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Abstract

We study convergence to equilibrium for certain spatially inhomoge-
nous kinetic equations, such as discrete velocity models or a lineariza-
tion of a kinetic model for cometary flow. For such equations, the
convergence to a unique equilibrium state is the result of, firstly, the
dissipative effects of the collision operator, which morphs the solution
towards an entropy minimizing local equilibrium state, and secondly,
the transport operator as well as the imposed periodic boundary con-
ditions, which repulse the solution from the set of local equilibria as
long as the approached local equilibrium is not the global one. This
behaviour is quantified in a system of differential inequalities of rela-
tive entropies with respect to different (sub)classes of local equilibria,
respectively, the global equilibrium. We introduce projection opera-
tors leading to a convenient notation.
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1 Introduction

We are interested in the following kinetic transport model called the cometary
flow equation:

atf+v'vrf:|Sd—1_1|/5d_1f(uf+|U_uf|w>dw_f::Q(f)7 (1)

where f(t,z,v) is a nonnegative particle distribution function depending on
time ¢ > 0, on position z € T¢ (the d-dimensional torus with periodic bound-
ary conditions), and on velocity v € R The collision operator @ is used in
quasi-linear plasma theory as a simplified model for wave-particle interaction
in cometary flows (see e.g. [7] and the references therein). The first term is
a projection (with S¢°1 and |S¢71| denoting the unit sphere in R¢ and its
(d — 1)-dimensional Lebesgue measure, respectively) onto the set of distribu-
tion functions isotropic around the mean velocity (¢, z), which is defined as
the fraction of the momentum density m (¢, ) and the mass density ps(¢, x):

pr/ fdv, mf:Pfuf:/ vf dv. (2)
R4 Rd

Existence and uniqueness of solutions of initial value problems for (1)
have been investigated in [7] and in [15], where also the long time behaviour
is investigated. A weak convergence result on compact time intervals shifted
to infinity is proven similarly to the corresponding result by Desvillettes [9]
for the gas dynamics case. By entropy dissipation arguments it is shown that
in the limit both the left hand side and the right hand side of (1) vanish.

The set of equilibrium distributions satisfying Q(f) = 0 is infinite dimen-
sional. It consists of all velocity distributions which are isotropic around an
arbitrary mean velocity. The collision invariants are the components of v as
well as all functions of the form ¥ (|v — uyl), i.e.

[ o= [ QUi =ushao =o.

for all f. Out of those, only 1,v, and |v|* = |[v — uy|® + 2v-uy — |ug|* are
independent of f and, thus, produce macroscopic conservation laws. For this
reason it is not known how to identify large time limits of solutions of (1)
uniquely from the initial data. This in twin prevents the applicability of the
entropy dissipation approach for inhomogenous kinetic equations recently
developed by Desvillettes and Villani [10], [12] (see also [14]) which provides
strong convergence at algebraic rates as time tends to infinity.



As a consequence, we restrict our attention in this work to a linearized
version of (1), which still posseses an infinite dimensional set of equilibrium
distributions, but however also posseses enough macroscopic conservation
laws such that the limit as ¢ — oo can be uniquely determined from the
initial data. For the linearized cometary flow equation, presented in the
following section, the Desvillettes-Villani approach is carried out. Our main
convergence result is stated in section 2 and proved in sections 3 and 4.
In section 3 a system of differential inequalities is derived for a number of
relative entropies with respect to certain partial equilibria. In section 4 it is
proved that these inequalities imply convergence to equilibrium at arbitrary
algebraic rates.

Finally, in section 5, a simple three velocity model is considered which
reproduces some of the difficulties found in the linearized cometary flow equa-
tion. The entropy dissipation approach can also be carried out with an anal-
ogous result. A spectral analysis, however, proves exponential convergence
to equilibrium. This example is an extension of the two velocity model con-
sidered in [14].

2 The Linearized Cometary Flow Equation

We linearize (1) around an equilibrium steady state of the form F(|v|?/2),
normalized such that fRd Fdv = 1. Denoting the perturbation by ¢, the
cometary flow equation becomes (see e.g. [6])

atg +U'vxg - P(.g) — g = LQ(Q)? (3)

with the projection B
P(g) = Pg) — Flvmg, (4)

and the spherical average

P@)(0) = a7 [, olblo)a o)

In (3) LQ denotes the linearized collision operator. It is easily seen that the
components of v and all functions of the form v (|v|) are collision invariants,
ie.,

/ LQ(g)vdv = / LQg)b(u]) dv = 0,

providing (with ¥ (|v|) = 0(Jv| — |vg|) ) the global conservation laws

//vgtmvdvd:r—o (6)
Td JRd
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d
—/ / g(t, z, |v|w) dw dz = 0, (7)
dt Td Jgd—1

for every |vo| > 0.

