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The time evolution of a correlated multi-electron state in
a semiconductor coupled quantum dot, interacting with
the acoustic phonon bath, is calculated within the mas-
ter equation formalism, including electron-electron in-
teraction exactly through the configuration-interaction
approach. The system is evolved after an initialization
phase, with the system under strong bias, leading to the
charge density mainly localized in one of the dots. When
the system is evolved (in unbiased condition), damped
multi-frequency charge oscillations are found, which
strongly depend on the 3D system geometry and ini-
tialization. We describe the approach used to obtain the
multi-electron states and to include the phonon-induced
transitions between them in the time evolution. Further-
more, the effect of a magnetic field applied in the axial
direction of the vertical double-dot cylindrical structure
is discussed.
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Evolution of the charge density (in units of the elementary
charge) in one of the dots of a vertical double quantum dot
with three electrons initially confined, by an electrical bias, in
the same dot. The oscillation pattern shows multiple frequen-
cies due to Coulomb correlation and is damped by the electron-
phonon interaction. The frequencies are not damped uniformly
and only one of them survives at long timescales.

1 Introduction Single-electron states in coupled quan-
tum dots (CQDs) are ideal candidates for the realization of
solid-state qubits [1–7]. Experiments able to detect the co-
herent oscillations of charge in such systems, have so far
been performed in a multi-electron regime [8,9]. Quite sur-
prisingly, a single-frequency oscillation has been revealed.
It is thus of fundamental importance to properly model the
dynamics of the multi-electron wave function in order to
understand the conditions for a single-frequency oscilla-
tion and to map the time evolution of the multi-electron
state on the time-evolution of the charge density (the quan-
tity revealed in the experiments).

The physics of these oscillations is, in the single-particle
case, well understood: when an electron is placed in one
of the dots of a CQD system, with no other conduction-
band electron in it, it oscillates back and forth between the
dots with a frequency given by the energy difference be-
tween the bonding and antibonding states. This effect has
analogues in coupled quantum wells and wires, where it
has been measured [10–12] and proposed for some appli-
cations [13,14]. On the other hand, if more than one carrier
is present in the CQD, the multi-particle Coulomb interac-
tion plays an essential role in the dynamics of the oscilla-
tory process and must be properly taken into account in the
theoretical modeling of the system.
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The aim of the present work is to describe how the ef-
fect of Coulomb correlation can be included exactly in the
calculation of the quantum dynamics of carriers in a CQD,
with electron-phonon interaction. In the following Sec. 2
we describe the physical system and the procedure adopted
to obtain the multi-particle states and their transition rates,
then, in Sec. 3 we describe the initialization procedure and
compute the coherent evolution of the multi-particle state,
by also taking into account the effect of an external mag-
netic field. In Sec. 4 the effect of phonons is introduced and
the result for the dissipative dynamics is discussed. Finally,
in Sec. 5 we draw our conclusions.

2 The multi-particle states and transitions Our
model system consists of a vertical GaAs/AlGaAs CQD,
with disk shape and confinement energy in the range of
few meV. The confinement potential is modeled as a dou-
ble quantum well in the growth direction z, formed by the
heterostructure band-offset, while, in the xy plane, a 2D
parabolic confinement is assumed, which gives rise to the
Fock-Darwin level structure [15]. The three-dimensional
single-particle electronic states, computed within the en-
velope function approximation can be given the separable
expression

ψnmgs(r, σ) = φnm(x, y)ϕg(z)χs(σ) , (1)

with n and m being the radial and angular quantum num-
bers of the Fock-Darwin state, respectively, r the quantum
number labeling the eigenfunction related to the double-
well potential, and s =↑, ↓ the spin state. The expression
given in Eq. (1) for the single-particle states is valid also
in the presence of a magnetic field B in the vertical z di-
rection. In the following, we will consider only the ground
(g = 0) and first excited (g = 1) states of ϕg(z), namely
the bounding and antibounding state, respectively. In fact,
in the structures under study, both the tunneling energy and
the harmonic oscillator energy splitting h̄ω0 are of the or-
der of 1 meV, much lower than the energy gap between the
first and the second excited states in the z direction.

In order to expose the role of electronic correlations
in the dynamics, we need a large number of multi-particle
eigenstates with comparable precision. Our method of choice
is a full configuration interaction procedure [16], that we
briefly describe in the following. So far, the dynamics of
two electrons in CQDs has been addressed using specific
approximations for the Coulomb interaction, ranging from
Hubbard models [5, 17] to configuration interactions with
truncated basis sets. We stress that the CQD few-electron
dynamics is distinct from previous findings in coupled quan-
tum wells, where plasmon oscillations take place [11].

