where two atoms
in (e,0) are scattered to the final states (g,p) and (g, —p).

Setting up the Heisenberg equations of motion for the one-particle density

matrices, we get

1Pee,0 = —1feg¥02Im peg o — 4inIm Agg ce (50a)
1Pgg.p = 10eq¥02 1M peg p + 21k Im Agg ce. (50b)

Similarly we obtain the Heisenberg equation of motions for the two-particle
density matrices, which through H' couple to a three-particle density matrix,
what is in accordance to the BBGKY hierarchy of interacting many particle
systems (see 5.2). So we see, e.g., from the time evolution of the two-particle
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density matrix Agg ce
'A’ _ /At AT A A E[’ _
12gg.cc = < [ag,pa%_pae,oae,o, D =
=2K <a’;p&;,fp (al,()&g,p&gﬁp&e,O + de,Odl,odg,p&gﬁp>> +
— 1 ( (g —pah _p + @ yitgp) al il glie0le0 ), (51)

the dependence on the three-particle density matrices. In order to obtain a
closed set of equations of motions this hierarchy has to be truncated.

First-order approximation

In lowest-order, the three-particle density matrices can be approximated by
products of two-particle density matrices, which in the case of the three-particle

density matrix <€L;7p&;’fpfll O&g,p&g,fp&e,0> arising in (51) takes the form

N N /At A T At A
<ag,pag,—pae,0ag,17a97—Pa’e,o = \g,pQg,p)\Cg,—plg,—p ) \ Qe,00e,0

_ 2

= Pgg,pPee,0- (52)

Applying this truncation scheme to the equation of motion for the two-particle
density matrix Agg .. we obtain

z‘A;;g,ee = 2Hpg2;g,p (2p€€70 + 1) - K (2/099,]) + 1) Pee,0 (pee,O - 1) (53)

due to A’ and the terms resulting from Hy can be derived in complete analogy
to (50), what gives

,L.Agg7ee = <{a;1’&;*p&670&€:0’ ﬁ0:|> =
- 2A997€e (Ee,O B EQ,P) - 280693./0 (Agg,eg - Aeg,ee) . (54)

Analogously all further equations for the time evolution of the one- and two-
particle density matrices can be calculated. The complete set of equations is
listed in appendix A.1.1. This closed set of equations can be solved in parallel,
the results are shown in figure 11. For the simulation a coupling constant of
k = 1/n and the initial conditions

Pee,0 = 0
Pggp =N (55)
Aggee =0 (56)

have been used. Where N = 700 is the total number of particles. For the
energies the experimental values of E;0 = h-1.83, E.o = Ey+, = h-2.58
and F¢ 1, = h-5.16 are used. The trajectory of the potential minimum for
the transverse shaking of the trap for the first 5 ms of excitation is described
by V(y) =V (y — 0.022sin(E, ot)) and the momentum matrix element is set as
Peg = —2.45.
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Figure 11: Populations of the ground and excited sates with zero and finite
momenta, while shaking up the condensate with V (y — 0.02sin(E, ot)) in the
first 5 ms and subsequent emission of atom pairs into the longitudinal modes.

Comparison

In figure 12 we compare the exact results for the emission process from
section 6.3.2, which result from the numerical solution of the full Schrodinger
equation, to those described in the last paragraph, obtained from the density
matrix approach and the approximation of the three-particle density matrices
by products of one-particle density matrices, i.e. (ABC) ~ (A)(B)(C).

Since in this approximation, we have neglected all coupling terms between
one- and two-particle density matrices we will truncate the hierarchy of equa-
tions of motion at one level deeper and see if we can get better agreement with
the exact solution. This is the topic of the next paragraph.

Second-order approximation

In the following we will also include the coupling terms between one- and
two-particle density matrices. The three-particle density matrices are then
approximated by (ABC) ~ (AB)(C) + (A)(BC) + (AC)(B) — 2(A)(B)(C).
For the equation of motion for the two-particle density matrix Agg ., we hence
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Figure 12: Comparison of the population of the states (e, 0) and (g, £p) of the
two-mode model of the emission process for the exact solvable (solid line) and
the density matrix approach with the truncation scheme (ABC') ~ (A)(B)(C)

(dashed line).

get

A A

iBggee = ([af 08 _pacote, H']) = 4r(af ,af g paq, )
+ 8’i<d;,p&g,p><&;,p&l,0d97p&e70> - 8"0<&;,pd97p>2
+26(ad jal gy p) — 4r(al gal acodg,y)
- 2"@<&;,p&g,p><&l,0&i,oae,0de,0> + 4"€<d;p&g,p><&

= (0] gl gfe e 0)-

(57)

The equations of motion for the other two-particle density matrices involved
are calculated in the same way and the results are listed in appendix A.1.2.
The equations of motion for the one-particle density matrices are not affected
by this new factorization scheme and remain the same as in equation (50).
If we solve the occurring system of coupled differential equations we still see
the inconsistency between the exact solution of the Schrédinger equation and
that obtained from the density matrix approaches, that already occur at early
times (see figure 13). For later times the new factorization gives an even worse
approximation. To find out why this is the case, we will, in section 6.4, compare
our results to those obtained by Anglin and Vardi in [30, 31] for the problem

of a two-mode model of a condensate in a double well trap.