The kernel of the collision operator L) consists of all velocity distribu-
tions of the form G(|v|?/2) — F'(|v|*/2) v-m with an arbitrary function G
of one variable and an arbitrary vector m € R%. Thus, we assume that, as
t — 00, g converges to an equilibrium distribution

oo (2, 0) = Guo (g; g) —F (%) vomeo(2) (8)

It is a consequence of the stationary version of (3) that g, is z-independent:

Lemma 2.1. Assume that G, and my, are smooth and that g, given by
(8), solves (8) subject to periodic boundary conditions in x. Then G and
Moo are independent of x.

Proof. Substituting (8) into (3) yields
0-VyGoo — F'O" Nymeoo-v = 0. (9)
Now we set v = |v|w and obtain
w- VG — F'l0| 0" Vyme-w =0, Vwe st (10)

implying that V,G., = 0 holds and that V,m., is skew-symmetric. Now,
a result of Desvillettes [8] implies that ms(z) = Az + C, which can only
satisfy periodic boundary conditions iff A = 0. [

We consider (3) for t > 0, x € T¢, v € RY, subject to the initial conditions

g(O,x,v):gI(x,v), (11)

where, without loss of generality, we assume vanishing initial total momen-

tum, i.e.
/ / vgr(x,v)dvdr =0. (12)
Td JRd

Then, the conservation of momentum (6) implies vanishing total momentum
for all t > 0 and, together with the family of conservation laws (7), uniquely
determines the global equilibrium g., as

(0) = o (F2) = i [ Plan) (e o2) e (13)
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However, the smoothness assumption in lemma 2.1 cannot be proven in
general although it is necessary: Formally, a distribution g..(x,v) = p(x)d(v)
with an arbitrary z-periodic function p(z) is also a stationary solution of (3).
Moreover, we conjecture that even for smooth solutions, which are close to
a delta distribution centered at the origin in velocity space, convergence to
equilibrium can be arbitrarily slow. In order to avoid this problem, we make
strong assumptions on the data :

Assumption 2.1. There exists a lower "cutoff-velocity” vy > 0 such that

2
F' (ﬂ> =0, gi(z,0) =0,  for |v[<w, (14)

and
0]
F’ 58 <0, for |v| > . (15)
Furthermore, |F'| has moments of all orders, i.e. [5, |v|*|F'(|v]*/2)|dv < oo,
for all k> 0.

It is an immediate consequence of (14) that g(t,z,v) = 0 for |v| < vy, i.e.,
no perturbation of the nonlinear equilibrium distribution F(|v[*/2) occurs
around v = 0.

We remark that assumption (15) is needed for the definition of an entropy:
Introducing the measure

dzdv
djp = ————, (16)
[E"([v]*/2)]
on the phase space R = T% x {v € R? : |v| > vy}, an easy computation shows
- provided (15) - the basic entropy inequality

d

- R92 dp = —Q/R(LQ(Q))2 dp <0, (17)

which is the starting point of our analysis below.

Our main convergence result is proven under assumptions of boundedness
and smoothness of solutions, which we are unable to prove. Nevertheless,
similar properties have been shown recently for simpler models ([14], [17]).

Assumption 2.2. The initial value problem (3), (11) has a unique solution

satisfying
2
ott.2,0)] < VT | (10)].




fort >0 and (z,v) € R, and uniformly in t for all multiindices (ky, ..., kq)
2
oFittka
/ k—i dp < o0o.
R\ Ozy" ... 0z,

Theorem 2.2. Let the initial data g;(x,v) satisfy (12) and suppose that the
assumptions 2.1 and 2.2 hold. Let g, denote the global equilibrium given by
(13). Then, for every € > 0 there exists C(e,vy, F)) > 0 such that for all
t>0

/(g - 900)2 dﬂ S C<87 Vo, F) t*l/f :
R

3 The Entropy Dissipation Approach

The basic entropy equality (17) suggests to introduce the scalar product

(fs@u = /ngdu,

and the corresponding weighted L?-space with the induced norm || - ||,. We
also introduce the relative entropy of f with respect to g by

H(flg) = IIf — gll,-

In particular, the following entropy dissipation equality is derived analogously
to (17) as a consequence of the symmetry of LQ) with respect to (-,-), :

d

51 11(9l9s0) = —2H(g|P(g)) - (18)

In this context we use the terminology ’global equilibrium’ for g., and ’local
equilibrium’ for P(g). Equation (18) already shows the basic difficulty of
the entropy dissipation approach for inhomogenous kinetic equations: The
decay of the entropy tends to stop, whenever the solution is approaching
local equilibrium even without having reached the global equilibrium yet.
The central idea of the method introduced in [10], [12] is to quantify how
g cannot stay close to a local equilibrium as long as this is not the unique
global equilibrium.

