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Abstract

The one-dimensional phase retrieval problem consists in the recovery of a complex-valued signal
from its Fourier intensity. Due to the well-known ambiguousness of this problem, the determ-
ination of the original signal within the extensive solution set is challenging and can only be
done under suitable a priori assumption or additional information about the unknown signal.
Depending on the application, one has sometimes access to further interference measurements
between the unknown signal and a reference signal. Beginning with the reconstruction in the
discrete-time setting, we show that each signal can be uniquely recovered from its Fourier intens-
ity and two further interference measurements between the unknown signal and a modulation
of the signal itself. Afterwards, we consider the continuous-time problem, where we obtain an
equivalent result. Moreover, the unique recovery of a continuous-time signal can also be ensured
by using interference measurements with a known or an unknown reference which is unrelated
to the unknown signal.
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1. Introduction

Phase retrieval problems occur in a width range of applications in physics and engin-
eering such as crystallography [Milgo, Haug1, KHo1], astronomy [BS79, DF87], and laser
optics [SSTo4, SSD*06]. All of these applications have in common that one needs to re-
cover an unknown signal from the intensity of its Fourier transform. Because of the
well-known ambiguousness of this problem, the recovery of an analytic or a numer-
ical solution is generally challenging. To determine a meaningful solution within the
solution set, one therefore needs further a priori information or additional data.

In this paper, we consider the one-dimensional phase retrieval problem for discrete-
time and continuous-time signals. In both cases, we restrict ourselves to the recovery of
an unknown signal with finite or compact support. The ambiguities of these problems
can be explicitly specified by an appropriate factorization of the corresponding autocor-
relation signal, see [BS79, OS89, BP15] for the discrete-time and [Akus6, Akus7, Wal63,
Hof64] for the continuous-time setting,.
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Depending on the application, one can sometimes superpose the unknown signal x
with an appropriate reference signal h. In the discrete-time setting, the additional Four-
ier intensity of the interference x + h can be used to reduce the solution set to merely
two different signals or even to ensure uniqueness for particularly known references,
[KHgoa, KHgob, BP15]. Under some further assumptions, it is also possible to use un-
known references to recover the wanted signal, [KHg3, RDN13, RSA*11, BP15]. Besides
considering reference signals being not related to the unknown signal, one may also
employ a modulation of the unknown signal itself as reference in order to guarantee
uniqueness, [CESV13].

A slightly different approach to ensure uniqueness by additional data in the frequency
domain is presented in [NQL83a, NQL83b]. Here the Fourier transform is replaced by the
so-called short-time Fourier transform, where the unknown signal is overlapped with a
small analysis window at different positions.

If we normalize the support of the unknown signal x to {0, . . ., M—1}, we can interpret
x as an M-dimensional vector. Further, the Fourier intensities | x(wy ) | at different points
Wi € [-m, ) can now be written as the intensity measurement |(x, vy )| with vy :=
(elxm)M71 - Generalizing this idea, here the question arises how the vectors vy have
to be chosen, and how many vectors vy are required to ensure the recovery of x from
the intensities | {x, vy )|, see for instance [BCE06, BBCEo9, BCM14, BHi5] and references
therein. To reconstruct the signal x explicitly, one can again exploit suitable interference
measurements of the form |{x, vy + v¢)|, see [ABFM14].

Besides employing interference measurements, the ambiguities can also be avoided by
further information about the unknown signal in the time domain. In [BP16], it has been
shown that almost every complex-valued discrete-time signal x is uniquely determined
by its Fourier intensity | x| and one absolute value |x[n]| for a fixed n within the support
of x. A similar statement holds if two phases arg x[n] and arg x[m] for appropriate n and
m are known beforehand.

The continuous-time phase retrieval problem, however, has a completely different be-
havior than the discrete-time equivalent. Nonetheless, also here the ambiguousness is a
challenging problem. If the additional Fourier intensity of an appropriate modulation of
the unknown signal is available, one can here solve the corresponding phase retrieval
problem uniquely by comparing the zeros of the analytic continuation of the given in-
tensities, [WFB81]. Using a combination of oversampling and modulations, Pohl et al.
show that the unknown signal can be recovered up to a global phase, [PYB14]. Simil-
arly to the discrete-time setting, the unknown signal can also be uniquely recovered by
exploiting interference measurements. For this purpose, Burge et al. have constructed
suitable reference signals depending on the given Fourier intensity, [BFGR76].

The paper is organized as follows. In section 2, we introduce the discrete-time phase
retrieval problem. Here we investigate interference measurements of the unknown sig-
nal with a modulation of the signal itself. Using Prony’s method, we adapt and extend
the uniqueness results in [ABFM14] and [CESV13] to our specific problem formulation
and show that each discrete-time signal with finite support can always be recovered
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uniquely. Moreover, we can drop the assumption that the support of the unknown sig-
nal must be known beforehand as supposed in [ABFMi4] and [CESV13], since we can
recover the support from the given Fourier intensities.

In section 3, we transfer our findings from the discrete-time to the continuous-time
setting. Moreover, we consider interference measurements where the reference signal is
known beforehand. Similar to the discrete-time setting, these measurements reduce the
solution set to two different signals. Giving a novel proof of the corresponding results
in [KST9s5], we can here explicitly represent the second possible solution. Moreover, we
show that the uniqueness results for an unknown reference signal [KHg3, RDN13, BP15]
can also be transferred. For this purpose, we will employ the characterization of the
arising ambiguities in [Hof64].

2. Discrete-time phase retrieval

2.1. Trivial and non-trivial ambiguities

We begin with the one-dimensional discrete-time phase retrieval problem, where we wish
to recover a complex-valued signal x := (x[n]),ez from its Fourier intensity | x|, where
X denotes the discrete-time Fourier transform given by

F(w) = F[x)(©) = ) x[n]e™" (0 €R).

nezZ

In the following, we assume that the unknown signal x has a finite support of length N.
In other words, we always find an ny € Z such that x[n] = 0 forn < ng andn > ng + N.
As a consequence of this a priori condition, the corresponding autocorrelation signal

a[n] = Z x[klx[k+n] (nez)

kez
possesses the finite support {—-N +1,..., N — 1}. Moreover, the autocorrelation function
a(w) = Z a[n] e = Z Z x[n] x[k] e 7R = |3(w) |2
nez nezZ keZ

is here always a non-negative trigonometric polynomial of degree N — 1, and the sup-
port length N of the unknown signal x is hence explicitly encoded in the given Fourier
intensity | x|.

Under the assumption that the support length N is known beforehand, the considered
phase retrieval problem can be discretized in the frequency domain. Our problem is
equivalent to the task to recover the unknown signal x with support length N from the
2N —1values

%(%£)|  (k=-N,....N-1)
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since the trigonometric polynomial @ = |xX|? of degree N — 1 is completely determined
by 2N — 1 samples at different points in [—, 7).