6 TWIN-ATOM BEAMS: THE THEORY 22

1 T
—
AN
0.9r \
\
‘\\‘ \
0.8F N
N\ / \
\ !
0.7+ \ / \\ i
—Peeo (exact) / \
06 | — v 1
s Pygp (exact) - .
k= N fact 1 ! )
% 05F Peeo ( ) )\ 4
8 o4 - - 4)99p (fact 1) \ . ,
A 17
= Pee (fact2) / \ , \\ ,
03fF | =~ pgg'p (fact 2) \\ \ / \ .
\ \
0.2+ A\ | R
\ \
N\ :
0.1f AN N A
SN o~
0 L L g T
0 1 2 3 4 5 6 7 8 9 10
Time (ms)

Figure 13: Occupation density of the states (e,0) and (g, £p) of the emission
process for the exact solvable two-mode model (solid line) and the density ma-
trix approach applying the truncation scheme (ABC) ~ (AB)(C)+ (A)(BC) +
(ACY(B) — 2(A)(B)(C) (dashed line).

6.3.4 Pseudospin-operator approach

In the following section we apply the approach developed by Anglin and
Vardi to calculate the dynamics of a condensate in a double-well trap, that is
mapped onto a two-mode model [30, 31] to the generation of twin-atom beams.
Within this approach, not the evolution of the expectation values (&3&]-) is calcu-
lated, but that of the angular momentum operators in the Bloch representation

which are defined as

N N
e 0Og,p T g pUe0

L,= 5 (58a)
r CAbi,odg,p - a;,pde,ﬂ
L,= 5 (58b)
2 &l oae,o - dj; p&g,p
L,=—= 5 : (58c)
and
Ly =Ly +ily =al yag, Lo=1L,—iLy,=al aco (59)

are the cooresponding ladder operators. In terms of these SU(2) generators the
two-mode Hamiltonian reads

N
L N o
H =3 (ag,pag,paevoaeyﬂ + g ole 00g,plg,p

=P 12) = k(12 12). (60)

We are especially interested in the value of the operator L. because it represents
the number difference of atoms in the excited state (e,0) and that of atoms in
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the wing-states (g, £p). So we calculate the corresponding Heisenberg equations
of motion for this angular momentum operator giving

G b= i [Le ] = 25 (Lky + Ly L) (61)

Again, the expectation values <ﬁlﬁ]> can, in lowest order, be approximated
by the product of first order expectation values by (L;L;) =~ (L;)(L;). Here
this approximation is insufficient, since if all the atoms are initially in the
excited state (e,0) only the expectation value <f)z> is different from zero in
the beginning, and time derivation of all three angular momentum operators
vanishes. This is why we have to go one level deeper and instead also consider
the time evolution of the second order moments and apply the approximation

A

(LiLjLk) ~ (L;L;)(Lk) + (Li)(LjLy) + (LiLy)(L;) — 2(Li) (L) (Ly).  (62)

Implementing this truncation we get for the time evolution of the second order
moment (LgL,)

2La) + 8r(La)(La){La)+

{
L:)(Ly) + 8r(Ly)(Ly)(Ls).
(63)

A

- 6"3<ﬁy><ﬁzf’y> - 4’€<ﬁ2><ﬁyﬁy> —2K(Ly

and derive the remaining equations analogously. Here we see that we also need
the time evolution for the operators L, and IA/y, which are calculated like that
for L, in (61). The whole system of equations of motions is listed in appendix
A.1.3. We solve these equations in parallel, analogously to those in section
6.3.3. From these results we can calculate the population of the excited (e, 0)

and wing states (g, £p) by

Ny=7 (L) (64)

since No N
(L.) = % and N = No+N, (65)

where N is the total number of particles. In figure 14 we show the corresponding
plot. The comparison with the results from section 6.3.3 and the plot in figure 12
respectively, shows accordance to a large extent what means that the truncation
scheme (ABC) ~ (A)(B)(C) applied in 6.3.3 is as good as the approximation
applied within the pseudospin-operator approach in equation (62).

For a more intuitive understanding for the phase and particle number fluc-
tuations we define the single-particle Bloch vector

N N N

and visualize the dynamics on a Bloch sphere.
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Figure 14: Occupation density of the states (e,0) and (g, &p) of the emission
process for the exact solvable two-mode model vs. the pseudospin-operator
approach.
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Figure 15: The generation of twin-atom beams visualized on the Bloch sphere
with time increasing from left to right.

Visualization on the Bloch sphere

For a two-mode N-particle system we can apply the principles for the visu-
alization of an assembly of two-level atoms in quantum optics from [32]. An
atomic coherent state |6, ¢) is obtained by rotations of the ground state which,
in the case of the two-mode model, we chose to be the |N,0) where all atoms
are in the excited state (e, 0), what can be written as

0, ¢) = Rg 4|, 0) (67)

where the rotation matrix is given by Ry 4 = ¢~ #0(Jasing—Jycos9) e probabil-
ity distribution for the states |C) obtained by the time-evolution corresponding
to H' is given by |(0, $|C)|? what is illustrated in figure 15 where the number
difference is plotted on the z-axis and the phase on the y-axis. For the twin-
atom beam generation, one can furthermore see that the number and density
fluctuations (which are represented by the widths in z- and y-direction) increase
and subsequently decrease again.
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6.4 Truncation of the hierarchy of expectation value equa-
tions of motion