This was done in [10], [14], [18] for models with a single conservation law
by deriving a second order differential inequality for H(g|P(g)) of the form

d2

—=H(91P(9)) = KH(glgoe) — C()H(g|P(9)) (19)



with positive constants x and C'(¢). Note that, whenever g is sufficiently close
to P(g) in relative entropy, (19) implies convexity in time and H(g|P(g)) will
return to dissipate entropy in (18) as long as global equilibrium is not reached.

In the present situation, as for the Boltzmann equation [12], such an in-
equality does not hold, since (see below) an intermediate equilibrium between
P(g) and g has to be quantified as well.

However, we start by calculating the second order time derivative of the
relative entropy with respect to the local equilibrium

2

d

cplglP(9)) = —2{LQ(v-Vig),v-Vag), + 4H (9| P(9)) (20)
—6(LQ(9),v-Vag)u + 2(LQ(Vzg)-v,0-Vag),.

Note that if ¢ is in local equilibrium, i.e. when we set g = P(g) in the right

hand side of (20), then all the terms vanish, except for the first, which we
rewrite as

—(LQ(v-V.9),v-Vog), = [IVe- LQ(vg)||2
= [IVe- LQWP(g)II}, + (Vo LQ(v(g — P(g))), Var LQ(v(g + P(g))),-(21)
Considering the first term in the right-hand-side of (21), we denote the energy

eg(t,z) = [pa [v]*P(g) dv = [p4|v|?g dv and recall (4) to derive the following
identities :

P(vP(g) = —Lm P — tFe,,
LQ(P(g) = (v@ v — L) m,F' — vP(g) = 5F'e, (22)

V.- LQ(WP(g)) = <v ®v— %) AF — V- (vP(g) + 4F'e,)

where
1

d

Hence, since the two terms of the last identity in (22) are orthogonal with
respect to (-, ),

1
A={Vamy} = §(Vzmg + meth) (Vomg)la.

2
+
I

2

v-V, <?(g) + %F’)

n
(23)
For the first term on the right-hand side of (23), we use Ijjr = [pa viv; 0| F'| dv

9. 2QuP@I = | (vev- 1) ar




and i, = 0 for i # j, Liy, = <F for i # k, Iy, = =, where ep = fRd |v|? Fdv:

|U|2 X / er
H(U@U—7 CAF :z/rd 3214” +2ZA”AJJ+2ZAZ]

1<j 1<j

:%F ZAZ] +22Am + 3 AyAj; | do

d
T i#]

- %F ;Aiﬁm;&f—;/xiﬁ

Td

2

w

(2] 2
> — Al“dzx .
—d Td’ | v

Collecting these estimates, we have

d2

GHOPQ =% [ (S P2 o, (Po) + )|

(24)
The first term can be estimated from below by = Zep Ja Vamy|da using a Korn
inequality (see [12, proposition 11}), which shows that this term only van-
ishes for z-independent m,. The second term, instead of controlling V.P(9),

contains the projection

9=P(g)

Polg) = =2 F = 4|F. (25)
and therefore vanishes whenever (I — Py)(P(g)) is z-independent, which al-
lows still an 2-dependent contribution Py(P(g)) and (24) is not sufficient to
conclude convergence to the equilibrium g, (13). A similar difficulty oc-
curs also for the Boltzmann equation in [12], which motivates the following
procedure.

Our strategy is to decompose P(g) as

P(g) = Ry(g) + Pi(g) , (26)

and then to introduce an intermediate (between local and global) equilibrium,

defined as

ﬁ(g) = Py(9) + P1(90) (27)
which can alternatively be written as
ﬁ(g) :P0(9>+P<goo)_Pﬂ(goo):goo+P0(g_goo)> (28)

which will be used below.