It is well known that the (discrete-time) phase retrieval problem is not uniquely solv-
able in general. The simplest occurring ambiguities are caused by rotation (multiplica-
tion with a unimodular constant), time shift, and conjugation and reflection, [BP15].

Proposition 2.1. Let x be a complex-valued signal with finite support. Then

(i) the rotated signal (e'* x[n])nez fora € R
(i) the time shifted signal (x[n — ng])nez forny € Z

(iii) the conjugated and reflected signal (x[—n])nez

have the same Fourier intensity | X|.

Although the ambiguities in Proposition 2.1 always occur, they are of minor interest
since they are closely related to the original signal. Usually, besides the rotations, shifts,
and conjugation and reflection, the discrete-time phase retrieval problem has an ex-
tensive set of further solutions, which can completely differ from the original signal.
Similarly to [Wan13, BP15], we distinguish between trivial and non-trivial ambiguities.

Definition 2.2. A trivial ambiguity of the discrete-time phase retrieval problem is
caused by a rotation, time shift, conjugation and reflection, or by a combinations of
these. All other occurring ambiguities are called non-trivial.

Unlike the trivial ambiguities, where we have infinitely many possibilities to choose
the rotation parameter & € R and the shift parameter ny € Z, the phase retrieval prob-
lem to recover a signal with finite support can only possesses finitely many non-trivial
solutions, see [BP15, Corollary 2.6]. More precisely, depending on the support length
N of the unknown signal, the solution set can consists of at most 2V=2 non-trivially
different signals.

2.2. Interference measurements in the discrete-time setting

Considering the large number of non-trivial solutions, how can we determine the ori-
ginal signal within the set of ambiguities? One possibility to reduce the solution set
significantly is the exploitation of additional interference measurements of the form
| #[x+h]|, where his a suitable reference signal with finite support. If h is a known refer-
ence signal unrelated to x, then the corresponding phase retrieval problem has at most
two non-trivially different solutions, see [KHgob, BP15]. If A is also an unknown sig-
nal, under some additional assumption, both signals x and h can be uniquely recovered
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from ||, ||, and |x + h, see [KHo3, RDN13, BP15], where in [RDN13] the additional
measurements | X + ih| are employed.

In this section, we examine interference measurements of a slightly different kind.
More precisely, we replace the reference signal h with a modulated version of the un-
known signal x itself. This idea goes back to [CESV13] and [ABFM14], where the phase
retrieval of a finite-dimensional vector from the intensities of the discrete Fourier trans-
form or the intensities of a suitably constructed frame is considered.

Transferring this approach to the discrete-time phase retrieval problem, we try to
recover the complex-valued signal x with finite support from its Fourier intensity |x]|
and a set of interference measurements of the form

|9[x + el et x] |, (1)

where the modulations and rotations are described by y € R and a € R. Since the
Fourier transform of the modulated signal is given by

Gf[ei“ el# X] (0) =€ Z x[n] eI = & X(w — p),
nezZ

we can also interpret the considered interference measurements as interferences with
certain shifts of the Fourier transform X in the frequency domain.

2.2.1. Phase reconstruction by using a polarization identity

Our first approach to recover x is to apply a suitable polarization identity, which allows
us to determine the unknown phase of x. For this purpose, we generalize the Mercedes-
Benz polarization identity introduced by Alexeev et al. in [ABFMi4]. In the following,
the primitive Kth root of unity is denoted by (i = e”/¥.

Lemma 2.3. Let z; and z, be two complex numbers. Then the polarization identity

_ 1 _
Z12 = — §1§|21+§Kk22
& 0

=

|2

A~
Il

holds for every integer K > 2.

Proof. The assertion can be proven by generalizing the ideas in [ABFMug4, p. 38]. We
expand the right-hand side of (2) and obtain

K-1

K-1
%Z§I§|Zl + g[zk Zz|2 = % g{é (|Zl|2 + 2%[@};’(2122] + |Zg|2)
k=0 k=0
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x

é/Il(c' R [Qk 5122]

0

2
K

>~
Il

since the sum over all roots { I’§ is zero. Writing the real part of the product ¢ I}k Z125 as

R[F 2iz2] = R[GF] R[7z] - 3[8F] 3[z2).

and using the identities R{' = R{, I’é and 3¢ ng =-3¢ Ilg, we further have

=

-1

K-1
% K |zl + ¢k 22|2 _ %;g}; (‘R[g};] ‘R[Elzz] + S[ﬁ;] S[Elzz]).

0

>~
Il

We consider the real and imaginary part of this equation separately. Here the substi-
tution X == RyE +iT¢E yields

1 K-1 . N 5 92 3 K-1 K-1 . .
R E §K|Zl+§K Zg| = E %[lez Z[%{TK +S lez Z%nggK
k=0 k=0 k=0
and
3 iKz_lgvk|z +§_k22|2 :E ‘R[Elzz]K_lsgk‘Rgvk+5[5122]KZ_1[8§’<]2
K k=0 Ko “ K k=0 “ “ k=0 “ ‘

Rewriting the real and imaginary parts as %{}; = 1/2(§I;k + {IIE) and 3{}; = i/z(gvlgk - {}é),
we can compute the occurring sums by

N

-1

=

-1

1 _ K
[(Rek] =3 2 (2 = 5
k=0 k=0
K-1 K-1
1 _2k k K
[SQVK] =72 (éVKz — 2+ (¢ ) -
k=0 k=0
and
K-1 K-
Rk = 2 Z =0
k=0 k=0
which completes the proof. O

Remark 2.4. Obviously, Lemma 2.3 cannot be validif K < 3 because the right-hand side
would be always a real number. For the special case K = 3, Lemma 2.3 coincides with
the original Mercedes-Benz polarization identity introduced in [ABFM14, Lemma 2.1]. O
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The polarization identity in Lemma 2.3 can now be used to reveal the relation between
the values x(w) and X(w — p) hidden in the interference measurements

|F[x+GFex]| k=0, K-1)

for some K > 3 and p € R. The following theorem shows that the knowledge of this
relationship is sufficient to recover each discrete-time signal up to trivial rotations.

Theorem 2.5. Let x be a discrete-time signal with finite support of length N. If i # 21 p/q
forallp € Z and q € {1,...,N — 1}, then the signal x can be uniquely recovered up to
rotation from its Fourier intensity | x| and the interference measurements

|F[x+Fe ]| k=0, ,K-1)
for every K > 3.