In equation (57) we applied a truncation scheme on the hierarchy of equa-
tions of motion for the density matrices, from which we expected to obtain bet-
ter agreement with the exact solution of the full Schrédinger equation but that
was not the case (see figure 13). Namely we have factorized the three-particle
density matrix elements like (ABC) ~ (AB)(C) + (A)(BC) + (AC)(B) —
2(A)(B)(C) instead of neglecting the coupling terms between one- and two-
particle density matrices and factorizing the three-particle density matrix as
(ABC) ~ (A)(B)(C) which is applied in equation (53). To understand why
this new factorization does not give a better approximation we compare our
results to those obtained by Anglin and Vardi [30, 31] for the two-mode model
realized by a condensate in a double well trap. In the following section which
we will shortly retrace the corresponding calculations.

6.4.1 Two-mode model of a condensate in a double well trap

For the condensate in a double well trap we have two modes which we will
call left and right mode. If dTL’ r and ap g are the creation and annihilation
operators for the corresponding modes, we can define the angular momentum
operators as

At AT A
i,= W (68a)
. abap—ahag
L,= % (68b)
. abap—ahag
L.= 5 (68¢)

In terms of these angular momentum operators the Hamiltonian, describing a
condensate in a double well trap, takes the form

H=—wl,+ gii (69)
where w labels the tunnel coupling and 7 the interaction strength between the
two modes.

Like in section 6.3.3 the equations of motion for the expectation values of
the angular momentum operators can be calculated from %(f@ = —i([L;, H))
and depend on the second order moments A;; = (LiL; + LiL;) — 2(L;)(L;).
Due to the BBGKY hierarchy the second order moments depend on third
order moments. TIAlis i§ thg point WAheAreAwe apply AtheAdiﬂerer}t faicti)riza—
tions (L;L;Ly) ~ (Li)(L;){Lk) and (L;L;Lg) ~ (LiL;){Lg) + (Li)(L;Ly) +
(LiLy)(Lj) —2(Li){(L;)(Lg). Based on the resulting sets of equations of motion
for the first and second order expectation values we can run simulations (see
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Figure 16: Comparison between the two factorization schemes (ﬁzﬁjﬁw ~
(Li)(Lj)(Ly) (fact 2) and (LiL;Ly) ~ (LiL;)(Lk) 4+ (Li)(L;jLg) + (LiLk)(L;) —
2(L;)(L;){Ly) (fact 1) against the exact solution of the Schrodinger equation
(exact) for a condensate in a double well.

figure 16, similar to those already used for the calculation of the twin-atom
beam generation. Here we start with the condensate being initially entirely in
the left mode what is implemented by the use of the following initial conditions

A N
(L) =5
N
sz - Ayy - ? (70)

<IA190> = <f4y> = Azy =A,, = Ayz =A,, =0.

6.4.2 Comparison of the two-mode models of a condensate in double
well versus that of twin-atom beam generation

In figure 16 we compare the results obtained by the two different factoriza-
tion schemes, and see much better agreement of the factorization which includes
the coupling between first and second order moments to the exact solution. This
is what we have also expected for the simulation of the generation of twin-atom
beams, but there we obtained better results with the application of the factoriza-
tion (ABC') ~ (A)(B)(C) as shown in figure 13. This may be the case since the
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Figure 17: Eigenvalues of the RSPDM for a condensate in a double well.

factorization (L;L;Ly) ~ (LiL;)(Ly)+ (Li)(L; L)+ (LiL) (L) —2(L:) (L) (Ly,)
is a perturbative approximation in f, where f and 1 — f are the eigenval-
ues of the reduced single particle density matrix (RSPDM) with the elements
R;; = (d;rdﬁ /N and therefore only valid if f is small, what is related to mildly
fragmented condensate [30]. For the problem of a condensate in a double well
this condition is fulfilled as we can easily check by plotting the eigenvalues of
the RSPDM (see figure 17) but it is not the case for the problem of twin-atom
beam generation, where the first eigenvalue of the RSPDM equals the popula-
tion of the excited state (e,0) and the second one that of the wing state (g, £p).

6.5 Coupled-cluster approximation

In the previous chapters we have probed different truncation schemes within
the density-matrix approach and obtained a good approximation, already close
to the exact result (see figure 12). Nevertheless, in the following section, we
want to apply a different approach, namely the coupled-cluster theory, to see if
we can get even better results.

6.5.1 Basics of the coupled-cluster theory

Coupled-cluster theory was first suggested in the context of the many-body
problem of nuclear physics by Coester [33] and Coester and Kiimmel [34] and
applied to a system of bosons in external traps by Cederbaum et al [35]. Within
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the coupled-cluster approach the full many-body wave function is obtained
from a ground configuration |¢g) by the application of an exponential oper-

A

ator exp (7" A
@) = eT[¢o). (71)

Whereas in the case of nuclear dynamics the ground configuration |¢g) is a
Slater determinant, we will focus in the following on the system of N bosons,
where the ground configuration naturally is given by the state where all particles
remain in a single orbital (1. This state can be written as

0) = = (al) " 10) with (gnlon) = 1 (72)

where |0) is the vacuum state and &]; the creation operator corresponding to the
orbital 1. The cluster operator T is defined as the sum of excitation operators
T;