In the full configuration-interaction approach, each N-
electron state |Ψl〉 is expressed in terms of a linear com-
bination of Slater determinants |Ψl〉 =

∑
j clj |Φj〉. The

Slater determinants |Φj〉 are composed by populating the
single-particle spin-orbitals ψnmgs(r, σ) with N electrons
in all possible ways, consistent with symmetry require-

ments. In order to obtain the coefficients clj , the Hamil-
tonian containing the Coulomb interaction is numerically
diagonalized, exploiting orbital and spin symmetries [18].

Once the correlated states have been obtained, we com-
pute the transition rates due to phonon scatterings by us-
ing the Fermi golden rule [19]. Expanding the correlated
states on the Slater determinants, we obtain, for the transi-
tion from |Ψb〉 to |Ψa〉,

γb→a =
2π

h̄

∑

q

∣∣∣∣∣∣

∑

ij

c∗bicaj〈Φi|Vq|Φj〉
∣∣∣∣∣∣

2

δ(Eb − Ea + h̄ωq),

(2)

where Vq is the interaction operator of an electron with an
acoustic phonon of momentum q via deformation potential
and piezoelectric field interactions [20], Ea stands for the
energy of the N-electron state |Ψa〉, and h̄ωq represents the
phonon energy. From Eq. (2), it is clear that the transition
rate γb→a, between two correlated states, can be expressed
in terms of a large number of transition amplitudes between
the single-particle states that constitutes the Slater determi-
nants |Φi〉: 〈ψnmgs|Vq|ψnmgs〉. The latter values are easily
computed by a 3D real-space integration.

In the following computation of the time evolution we
will need to overlap two N-particle wave functions ob-
tained with different CQD potentials, namely without and
with an external linear electrical bias Ez applied along the
z direction (used to initialize the system). To this aim it is
useful to introduce a specific notation: an Ez superscript
will indicate a (single- or multi-particle) state of the bi-
ased system, with the lower dot at a lower potential energy.
For the z component of the single-particle wave functions
it holds ϕEz

0 (z) = [ϕ0(z) + ϕ1(z)] /
√

2 and ϕEz
1 (z) =

[ϕ0(z) − ϕ1(z)] /
√

2, where the ground ϕEz
0 and first ex-

cited ϕEz
1 z states are localized in the lower and upper dot,

respectively. The validity of the above conditions has been
checked numerically for all the systems and initialization
biases used in the following simulations.

3 Coherent evolution In this section we simulate
the coherent evolution of the CQD electrons. As a first step
we compute the ground N-particle state |ΨEz

0 〉 when a bias
Ez is applied, which localizes the electrons in the lower
dot. This will be our initial condition. The number of par-
ticles effectively localized in the lower dot depends on the
strength of the bias, that contrasts the Coulomb repulsion
which would distribute the particles equally between the
two dots.

As a second step we compute the N-particle eigenstates
of the unbiased system (we suppose that the bias has been
non adiabatically removed at time t = 0) and use them as
a basis to evolve the correlated state

|ΨEz (t)〉 =
∑

l

e−
i
h̄ Elt〈Ψl|ΨEz

0 〉|Ψl〉, (3)
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Figure 1 Time evolution of the charge density (in units of ele-
mentary charge) in the upper dot of a vertical CQD with N = 1,
2 and 3 electrons. The system is initialized by an electrical bias
Ez = 200 kV/m that localizes the carriers in the lower dot. The
bias is removed at t = 0 and the N particles evolve coherently.
The dots have vertical dimension of 10 nm, a parabolic in-plane
confinement with energy spacings of 3 meV, and are coupled by
a tunneling barrier 8 nm wide. The axial magnetic field is B = 0
for the darker/blue curve and B = 5 T for the lighter/green curve.
Note the different scales used in the panels.

where El is the energy of the l-th unbiased state. Note that
the quantum states of Eq. (3) are multi-particle states and
the computation of the coefficients 〈Ψl|ΨEz

0 〉 requires their
expansion in terms of Slater determinants

〈Ψl|ΨEz
0 〉 =

∑

jj′
c∗ljc

Ez
j 〈Φj |ΦEz

j′ 〉. (4)

In order to represent the time evolution of the N-particle
state, we report, in Fig. 1, the occupation of the upper dot
(in units of number of particles) against the time. The cases
with one, two and three electrons are shown, without and
with an axial magnetic field (see caption). The initializa-
tion bias Ez of 200 kV/m is able, in all the cases presented,
to localize all the electrons in the lower dot. As a conse-
quence all the graphs indicate, at time t = 0, an empty up-
per dot. As expected, the time evolution of the density is a
sinusoidal oscillation for the single-electron case. Note that
the curve obtained with the magnetic field matches exactly
(thus, in the figure, cannot be distinguished form) the one
without magnetic field. This can be easily understood by
recalling that the single-particle wave function of Eq. (1)
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Figure 2 Same as Fig. 1, with B = 0, for a CQD with four
electrons. Two values of the initialization biases are shown: the
stronger one Ez = 100 kV/m is able to partially contrast the
Coulomb repulsion and localizes three electrons in the lower dot,
while the weaker one Ez = 75 kV/m leaves two carriers in each
dot. The latter does not produce visible time variations of the
charge density (flat line at Nup = 2).

is separable in the xy and z components also when B �= 0.
The magnetic field, applied in the z direction, changes the

in-plane component φnm(x, y) of the wave function but it
does not modify the ϕg(z), which is responsible of the os-
cillation. In other words, an orthogonal magnetic field does
not alter the tunneling energy and, as a consequence, the
oscillation period.