Proof. Firstly, we apply the polarization identity in Lemma 2.3 to the given interference
measurements |x(-) + {I}k X(- — p)| and obtain

=

-1
1 - N 2 - - : o
= D [F@) + G R0 = )| = [F0) |7 - p) [P0,
0

~
I

where ¢ denotes the phase of X = |x|e'?. If X(w) and X(w — p1) are non-zero, we can
hence determine the phase difference ¢(w — p) — ¢(w).

Since the unknown signal can only be recovered up to rotations, we can arbitrarily
choose the phase ¢(w,) of X(wy) for one wy without loss of generality. Starting from this
point, we can now use the phase differences to compute a series of relative phases

d(wo + pk) (k=0,...,2N-1)

with respect to ¢(w,). To ensure that ¢(wy + pk) # 0 for k = 0,...,2N — 1, we notice

that X can be written as
N-1

(@) =M Y cpetn, 3)

n=0

with ¢, = x[n + ng] because of the finite support. Since the occurring algebraic poly-
nomial in e of degree N — 1 can only have finitely many zeros on the unit circle, we
can always find a suitable wy that enables us to recover 2N relative phases and hence
2N values of x itself. Writing the recovered points of X in (3) as

N-1
X(wo + pk) = Z [en e7iwn(mem)] etkutmem) (e 0, 2N - 1), (1)

n=0
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we can interpret the determined points as function values of the exponential sum with
complex coefficients ¢, e 10 ("*™0) and real frequencies p(n + no) at the equally spaced
points k from 0 to 2N — 1.

By assumption, we can suppose that y # 27 ¢/(n;-n,) for all £ € Z and ny # n, with ny,
ny € {0,..., N —1}. Therefore,

,u(nl +I’l0) ;t/l(l’lz +I’l0) + 27l

and thus the values e #("*) in (4) differ pairwise for n = 0, ..., N — 1. Consequently,

the exponential sum in (4) is completely determined by the given function values, and
we can apply Prony’s method to determine the unknown coefficients and frequencies,
see [Progs] or [Hil87, Sect. 9.4]. For that reason, we can always determine x and hence
x up to rotation. |

Remark 2.6. The main reason for the application of Prony’s method in the proof of
Theorem 2.5 is the lack of information about the integer n, in the frequency represent-
ation (3). Considering the influence of the modulation e™“™ in the time domain, we
only know the support length N of the unknown signal x but not the exact position
of the support itself. If we additionally assume that x has the support {0,...,N — 1},
we can recover the trigonometric polynomial X directly from the constructed function
values by solving a linear equation system because all occurring frequencies are known
beforehand. Unfortunately, we cannot neglect the restrictions on the parameter y since
these are needed to ensure the invertibility of the arising Vandermonde matrix. o}

Remark 2.7. Considering the assumptions of Theorem 2.5, we have to choose y in a
way that p is not a rational multiple of 2 where the denominator is an integer between
land N —1. Choosing y as an irrational multiple of 27, we can recover every signal from
the given interference measurements independently of the actual support length N. ©

Remark 2.8. If we assume that the support of the unknown discrete-time signal x with
support length N is contained in the set {0, ..., M — 1} with M > N such that (x[n]),ez
can be identified with an M-dimensional vector, then we can interpret the Fourier in-
tensity | x(wy) | for a certain point w, in the frequency domain as intensity measurement
| (x, v, )| with the frame vector v,, = (ei”"k)ﬁ?. Choosing at least M pairwise differ-
ent points w, in [—mr, ) beforehand, we can consequently transfer the whole theory
developed by Alexeev et al. [ABFM14] to recover the unknown vector x from the given
intensity measurements |x(w,)| and the given interference measurements

|%(@n) + & F@m)|  (k=0,1,2)

for a larger number of randomly chosen index pairs (n,m). In [ABFM14] it has been
shown that the unknown vector can be recovered with high probability from approxim-
ately 240M measurements for an arbitrary frame, see [ABFM14, p. 41].
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In contrast to the findings of Alexeev et al. for arbitrary frames, we exploit that the
Fourier transform of a complex-valued discrete-time signal with finite support of length
N is a trigonometric polynomial. For the special case K = 3 considered by Alexeev
et al,, this enables us to recover the unknown signal x always from merely 8N — 4 meas-
urements or, more precisely, from 2N — 1 measurements for each of the four Fourier
intensities

%O and RO+ GERC-p|  (k=0,1,2),

cf. subsection 2.1. Moreover, the procedure in the proof of Theorem 2.5 allows us to
determine the position of the current support from the given Fourier intensities. In other
words, we can recover the unknown signal x without the assumption that the support
of x is contained in some specific set {0, ..., M —1}. o)

2.2.2. Reducing the number of required interference measurements

Looking back at Theorem 2.5, we observe that the actual number of interference meas-
urements depends on the chosen root of unity {x or, more precisely, on the chosen
integer K. Consequently, it seems that the given interference measurements are highly
redundant. This impression is confirmed by a result in [CESV13], where Candes et al.
employ only two of the interference measurements like in Theorem 2.5 to recover a
finite-dimensional vector.

In this section, we adapt the approach of Candés et al. to the discrete-time phase
retrieval problem and simultaneously generalize the result to show that each complex-
valued discrete-time signal can be recovered from its Fourier intensity and two further
interference measurements of the form (1), where the two rotations can be chosen almost
arbitrarily. In particular, these rotations do not have to arise from the Kth roots of unity
for a certain integer K.

Theorem 2.9. Let x be a discrete-time signal with finite support of length N. If p # 21 P/q
forallp € Z and q € {1,...,N — 1}, then the signal x can be uniquely recovered up to a
rotation from its Fourier intensity | x| and the two interference measurements

|9"[x + el® el x] | and |9"[x + el gl x] |,
where oy and a, are two real numbers satisfying oy — ap # mk for all integer k.
Proof. We follow the lines of the proof of Theorem 2.5. Again, the crucial point is the

extraction of the required relative phases from the given interference measurements.
Writing xX(w) = | X(w) | €'#(®), we can rearrange the first interference measurement to

|5E(a)) + e % X(w — p) |2
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= [X(@) [} +[%(@ = ) | + 2|%(0) | [%(@ - p) | R [P -d@ra],

Replacing oy by a, we obtain a similar representation for the second interference meas-
urement. Consequently, if both moduli |x(w)| and |X(w — )| of the Fourier transform
X are non-zero, we can determine

R[e#@m-d@ra)] and R [eld@mn-dlo)a),

In order to extract the phase difference ¢(w — p) — ¢(w) from these two values, we
apply Euler’s formula and afterwards the addition theorem for cosine. In this manner,
we obtain

R [l GOm0 ] = cos(an) cos(@(w — 1) = $(w))
= sin(a) sin($( ~ ) - $())

and
%[eiw(w—u)—qﬁ(w)mz)] = cos(az) cos(p(w — p) — p(w))

= sin(az) sin(¢(w — p1) = ¢(w)).