Lemma 3.1. )
H(P(9)l9ec) 2 5H(gl9o0) — H(g|P(g)) - (29)
Proof. The proof is immediate from the fact that

H(P(9)|g0) = H(glgoo) + H(g|P(g)) = 2(g — goor g — P(9)),. -

We now estimate the second term on the right hand side of (24)

o9 = B)@IE = > [ i (P = R)o) 5 (P~ P du

= Z/RUQ (%(F—Po)(g)ydu
= ] BEILP = R du (30)

At this point we need assumption 2.1 in order to prevent that (30) van-
ishes in case of g concentrating around v = 0. By the lower bound |v| > vy
on the phase space R, we continue to estimate

[0-Vo(P = Po)(9)llZ = C[IVa(P = Po)(9)|l2 = C|IVa(P — Po)(g — 90 I2
> Cl(P=P)g— g2, (31)

by a Poincare inequality on T, using that [, (P—Py)(g— goo) dx = 0, point-
wise in v. Similarly, [, |Vomg|* dz > C [L, |mg|* dz holds since [, my dx =
0 by the conservation of momentum. Thus, from (24) and (31) it follows
with Pi(g) = (P — P)(g) — m,-vF’ (and these two terms being orthogonal)
for a constant x; depending on vy and F' that

2

@ H(lP(g)

> R1||P1(9—900)Hi:H1H(9|]3(9))7 (32)

9=P(g)

since, for g = P(g), we have by (28) that g — P(g) = g — gos — Po(g — go) =
Pl (g - goo)
In the following, we apply the same strategy as for (18): first compute

the second derivative of the relative entropy with respect to P,
2

CSHWIP9) = 21~ Po)(v-Vag — LQUa)), (T~ P)(v-Ve) — LQ(o))s

+2(g — P(g), Vo (v(0-Vig) — vLQ(9)) (33)
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and then consider (33) for ¢ = P(g) with P(g)(x,v,t) = %j’z)F’(\vPﬂ) +
Pi(gs0)(0]*/2)

zgﬂwﬁwm%%>=;§w>HmU%@FW%1QWW@FM
_ %;/ijg_:;g%mdmxz z/wmegﬁd:c
:=ﬂﬁ%%W%mﬁ
_ Ejgzéﬁnguvzcﬁun-—ga»ni. (34)

Finally by the Poincare inequality on T¢, we obtain

d2

THIP@)| = CHP)g)- (35)

9=P(g)

Thus, at least formally, the entropy equation (18) and the inequalities
(32) and (35) imply that the decay of H(g|g~) can only stop when global
equilibrium is reached. In order to quantify this formal information, we
generalize (32) and (35) to all g # P(g) and g # P(g), respectively. Herein,
we will use the following lemma :

Lemma 3.2. Let Assumption 2.1 be satisfied. Then the operators P, Py, P,
and, consequently, P - defined in (5), (25), (26), and (4) - are bounded with
respect to ||.|| .-

Proof. The operator P(g) is bounded by Jensen’s inequality:

P@MSAﬁﬁ@sz@zmﬁ (36)

As for the operator F,

2 _ Jra IF/Idv/ - 2
1 Po(9)]l, = e ).\, [v|*P(g)dv | dz,

we obtain the desired estimate with the Cauchy-Schwartz inequality

Joa | F'| do o P(g)°
s F'ld dvd

& AJ@W ”édm|”x
= C|[P(g)|> < Clgll? .

1Po(g)1l

IN
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In order to show that P is bounded, we apply again the Cauchy-Schwartz
inequality :

2
[F'v-mg|]? < /|F’||v]2|mg|2dvdx:C’/ (/ vgdv) dx
R Td R4

2
< [ PPl [ S dvds=Cllgl. (37)

R R ||
Finally, the equations (36) and (37) bound P, and, thus, P;. m

Theorem 3.3. Let assumptions 2.1 and 2.2 be satisfied. Then,

2

SH(IP() > s1H (9] P(9)) — 5H (lgs) — Co(e) 5 H(glP(9))"~* (39

holds for arbitrarily small 1 > ¢ > 0, and 6 > 0, and for positive constants
k1, and Cy(g).

Proof. From (20) und (21),

CHGIP) = 2Ve LQP()) 2~ 6(LQ(g), v-Vag)
HH(IP(9) + 200 LQ(Vzg), v-Vag),

== [1-'-[2+[3+[4+[5.

For the first term, it follows from (32) that I; > ki H (g|P(g)).