PoS, 73)

where the excitation operator 77 generates a single excitation, 75 a double
excitation and so on. These excitation operators can be written as

T, = n(&l)” (74)
with
M
o= eyl -al (75)
i1y in=2

where m is the number of orbitals ¢; and the a; and &I are the corresponding
annihilation and creation operators. Since the creation operators in (75) com-
mute, the oder of the coeflicients’ indices is irrelevant. The cluster amplitudes
Ciy.....in are yet unknown and can be calculated from the coupled-cluster equa-
tions. These coupled-cluster equations are obtained from the time-dependent
Schrédinger equation

“ ) 8 “
He"|go) = ize" o) (76)
which, multiplied with the operator exp (—T) from the left, gives

70

¢ 190) (77)

e_THeT|¢0> =ie
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and the projection onto the different possible excited configurations yields the
following set of coupled equations

Y . _7 0 7
(gole™ HeT|go) = i{gole™ e |do) (78a)
(dolalaze T He” |go) = z’<¢o\a1aie—fgtef|¢o>, i=2,3,...,M (78b)
2 ~ ~
(ool (a])" asaze™ " HeT |go) =

. N2, . 70 g S
= i(¢o| (a{) a;aje TEeT\qSo% i>j=23,....M (78¢)

consisting of (M +]f,V ~1) independent equations to calculate the M +]<[V 1 cluster

amplitudes ¢;, ;. [35]. Since, even for a modest number of orbitals included,
the size of this system of equations is enormous and an approximation becomes
necessary.

The approximation is achieved by a truncation of the cluster operator T.
If, for example, the a CCSD approach is chosen, only single (S) and double (D)
excitations operators are included, i.e. the cluster operator is approximated by
T ~ Tl + TQ and the number of cluster amplitudes reduces drastically to M — 1
coefficients ¢; and M (M — 1)/2 coefficients ¢;; (cf. (75)).

6.5.2 Application of coupled-cluster theory to the generation of
twin-atom beams

In the last chapter we have reproduced the formalism of coupled-cluster
theory for systems of bosons. In the following we apply this this theory to
the two-mode approximation of the generation of twin-atom beams out of an
excited degenerate Bose gas. This process is described by the Hamiltonian

2 . At AT A A IS PN PN
H _H(ag,pag,pae,@ae,o+ae,0ae,0agmag,p (79)

which we are already familiar to.
As in 6.5.1 we write the exact wave function as

) = eT'|go) (80)

where here the ground configuration is chosen to be the state where all bosons
are in the excited mode (e, 0), which is

\bo) = Jivf' (al )" 10) with {golgo) = 1. (81)

Since in this system always pairs of atoms are generated in the longitudinal
(g9, £p) modes, the cluster operator can only consist of double excitation oper-
ators or multiples of it. To demonstrate the underlying calculations we choose
the following truncation of the cluster operator

T =1y + Ty (82)
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Figure 18: Occupation density of the wing states (g, +p) of the emission pro-
cess for the exact solvable two-mode model and the two-mode coupled-cluster
approach with different truncations of the cluster operator 7.

Since in our model we only have to deal with two modes, namely the (e,0) and
(g, £p) modes, here we simply label the occurring cluster amplitudes as t5 and
t4 which, in our time-dependent problem are the quantities dependlng on time.
So we can write the cluster operator as a sum of the two operators T2 and T4
which generate one and two pairs of atoms respectively. We can write them as

2 N
Ty = ta(t) (ae od;p) = t5(t)S? (83a)
A 4 N
Ty = ta(t) (ac0af,) = ta(®)S* (83b)

where we have used the operator S = a. oa . In this manner we can write the
cluster operator in the compact form

T = t5(t)S% + t4(t)S*. (84)

To make up the coupled-cluster equations, which we will use to calculate the
cluster amplitudes t9 and t4, it is useful to write the Hamiltonian of this two-
mode model also in terms of the operator S that yields

N N2 A
H = /{(a;pa;paeoaecﬁ-aeoaeoa;p ;p> =K {(ST) +SQ} (85)
which is in analogy to what we already had in (60). Due to the truncation of

the cluster operator 1" (see (82)) we get two independent, coupled equations for
the variables to and ¢4 which are

60l (31)" €T 2T lgn) = (0ol (81)" ¢~ THeT v} (36n)
itaol (57" *Ta  Tlon) = (ool (81)' e THTIo). (s6b)
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To evaluate these equations we will make use of the expansion

A=e et = At o [AT] 4 [[A1] 7]+ ... (87)

what for the term on the right hand side gives

e_TgeT — e Trel =7 = £ (t)S% + 14(1)5* (88)

plify to
o0l (31)" 22100 = (60l (1) e T HeT o) (89a)
ol (31)" P10 = (60l (31)" e T HeT o). (s9b)

Also for the terms on the left hand side, equation (87) gives an exact expression
and the coupled-cluster equations finally yield

ita(g0l (81)" 5%10) =
= (o (gT)Z §%|¢o) + Kta(dol (gT>4 §*¢o)+
+ gnt{gol (81) " 84100) — wta? (00 (1) 87 (87) 82160) (90a)

itadol (87)" 5%100) =
= ntata(gol (S T)6 361 —ﬁt2t4<¢0|(ST) 52 (ST)2§41¢0>+
—fm (ol (81)" 87 (51)" §%100) — mtatalool (51)" 5% (51)" 5(0)+
+%nt2 (ol (51)" $* (ST)2S2|¢O>+ém23<¢oy(ST)6§G|¢O>. (90D)

Now this system of coupled differential equations can be easily solved numeri-
cally, since the expectation values of excitation operators of the form
(0] (ST)282|¢h) can be calculated (they are listed in appendix B.1).