Since the values on the left-hand side are known, we can consequently determine the
sine and cosine of the wanted phase difference ¢(w — 1) — $(w) by solving a simple linear
equation system. Here, the determinant of the occurring matrix is given by

det( gg:g; ::ﬁ:g‘;) = sinay cosay — cos a; sina, = sin(a; — az),

which ensures a unique solution whenever a; — a; does not coincide with a multiple of
7. Consequently, we can always determine the required phase difference ¢(w—p) — p(w)
for a certain w. With the extracted phase difference, the theorem can now be justified as
discussed in the proof of Theorem 2.5. O

Remark 2.10. As mentioned before, Candés et al. consider a slightly different phase re-
trieval problem in [CESV13, Theorem 3.1]. More precisely, they deal with the problem to
recover a finite-dimensional vector from the intensities of its discrete Fourier transform.
Using our notation, we can state this problem as follows: recover the signal x whose
support of length N is contained in the interval from 0 to M — 1 from the (discrete-time)
Fourier intensities

=( 2nk =(2nk) 4 o 2n(k=0) =f2nk) _ ;o 2n(k=0)

)] [=(5F) +2(557) ] and - [2(55) 15257
for all integers k = 0,...,M — 1 and for a certain integer £. Under the additional as-
sumption that € and M are co-prime, and that the given Fourier samples |x(2mk/m) | are

non-zero, Candeés et al. show that the unknown signal x can be uniquely recovered.
Recalling that the Fourier intensity of a discrete-time signal with support length N is
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entirely determined by 2N — 1 arbitrary samples, we can directly compare Theorem 2.9
for ¢y == 0, ay = —7/2, and p = 27 ¢/m with the results of Candés et al. and see that
both statements are almost identical. In the special case that N and M coincide, the
main difference between both statements is that we need twice as many measurements.
Anyway, this enables us to neglect the assumption that the given samples of the Fourier
intensity have to be non-zero. Further, we can determine the unknown position of the
current support completely from the given Fourier intensities.

Finally, the integers N and M have a slightly different meaning. With the dimension
M, we determine the interval {0, . . ., M—1} that contains the non-zero components of the
considered signal x. The current support length N of this signal can however be much
smaller than the assumed dimension M. Consequently, if M is only a rough estimation,
then Theorem 2.9 allows us to recover the wanted signal from a much smaller set of
measurements. )

3. Continuous-time phase retrieval

3.1. Characterization of the occurring ambiguities

Different from the previous section, we now consider the continuous-time phase re-
trieval problem, which has a completely different behavior as the discrete-time equi-
valent. Here we are faced with the recovery of a continuous-time signal or a function
f: R — C in L? with compact support from its Fourier intensity | #[f]|, where the
corresponding Fourier transform is given by

—~

Fo) = F1f)(w) = f Flrye ot dr,

The ambiguousness of this problem has been studied by Akutowicz [Akus6, Akus7],
Walther [Wal63], and Hofstetter [Hof64], for instance. To reduce the set of possible am-
biguities, we will again employ interference measurements with different kinds of refer-
ence signals. For this purpose, we require a suitable characterization of the solution set.
Here we follow the approach by Hofstetter [Hof64], where the solutions are presented
as an infinite product with respect to the zero set of the analytic continuations of their
Fourier transforms.

In our case, the continuation of F[ f] is given through the theorem of Paley-Wiener,

see for instance [Boas4, Theorem 6.8.1]. Using the (two-sided) Laplace transform, we
can write this well-known theorem in the following form.
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Theorem 3.1 (Paley-Wiener). The function F: C — C is an entire function of exponen-
tial type and belongs to L? on the imaginary axis if and only if F is the Laplace transform

FQ) = LIFQ) = f ftyeta,

of a function f in L? with compact support.

In this context, a function F: C — C is called entire if the function is analytic over the
whole complex plane. If F moreover grows no faster than an exponential, which means

that F can be bounded by
FQ)| < AefIel,

then the entire function F is of exponential type, see for instance [You8o, p. 53]. As a
consequence of the theorem of Paley-Wiener, the Laplace transform F is now the unique
analytic continuation of the Fourier transform [ f] from the imaginary axis to the com-
plex plane because the restriction F(i-) of the holomorphic Laplace transform F to the
imaginary axis obviously coincides with F[ f7].

The next key instruments in the characterization of the occurring ambiguities are the
autocorrelation signal

a(t) ::fmf(sﬂ)ds

and the autocorrelation function A = L[a]. Since the autocorrelation signal of a com-
pactly supported function f in L? is again a compactly supported function in L?, the
autocorrelation function A can be interpreted as the analytic continuation of the Fourier
transform a. Further, the autocorrelation is closely related to the given Fourier intensity,
see [Hof64].

Proposition 3.2. Let f be a continuous-time signal in L*> with compact support. Then

the autocorrelation function A is the analytic continuation of the squared Fourier intensity
|F[f]1? from the imaginary axis to the complex plane.

Proof. Using the definition of the autocorrelation signal, we can write the autocorrel-
ation function A of the considered signal f as

A(9)

fmf(su)e-?fdsdt

fmf(t) e ¢! ef*dtds = F(¢) F(-0).

|
|
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If we now consider the restriction of this identity to the imaginary axis, we have

—~

Alio) = F(i0) Fi0) = f(0) f(o) = |f@)].

which implies that the restriction of the autocorrelation function A coincides with the
squared Fourier intensity | #[f]|? as claimed. Since A is a holomorphic function by the
theorem of Paley-Wiener, the assertion follows. O

After this preliminaries, we recall the characterization of all occurring ambiguities in
the continuous-time phase retrieval problem, [Hof64, Theorem I].

Theorem 3.3 (Hofstetter). Let f be a continuous-time signal in L* with compact support.
Then the Laplace transform of each continuous-time signal g in L* with compact support
and the same Fourier intensity | ¥ [g]| = | F[f]| can be written in the form

Is

@) =cemeir [ (1-£) e
j=1

where the absolute value |C| and the imaginary part 3y of the complex constants C and
y coincide for all signals g, and where ; is chosen from the zero pair (§;, =& ;) of the auto-
correlation function A.