As for the remaining terms, we begin by estimating I3, and for the other
integrals similar arguments will apply. For I3, the z-independence of g, and
integration by parts yields

Iy = 2(Va(Va- LQ(LQ(9))), L(v(I + P)(g = goo)))u - (39)

Before we are going to apply Holder’s inequality for (39), we estimate the
two factors as (with V2 denoting the gradient tensor product)

ILQ(VILQ(g)v)] < [l (I + P)(IV."LQ(g)])

FLPVILQWI,),  (40)
LQWU +P)(g =g < [0l ((I+P)I + P)lg = gx])
+21F g = golu) - (41)

11



Note that for the right hand side of (41) assumption 2.2 implies |g|, |goo| <

C+/1+ |v]2|F'|, and, thus, (I+P)(I+P)(|g—go|) < Cy/1 + |[v]2|F’|. There-
fore, splitting (41) = (41)*'(41)'= forall 1 > ¢’ > 0 :

BI<C [ o+ o) 5173
R

/

o1 — e
$ FF (P + P) g = gool) + 21Fllg = o)

< | (1 + PYIVELQ(9)) + 2IF IV LQU9), ) dode

and Ht')lder’s inequality with the exponents 2 and 2 yields (with

6/7 1 6/7

i |v| (1+ |v[*)|F'|dv < co by assumption 2.2) :

/ 5) € / 1-¢
< CE) |+ P+ P)g — 9nl) + F1F g — 9l

<[+ PYIVELQ()) + ZIF VL),

Furthermore, by lemma 3.2 and Young’s inequality with exponents 1%5' and

2
14-¢’

13| < CENlg = goolly " IV LQ(G) s
< 6H(glg) + O V2 LQU)I

for all 6 > 0. Finally, the global smoothness assumption 2.2 permits (compare
[10]) to control the derivatives of LQ(g) = P(g) — g by the interpolation

2
IV2ullzzey < C(&) lull 2y lulinersy, for n> =,

1—¢ _
and with 1+8, 1—¢:

| I3| < 6H (glgoo) + C(£)6° ' H(g|P(g))'~

In the same manner, we estimate the terms I, and [y as

L] < CE) (WlIValQ(9)], 19 = goolhu
5] < CE) (PIVELQ9]: g = gocl)
and we interpolate the derivatives as above for I3 to match (38).

Finally for I, we note that H(g|P(g) < CH(g|P(g))'¢ holds by the
bounds of assumption 2.2. ]

12



Theorem 3.4. Let assumptions 2.1 and 2.2 be satisfied. Then,

L H(lP) > v (glaw) - o) HlP@)™ ()

holds for arbitrarily small 1 > € > 0, and for positive constants ko and Cs(g).
Proof. We rewrite (33) with respect to (34) as

LT H(g\Blg) = 2 - B)(o-V.P(g))?

a2
+2(0-V, Po(g — go). (I = Po)(v- V(g — P(9)))s
+2((I = Po)(v-Va(g — P(9))), v Vg — Vi Po(v9)),
+2H (g|P(g)) — 4{(I — Py)(v-V.g), LQ(9))
+2(g — P(g), Vo (v(v-V.9)) — V- (vLQ(9))
—LQ(v-V,p9) + LQ(g) — Va-Py(v(v-Vyog) —vLQ(9))),

10

= Y L. (43)

i=1
and estimate I; with (35) and lemma 3.1 as :
I > C(H(glg) — H(g|P(9))) -
Analogously to the previous proof we estimate I5:
Bl < C [ PR - g1V - Plo))dn.
R

< 6H(glgeo) + Cle)6" H(g| P(g))" . (44)

For I3, we apply Holder’s inequality similarily to (41) and (40) after estimat-
ing the factors

(T = R)(VE(g — Plg)o)l < C(JolIVa2(g — P(g))
H1P [ 1920 = Pa) P )

(= Ro)(wlg = g:D] < C(blla =gl + 1P| [ lo= g 5r)

and the second order derivatives are controlled using the same interpolation
idea with the global smoothness assumption 2.2 as in the previous proof.
Moreover, |I,] < H(g|P(g)) is a consequence of lemma 3.5 below. All
the remaining terms I5—Io are estimated with similar arguments as in the
proof of the previous theorem and yield bounds of the form (44). The proof
is completed by choosing § small enough. O

13



Lemma 3.5. Let assumptions 2.1 and 2.2 be satisfied. Then, the inequalities

H(g|P(g)) — H(g|P(g)) > 0, (45)

& (H6IPW) - HlPG)) < CEOHGlg) ™ (40

hold for arbitrarily small 1 > & > 0 with a positive constant C(g).