If the cluster-amplitudes are calculated the wave function can be evaluated
at the different time-steps of the simulation with equation (80). The expecta-
tion value of the pseudo-spin operator L. then gives the population density of
the state (g, p) as already implemented in section 6.3.4. The result for a simula-
tion of a system of N = 100 atoms is shown in figure 18 where it is compared to
further truncations of the cluster operator, namely T = Zf’g and T' = Tg +Zf’4 +T6
and the exact solution obtained from the Schrédinger equation. The compar-
ison shows that with the coupled-cluster theory we just obtain a perturbation
series and that this approach is not a better alternative to the density matrix
formalism applied in section 6.3.3.
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6.6 Multi-mode model

Since we have tested different approaches for a two-mode model of the twin-
atom beam generation, we found out that a first-order approximation within
the density-matrix approach provides the best results and therefore, we will
generalize this formalism to a multi-mode model in the following section.

8 0
2t 2 2
6 ) -10
2 £
~ 0 4~ 0 -20
- =
) 2 ) -30
0 -40
-2 0 2 -2 0 2
Kk, / ko Kk, / ko
1rd
2z 2z
‘o ‘0
5 505
a a
0
-1 0 1
ky / ko ke / ko

Figure 19: Results from the twin-atom beam experiment [1] which show mo-
mentum distributions of about 700 atoms released from the trap 7 ms (in (a),(b)
and (d)) and 6 ms (in (c)) after starting the excitation sequence. (a) Momen-
tum distribution gained by fluorescence detection (in photons per pixel). (b)
Average of approximately 1500 images similar to (a). (c¢) Normalized, radial mo-
mentum distributions of the central (blue) and emitted (red) clouds (averaged
over 50 images) in comparison to the distribution of a non-excited cloud (black).
(d) Normalized profile of (b) along the x-direction (red dots) and three-peak
Lorentzian fit (black line).

Figure (19) shows that a two-model with just a single longitudinal mode
lg, £p) being populated by the emitted atoms is not sufficient to describe the
experiment adequately, but a variety of modes with energies centered around
E. o has to be depicted. While an extension of the full Schrédinger equation (in
section 6.3.2) to a multi-mode model is impracticable, due to the exponentially
increasing size of the Hilbert space, the generalization of the density matrix
approach (in section 6.3.3) is straightforward and the multi-mode Hamiltonian
for the non-linear coupling, describing the emission-process, takes the form

AT AT A A
P Z Kij (ag za’g jae an o+ ae an,Oa!]»ZGQJ (91)

where the coupling matrix element between the source and the longitudinal
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modes K;; can be expressed as

ki =g [ 6@ @0y () [ GwPe iy [loy)la: ©2)

which is simply the generalization of equation (42). The wave functions
®i(x)dg(y)pg(2) are those corresponding to the several longitudinal excited
modes which are populated during emission. Since k;; = kj; momentum
conservation is fulfilled, and due to the symmetry of the single-particle wave
functions also parity is conserved. Considering only this non-linear part of
the Hamiltonian the equations of motion for the one-particle density matrices

peo = (al gae0) and pgi; = (@l ;a.5) yield

/ A i ..
i (p20) = ([al gireo, H']) = =203 iy Im AY (93a)
ij
i i\ R " A ik ik
i(p) = (@] g B']) =" (kA e — kit A5 ce) . (93b)
k
where A%ee = (d;id; ;j@e,0Ge,p) is the two-particle coherence, whose time evo-

lution is
i (Af{;,,ee)/ ~ (200 + 1) wwipitlly — riiple (020 — 1)+
kl
=20 (P20 = 1) 32 (wanriy + i) - (94)
k

To gain a complete description of the twin-atom beam generation process
we also have to formulate the free time-evolution and the pumping process in
terms of our multi-mode model which is covered by the Hamiltonian

T AT A AT A
HO - Z Eﬂvoaﬂyoa#ﬁo + Z Eg’iagziag’i—i_
H=g,e 7

~ Peglo (&Z,o&g,o + &;,odei)) ~ Peglio Y (&Z,ﬁg,z’ + &;,@-@e,i) (95)
7

where the index ¢ runs over the longitudinal excited modes with
E,; ~ E.o and p is the momentum matrix element between the longitu-
dinal ground and excited state.

Taking also into account the free evolution and the pumping, we additionally
have to calculate the system of equations for the time evolution due to FIO, which
for the single-particle density matrices yields

i () = ~ipio2Tm o2 (96a)
i (#)" = (~Eqi — Eey) ol — 9egio (0, — p12) (96b)

and
i (Azjg,ee)o = <{d;iA;jde,0ae,Ov I:IO}> = (97)

= AZgjg,ee (ZEE,O - Egvi - Egvj) - pegyo (QA;jg,eg - Ag;,ee - A?e,ee) .
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Figure 20: Simulation for one (left) and five (right) wing modes where the values
for the coupling constants r;; and energies are calculated from the effective
potential used in the experiment and a dephasing of 75 = 2ms for the two-
particle density matrices is considered.

for the two-particle density matrix, just to name a few. The complete set of
equations of motion for the one- and two-particle density matrices is listed in
appendix A.2.