Proof. For the sake of convenience for the reader, we give a short proof following the
lines of [Hof64]. Let f and g be signals with compact support in L2, and let F and G
be their Laplace transforms being entire functions of exponential type. By Hadamard’s
factorization theorem [Boas4], we can represent the entire functions F and G by

(o) (9] g

£ £
FQ =c¢mer ]| (1— g)eff and G() = G ¢™ e | | (1— ,,%)e”f
j=1 j=1
with respect to their non-vanishing zeros &; and ;.
Assuming that |F[g]| = | F[f]l|, we can conclude that the autocorrelation functions
of f and g coincide. Using (5), we can therefore represent the common autocorrelation

function A in terms of F or G by

A©) = F(2) F(-T) = 6(2) o(2) ©

Due to this factorization, all zeros of the autocorrelation function A obviously occur in
pairs of the form (£;, —¢ ), where £; is a zero of F. Since an analogous observation follows
from the factorization of G, we can resort the zeros 1; so that; = &; orn; = —£. Further,
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the multiplicities m; and m; of the zero at the origin must also be equal. Consequently,
the possibly infinite products in the factorizations of A coincide, and we can reduce (6)

to
|Cy |2 S v — [Cy |2 ef (=72 op |Cy )2 263l — |C2|2e2§5[)/z],

which shows that the absolute values |C; | and | C; | and also the imaginary parts Jy; and
Iy, coincide. m]

Similarly to the discrete-time setting, we divide the occurring ambiguities charac-
terized by Theorem 3.3 in two different classes. Since the rotation, the time shift by a
real number, and the reflection and conjugation of a solution always result in a further
solution of the considered phase retrieval problem, cf. Proposition 2.1, we call these am-
biguities trivial. The remaining ambiguities are non-trivial. Using the characterization
in Theorem 3.3, we can also represent the ambiguities in the following manner.

Proposition 3.4. Let f and g be two continuous-time signals in L? with compact support
and the same Fourier intensity | F[f]| = | F[g]|. Then there exist two entire functions F;
and F, of exponential type such that

F(0) = Fi({) F2(0)

and

G() = et R (-7) R:(2),

where o and t, are suitable real numbers.

Proof. Applying Theorem 3.3, we can represent the Laplace transforms F and G by

had e

F({):Clg”meihﬁ(1_§ij)e§£j and G(g):czévmeénn(l_%)eq—j
j=1 o

with |G| = |C2|, 3y1 = Ty, and n; € (&, —§j). Now, we can resort the zeros of G such

that _
I TR
=
£ else

for an appropriate subset A of the zero set = := {£;: j € N} of F.
Based on this subset, we define the two possibly infinite products F; and F, by

RO =] (1-%)5 and Fy(0) = clgmeﬁlﬂ(pgj)e?i.

ngA ngE\A
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Due to the fact that the convergence exponent - the infimum of the positive numbers
a for which the series Z;‘;ll &i|7* converges — of the zeros of an entire function is al-
ways less than or equal to the order of the entire function, see for instance [Boas4,
Theorem 2.5.18], the zeros £; can at most have the convergence exponent one. Since the
zeros of F; and F, are merely subsets of the zeros of F, the corresponding convergence
exponents thus also have to be less than or equal to one. Borel’s theorem now implies
that the possibly infinite products F; and F, are again entire functions of exponential
type, see [Mar77].

Obviously, we have the factorization F = F; F,. In order to achieve the factorization
of G, we consider the reflection of the first factor given by

- [10-4)7

e

Hence, the reflection F;(—) possesses the zeros n; = —Ej for all &; in A, which implies

that the zeros of the product F;(—) F; and G coincide.

Finally, since the absolute values |C;| and |C; | and the imaginary parts Jy; and Jy,
have to be equal by Theorem 3.3, the entire functions F;(—~) F, and G can only differ by
a rotation e'* and a time shift e"¢%. Choosing the real numbers « and t, suitably, we
obtain the wanted factorization in the assertion. O

Remark 3.5. We can interpret Proposition 3.4 in a slightly different way: if the restric-
tions of the entire functions F and G of exponential type to the imaginary axis coincide,
then we can always find two entire functions F; and F, to factorize F and G in the man-
ner of Proposition 3.4. This observation can now be generalized to entire function of
arbitrary order, see [Mar14, Lemma 1]. o)

Remark 3.6. For the discrete-time setting, an equivalent statement of Proposition 3.4
holds where the Laplace transforms F and G are replaced by the discrete-time Fourier
transforms of the two signals. Moreover, for two discrete-time signals x and y with

|x| = |y|, there always exists two discrete-time signals x; and x, with finite support
such that
X =X %Xy = (Z xl[n—k]xz[k]) and y = e x[ —nol * x[—]
ez nezZ

with suitable @ € R and ny € Z, see [BP15, Theorem 2.3]. In other words, each ambiguity
of the discrete-time phase retrieval problem can be represented by an appropriate con-
volution and a suitable rotation, shift, and reflection and conjugation of the occurring
factors. O
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3.2. Ensuring uniqueness in the continuous-time phase retrieval

Differently from the discrete-time phase retrieval problem, the continuous-time version
to recover a certain signal usually possesses infinitely many non-trivial ambiguities.
Hence, we are once more faced with the question: how can we ensure the unique recov-
ery of the unknown signal, or how can we at least reduce the occurring ambiguities to
a sufficiently small set.

Like in the discrete-time setting, we will employ different kinds of interference meas-
urements. Here Klibanov et al. show that the additional interference measurement with
a known reference can almost ensure the unique recovery of a distribution with com-
pact support. Adapting this observation [KST95, Proposition 6.5] to the continuous-time
phase retrieval problem, we obtain the following statement.

Proposition 3.7 (Klibanov et al.). Let f and h be two continuous-time signals in L* with
compact support, where the non-vanishing reference signal h is known beforehand. Then
the signal f can be recovered from the Fourier intensities

|1l and |F[f +h]|

except for at most one ambiguity.

Proof. We give a new proof of the statement by adapting the proof of the discrete-time
equivalent in [BP15, Theorem 4.3]. Writing the Fourier transforms of the signals f and
h in their polar representations

Fflw) = |F[fl@)]| e and F[h](w) = |F[h](w)| ¥,

where ¢ and i/ denote the corresponding phase functions, we can represent the given
interference measurement by

|F[f + (@) P = 1F[f1@) I +1F[h(@) 1 + 21 F [f1(@) | F[h](0) | cos($(w) - §(w)).
In other words, the phase difference ¢ — ¢ is given by

|F1f + (o) I = 1F[f1(w) I* = | F[h](w)
2| F[fN ) 1 F [ (@) ]

with an appropriate integer k whenever F[ f](w) and #[h](w) are non-zero.