Proof. The identity H(g|ﬁ(g)) — H(g|P(g)) = IP1(9— goo)|I2. > 0 proves the
first inequality. Differentiation with respect to time gives

LI1P0 ~ 0)2 = 20Pi(g — 900 Pi(~0-Vilg — ) + LQUs — 000)

which is estimated in the same way as in the previous two proofs. O

4 A System of Ordinary Differential Inequal-
ities

We introduce z := H(g|gs), ¥ := H(g|P(g)), z := H(g|P(g)), and w := z—y
in (18), (38), (42), (45), and (46), and denote time-derivatives by % =7

¥ = =2y, (47)
"> Rz =0 — 6T Oy, Yyt (48)
2> kgw — Cyer) 2175, (49)
W] < Cylen) '™, (50)

where 1 > ¢, €., €, > 0 and 0 > 0 are arbitrarily small, z, y, z, w > 0, and
K1, ke, C, Cy, and C3 are positive constants.

We want to deduce decay of x(t) with an arbitrarily high algebraic rate
according to arbitrarily small €, ¢, €, > 0. Note that the first three in-
equalities could be seen as a ’closed’ system for z, y, and z. However, the
additional information contained in the fourth inequality shall be needed.

The presented proof is quite particular in quantifing different regimes of
(47)—(49) and using (50) to prevent rapid oscillations inbetween. As a prelim-
inary technical result on second-order differential inequalities, we reformulate
[12, Lemma 12|, which discusses time-averages of the entropy production :

Lemma 4.1. Let h € C?([0, L]) be nonnegative and satisfy
R'(t) + Ch(t) ¢ > a, for 0<t<L,

with positive constants C, o and € € (0, 55). Then,

14



1 €
e cither L is small : L < 50(C" 20-9 20-9)

1
e or h is large on the average : (h)o.1) = %fOL h(t)dt > 75 (&) .

Proof. The proof follows from [12, Lemma 12] after the rescaling 7 = tv/C,
o =g, 2272 + A= > o/ with 7 € [0, Lv/C] and LVC = L.
O

Our main result theorem 2.2 is a direct consequence of

Theorem 4.2. Let x, y, z, and w = z —y > 0 be smooth and, fort > 0,
satisfy (47)-(50), where 1 > ¢, €,, £, > 0, and 6 > 0 are arbitrarily small.
Then, for every sufficiently small € > 0, there exists a constant C(g) > 0
such that

z(t) < C(e)t™Ve, (51)

Proof. We view (51) in the following way: let ¢, > 0 be arbitrary with
ap = x(tp). The aim is to find an upper bound of the form

Top < Cap® (52)

on a time Ty such that x(ty + Tp) = Yo, where v < 1 is given.
Once such a bound is proven, (51) follows as in [10], [12].
At first, we consider (48) using z =w+y > w :

y' > kw — 0z — 0 Cyyte. (53)

The idea of the following is to deduce 'big’ (y)o,r)-averages from lemma 4.1,
where we distinguish between the cases where w is ’big’ in (53), and the cases
where w is 'small’ but y is close to z = y +w and lemma 4.1 is used for (49).
However, the realization of this concept requires some care.

Step 1: We define the set €2, (quantifying w ’small’) by
te Qz & dist (t, {to S T S t(_) + To . W(T) 2 \/7\\/7(0(0)}) 2 ,U(CY()) s (54)

where w(ap) and p(ag) are to be chosen later. On the interval [to, o + 7o),
the set €2, and its complement devide into unions of intervals : €, = UL,
and [to, to + To]\2. = UL, (where w is 'big’), and lemma 4.1 will be applied
to (48) and (49) for [, and I, respectively.
Moreover on [,, we quantify w ’big’ using (50), which controls the deriva-
tive |w'| in terms of x < x(ty) = ap (by (47))
w > w(ag) —plag) sup  |w'(7)]
to<t<to+710H
> @TJ(O([)) — (5 aol_aw ,u(ao) = I/E(ao) > 0. (55)
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Step 2: For nonempty intervals I,,, we have by construction of €2, (54) that
the length ((1,) > min{p(ag),To}. The following three cases are possible :

Case 1) [to,to+ Tp] = 2, and there are no intervals I,
Case 2) Tj < u(ap) will satisfy (52) for suitable p(ayg) to be chosen below,

Case 3) ((I,) > p(ap) : Firstly, we consider 6 = d(ap) to be fixed below,
for which estimate with a(ag) to be chosen below

Riw — 0x > k1w (ap) — 0(ap)ag =: a(ap) > 0. (56)

Then, for (48), lemma 4.1 applies with C' = C/§(ap)' ", a = a(ayp),
and L = {(I,). Moreover, due to ¢(1,) > u(ap), we rule out the first
case in lemma 4.1 by setting

ey

_ 1
p(ag) > 50 (C’ﬁ(ao)%_l) 20=20) oy ) 20 =) (57)
Therefore, the second case of lemma 4.1 yields

1 a1 1
<y>ly > m (Cﬂsay 1) 1=ey Oz(()zo)lfsy .