In figure 20 a simulation for one and five wing modes (g,7) respectively is
shown, where the corresponding energies E,; and the coupling matrix elements
kij are calculated from the effective Hamiltonian obtained in section (6.2). Ad-
ditionally a dephasing of T = 2ms of the two-particle density matrix is taken
into account. For the displacement of the potential minimum, responsible for
the transfer of the condensate from the transversal ground (g,0) to the first
excited state (e,0), a trajectory of yo(t) = —0.022sin(E, ot) active at the first
5ms of the simulation, was used and a value of pe, = —2.45 for the momentum
matrix element was used. The simulation was run for N = 700 particles.

6.7 Conclusion and outlook

Within this thesis a model for the generation of twin-atom beams, emitted
from a one-dimensional degenerate Bose gas in the first radial excited state of
an elongated trap, was developed. In a first approach, a two-mode model is
used to describe the population of a single twin-mode by atom-pairs emitted
from the quasi-BEC. This problem allows a full numerical solution of the cor-
responding Schrédinger equation, which is compared to the results obtained
from a density matrix and a coupled-cluster approach. For the density matrix
approach different factorization schemes to truncate the BBGKY hierarchy of
equations of motion are probed. The density matrix approach is then applied to
a multi-mode model, where several twin-modes are populated. Also the pump-
ing process, where the quasi-condensate is transferred from the ground to the
first excited state of the waveguide potential, is modeled in this approach.

Furthermore, the effect of the thermal occupation of the twin-modes as
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seeds for the emission, as well as an adequate treatment of the non-condensed
particles in the GPE, including the corresponding changes of the interaction
matrix elements, and the energies of the modes could be investigated.
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Appendices

A Heisenberg equations of motion

We calculate the time evolution of the one- and two-particle density ma-
trices p and A trough the Heisenberg equations of motion ip = ([p, H]) and
iA = ([A, H]) respectively. The Hamiltonian H = Hy + H' with Hy, con-
taining the free time evolution and the pumping process, and H’, describing
the atom-atom interaction responsible for the emission of the twin-atom beams.
Through H' the time evolution of the one-particle density matrices depends on
the two-particle density matrices and that of the two-particle density matrices
on the three-particle density matrices and so on. To obtain a closed set of
equations, we approximate the three-particle density matrices by products of
one-particle density matrices (see A.1.1) and, alternatively, by a sum of prod-

ucts of one- and two-particle density matrices (see A.1.2).

A.1 Two-mode model

The process of the emission of twin-atom beams is mapped onto a two-mode
model, where only a single longitudinal excited mode (g, £p) with E.o = Ey,
can be populated. This model contains the transversal excited state (e,0) and
the twin-atom states (g, +p). Additionally, the states (g,0) and (e, £p) are
included, since also the pumping process is taken into account.

A.1.1 First-order approximation

In this approach the three-particle density matrices are factorized according
to (ABC) ~ (A)(B)(C'), where A, B and C are pairs of creation and annihila-
tion operators.

One-particle density matrices
Z'p'gg,O = < [&;0&9,07 IA{O + E’/} > = i@egyo2 Im Peg,0 (983)

ipee,O = _i@egyOQ Im peg,O — 43k Im Agg,ee (98b)

iPeg,0 = (Eg0 — Ee,0)Peg0 — Pegh0(Pee,0 — Pgg,0) — 268gg.eg (98c)
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iPgg,p = 10eg¥02Im peg p + 20k Im Agg ce (98d)
1Peep = —1PegP02Im peg p (98e)
iPegp = (Egyp - Ee,p)ﬁeg,p - pegyO(Pee,p - ngyp) + KAegvee- (98f)

Two-particle density matrices

Z'Agg,ee =~ < [&;p&;fp&e,oae,m f{O} > —
= 20gg.ee (Ee0 — Egp) — 20egli0 (Dggeg — Degyee) +
+ 2“P§g,p (2pce,0 + 1) = £ (20g9,p + 1) pee,o (Peeo — 1) (99a)
iAgg,eg ~ DNggeg (Eeo + Ego —2Egp) — 9eg¥o (Dgggg + Dggee — 2Deg,eq) +
+ 26050 pPeg0 — K (20g9.p + 1) Pec0Peg,0 (99b)
iDgg.g9 = 284499 (Eg0 — Egp) — 20eg%0 (Dggeg — Aeggg) +
— K (2pg9p +1) ng,o (99¢)

Z.Aeg7€e = Aegaee (2E670 - EQ»P - Eeyp) - pegyo (2A69769 - Aggyee - Aee,ee) +
+ 26peg pPggp (20ee,0 + 1) = Kpeg pPee,o (Peeo — 1) (99d)

iDegeg = Degeg (Eeo + Ego — Egp — Eep) +
— 9eg¥0 (Aeg,gg + Aegee — Dggeg — Aeeeq) +
+ 2KPeg,pPgg,pPeg,0 — KPeg,pPee,0Peg,0 (99e)

iDeggg = Deggg (2Eg0 — Egp — Eep) — 9eg¥o (2Deg,eqg — Dgggg — Deegg) +

- Hpeg,pngg (99f)
Z‘Aee,ee =~ 2Aee,ee (Ee,() - Ee,p) - 2@6990 (Aee,eg - Aeg,ee) +