When more electrons are present in the CQD, Coulomb
interaction mixes the vertical and in-plane degrees of free-
dom so that a vertical magnetic field is able to tailor the
oscillation period of the multi-particle wave function. This
can be seen from the middle (N = 2) and bottom (N =
3) panels of Fig. 1. In general, the oscillation frequency
increases with B, until its value become high enough to
change the dominant Slater determinant of the ground state,
in which case the oscillation pattern changes significantly.
Another interesting, and quite unexpected, result shown by
Fig. 1 is the evidence of a highly dominating frequency
in the multi-particle CQD dynamics. In fact, we find that
Coulomb correlation enhances only one of the frequen-
cies related to the different single-particle vertical compo-
nents of the N-particle states, as explained elsewhere [21].
A multi frequency dynamics can be obtained by reducing
the effects of correlation with an artificial screening of the
Coulomb potential or with a proper design of the CQD de-
vice (e.g. with a strong in-plane confinement) [21].

In Fig. 2 we report, as an example, the time-dependent
occupancy of the top dot for a four-electron CQD system,
without magnetic field, for two different values of the ini-
tialization bias. When the bias is small, it is not able to
contrast the Coulomb repulsion, which, as stated before,
tends to equally distribute the electrons between the dots.
The system remains in its initial state, with two electrons
in each dot. For a higher value of the bias, three electrons
are initially localized in the bottom dot and one in the top,
this leading to the oscillatory dynamics similar to that pre-
sented in Fig. 1, but with an amplitude of two particles.
Also in this case, high-frequency modulations are super-
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Figure 3 Upper dot occupancy of the same CQD sample of
Fig. 1, with two correlated electrons interacting with the phonon
field. The two curves represent the case with B = 0 (darker/blue
curve) and B = 5 T (lighter/green curve).

imposed to the dominant oscillation, coming from the dif-
ferent energies of the single-particle ϕg(z) components of
the multi-particle state.

4 Dissipative evolution In this Section we include
the effects of phonons on the CQD evolution by using the
transition rates between N-electron states obtained in Sect. 2.
We account for three electron-acoustic phonons interac-
tion mechanisms (the energy of the optical phonons is well
above the energy of the electronic transitions considered),
namely scattering due to the deformation potential, scat-
tering from longitudinal piezoelectric field and scattering
from transverse piezoelectric field. We simulate the system
evolution by solving the Pauli master equation of the car-
rier states directly on the few-particle basis

dρij

dt
=

i

h̄
(Ej − Ei)ρij −
∑

l

γj→l + γi→l

2
ρij + δij

∑

l

γi→lρll, (5)

where ρij = 〈Ψi|ρ̂|Ψj〉 is an element of the density matrix
of the N-particle system, and the transition rates γi→j are
given by Eq. (2).

We solve Eq. 5 by a direct diagonalization of the cor-
responding evolution operator L̆ defined by dρ̂

dt = − i
h̄ L̆ρ̂.

The resulting time dependence of the top dot occupancy
is shown in Fig. 3 for a CQD with two interacting elec-
trons, without and with an axial magnetic field. Here the
oscillations are damped by the dissipation due to the in-
teraction with the phonons. This effect is also apparent
from the figure in the abstract, where a different sample
is shown. While in the latter figure the different oscillation
periods are of comparable amplitude and create beatings,
in Fig. 3 one of the frequencies is dominant. The presence
of the magnetic field, not only increases the oscillation fre-
quency, as shown in the previous section, but also enhances
the transition rates [20], and thus the damping.

5 Conclusions By using a configuration-interaction
approach to account for Coulomb correlation effects, and
a master equation approach for the effects of phonon inter-
action, we computed the time-evolution of the N-particle
wave function in a vertical CQD. We found that the oscilla-
tory pattern strongly depends on the geometry of the sam-
ple, and can range from a semi-chaotic multi-frequency
one to a quasi single-frequency one, typical of the single-
particle dynamics. The inclusion of an axial magnetic field
generally reduces the oscillation frequency and, through its
effect on the multi-particle transition rates, can increase the
damping of the charge oscillations.
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