¢(w) — Y (w) = + arccos ) + 21tk (7)

Since F[ f] and F[h] are continuous, we can find a small interval for « where the sign
in (7) does not change and the integer k is fixed. Further, since ¢ —/ is the phase function
of the product F[ f]F [h], which is the restriction of the entire function F(-) H(—") to the
imaginary axis, we can extend ¢—1 uniquely from the interval to the complete frequency
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domain. Consequently, there exist at most two distinct phase differences ¢ — 1. Here
the phase ¢ of the second solution f and the phase ¢ are related by

9

P(w) = ¥(w) = —P(0) + ¥(w) + 27k.
Hence, the Fourier transform of the second solution has to be of the form

FIf] = |FLf1| e 94, (8)

which completes the proof. O

Remark 3.8. The main benefit of the proof of Proposition 3.7 given above is that we
obtain an explicit representation of the second possible solution in dependence of the
phase of the reference signal. Considering the Fourier transform (8), we can have doubts
whether the corresponding continuous-time signal f is really a signal with compact
support and hence a valid solution of the problem. Indeed, the Fourier transform (8)
does not have to be the restriction of an entire function and does not even have to be
a continuous function at all because the phase ¢ of the continuous function F[h] itself
can possesses discontinuities. Further, the theorem of Paley-Wiener here implies that
the second solution f does not have to have a compact support and may thus be an
invalid solution of the considered continuous-time phase retrieval problem. ¢}

Next, we replace the known reference signal h within the interference f + h by an
unknown reference. Inspired by the discrete-time equivalent in [BP15, Theorem 4.4],
we show that the continuous-time signal f and the unknown reference h are uniquely
determined by the Fourier intensities of f, h, and f +h up to common trivial ambiguities.
This means that we can recover f and h up to common rotations or time shifts or up to
the reflection and conjugation of the two signals.

Theorem 3.9. Let f and h be two continuous-time signals in L> with compact support. If
the non-vanishing zeros of the Laplace transformed signal F and H form disjoint sets, then
both signals f and h can be recovered from the Fourier intensities

|\F1f1, 1 F[hll,  and, |F[f +h]|

uniquely up to common trivial ambiguities.

Proof. Let f and h be a further solution pair of the considered problem with

v

\FIf1 = 1F[f1l,  |F[h]l = |F[A]l, and |F[f+h]l=|F[f +Ah]l.
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Applying Proposition 3.4, we can represent the two solution pairs in the frequency do-
main by an appropriate factorization of the Laplace transform F and H of the original
signals. In this manner, we obtain the factorizations

F(Q) =R FRQ) and FQ) =ee " F(={) F(¢)

and further

H() = Hi(Q) H(¢) and H() = e e 5" Hy(-{) Hy(¢)

for some real numbers «a;, ay, t;, t; and entire functions Fy, Fy, Hy, Hs.

In the next step, we consider the analytic continuation of the squared interference
measurement or the corresponding autocorrelation function, see Proposition 3.2. With
the representation in (5), we can write the given interference measurement as

(F(&) +1(0)) (F(-2) + H(-2) ) = (F() + H(0)) (F(-0) + 71(-T)

or in the simplified form

F(e) (D) + F(-D) 1(¢) = #(2) A(-T) + (D) A ()

Incorporating the found factorizations of F and H, we obtain

(0 2le) D) () » (D) (D) (e) )
- oo 0 () () () o D
et 20 ) BT (D) )

and thus

[ et (0) 0 (2) - e e R () (2]
. [ e By ({) Hy(<7) - e e Ry (7) Hy (g)] — 0.

Remembering that Fy, F,, Hy, and H; are entire functions, we observe that both factors
in (9) are entire functions too, and that at least one of both factors thus has to be con-
stantly zero. In order to investigate the two different cases more precisely, we employ
the explicit construction of the entire functions F; and F; in the proof of Proposition 3.4.
Using a similar procedure for H; and H,, and denoting the sets of all non-vanishing zeros
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of F and H by = and =, respectively, we can represent the four functions by

z g
RO =[] (1-£)e7 and R =cemen[](i-£)e
&ieN EieE\A

and further
Z £
Hi({) = n (1—%)6’71' and H2(§)=C2{mze§“n( —’%)eﬂj,
nj €A njeS\Ay

where A; and A, are appropriate subsets of =7 and =).

In the following, we firstly assume that the second factor of (9) is zero, which directly
implies that the equation

(=1)™ C, Cy el ¢mitm: e $(ti—ntys) 1_[ (1 — é) e¥ 1_[ ( - L) e

=,
&ieE\ A nj €52\ Az !
_ ; £ r\ £ (10)
_ . ot 3 = £
= (_1)m1 CiCy e'® §m1+m2 e {(t24Y1=72) 1_[ ( — —_EJ) e % 1_[ ( - ’7—]) el
&ies\A n; €52\ Az

holds for every { in the complex plane. Since the possibly infinite products above are
again entire functions by Borel’s theorem [Mar77], the zeros on both sides of the equality
have to coincide. However, due to the assumption that the zeros {; and 7; of the Laplace
transforms F and H are pairwise distinct, the zero sets = \ A; and =, \ A, of F, and H,
have to be invariant under reflection at the imaginary axis.

Based on this observation, we can immediately conclude that the entire functions F,
and H, are invariant under reflection and conjugation up to an additional rotation and
modulation. More precisely, we obtain the identities

Fy (—Z) = (=)™ C {™ e 1—[ (1 - _—%}) e%

&ieE\ A

= (_l)ml e—2iargC1 6—25%[)/1] Fz(g)

and similarly

H, (_Z) — (_1)m2 e—2iargC2 e—zﬁ%[yz]HZ(g).

Incorporating these identities in the representation of F and H, we can describe the
second solution pair in the frequency domain by

ﬁ(g) = (-1)™ ella+2arg &) ~{(n-2R[n]) F(_Z)
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and

I:I(g) = (-1)™ el(@+2arg Cy) e‘((fz—Z?’\[Yz])H(_z).

Hence, the continuous-time signals f and h are merely rotations and shifts of the reflec-
ted and conjugated signals f and h.

It remains to prove that the occurring rotations and shifts coincide. For this pur-
pose, we revisit equation (10). Considering that the zeros and hence the possibly infinite
products on both sides are equal, we can reduce (10) to

(-1)™ ¢ C, el e~ S (—n+y,) — (-1)™ C,Cy el e~ $(L+y1—12)

or, by rearranging and combining the individual factors, to

(-n)™ elat2arg Gy —{(h—-2R[n]) — (-1)™ eloet2arg G e—f(fz—Z%[Yz])’

which verifies our conjecture that the second solution pair f and h coincides with the
first solution pair f and A up to common trivial ambiguities.

For the second case, where the first factor of (9) is constantly zero, an analogous and
slightly simpler argumentation yields the representations

F(§)=e®e"F({) and H({) = e e " H(),
where the occurring rotations and time shifts again coincide. O

Our last approach to achieve the uniqueness of the continuous-time phase retrieval
problem considered in this section is again the idea of using interference measurements
of the unknown signal with a modulated version of the signal itself. Generalizing the
main results of subsection 2.2, we will establish two different theorems, which show that
each continuous-time signal in L, with compact support can be uniquely recovered from
an appropriate set of interference measurements.