+ 2"/‘7:059,19 (2p86,0 + 1) (99g)
iAee,eg = Aee,eg (Ee,O + Eg,O - 2Ee,p) - @egyo (Aee,gg + Aee,ee - 2Aeg,eg) +

+ 2"‘£ﬂ§g,pp€g70 (99h)

iDee,gg = 20ce g9 (Eg0 — Eep) — 20eg0 (Ace,eg — Degrgg) (99i)
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A.1.2 Second-order approximation

Here we also include the coupling terms between one- and two-particle den-
sity matrices in the factorization and approximate the three-particle density
matrices by

(ABC) ~ (AB)(C) + (A)(BC) + (AC)(B) — 2{A)(B){C). (100)

Within this approach we just consider the emission process and hence solely
the time evolution of the density matrices due to H’. While for the one-particle
density matrix peeo the equation of motion stays unchanged, that of the two-
particle density matrix Agyg . becomes

( [&;,p&;—p&&o&evo? ﬁ/} )~ 4"<&;pd;,—pd9m&g,—p> <&l,ode,0>+ (101)
+ 8’€<&; plyg, p) <&T,p&l 0lg,ple0) — 8“@; p&97p>2
+ 2’f< Qg pa ; pag,pag —p) — 4r{ag oa; ple, 08g,p)
2 g )L i) + 40(8] ) 0L
— r{al gl ge,0te,0)

and now depends on further two-particle density matrices for which the time
evolution is given by

A

{ {&;p&;,—pd%p&gﬁpv H/} ) 2K’<&;pd9,p> <d;,p&;_p@e,0&e,o>+ (102a)
+ K’<&£E p&; —plic,0fe,0) — 2’i<d;,p&g,p> <&Z,0&Z,0&g,p&g,—p>+

—r(a Zoal oag,pag —p)

([a] 0! gfigpiie0 H']) = (@l o 0) (], ih e pireo)+ (102b)

+ 2“(% plg, p>< Qg an 0Ggplg,—p) — k(@ Z 0de,0) <€‘Z,0&Z,0&g,pdg,—p>

([al g6l ge.oteo, B']) = —ar(al gae0)(a}, b, pae0e0)+ (102¢)
— 2k(a T,p gT; pae 0Ge,0) + 4r(a T0&670><&l,odj:,odg,p&g,—p>"‘

+2xk(a l o“T 00g,plg,—p)-



A  HEISENBERG EQUATIONS OF MOTION 42

A.1.3 Pseudospin-operator approach

Within this approach we solely model the emission process and consider the
expectation values of the pseudospin-operators

AT A At A
g 0lg,p + Ug ,0e,0

L,= : (103a)
& &l,oag,p - CALL,pde,O
L,= 5 (103b)
Al gaen —al yagy
I, =" 5 : (103c)

instead of the one-particle density matrices. The equations of motion for this
angular momentum operators are given by

d + T 7 PR PN
oLy =i (Lo A" = = (LyL. + L.L,) (104a)
L = i[hy 1) = —w (Lok. + oL, (104b)
dt
d - Te £y PN PO
L= [Lz, H} — % (LxLy T LyLw) (104c)
and also depend on the second order moments, for which the time evolution is
given by
d , ~ - N PO
g Lele) = —i{[LoLe, ') ~ (1052)

%<ﬁyﬁz> ~ (105b)
= 6K<£y><£yix> + 45( Aa:><f’yf’y> + 2"5< Ay><ffﬂcLy> - 8'“0< Ax><£y><£y>+
— 3K(L ) (Lo L) — 26(Lo) (Lo L) — k(L Lo) (L) + 4k (Lo ) (L)L)
%<zxzy> ~ (105¢)
~ —3k(Lo )V (LyLy) — 26(L ) (LyLy) — k(L) (LoLy) + 4k (Ly) (L) (L2 +
- 3’€<Ly><£zﬁy> - 2H<[A/z><f/yﬁy> - "<5<ffyf/z><f/y> + 4"Q<ﬁy><ﬁy><ﬁZ>
d ~ =«
%<LxLx> o~ (105d)
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- 2”<f’y><f’xﬁZ> - 2’{<ﬁy><ﬁz Am> + 8k ( Aw><f’y><EZ>
d » =« d » -
%<LyLy) ~ %<LxLz> (105¢)
D iiy ~ (105¢)
dt z 4 —

~ 4k (L) (LyL.) + 4k (Lp) (Lo Ly) + 4k (L ) (Lo L) + 4k (L) (L. Ly)+
+ 4R(L )Ly Ly) + 46(L)(LyLy) — 165(Ly)(Ly)(L.),

if we apply the factorization <IA/lIA/]IA/k> ~ <ffszg><f/k>+<ffz><ff]f/k>+< i k:>< j>_
2(L;)(L;j)(Ly) for the third order moments.
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A.2 Multi-mode model

Here the two-mode model of the emission process is generalized to a multi-
mode model in which the twin-atom beams can populate several modes (g, 1)
with energies centered around F g.