Step 3: Next, for the intervals I, C €),, it follows by (47) that
Ko > Ko x(tg + To) = Kayay.

Then, applying lemma 4.1 to (49) yields

1 .
e cither : ((I,) < 50C, "~ (koyay) 2022,

1
. 1 Koyap | 17¢&=
® Or ! <Z>[z Z 100 <C_2> .
1

In the second case, equation (54) implies with the constant a; = ﬁ (%) T

EEES a1 ==
(Y)r. = (z —w)r. > ey — w(ag) > 51045 o,

1

l—ey

where we have chosen w(ag) = %, . Moreover, we set in the definition
of Q. (54) and in (56) the choices

a £z _tey, a; ——

/,L(Oéo) = 4_6’3 S_EZ — ﬁ)\(ao) = Zaé_az y
ez _1
5(0{0) = /‘4318(11 Q{Sigz - (1/(0[0> = %H1a875Z . (58)
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By inserting (58) into (57) we get the constraint

£z

oty _ 4
T R < 0 g, (59)

where - for small ¢, €., and ¢, - the constant ay can be chosen to depend
only on v, K1, k2, Cs, and C3. In the following, we choose g, < % and
€. = &, = 2. Thus the exponent on the right-hand-side of (59) is positive,
and (59) can be satisfy for all possible values of ag € [0, z(t = 0)] by making
C bigger if necessary (which does not conflict with (48)).

We summarize step 2 and step 3 that for every I,

(W1, = ag g™ T (60)

and for every I, that either

UL) < 50T or {(y)p. > — apTe . (61)

Step 4: We continue by combining pairs of intervals (1, I,) to their union
I := I, U I, where we restrict to the above case 3) : £(I,) > u(ap). Then,

(L), + L) (=) (1) (1)
76, ~ (1) + (1) Wi, + (1) + (1) Wi

(62)

(y)

~il

and we consider the two cases according to (61) :

1. In the first case in (61), ¢(1,) < 50 o2 implies

~—

(I _ex
( Y Z a4 a02(1_zsz)+€w

(1) ’

with a constant a4 (and all constants a;—5 . from now on) being inde-
pendent from «y, €, €, and ,. Consequently,
(1)
a1,) + ()

£
> a5 20

and, neglecting the last term in (62), we obtain with an exponent
1(ey, €2, €w) > 0 tending to zero as ¢,,¢,, &, — 0 that

(y)7 > agap' . (63)
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2. For the second case in (61) and (60), both the mean values on I, and
I, satisfy already estimates of the form (63).

Step 5: Finally, we regard the complete interval [to,to + Tp], where we
detail further the cases 1) — 3) from step 2 :

1a) [to,to+ Tp] = 2, and Ty < 50 =g

1b) [t(b to + TO] = QZ and
a _1
<y> [to,to-i—To] Z 31 Qg 2(l—ez) = ar a01+51. (64)

Integration of (47) yields ao(1 — v) = 2T0(Y)10,t0+10] and, thus, for an
£2(ey, €2, €w) > 0 tending to zero as ey, ¢, e, — 0,

TO S ClgOé()i62 . (65)

2) Ty < p(ap) immediately implies an estimate of the form (65).

3a) ((1,) > p(ag) for all I,, and #1, > #I,, (where #1, and #I, denote
the numbers of I, and, respectively, I,). We can split [to, to + o] into
intervals I = I = I,Ul, or I =1, where

(y); > agap' ™,

holds by (60) and (63), which further implies (64) and, thus, (65).

3b) ((1,) > u(ap) for all I, and #I1, = #1, + 1. According to the two cases
in (61) for the one extra I,, we either have the situation of case 3a), or

€z T - g [Z
E(Iz) S 50 &02(1_52) — OT() Z a1 Oé(e)l s
0

since Tg —K(Iz> 2 M(Oéo). By sphttlng [to, t() +T0] = ([to, t() —f—To]\IZ) U]z
as in (62) we again obtain (64).