Theorem 3.10. Let f be a continuous-time signal in L? with compact support. Then the
signal f can be uniquely recovered up to rotation from its Fourier intensity | ¥[f]| and the
interference measurements

|7 [f+ike” ]| (k=o0.....K-1peM)
for an integer K > 2 and every open neighbourhood M around zero.
Proof. Due to the assumption that the unknown signal f is a square-integrable function

with compact support, the theorem of Paley-Wiener implies that the Fourier transform
F[f]is the restriction of an entire function and thus has to be continuous. Consequently,
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if the signal f does not vanish everywhere, we can find a point w, together with an open
neighbourhood where the Fourier transform F[f] does not vanish.

Similarly to the discrete-time version in Theorem 2.5, the key element of the proof is
to exploit the additional interference measurements |]?(-) +{ I}k f( — u)| by using the
polarization identity in Lemma 2.3. We obtain

|2 = —~

K-1
= 3 | Floo) + & Fln - ]| = Flon) Flan -
k=0

for every y in the open set M. Writing the Fourier transform F[f] in its polar repres-
entation | #[f]| ', we can now extract the relative phases ¢(wy — 1) — ¢ (o) from

|2 el(9(@o-p)=p(@0))

K-1
= > K[ Flo) + & Flon = ]| =| Flon)|| Fwo = p
k=0

Like for the discrete-time counterpart, the considered phase retrieval problem can
merely be solved up to rotations. This enables us to define one phase ¢(w) in the fre-
quency domain arbitrarily. Beginning from this initial phase, we can further determine
the complete phase function ¢ and hence the Fourier transform F[f] in a small open
interval around wy by using the extracted relative phases. Since the unknown Fourier
transform F [ f] is the restriction of an entire function as discussed above, the unknown
function F[f] can be uniquely extended from the small interval to the complete fre-
quency domain. Using the inverse Fourier transform, we finally obtain the desired signal

I O

Theorem 3.11. Let f be a continuous-time signal in L?> with compact support. Then the
signal f can be uniquely recovered up to a rotation from its Fourier intensity | ¥[f]| and
the interference measurements

|9[f+eialei”'f]| and |9[f+eiazei”'f]| (u € M)

where o and o, are two real numbers satisfying oy — oz # nk for all integers k, and where
M is an open neighbourhood around zero.

Proof. Again, the crucial point to verify the assertion is the extraction of the relative
phase from the given interference measurements. Letting ¢ be the phase function of the
unknown Fourier transform F[ f], and following the lines in the proof of the discrete-
time counterpart (Theorem 2.9), we can determine the values

R[e@@m-d@ra] and R [ell#@mn-dlo)e)]
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and further the relative phase ¢(w — pt) — #(w) whenever F[f1(w) and F[f](w — p) are
non-zero by solving a linear equation system. Based on the extracted relative phases
¢ (w — pt) — p(w), we now can recover the unknown Fourier transform F|[ f] as discussed
in the previous proof of Theorem 3.10. O

Remark 3.12. Since a holomorphic function is completely determined by the function
values on an arbitrary set that has an accumulation point, we can relax the requirements
on M in Theorem 3.10 and Theorem 3.11. In fact, we can replace the condition that M
is an open neighbourhood around zero by the assumption that M possesses at least one
accumulation point. O

Acknowledgements

I gratefully acknowledge the funding of this work by the DFG in the frame work of the
SFB 755 ‘Nanoscale photonic imaging’ and of the GRK 2088 ‘Discovering structure in
complex data: Statistics meets Optimization and Inverse Problems.

References

[ABFM14] ALEXEEV, Boris ; BANDEIRA, Afonso S. ; Fickus, Matthew ; Mixon, Dustin G.: Phase retrieval
with polarization. In: SIAM Journal on Imaging Sciences 7 (2014), No. 1, pp. 35-66

[Akus6]  AxuTowicz, Edwin J.: On the determination of tbe phase of a Fourier integral I. In: Transactions
of the American Mathematical Society 83 (1956), September, No. 1, pp. 179-192

[Akus7]  AxkuTowicz, EdwinJ.: On the determination of tbe phase of a Fourier integral I. In: Proceedings
of the American Mathematical Society 8 (1957), April, No. 2, pp. 234-238

[BBCEo9] BaLraN, Radu ; BoDMANN, Bernhard G. ; Casazza, Peter G. ; EDIDIN, Dan: Painless reconstruc-
tion from magnitudes of frame coefficients. In: Journal of Fourier Analysis and Applications 15
(2009), No. 4, pp. 488-501

[BCEo6] BaLaN, Radu ; Casazza, Peter G. ; EDIDIN, Dan: On signal reconstruction without phase. In:
Applied and Computational Harmonic Analysis 20 (2006), No. 3, pp. 345-356

[BCM14] BANDEIRA, Afonso S. ; CHEN, Yutong ; MixoN, Dustin G.: Phase retrieval from power spectra
of masked signals. In: Information and Interference: A Journal of the IMA 3 (2014), June, No. 2,
pp- 83-102

[BFGR76] BURGE, R. E. ; FIDDY, M. A. ; GREENAWAY, A. H. ; Ross, G.: The phase problem. In: Proceedings
of the Royal Society of London. Series A. Mathematical Physical & Engineering Sciences 350 (1976),
pp- 191-212

[BHis5] BopMANN, Bernhard G. ; HAMMEN, Nathaniel: Stable phase retrieval with low-redundancy
frames. In: Advances in Computational Mathematics 41 (2015), April, No. 2, pp. 317-331

[Boas4]  Boas, Ralph P. Jr.: Entire Functions. New York : Academic Press, 1954 (Pure and Applied Math-
ematics 5)

[BP15] BEINERT, Robert ; PLoNKkA, Gerlind: Ambiguities in one-dimensional discrete phase retrieval
from Fourier magnitudes. In: Journal of Fourier Analysis and Applications 21 (2015), December,
No. 6, pp. 1169-1198




ONE-DIMENSIONAL PHASE RETRIEVAL WITH ADDITIONAL INTERFERENCE MEASUREMENTS 23

[BP16]

[BS79]

[CESV13]

[DF87]

[Hauo1]

[Hil87]

[Hof64]

[KH9oa]

[KH9ob]

[KHo1]

[KHo3]

[KSTos5]

[Mar77]

[Mar4]

[Milgo]

[NQL83a]

[NQL83b]

[OS89]

[Progs]

BEINERT, Robert ; PLoNKA, Gerlind: Enforcing uniqueness in one-dimensional phase retrieval by
additional signal information in time domain. March 2016. — Preprint, University of Gottingen,
Institute of Numerical and Applied Mathematics