A.2.1 Pumping and free time evolution

The Heisenberg equations of motion for the free time evolution and the
time-dependent excitation (pumping) of the one-particle density matrices are
given by

i (pgg)o - <[a;0ag,0, HOD = ieqii02 Im p%0 (106a)
i (12)" = ~igegtio21m oS5 (106b)
i (799)” = (Byo — Eeo)pego — vegio (020 — 039) (106¢)
i (9)" = (Bgs — Byg) o3+ oegin (03— (013)7)  (106d)
i (#2)" = (Eej — Eea) 2 — wegiio (05— (e23)") (106¢)
i (58)" = (Bgy — Bei) %, — veqtio (v — ) (106f)

In the same manner the equations of motion for the two-particle density
matrices can be calculated what gives

N0 T .

i (Ae) = ([ahif jacoico, Ho| ) = (107a)
= Azjévee (2E670 - E 7i - Egvj) - perO (QAZJQ:SQ - Ai{},ee - Agz,ee>

(A V' — AU (Byo+FE.o—E,i—E 107b

Z( gg,eg) - gg,Eg( 9.0 T Leo — Lgi — g,j) + (107b)

~ 9eqti0 (Al g9+ Ao = Dby = My o)
(A ' — A (9B, — E,i— By 107
v < gg,gg) — =4g9.99 (2Eg0 — Egi — Egj) + (107c¢)

e i _ A _ A
§eg¥o (2Agy,eg Acy.g9 Aeg,gg)
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(A Y A

¢ < eg,ee) — Seg,ee (2E€70 - Egvj - Eeﬂ) + <1O7d)
- @egQO (QAijg,eg - Af}é,ee - Aije,ee)

(A N A

¢ < eg,eg) — Seg,eg (E!LO + Eeﬁ - Egvj - Ee7i) + (1076)
~ Peglo (A?@gg + A?gﬁe - Azjg,eg - Age,eg)

(Al ) = Al f

¢ <Aeg,gg) — 2eg,99 (QEQ,O - Egvj - EE,i) + (107 )
~ PegYo (2A?§769 — DGy gg — Ai]é,gg)

(A \Y A

¢ (Aee,ee) - Aee,ee (2E670 - Eevi - Ee,j) + (107g)
- @693)0 (QA?e,eg - Aé?('],ee - Ag;,ee)

(A ) A

i (AlLey) = ALy (Byo + Bep — Eey — Eej) + (107h)
- @egyo (A?;,gg + Ai];,ee - Aéjg,eg - Ag;,eg)

- Aij o ij .

i (Alyy) = AL (2Bg0 — Ees — Eej) + (107i)

o i _ AU AJE
eglo (ere,eg Achg9 A69799>‘
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A.2.2 Twin-atom beam generation

The equations of motion for the one-particle density matrices due to H’,
describing the emission process, are given by

() = ([atun 2]} =0 s
i(p%) = 203 ki ImAy,, (108b)
7
P (89) = = kAl g (108¢)
g
() = 32 (e = ras (Ad5) ) (1084)
i(pe) =0 (108¢)
(o) = > e (1081)

For the two-particle density matrices the equations of motion due to H' are
given by

i(A2..) = {[al a! jacodeo B']) = (109a)
~ (QpSS + 1) Zﬂklpg]; Jq - Hijpgg (pgg — 1) +
kl

— 022 (PR = 1) 3 (kaxoh + vl
k

NSU Y 00 ik jl 00 00
t (A;jgﬁg) = Peg Z KklPggPhg — FijPegPeet (109b)
Kl

ik ik
— 2R > (l‘éjkpz,g + Eikﬂég)
%

(Al gg) = = (o29)" 3 (anrty + mawrlf) = i (o5)" (1090)
k
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i (Bhec) = (2024 1) o muartioly (1090)
— poy (pee 1) Ek: Kl
i(Aid,) ~ PeSZf%m’k g peepSSXk:ﬁjkﬂ’;’Z (109¢)
i (Blhn) = = () St (1090
i (Bee) = (2602 1) X wanlily (109g)
i(Ad,) = iy D bty (109h)
i(Allg) =0 (109)

where the factorization scheme (ABC) ~ (A)(B)(C) is used to approximate

the three-particle density matrices.
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B Coupled-cluster theory

B.1 Expectation values of excitation operators

The expectation values of the excitation operators, which appear in the
cluster equations and are necessary to solve the system of coupled differential
equations are

(o] (57)" 5I60) = 2N(N 1) (1102)
(9ol (51)" §%]g0) = AN (N — 1)V~ 2)(N — 3) (110D)
(o (ST)2 32 (ST)2 $2|¢g) ~ AN%(N — 1)2 (110¢)
(o (ST)G 38|¢p) =~ 6IN(N — 1)(N — 2)(N — 3)(N —4)(N —5)  (110d)
(o (ST)4 32 (S‘T)2 S4¢o) = 12 - AIN(N — 1)(N —2)3%(N —3)2  (110e)

(ol (51)" 8% (57)" 82I0) = 2- AN (W —12(N —2)(N ~3),  (110f)

where N is the total number of particles, |¢o) = |N,0) and § = deyod;p.
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