Thus, all cases lead to estimates of the form (65), which completes the proof.
m
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5 A Discrete Velocity Model

In this section, we introduce a one-dimensional linear discrete velocity model,
for which the entropy dissipation approach leads to the same system of or-
dinary differential inequalities as for the linearized cometary flow equation.
However, the discrete velocity model can be solved explicitly by Fourier ex-
pansion, which proves actually exponential convergence to equilibrium. It
is interesting to compare the three-velocity model below to the two-velocity
model discussed in [14], in which the entropy dissipation approach controls
local equilibria already by one second order differential inequality like (19).
We consider the equation

of  of _
with
f:<f+7f07f*)7 (67)

periodic boundary conditions in z € [0,1), and initial condition f(t = 0) =
fr- We use a matrix-vector notation, and collect the discrete velocities 1,0
and —1 in the diagonal matrix

0
0
-1

(68)

o O O

1

v=10

0

For the collision operator L, we choose

~1/6 1/3 —1/6
L= 1/3 —2/3 1/3 |, (69)
~1/6 1/3 —1/6

which can be written as L = Py + P — [ = ¢y ® ¥y + 1 ® ¢; — I, with

X (111

¢0:_(17171)7 POZ_ 1 1 1 )
V3 3\1 11

' L[ 10 -1

— —_(1,0,-1), P==| 0 0 0

. \/5( ) B WP
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Pointing out the similarities between (66) and the linearized cometary flow
equation, we define - in analogy to section 3 - the entropy for (66)

H(flg) = If —gll?,

where | - || denotes the norm induced by the scalar product

1
0

Note that ¢y and 1/ are collision invariants since

V"L =0 L =0.

Multiplying (66) by 1, i = 0, 1 yields the conservation laws

a a tr _
&(%"f) + %(% vf)=0,

where i = 0 corresponds to the conservation of mass, and ¢ = 1 to the
conservation of momentum.
The global equilibrium f., is given by

foo = (f1,%0)00 + (fr, V1)1 -

The local equilibrium is denoted by Pf, where Pf = Pyf + Py f.
The time-derivative of the relative entropies with respect to the global
equilibrium

d
SH(f\fx) = —2H(J|PY),

leads, as in section 3, to consider the second time-derivatives of the relative
entropies with respect to the local equilibrium

T hisips) = _2<Lﬁ oF >+4H(f|Pf)

dt? oz " ox
of of of
—6<Lf,vax>+2<vLax,vax>, (70)

which has the same structure as (20) for cometary flow equation.
If we assume that f is in local equilibrium (i.e., f = Pf), only the first
term on the right hand side of (70) contributes, since v(—L)v = 3 P; :

d? 2

dt?

0
H1PD,, =5 |5

=P 3
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However, as for the linearized cometary flow equation, this term may vanish
without f = f., and we introduce the projection Pf = Fyf + P fo, with the
matrix representation P = Py+ P+ P, Fy. Note that (P—P)f = Pi(f — fx),

whence
2P of|” of ,of

By setting f = Pf in (71), it immediately follows that
2

> CH(f|f),
(72)

which vanishes if and only if f is in global equilibrium. Now, arbitraily fast
algebraic convergence to equilibrium follows from theorems analog to 3.3 and
3.4 as well as lemma 3.5, which can be proven analog to section 4.

On the other hand, exponential convergence is shown directly by Fourier
expansion,

1=Pf

d? ~ Lr79 2 A1 8
EHUPH| :/0 <a—x(f++f_)) dx:gHa—xPof

o0

flat)= > eal(t)e®™. (73)

k=—o00

Substituting (73) into (66), the coefficients compare to
O = (L — i2mkv)ey, ,
and it follows from the definition of L and v that

—1/6 —i2nk 1/3 ~1/6
L —i2mkv = 1/3 —2/3 1/3 . (74)
~1/6 1/3  —1/6 + i2rk

The characteristic polynomial of (74) is given by
pe(N) = N+ N2 +4ark* (N +2/3) .

For k = 0 (and, thus, pur = 0) we recover the double zero eigenvalue cor-
responding to the two dimensional set of equilibrium distributions. The
third eigenvalue for £k = 0 is A = —1. For k # 0, an application of the
Routh-Hurwitz criterion shows that all remaining eigenvalues have negative
real parts. It is easily shown that, as |k| — oo, the three zeroes of py are
approximated by

2 1 1
>\k1%—§, )\k2%—6+2ﬂ'k‘i, Ak3%—6—27{'k‘i.

This proves the existence of a spectral gap and, thus, exponential convergence
to equilibrium for (66).
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