BRUCK, Yu. M. ; SopIN, L. G.: On the ambiguity of the image reconstruction problem. In: Optics
communications 30 (1979), September, No. 3, pp. 304-308

CanDEs, Emmanuel J. ; ELDAR, Yonina C. ; STROHMER, Thomas ; VoroNINSKI, Vladislav: Phase
retrieval via matrix completion. In: SIAM Journal on Imaging Sciences 6 (2013), No. 1, pp. 199—-225

DAINTY, J. C. ; FIENUP, J. R.: Phase retrieval and image reconstruction for astronomy. In: STARK,
Henry (Ed.): Image Recovery : Theory and Application. Orlando (Florida) : Academic Press, 1987,
Chapter 7, pp. 231-275

HauprtMmaN, Herbert A.: The phase problem of x-ray crystallography. In: Reports on Progress in
Physics 54 (1991), November, No. 11, pp. 1427-1454

HILDEBRAND, Francis B.: Introduction to Numerical Analysis. 2nd Edition. New York : Dover
Publications, 1987

HOFSTETTER, Edward M.: Construction of time-limited functions with specified autocorrelation
functions. In: IEEE Transaction on Information Theory 10 (1964), April, No. 2, pp. 119-126

Kim, Wooshik ; HAYEs, Monson H.: Iterative phase retrieval using two Fourier transform in-
tensities. In: Proceedings: ICASSP 9o : 1990 International Conference on Acoustics, Speech and
Signal Processing : April 3-6, 1990 Vol. 3 IEEE Signal Processing Society, 1990, pp. 1563-1566

K1im, Wooshik ; HAYES, Monson H.: Phase retrieval using two Fourier-transform intensities. In:
FJournal of the Optical Society of America A 7 (1990), March, No. 3, pp. 441-449

Kim, Wooshik ; Haves, Monson H.: The phase retrieval problem in X-ray crystallography. In:
Proceedings : ICASSP 91 : 1991 International Conference on Acoustics, Speech and Signal Processing
: May 14-17, 1991 Vol. 3 IEEE Signal Processing Society, 1991, pp. 1765-1768

K1im, Wooshik ; Haves, Monson H.: Phase retrieval using a window function. In: IEEE Transac-
tions on Signal Processing 41 (1993), March, No. 3, pp. 1409-1412

KiiBanov, Michael V. ; Sacks, Paul E. ; TIkHONRAVOV, Alexander V.: The phase retrieval
problem. In: Inverse Problems 11 (1995), No. 1, pp. 1-28

MARKUSHEVICH, A. L: Theory of functions of a complex variable. 2nd Edition. New York : Chelsea
Publishing Co., 1977

MARETZKE, Simon: A uniqueness result for propagation-based phase contrast imaging from a
single measurement. September 2014. — Preprint, arXiv:1409.4794v1

MILLANE, R. P.: Phase retrieval in crystallography and optics. In: Journal of the Optical Society
of America A 7 (1990), March, No. 3, pp. 394—411

NawaB, S. Hamid ; QUATIERL, Thomas F. ; LiM, Jae S.: Algorithms for signal reconstruction
from short-time Fourier transform magnitude. In: Proceedings: ICASSP 83 : IEEE International
Conference on Acoustics, Speech, and Signal Vol. 8 IEEE, 1983, pp. 800-803

NawaB, S. Hamid ; QUATIERI, Thomas F. ; Lim, Jae S.: Signal reconstruction from short-time
Fourier transform magnitude. In: IEEE Transactions on Acoustics, Speech and Signal Processing
ASSP-31 (1983), August, No. 4, pp. 986—-998

OprPENHEIM, Alan V. ; SCHAFER, Ronald W.: Discrete-Time Signal Processing. Englewood Cliffs
(New Jersey) : Prentice Hall, 1989 (Prentice Hall Signal Processing Series)

PrONY, R.: Essai expérimental et analytique sur les lois de la Dilatabilité des fluides élastiques
et sur celles de la Force expansive de la vapeur de I’eau et de la vapeur de I’alkool, 4 différentes
températures. In: Journal de I’Ecole polytechnique 2 (1795), pp. 24-76




24

ROBERT BEINERT

[PYB14]

[RDN13]

[RSA*11]

[SSD*06]

[SSTo4]

[Wal63]
[Wani3]
[WEBS1]

[You8o]

Pout, Volker ; YaNG, Fanny ; BocHE, Holger: Phaseless signal recovery in infinite dimensional
spaces using structured modulations. In: Journal of Fourier Analysis and Applications 20 (2014),
December, No. 6, pp. 1212-1233

Raz, Oren ; DupovicH, Nirit ; NADLER, Boaz: Vectorial phase retrieval of 1-D signals. In: IEEE
Transactions on Signal Processing 61 (2013), April, No. 7, pp. 1632-1643

Raz, O. ; SCHWARTZ, O. ; AUSTIN, D. ; WYATT, A. S. ; ScHIAVI, A. ; SMIRNOVA, O. ; NADLER, B. ;
WALMSLEY, I. A. ; OroN, D. ; DupovicH, N.: Vectorial phase retrieval for linear characterization
of attosecond pulses. In: Physical Review Letters 107 (2011), September, No. 13, pp. 133902(5)

SEIFERT, Birger ; Storz, Heinrich ; DONATELLI, Marco ; LANGEMANN, Dirk ; TAscHE, Manfred:
Multilevel Gauss-Newton methods for phase retrieval problems. In: Journal of Physics. A. Math-
ematical and General 39 (2006), No. 16, pp. 4191-4206

SEIFERT, Birger ; Storz, Heinrich ; TascHE, Manfred: =~ Nontrivial ambiguities for blind
frequency-resolved optical gating and the problem of uniqueness. In: Journal of the Optical
Society of America B 21 (2004), May, No. 5, pp. 1089-1097

WALTHER, Adriaan: The question of phase retrieval in optics. In: Optica Acta: International
FJournal of Optics 10 (1963), No. 1, pp. 41-49

WANG, Yang: The phase retrieval problem. International Conference on Approximation Theory
and Applications. Hong Kong, May 2013

Woop, J. W. ; FIpDY, M. A. ; BURGE, R. E.: Phase retrieval using two intensity measurements in
the complex plane. In: Optics Letters 6 (1981), November, No. 11, pp. 514-516

YouNg, Robert M.: An Introduction to Nonharmonic Fourier Series. New York : Academic Press,
1980 (Pure and Applied Mathematics)




	Introduction
	Discrete-time phase retrieval
	Trivial and non-trivial ambiguities
	Interference measurements in the discrete-time setting
	Phase reconstruction by using a polarization identity
	Reducing the number of required interference measurements


	Continuous-time phase retrieval
	Characterization of the occurring ambiguities
	Ensuring uniqueness in the continuous-time phase retrieval


